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Preface 


Human mind has immense and unimaginable potential. This potential can be utilized not only for thinking and venturing 
into endless imaginations, but also for analysing situations and formulating useful results. If we look at the history of hu- 
man development, we can deduce that our species have improved more through the application of the mind (..e., the ability 
to reason) than through memorizing the observations. We have applied the analytical ability of mind to develop a number 
system for counting, various languages for communication, different arts to amuse ourselves and so many other useful 
skills. Altogether, we have developed Mathematics, a wonderful tool to provide foundations and a medium for develop- 
ment of all other branches of science. Mathematics, in itself, 1s an art (skill). One of the most eminent scientists, Albert 
Einstein, very aptly defined Mathematics as ‘the language in which God has written the universe.’ 

During my high school days, as an IIT-JEE aspirant, and later as a tutor of Mathematics, I always felt the need of a 
comprehensive text book for this subject and therefore had an insatiable desire to write one. This book has been written 
with the objective of providing a text book as well as an exercise book, which would focus on problem solving. I feel 
this will not only fulfil the need of a beginner, pre-college student (1.e., students of standard XI and XII), but also meet 
the requirements of advanced level students who are preparing for various entrance examinations like IIT-JEE, AIEEE, 
BITSAT and other state engineering entrance examinations. This book, Fundamentals of Mathematics—Algebra I, gives 
deep insights into highly scoring topics such as Foundation Mathematics, Logarithm, Sequence and Progression, Theory 
of Equations, Inequalities, Combinatorics, Binomial Theorem and Infinite Series. The Foundation Mathematics and Loga- 
rithm consist of all the essential tools necessary to deal with the problem solving, pertaining to every topic of Mathematics 
as well as topics of other subjects such as Physics and Chemistry. These two topics are an attempt to equip the readers with 
those essential mathematical tools which are paramount to understand the concept better. 

The well-arranged content will help students and teachers to understand topics and sub-topics of their interest in an 
efficient manner. Each chapter 1s divided into several topics. Each topic contains a theory and sometimes subtopics with 
sufficient number of solved illustrative problems. This will help the students to develop applicability of the concepts. This 
is followed by a textual exercise of objective and subjective problems followed by solved examples of both. The tutorial 
exercises given at the end of every chapter contain a large number of multiple-choice problems, comprehension 
passages, column matching problems, and numerical integer-type questions to facilitate the student’s level of 
understanding of the topics. For teachers, this text book will be very helpful as it will-provide a set of well-graded 
problems and well-arranged topics that can be used to give home assignments to students. 

All suggestions for improvements are welcome and shall be gratefully acknowledged. 


—Sanjay Mishra 
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CHAPTER 


Foundation Mathematics 


Some of the concepts contained in this topic belong to 
the 9th and 10th class syllabus, only difference is that here 
we study them with analytical approach rather than through 
conventional learning (cramming) approach. 

After completion of this chapter, you will feel that you 
have developed the aptitude of attacking and attempting 
questions by applying the basic principles of Mathematics. 


Mathematics is a pure application of brain. It is a 
game in which we play with the unknown situation 
under limited information and each of its problems are 
the challenges, especially those asked in exams like 
Olympiad, JEE and AIEEE. So to crack them success- 
fully, an analytical approach is needed. Unfortunately, 
till 10th, most of you ignore the analytical part of the 
study resulting in the weak analytical skills of the 
brain. 


¥ MATHEMATICAL SYMBOLS AND 
“THEIR MEANINGS 


This chapter contains the concepts and basic math- 
ematical tools that are necessary to solve the problems of 
mathematics belonging to any topic, e.g., Set, Number sys- 
tem, Algebra, Trigonometry, Geometry, Calculus, etc. 


Symbols are used to express the meaning of words in 
brief and they find very important place in the language of 
mathematics. Some very popular symbols are mentioned 
below along with their meaning. 


Mathematical symbols 


[Sombot [Meaning | Sobol [Meaning | Symbol [Meaning 
OO 
a 
fons Sem | [tt 
a 
a 


ee 
eC 
= [Seno 0 [aii 
SN 


Equal to The set of real numbers 


1.2 >» Fundamentals of Mathematics—Algebra | 


—— Less than or equal to a 


Does not belong to a Is not a subset of 
| x | Not less than i ee] Is a subset of 


| | Universalset Universalset 


a ee 


a 


| 2 jangle sd | AXB | x B 


| Cartesian Product of A and B_ | Cartesian Product of A and B_ of A and By} oi 


Parallel 


— Perpendicular Difference of two sets A pea Null Set(phi) 
=a B 


= [See 


There Exists 


EO 


Greek words (Symbols) 


pw [ef | [onion 
ef | [me [or] seme 
Pe | fe a 


m@ MATHEMATICAL REASONING 


It is a well known fact that human race has evolved from 
lower species over the period of time and the process of 
evolution 1s still going on. Our ability to reason makes us 
superior to the other species. In mathematics, there are two 
kinds of reasoning. 


(1) Inductive reasoning, e.g., principle of mathematical 
induction. 

(11) Deductive reasoning. Here we shall discuss some 

elements of deductive reasoning and the need, 

process and procedure of reasoning as well as proofs 


in mathematics. 


What is reasoning and why reasoning? Reasoning 
is a process of logical steps that enables us to arrive at 
a conclusion. The need for reasoning arises out of the 


decision making process 1.e., to decide what is nght and 
what is wrong in case of a mathematical statement. 


Statements and mathematical statements 


Statement: Statement is a sentence which is complete in 
itself and explains its meaning. e.g., Lion 1s a wild animal. 


Mathematical statement A given sentence will qualify 
as a mathematical statement if either it is true or it 1s false 
but not both. e.g., 


s,: The sum of two odd integers 1s an odd integer. 
s,. Tomorrow is Wednesday. 

s 

s 


The sum of six and seven is greater than 12. 
Men are more intelligent than women. 


Where statements s, and s, are mathematical statements 
because s, 1s always false and s, is always true but statements 
s, and s, are not because it will be true only if it is made on 
Tuesday and for s, every one will not agree to it. 


Classification of mathematical statements 


Mathematical Statements are classified in three types: 

1) Definition 

Gi) Axiom 
Gui) Theorem 
Definition A mathematical statement which is used to 
explain the meaning of certain words used in the subject. 
For example: “The numbers which are divisible by two are 
called even numbers”. 


Axiom A mathematical statement which is accepted as true 
without any formal proof given for it. e.g., “One is a natural 
number and every natural number has an unique successor’. 
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Theorem A mathematical statement which is accepted as | Conjecture A conjecture is a proposition that 1s unproven 
true only when a formal proof is given for it. e.g., “Jf two | but it appears correct. e.g., “Every integer greater than 2”. 
straight lines cut one another, the vertically opposite angles 

are equal”. 


Remarks 


1. Algorithm: A series of mathematical statements providing systematic steps to completely perform a process (i.e., 


to solve a mathematical problem) 


particular person are not mathematical statements. 


TEXTUAL EXERCISE-1 (SUBJECTIVE) 


1. Which of the following can be classified as math- 

ematical statements? Give proper reason to support 

your answer. 

(1) Sum of two natural number is always positive. 

(ii) For given two integers x and y, x — y 1s less than 
Zero. 

(111) 27+ | is a prime number for every natural values 
of n. 

(iv) Tomorrow is Friday. 

(v) Bombay is far from here. 

(v1) The nearest star is Alpha Centauri 


. Which of the following cannot be classified as math- 
ematical statements? Give proper reason to support 
your answer? 


(i) Sun is not a Star. 

(11) The square of a number 1s an even number. 
(111) The sides of a quadrilateral have equal length. 
(iv) The sum of all interior angles of a triangle is 180°. 
(v) Mathematics is a challenging subject. 


(vi) Is mathematics a science? 


. Test whether following statements are mathematical 
statements or not. 


Answer Keys 


li 2. il, ill, V, V1 
4. (a) Theorem (b) Axiom 
(f) Definition (g) Theorem 


. Exclamatory, imperative and interrogative sentences are not mathematical statements. 


. Sentences involving today, tomorrow, yesterday and pronouns (here, there, she, he...) without referring to a 


(i) S: Since barber shaves them who do not shave 
themselves then barber shaves himself. 

(ii) S: S,, S, and S, where S, = God is almighty 
S,= The world has problems of evil. 
S,= God does not want evil in the world. 


. State which of the following is a definition, an axiom 


or a theorem. 

(a) Sum of interior angles of a triangle 1s 180°. 

(b) Every natural number has successor. 

(c) Total angle around a point is 360°. 

(d) Ratio of sides of two similar triangles be n/m then 
the ratio of their area is (n/m)”. 

(e) If two triangles have their sides in similar propor- 
tion, then both triangles are similar. 

(f) Angle between two lines 1s a physical quantity 
which describes the amount of rotation by which 
one has to be rotated to coincide with other. 

(g) An equation is unaltered if both members are mul- 
tiplied by the same number. 

(h) The modulus of any number is non-negative. 

(i) a? = Ya 

(j) The graph of the function y = —3x passes through 
the origin of coordinate system. 


3. None of these 


(c) Theorem 
(h) Theorem 


(d) Theorem 
(1) Definition 


(e) Axiom 
(j) Theorem 
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TEXTUAL EXERCISE-1 (OBJECTIVE) 


1. ‘Sum of interior angles of a triangle is 180°’ is 
(a) definition (b) theorem 


(c) axiom (d) None of these 


2. ‘Sum of interior opposite angles of a cyclic quadrilat- 
eral is 180°’ is 
(a) definition 


(c) axiom 


(b) theorem 
(d) None of these 


3. ‘The numbers 0, 1, 2, 3, 4... are whole numbers’ is 
(a) definition (b) theorem 
(c) axiom (d) None of these 


4. ‘A circle is the locus of a pomt moving on a plane 
so that its distance from a fixed point is always 
constant’ is 


Answer Keys 


1. (b) 2. (b) 3. (a) 4. (a) 


GENERATION OF NEW STATEMENTS 
FROM OLD 


An English Mathematician, George Bool, invented logi- 
cal methods of generating a new statement from a given 
statement and published in a book Laws of Thought which 


REMARK 


5. (c, b) 


(a) definition 
(c) axiom 


(b) theorem 
(d) None of these 


5. ‘Vertically opposite angles between two intersecting 
lines are equal’ is 
(a) definition 
(c) axiom 


(b) theorem 
(d) None of these 


6. Which of the following statemenf(s) are mathemati- 
cal? 
(a) Sum of two rational numbers is always a rational 
number 
(b) Sum of two odd integers is an odd integer. 
(c) Every prime greater than 2 is odd. 
(d) The roots of quadratic equation x?- 5x + k = 0 are 


always real Vk ER 


6. (a, b, c) 


involves two techniques: (1) Negation of a statement 
(11) Compounding of a statement. 


Negation of a statement 


Denial of a statement is called negation. e.g., negation of 
“Chennai 1s a city” will be “Chennai is not a city”. 


While doing negation of a statement, phrases like," It is not the case" or "It is false that" are also used. 


Compounding of statements 


By combining two or more component statements using 
the connecting words like “And”, “Or” etc., we can form a 
compound statement. 


(i) Compounding by using “Or” 
statements. 


Given p and g are two 


p: x 1s a prime number 
q: x 1S an even natural number 


The compounded statement will be x is a prime or an 
even natural number. In order to understand the statements 


with OR, we must note that it is used in two ways 
(1) exclusive “Or” (11) inclusive “Or” 

Example using exclusive “Or” “You will get coffee or 
cold drink with your meal in this hotel”. It is clearly meant 
that only one item (any one) will be provided but not both. 


Example using inclusive “Or” “Students of biology or 
mathematics can take pharmacy course.” It means that the 
students with either of the mentioned subjects are eligible 
for pharmacy course. Students having both mathematics 
and biology are not ineligible. They are also eligible. 


(ii) Compounding by using “And” Given p and g are 


two statements. 


Component statements 
p: 11 1s a prime number 


q. 11 is an odd number 


Compounded statement is 11 is a prime and odd number. 


By using the conditional words “if-then” certain other types 
of statements are possible to be formed. p > qg means if the 
statement p is true then the statement g will be true E.g., x is 
prime andx>2 => x 1s odd. 


Converse of an implication: The converse of “If p then 
gq’ is “If gq then p” e.g., converse of the statement “If a num- 
ber n is odd, then n? is odd”, will be “If n? is odd then n is 
odd”. If the statement p > gq and its converse 1.e., g > p 
both hold good then it 1s denoted by both way implication p 
<> q and read as "p if and only if g" or "p iff gq". 

“Ifa number is multiple of 4 then it is a multiple of 2”. 


Component statements: 


p: anumber is a multiple of 4 
q: anumber is a multiple of 2 


REMARKS 
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Here “If p then g” means p > q Le., if p 1s true then 
g will hold. If a number is a multiple of 4 then it is a mul- 
tiple of 2. But in case p is not true then g may or may not 
be true. 

Similarly, “p only if g” would mean that “a number 
will be a multiple of 4 only if it is a multiple of 2”. 

The statement “p if and only if g” means “a number 
will be a multiple of 4 if and only if it is a multiple of 2. 


‘CONTRA-POSITIVE OF AN 
IMPLICATION 


Suppose truth of a statement p implies truth of a statement q¢ 
then negation of statement g implies negation of statement 
p. Contra positive of the implication p >qis~q >~p. 

E.g., The contra-positive of the statement "If all sides 
of a triangle are equal, then it is an equilateral triangle", is 
given as “if a triangle is not equilateral, then its all sides are 
not equal”. 

Also, the contra-positive of the statement “If a number 
is divisible by 4 then it 1s divisible by 2”, will be “If a num- 
ber is not divisible by 2, then it is not divisible by 4”. 


Ifan implication p => q is true then its contra positive ~q = ~ pis always true, but converse of a statement is not 


always true. 


E.g., “Ifa number is divisible by 21, then it is divisible by 7” is a true statement but “Ifa number is divisible by 7, then it 
is divisible by 21” is a false statement as 14 is divisible by 7 but it is not divisible by 21. 


Special words and phrases 


Quantifiers These are phrases like “There exists 9”, “for 
all V”, Examples: 


(a) There exists a triangle having all sides equal. 


(b) For all prime numbers, the only two divisors are | and 
the number itself. 


(c) For every x > 0, if y>x, then y > 0 
(alternatively, for every x > O, there exists a positive 
number y > O such that y < x.) 


Validation of statements 


Analysing the statements to understand its meaning and to 
decide the condition and its validity (.e., truth/falsifiability) 
is called validation of statements. And to complete this task, 


the analysis of the special words and phrases (like or, and, 
if, iff) and quantifiers V, 4 etc., used in the statements is to 
be done very carefully. Depending upon the stated condi- 
tions, certain rules do apply for the statements to be true. 


For statement with “And” 


“p and q” validation requires the following steps: 


Step I: To show that first statement (p) 1s true. 
Step Il: To show that second statement (q) is true. 


For statement with “Or” 
“p or q” validation requires following cases: 


Case l: Even if p 1s not true, show that gq is (still) true. 


Case Il: Even if qg is false, show that p is (still) true. 
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For statement with “if-then” For statement with “if and only if ” 


“p if and only if qg” validation will require the following 
cases: 


“If p then q” validation would require following cases: 


Casel: When pis true, prove that g is also true. 


Case Il: When gq is not true, prove that p is also not true. | Casel: To show that if p is true then q 1s true. 


sles tes sg Case Il: To show that if q is true then p 1s true. 
This is direct contra-positive method. 


ILLUSTRATION 1: Check the validity of statement: If x, y € J and x, y are odd then xy 1s odd. 


SOLUTION: Method (J): Let p be the statement x, y € J and x, y are odd and g be a statement xy is odd. Using 
rule 3, we take x = 2p + 1 andy=2k+1:p,kel 


=> x= {4pk+2(p+kh}+1=2 {2pk+pt+hkh}+4+1=o0dd 


Method (II): We will consider the negation of statement 1.e., let xy (product) be even when x, 
y are both odd. 


But xy = even 1s possible if any one or both of x and y are even. 


So the consideration that product xy being even 1s not valid. 


TEXTUAL EXERCISE-2 (SUBJECTIVE) 


(c) x is an integer or rational number. 
(d) He would be going to Bombay by train or by air. 


1. Make a compound statement by combining two given 
statements 
(a) p: The player in blue dress is from Indian team. 


q. The player in blue dress is from Australian 4. Which type of “Or” is being used in the following 


statement? 


team. (use ‘or’) 
(b) p: Malerkotla is in Punjab. 
q. Malerkotla is in Haryana. 
(c) p: The dish was sweet in taste. 
q. The dish was salty in taste. (use ‘and’) 
(d) p: Every prime number greater than two is odd. 
q. Every prime number has exactly two positive 
divisors. (use ‘and’) 


(use ‘or’) 


2. For each of the following compound statements, first 


identify the connecting words and then break it into 

components. 

(a) All rational numbers are real and all real numbers 
are not complex. 

(b) The sand heats up quickly in the Sun and does not 
cool down fast at night. 

(c) x = 2 and x = 3 are the roots of equation x” — 5x + 
6=0 

(d) Both the roots of a quadratic equation are either 
real or imaginary. 

(e) Golden temple is in Amritsar or Jalandhar. 


. Classify inclusive and exclusive ‘or’. 
(a) x 1s even or odd. 
(b) Delhi is the capital of India or Nepal. 


(a) To get a driving license, you should have resi- 
dence proof (like ration card) or identity proof 
(like passport). 

(b) V2 is a rational number or an irrational number. 

(c) A rectangle 1s a quadrilateral or six sided poly gon. 

(d) Sun rises or moon sets. 

(e) All integers are positive or negative. 


5. Write down the negative of given statements. 


(a) V2 is an irrational number. 
(b) Delhi is capital of India. 

(c) Every prime number is odd. 
(d) 42 is divisible by 7 


6. Write the converse of following statements. 


(i) If two integers a and 6 are such that ab < O then 
a and b are of opposite sign. 
(ii) If two integers m and n are such that mn £ 0, then 
both m and n are non-zero. 
(11) If number n is even then 7? is even. 


7. Write the contra-positive of following statements. 


(i) If a quadrilateral has equal sides, then it is a 
rhombus. 


8. Check whether the following pair of statements are 


(11) If a tnangle has equal sides, then it 1s isosceles. 


(111) If anumber is divisible by 9 then it is divisible by 3. 


negation of each other. Give reasons for your answer. 


Answer Keys 


1. 


. (a) and (b) and (c) and (d) OR (e) OR 
. (a) inclusive (b) exclusive (c) exclusive (d) inclusive (e) exclusive 
» (a) V2 is not irrational (b) Delhi is not the capital of India. 

(d) 7 does not divide 42. 
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(i) x + y = y + x 1s true for every real numbers x 
and y. 

(11) There exist real numbers x and y for which x + y# 
yx. 


(a) The player in blue dress is from Indian team or from Australian team. 


(b) Malerkotla 1s in Punjab or Haryana. 
(c) The dish was sweet and salty in taste. 


(d) Every prime number greater than two 1s odd and has exactly two positive divisors. 


(c) At least one prime number is even. 


(i) If a and 5 are of opposite sign then ab < 0. 
(i) If m? is even then n must be even. 


3. (a) exclusive (b) exclusive (c) inclusive (d) exclusive 


(11) If m and n are non-zero then mn is not equal to zero. 


. (1) If a quadrilateral is not a rhombus, then its sides are not equal. 


(11) If a triangle is not isosceles, it does not have equal sides. 
(111) If a number 1s not divisible by 3, then it 1s not divisible by 9. 


. Yes 


TEXTUAL EXERCISE-2 (OBJECTIVE) 


1. Negation of the statement “./2 is not a complex num- 


ber” is 
(a) V2 is a natural number 
(b) V2 is an integer 


(c) V2 isa complex number 
(d) None of these 


. Negation of “Chandigarh is the capital of Punjab” is 


(a) Chandigarh is the capital of U.P. 

(b) It is false that Chandigarh 1s the capital of Punjab. 
(c) Punjab is the capital of Chandigarh. 

(d) None of these 


Which type of “Or” is being used in the statement: “2 
is an irrational number or it is a natural number”? 

(b) Exclusive 

(d) None of these 


(a) Inclusive 
(c) Both (a) and (b) 


Contra-positive of statement “If a number 1s divisible 

by 4 then it is also divisible by 2’ is 

(a) If a number is not divisible by 2, then it is divis- 
ible by 4. 

(b) If a number is not divisible by 2, then it is not 
divisible by 4. 


(c) If a number is divisible by 2, then it is divisible 
by 4. 
(d) None of these 


. The converse of statement 


If two lines are parallel, then the distance between 

them is constant. 

(a) If the distance between two lines is not constant 
then they are non-parallel. 

(b) If the distance between two lines is not constant 
then they are intersecting. 

(c) If the distance between two lines 1s constant then 
they are parallel. 


(d) None of these 


. Let P: 101s divisible by 2 


q: 10 is divisible by 5 
then the compound statement formed by using con- 
necting word ‘and’ is 
(a) 10 is divisible by 2 and 10 is divisible by 5 
(b) 10 is divisible by 2 and 5 
(c) 2 divides 10 and 5 divides 10 
(d) None of these 
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Answer Keys 


1. (c) 2. (b) 


3. (b) 4. (b) 5. (c) 


m@ PROOFS IN MATHEMATICS 


The proofs in mathematics consist of a set of statements 
given in a logical (systematic and meaningful) arrangement. 
And each of these statements should be justified by 
previously established definitions, axioms, arguments and 
preposition etc. 

Thus proof is a process of “drawing inferences” by 
providing a chain of inductive/deductive arguments in 
which step by step way, we continue drawing conclusions 


6. (b) 


and finally reach the completion. Proving can be approached 
in two ways: 


Direct proofs [n this method, directly start with the given 
information and conclude the result by providing inductive/ 
deductive arguments. 


Straight forward method It is a chain of arguments 
which leads directly from what is given or assumed, with 
the help of axioms, definitions or already proved theorems, 
to what is to be proved using rules of logic. 


Method of mathematical induction In this method, we 
prove the result for n = 1 and assume that the result is true 
for a natural number ‘m’ and show that the result is true 
for (m + 1). 


Therefore by induction, the result is true for every 
positive integer n. 

(We shall discuss P.M.I in detail before Textual 
Exercise 9) 
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Method of exhaustion (All possible case method) This | pothesis. It is practically convenient only when the number 
method consists of examining every possible case of the hy- | of possible cases are few. 


ILLUSTRATION 4: 


SOLUTION: 


ILLUSTRATION 5: 


SOLUTION: 


Prove that n° — nis divisible by 6VneN 


Since any integer when divided by 3 leaves remainder 0 or | or 2 so an integer m can always be 
taken as 3k, 3k + 1,3k+2 wherek €Z 


Case 7: Let n = 3k then 
m —n= (3k) — 3k = 3k (9k — 1) clearly divisible by 3 
Case 2: ifn=3k+ 1 


mW —n= (3k+ 1)—-(3k+1) 
= 27k? + 1+ 9k(3Kk + 1)-— (3K + 1) = 27k? + 27k? + 6k 
= 3k (9k? + 9k + 2) again divisible by 3 
Case 3: n=3k+2 
m—n= (3k + 2)3 —-(3k + 2) =27h+8+ 54k? + 36k -3k-2 
= 27k + 54k? + 33k + 6 = 3[9K + 18K + 11k + 2] 
Also if mis even > n° — nis even and if nis odd > n' — nis even 
n°’ — nis an even integer 
Hence 7? — nis divisible by LCM of 3 and 2, 1.e., 6. 
Show that in any AABC, ao z -— _ where a, b, c are lengths of sides of triangle and 
snA sinB  sinC 
A, B, C are corresponding opposite angles. (This expression leads to sine rule of the triangle). 


Consider an acute angled, a right angled and an obtuse angled triangle ABC. 


Case 7: For an acute angled triangle R 


Drop perpendicular AD from A on BC (may be on extended BC) 
Now in acute angled A ABC 
AD=AB sin B>AD=csinB (1) 
also AD = AC sinC > AD = b sin C (11) 

P 4 B D C 
From (I) and (II) ae = Sinc By dropping perpendicular FIGURE 1.1 
from other points the other cases will lead us to conclude 


a b Cc 


sinA sinB sinC 
Case 2: In night angled AABC 
AD = AB sin B=c sinB A 


as AD = AC or AD =AC sin90° = 5 sinC 
Cc 


sin B 7 sinC 


Finally proceeding for other points, we will be able to con- 


ee ee ee B C 


sn A sinB sinC 


FIGURE 1.2 
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Indirect proof 


In these methods, we establish the proof of given proposi- 
tion by proving another proposition which is equivalent to 
the given proposition. It involves following three methods: 


Proof by contradiction: Here, the statement is assumed to 
be false and with logical approach, the assumption 1s to be 
contradicted and we will infer that the assumption is wrong. 


By giving counter example 


This is a method to falsify a given statement and it 
involves an example of a situation where the state- 


Method of contradiction: In this approach, negation of 
the statement under consideration 1s worked out. 1e., to 
check the truth of statement p, we assume that p is not true 
1.e., ~ p is true and by this assumption, we arrive at a result 
which contradicts our basic assumption and therefore we 
conclude the results. 


ment becomes invalid and it is called as counter 


example. 
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TEXTUAL EXERCISE-3 (SUBJECTIVE) 


1. Identify the quantifier in the following statements and 2. Form the compound statements by using the implica- 


write the negation of the statements. 
(1) There exists a number which is equal to its 
square. 
(11) For every real number x, x is less than x + 1. 
(111) There exists a capital for every state in India. 
(iv) There exists a successor for every real number x. 
(v) Square of every real number is non-negative. 


tions given in braces 
(1) p: xis a whole number 
q: x 1s an integer 


(use ‘if-then’) 

(11) p: x? 1S non-negative quantity, (use ‘if-then’) 
q: x 1s a real number 

(111) p: A, and A, are similar triangles (use ‘only if’) 
q: A, and A, are congruent triangles 
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(iv) p: x is a real number (use ‘only if’) 
q: x 1s a natural number 
(v) p: A, and A, are similar triangles 
(use ‘if and only if’) 
q: corresponding angles of A, and A, are equal. 
(vi) p: x? is non positive quantity. 
(use ‘if and only if’) 
q: x 1S purely imaginary 
3. Given below are two pairs of statements. Combine 
these two statements using ‘if and only if”. 
(1) p: If arectangle is a square, then all its four sides 
are equal. 
q: If all the four sides of a rectangle are equal, 
then the rectangle is a square. 
(11) p: If the sum of digits of a number is divisible 
by 3, then the number is divisible by 3. 
q: If a number is divisible by 3, then the sum of 
its digits is divisible by 3. 
4. Check the validity of the statement: If x, y e€ J 
and x, y are odd then xy is odd. 
5. Form acompound statement using the following state- 
ments with connecting words. 
(1) “And” (a1) “Or”. 
p: 42 1s divisible by 7; 
q: 42 1s divisible by 9. Also check the validity of 
the statements formed 


Answer Keys 


1. G) there exist () (1) For all (V) 


(iu) there exist (A) 


ee (2a+7)(a+b+c) (2b+7)(a+b+c) 
abc abc 
ee are not in A.P. then by using 
abc 


contradiction method, prove that a, b, c are not in A.P. 


7. By using contradiction method, prove that the 
expression x*+ 9x”? + 14 does not vanish for any real 
value of x. 


8. By using direct method, prove that the truth of 
following statement “If x is a real number such that 
2x? + 9x = 0, then x = 0”. 


9, Prove that the statement “2x?-— 5 = 0 cannot have roots 
lying between 0 and 2” is false. 


10. Prove that n* > 6n — 9 for all n € N. 


11. "For any real number x and y, x°-yv=0, >x=y" falsify 
the above statement by giving counter example. 


12. Providing counter examples, falsify the following 

statements: 

(a) 6n— 1 1s a prime number for all natural numbers n. 

(b) 6n + 1 1s a prime number for all natural numbers n. 

(c) mn? + n + 41 is a pnme number for all natural 
numbers n. 

(d) 4n + 1 is never a perfect square for any natural 
number n. 


(iv) there exist (4) (v) For all (V) 


3. (i) A rectangle is a square iff its all four sides are equal. 
(11) A number is divisible by three iff the sum of the digits is divisible by three. 


4. valid 


S. (1) 42 is divisible by 7 and 9 both (False) (11) 42 is divisible by 7 or 9. (True) 


Il.x =k andy=-k,k #0 


12. (a) n=6,9 (b) n=4,8 (c) n=41 (dd) n=2. 


fies SET THEORY 


Definition of set 
A collection of well defined objects which are distinct and 
distinguishable 1s called a set. E.g., collection of even natu- 
ral numbers, collection of vowels of English alphabet. 

A collection is said to be well defined if each and every 
element of the collection has same definition. 


Notation of sets 


Sets are denoted by capital letters like A, B, C or { } and 
the entries within the braces are known as elements of set. 
denoted by small letters a, 5, .......... x, y ete. 


Cardinal number of a set 


Cardinal number of a set_X 1s the number of elements of set 
X and it is denoted by n(X). 

E.g. for X = { x,, x,, x, }, the cardinal number of X =n 
(X) = 3. For example: 

If A = Set of all small English alphabets = {a, b, c, 
eee x, y,z }; n(A) = 26 

If B = Set of all positive integers less than or equal to 
10 = £1, 2, 3, 4, 5, 6, 7, 8, 9, 10}; n(B) = 10 

If IR = Set of real numbers = {X:—00< xX < oo}; n(R) 
is infinite. 

The elements of a set can be discrete (e.g., set of all 
English alphabets) or continuous (e.g., set of real numbers). 


Description of sets 


Sets are described by using two methods known as Roster 
method and Set builder method. 


Set listing method (Roster method) In this method, 
a set is described by listing all the elements, separated by 
commas, within braces { }. 


Set builder method (Set rule method) In this method, 
a set is described by a characterizing property P(x) of its 
elements x. In such case, the set 1s described by {x: P(x) 
holds} or{x | P(x) holds}, which is read as the set of all 
x such that P(x) holds. The symbol ‘| ’ or ‘:’ is read as 
such that. The set may contain finite or infinite number of 
elements. A set may contain no elements and such a set 1s 
called Void set or Null set or empty set and is denote by o 
(phi). The number of elements of a set A 1s denoted by n(A) 
and hence n(o) = 0 as it contains no element. 


Types of sets 


Finiteset A set_X 1s called a finite set if its elements can be 
listed by counting or labelling with the help of natural num- 
bers and the process terminates at a certain natural number n. 


e.g., 
(a) A set of English Alphabets 
(b) Set of soldiers in Indian Army 


(c) Set of all persons living on the earth etc. 
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Infinite set A set whose elements cannot be listed or 
if listing is possible then the process never terminates, is 
called an infinite set. 


E83 

(a) A set of all points in a plane 
(b) X={x-xER O<x<0.0001} 
(c) X={x-xEQ Os<x<0.0001} 


Singleton set A set consisting of a single element is 
called a singleton set. 1.¢., n (x) = l,e.g., {x: x e N, 1 < 
x <3}, {{ }}:Set containing an element as null set, {o} is a 
set containing alphabet 0. 


Null set A set is said to be empty, void or null set if it 
has no element in it, and it 1s denoted by 9. 1.e., X is a null 
set ifn (XY) =0. E.g., {x:x € Randx?+2=0}, {x:x> 1 but 
x < 1/2}, {x:x € R, x? <0} 


Countable and uncountable sets 4 set YX is called 
a countable set if its element can be listed by counting or 
labelling with the help of natural numbers 1.e., a set is called 
countable if it has one to one correspondence with set of 
natural numbers e.g., Set of odd natural numbers, set of even 
natural numbers etc. Otherwise the set is called uncountable. 
e.g., set of irrational numbers, set of real numbers etc. 


Classification of Sets 


Finite Set Aset X is called finite if it has limited number of 


elements in it. i.e., if its all elements are labelled with the 
help of natural numbers the process terminates at certain 
finite natural number. E.g., set of living people on earth. 


Null Set A set X is called Singletion Set A set X is 


called singleton set if it has 
only one element in it e.g., 
A={x:xe &x?-4=0} 

B={x:xe  &x?* <0} 


null/void/empty if it has no 
element in it. It is denoted by 
Or {} €.g., 
A={x:xX € 
B = {x:x € 


& x2 +2 = 0} 
& x2 <0} 


Infinite Set A set X is called infnite if it has unlimited 
number of elements in it. e.g., set of rational numbers 
or set of points in a plane. 


Uncountable Set 

Aset X is called uncountable 
if its elements can not be 
labeled with the help of 
Natural numbers. i.e., its 
elements can not be written 
as function of natural numbers. 
e.g., set of real numbers, 

set of irrational numbers. 


Countable Set 

Aset X is called 
countable if its elements 
can be labeled with the 
help of natural numbers. 
i.e., its elements are 
function of natural 
numbers e.g.A set of 
odd natural numbers. 


FIGURE 1.5 


SOME IMPORTANT REMARKS 


) Every finite set is countable but every countable set is not necessarily finite 


I Infinite sets may or may not be countable 
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UY Uncountable sets are always infinite 
UI Every subset of a countable set is countable 


LY Every superset of an uncountable set is also uncountable 


LI Intersection of countable sets is always countable 


LI Countable union of countable sets is always countable 


Relative classification of sets 
Equivalent set 


Two finite sets A and B are equivalent if their cardinal num- 
bers are same 1.e., n (A) = n (B). Example, set of positive 
integers or set of negative integers. 


Equal set 


Two sets A and B are said to be equal if every element of A 
is a member of B and every element of B is a member of A. 
1.e.,A = BifA and B are equal and A # B if they are not equal. 


Subset 


A set A is said to be a subset of B if all the elements of A are 
also present in B and is denoted by 

A CB (read as A 1s subset of B) and symbolically writ- 
ten as: 

xEeA>xeEeBSOAcB 

A cB>A\1sa proper subset of B 


Properties 


1. 4c B => BDA where D1s known as superset. 


2,ACB and BCC >ACC 

3. Every set is subset of universal set. 

4. Null set is subset of all sets 
Super set 
If a set A 1s a subset of B, then B is called superset of A and 
it is denoted as B > A(read as B superset of A) 


Number of subsets 


Consider a set X containing n elements as {x,, x,, 
then the total number of subsets of X = 2” 


sit, Ys 


Power set 


The collection of all subsets of set A is called the power set 
of A and is denoted by P(A). 1.e., P(A) = {x: x 1s a subset 
of A}. IfX = {x,,x,,x,,....x,} then n(P(X)) = 2”; n(P(P(x)) 
—_ Q2n 


Disjoint set 


Sets A and B are said to be disjoint iff A and B have no com- 
mon element or A 7 B= 9. IfA AB #9 then A and B are 
said to be intersecting or overlapping sets. 


Example 
a) IfA={1,2,3}, B= £4, 5,6} andC = {4, 7, 9} then A 
and B are disjoint set where B and C are intersecting 
sets. 
(1) Set of even natural numbers and odd natural numbers 
are disjoint sets. 


Universal set 
It 1s a set which includes all the sets under considerations., 
it is a super set of each of the given set. Thus, a set that 
contains all sets in a given context is called the universal 
set. Itis denoted by Uor S. e.g., if 

A= 1,2:3},8=% 2,455, 6} and C =< 1,355, 7}, 
then 

U=£ 1,2, 3, 4,5, 6, 7} can be taken as the universal 
set. 


Complementary set 


Complementary set of a set A is a set containing all those 
elements of universal set which are not in A. It is denoted by 
A, A‘A'. So A°= {x: x € Ubut x ¢ A}. 

E.g., If set A = {l, 2, 3, 4, 5} and universal set 
Oi eas ee: eee 50} then A = {6,7,....... 50} 


ILLUSTRATION 13: Classify the following sets as Finite sets, Infinite sets, Countable sets, Uncountable sets, 


Singleton sets and, Null sets. 
(a) A = {2, 3, 3} 
(b) B= £2, 4, 6, 8, 
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(c) C = {x : x 1s neither prime nor composite} 
(d) D = {x : x1s a bird which can swim as well as fly} 
(ec) E = {1: 11s a straight line parallel to a given line segment AB} 
(f) # = {x : x 1s areal number which 1s integer as well as irrational} 
(g) G= {x : x 1s real number which 1s irrational} 
(h) H = {x : x 1s areal number lying between two different real numbers a and 5} 
SOLUTION: (a) A = {2, 3, 5} 
It is finite and hence countable set (°.. Every finite set is countable) 
(b) B= {2, 4, 6, 8, .....} 
It is an infinite set but its elements can be listed without leaving any element and hence is 


countable. 


(c) C = {1} as 1 1s the number which 1s prime as well as composite. Thus C'1s singleton, finite 
and countable. 


(d) D = {x : x1s a bird which can fly as well as swim} 


Duck, penguin are some birds which can fly as well as swim, so the set 1s not singleton but 
being a subset of birds (which 1s finite) 1s also finite and countable. 


(ec) E = {1: lis a straight line parallel to a given line segment AB} 


A 
We can draw uncountably many lines parallel to a given line seg- 
ment AB, hence the set E is infinite and uncountable. 
(f) F = {x : x 1s a real number which 1s integer as well as irrational} 
F = {}, as no real number 1s both integer as well as irrational as B 
every integer is rational. FIGURE 1.6 
So F is a null set, finite set and countable set 
(g) G = set of irrational numbers, 
=> Gis infinite and uncountable. 
(h) H = (a, 5) = set of all real numbers lying between 'a' and 'b' which are infinitely many and 
can't be listed and hence uncountable. 


ILLUSTRATION 14: Classify the pairs of equivalent and equal sets. 
(a) A= {o, e, i, a, u} 
(b) B= {1, 2, 3, 4, 5} 
(c) C = {x : x 1s a vowel english alphabets} 
(d) D = {x : x 1s an even natural number} 
(e) # = {x : x1s an odd natural number} 
(f) F={x:x< 20;x e€ N andx 1s divisible by 2} 
(g) G={x:x< 20;x € N and xis not divisible by 2} 
(h) H = {x : x is areal root of equation x’ — 4x? +x+6=0} 
(i) T= {a, b,c, d} 
Q) J= {a, b, c} 


SOLUTION: All the sets in Roster form are: 


(a) A = {o, e, i, a, u} 
(b) B= {1, 2, 3, 4, 5} 
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(c) C = {a, e, i, o, u} 

(d) D= {2, 4, 6, 8, .....} 
(ec) E= {1, 3,5, 7, .....} 

(f) F= {2, 4, 6, 8, ....., 20} ; 


n(F) = 10 
(g) G= {1, 3,5, ...., 19}; 
n(G) = 10 


(h) H = {x:x e Randx*- 4x*+x+6=0} 
= {x :x € Rand (x + 1) «—- 2) (x — 3) = 0} = {-1, 2, 3} 
Gi) J = {a, b, c, ad}; 
(j) J= {a,b,c} 
Clearly equal sets: (A, C) 
Equivalent sets: (A, B); (B,C); 4,0; 6G); GV) 
Since D and EF are infinite sets, but they are comparable to natural numbers, so they are 
equivalent sets. Also, every pair of equal sets is equivalent. 


ILLUSTRATION 15: Let A = {5, 6, 7} ; B= {8, 9, 10} ; C= (], 2, 3, 4, 5, 6, 7, 8, 9, 10} then find 
(1) number of subsets of C which are supersets of B. 
(11) number of subsets of C having number of element of A and B. 
(111) number of subsets of C having exactly one element from each of A and B. 


SOLUTION: (1) IfX is a superset of B and subset of C, then X has at 
least 3 elements 1.e., 8, 9 and 10 


Now each of the remaining elements of C except for 
8,9, 101e., 1, 2, 3, 4, 5, 6, 7 has two choices either 
they would belong to X or does not belong to_X. 

Thus total number of X’s = (2) (2) (2) ... x (2) [7 


times] = (2)’ = 128 
(11) Let X be any subset of C, disjoint from A and B 


‘. X must be formed from the elements of set of {1, 2, 
3, 4} 
1.e.,.X will be a subset of set {1, 2, 3, 4} = (2)* = 16 


(111) LetX be any subset of C having exactly one element 
from each of A and B. 


Now, X has a pair of elements (a, 5); ae Aandbe B 
Now a has 3 choices 1.e., 5, 6, 7 and 5 has 3 choices 1.e., 8, 9, 10 
Total pairs (a, 5) =3 x3 =9 


Now, corresponding to each pair (a, 5) contained by X, X can 
have or can’t have the remaining elements 1, 2 or 3. 


Therefore total possibilities of X are9x2x2x2x2= 144. Beer 


TEXTUAL EXERCISE-4 (SUBJECTIVE) 


1. (a) Which of the following collections can be called 


as set? 
(1) collection of antique coins 
(11) collection of antique coins of mughal period. 
(111) collection of genius people on earth 
(iv) {Book, Dog, Donkey, Lion, Pen, Mango} 
(v) {a, b, b,c, 1, 2, 2, 3} 
(vi) Collection of the best Hindi novels. 
(b) Which of the following is true if A = {a, b, {a}, 
{b}}? 
(1) 'a' is an element of A 
(ii) {a, b} is an element of A 
(iil) {5} is not an element of A 
(iv) {{a}, a, b} is element of A 


. Given the following sets in builder form, find their 

nature and their cardinal number. 

(a) A = {x: x is integer and x” - 4x + 3 = 0} 

(b) A = {x: x is natural number and x” — 3x — 4 = 0} 

(c) A = {x: x is positive integer divisible by 4 and 
x < 50} 

(d) A = {x: x is a non-negative integer which leaves 
remainder | when divided by 4 and x < 100} 

(e) A = {x: x is even prime number, but x #2} 

(f) A = {x: xis odd natural number divisible by 5 and 
x < 50} 

(g) A = {x- xis natural number divisible by both 2 and 
3 and x < 100} 

(h) A = {x- x is natural number divisible by both 4 and 
6 and x < 100} 

(i) A= {x-: xis natural number divisible by either 2 or 3} 

(j) A= {x-: x 1s natural number divisible by 4 and 6} 

(k) A = {x: m is non-negative integer and x = 4m + | 
and x < 10} 


. Which of the following pairs of sets are disjoint? 
Ga) {1, 2, 3, 4} and {x: x is a natural number and 
4<x<6} 
(11) {a, e, i, o, u} and {c, d, e, ft 
(111) {x- x is an even integer} and {x: x is an odd inte- 
gers 
. State whether each of the following statement 1s true 
or false. Justify your answer. 
(i) {2, 3, 4, 5} and {3, 6} are disjoint sets. 
(11) {a, e, i, o, u} and {a, b, c, d} are disjoint sets. 
(1) {2,6, 10, 14} and £3, 7, 11, 15} are disjoint sets. 
(iv) {2, 6, 10} and {3, 7 11} are disjoint sets. 


3. 
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If U= {a, b,c, d, e, f, g, h}, find the complements of 

the following sets. 
(i) A = {a, b,c} 

(1) C = {a, c, e, g} 


(1) B= {d, e, f, g} 
(iv) D= tf, g, h, as 


6. Let A = {a, b,c, d}, B= {a, b,c} and C = {b, d}. Find 


10. 


12. 


13. 


all sets X satisfying the conditions. 
(a) XC B,X CC 
(b) XC A,X ZB 


. LetA = {2, 4,6, 8}, B= {3, 4, 53 andC = {3, 5}. Find 


a set R satisfying the conditions. 
(a) RC BandRcA 

(b) RCC,REA 

(c) RCB,RCC 

(d) R and C are disjoint, RC A 


. Let B be a subset of A and let P (4: B) = {X € P (A): 


X > B} then 

(a) Show that P (4: 6) =P (A) 

(b) If A = {a, b, c, d}, B= £a, b}. List all members of 
the set P (A: B). 


. Two finite sets have m, n elements. The total number 


of subsets of the first set 1s 56 more than the total 
number of subsets of the second set. Find the values 
of m, n. 


Let A = {a, b, c, d} then find 
(1) Number of disjoint pairs of subset of A. 

(11) Number of pairs of subsets of A having exactly 2 
elements common. 

(111) Number of pairs of subsets of A having exactly 3 
element common. 

(what if in each of above cases each pair must have 

different subsets) 


. Let A = £1, 2, 3, 4} and B= £2, 3} find the number of 


subsets of A which are supersets of B. 


Let A = {1, 2, 3, 4, 5, 6} ; B= £3, 4, 5}, then find the 
number of subsets of A. 
(1) disjoint from B (1.e., no element common with B) 
(11) having exactly one element of B 
(111) having exactly two elements of B 
(iv) Subsets of A and supersets of B.} 


Let A = {1, 2,3} ; B= {4, 5, 63; C= £7, 8, 9}. Find the 
number of subsets of set D = {1, 2, 3, 4, 5, ..., 10} having 
exactly one element from each of sets A, B and C. 
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Mc VeA al A= Aa 2 a = 
{1, 2, 3, ..., r} and so on and let S= £1, 2, 3, 4, 5, 6}. 
Define P(i) = Number of subsets of S having exactly 


6 
one element of A,, then evaluate » P(i) 
i=] 
15. Let A= {1, 2, 3} ; B= £7, 8, 93; C= £1, 2, 3, 4, ...., 9, 
10}; then find the number of subsets of C disjoint from 
both A and B (1.e., no element common with A and B). 


Answer Keys 


1. (a) (iv) 
2. (a) finite, countable, 2 
(e) null set, 0 
(i) infinite, countable 
3. 1 and u1 
(1) B'= {a, b, c, h} 


(b) @) T 
(b) singleton 


(ii) F 


4. (i) F 
(iii) C'= {b,d, fh} 


(ii) F 


(OC) RS 30343 5. 25 ft 3595 
9. m=6,n=3 10. (i) 41 
12. (i) 8 (ii) 24 iii) 24 (iv) 8 13. 54 


(iii) F 


(f) finite, countable, 5 (g) finite, countable, 16 
(j) infinite, countable 
Qiu) T 
(iv) D'= {b, c, d, e} 
{c,d}, {a,b,d}, f{a,c,d}, {b,c,d}, {a,b,c,d}7.(a) R = {43, R=0 
(d) R= {2}, {4}, {6.8} 
Gi) 30 (au) 4 


16. A = {x: x € Nand x < 100 and x 1s divisible by 2} 
B= {x:x e€WNandx< 100 and x is divisible by 3} 
C = {x : x € N and x < 100 and x is divisible by 5} 
D = {x : x € N and x < 100 and x 1s divisible by 7} 


E= {x: x € Nand x < 100 and x 1s divisible by 11} 
then find the set G= {x : x € Nandx< 100} and Gis 
disjoint from each of the sets A, B, C, D and E. Also 
find cardinality of set G. 


(iv) F 
(d) finite, countable, 25 
(h) finite, countable, 8 


(c) finite, countable, 12 


(k) finite, countable, 3 

(iv) T 5.(1) A'= {d, e, f g, h} 

6.(a) o;{5$ (b) {d};, {ad}, {bd}, 
(D) R= {3} 1955 43555 

8. (b) {a,b}, {a,b,c}, {a,b,d}, {a,b,c,d} 

11. 4 


14. 120 15. 16 


16. G = {1,13,17,19,23,29,31,37,41,43,47,53,59,61,67,71,73,79,83,89,97}; n(G) = 21 


m@ VENN (EULER) DIAGRAM 


U) The diagrammatic representation of sets for their 
relative study is called “Venn diagram’ or ‘Euler — 
Venn diagram’. 

U Here we represent the universal S as set of all points 
within rectangle and the subset A of the set S is 
represented by the interior of a circle contained in the 
rectangle. 


S 
A 


FIGURE 1.10 


U If A and B are not equal but they have some common 
elements, then we represent A and B by two intersect- 
ing circles. 


A S 


B 


FIGURE 1.11 


U If a set A is a subset of a set B, then the circle repre- 
senting A is drawn inside the circle representing B. 


B 


FIGURE 1.12 


U Two circles having no common element are represent- 
ed by two non-overlapping circles. 


FIGURE 1.13 


UU The complementary set of the set A is represented by 
the shaded region in the figure by region lying outside 
the circle of set A and inside the universal set. 


U 


FIGURE 1.14 


BES oPERATIONS ON SETS 


Union of sets 


Union of two or more sets is the set of all elements that 
belong to any of these sets. The symbol used for union of 
sets is 'U’. 


FIGURE 1.15 


1.e.,4 U B= Union of set A and set B {x:x € Aorxe B 
(both)} 

E.g., IfA = {1, 2, 3, 4} and B= {2, 4, 5, 6} and C £1, 2, 
6, 8}, then AU BUC = €], 2, 3, 4, 5, 6, 8, 9}. 


Intersection of sets 


It is the set of all the elements, which are common to all 
the sets. The symbol used for intersection of sets is 'N’ 
1¢.,4OB={x:x eA andxX é€ Bh eg, If A = {1, 2, 3, 
4} and B= {2, 4,5, 6} and C = {1, 2, 6, 8}, then A AB 
PYG Ale. 

Remember that n(4 U B)=n (A) +n(B)-n (ANB) 
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FIGURE 1.16 


Difference of two sets 


The difference of set A to B denoted as A — B 1s the set of 
those elements that are in the set A but not in the set B. 

1e.,4—-B={x:xeAandx ¢ B} 

Similarly, B — A = {x: x € B and x ¢ A}. In general 
A-B#B-A. 

e.g., If A = {a, b, c, d} and B = {b, c, e, f}, then A -— B 
= {a, d} and B-—A = fe, f} 

U 


A-B 
FIGURE 1.17 


Symmetric difference If A and B are two sets, then sym- 
metric difference of sets A and B is denoted by A A B and is 
given by AAB = (A — B) vu (B- A) 


AAB 
FIGURE 1.18 


ILLUSTRATION 16: If A = {a, b,c} and B= {b, c, d} then evaluate AU B, AN B,A-—B,B-AandAAB. 


SOLUTION: AU B= {x:xeAorx e€ B= {a,b, c,d}; AN B={x:x eA andx € B}= {b,c} 
A-B={x:xeAandx ¢ BJ ={a};B-Az={x:xe Bandx gA}={d} AAB= {ad} 


Algebraic structure of sets Four operations U, 4, ~, A 


Closure law’ Let S be set of all sets then S is closed for 
operation U, a, ~, A.1e.,ifA,BeS 
> AUBeSAnBeSandA~BeES 


Commutative law Union and intersection of sets is com- 
mutativeeA UB=BUAandAnB=BOA. 


Associative law Union and intersection of sets is 
associative. 1.€., 


For given three sets A, B and C 
(ANB) ACH=AN(BAC) 
AVU(BUC)=4VUB)UC 


A A 


B 


C 


FIGURE 1.19 
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Distributive law 


Union and Intersection are self distributive as well as dis- 
tributive over each other. 


AU(BUC)=4ZVUB)UAVUC) 
AN(BAC)=(ANBNANYC) 
AVU(BAC)=(AVUBNAVUC) 
AN(BUC)=(ANBVUANYG) 


Law of identity element 


Null set (o) is the identity element for U because A U 6 = 
A=oUA 

Universal set (S) 1s identity element for intersection 
because A VW S=A=SQ0A. 


idempotent laws 
AUA=A 
ANA=A 
Intersection distributes on difference: 
AN(B-C)=(ANB)-(ANC) 
However, A U (B-C)4#(4UB)-(A VU OC) Le, union 


does not distribute over difference. 


De morgan laws 
For given two sets A and B 


(A U B)© =ASO BS and (A 4 B) = ALU BS 


F(A UB) 


FIGURE 1.20 


letx € (AU BY 

xe Sbutx¢gAUB 

xeSandx¢Aandx¢B 

xe Sandx ¢Aandxe Sandx¢B 

x € A® andx € BS 

x € Aon BE 

(AU BY CASA BS (1) 


Proof: 


YUUYYUY 


EAS EBACN BC 


FIGURE 1.21 


Similarly, we can prove AST BSc (AU BY (a) 
From (1) and (11) we have (A U B)*= AS BS 
Similarly, we can prove the second part. 


The following laws can be easily verified using Venn 
diagrams. 


(1) Complement laws: 


a) AUA'=U 
ai) AN A'=6 
(111) Law of double complementation: (A’)’ = A 
(iv) Law of empty set and universal set: 0’ = U and 


U'=$ 


Statement and its negation 


Let P be any mathematical statement (1.e., either true or 
false but not both simultaneously). 


Let S' be the set containing all mathematical statements 


and Let P be a subset of S representing the mathematical 
statement. Thus we can express it by using Venn Diagram 
as shown below: 


FIGURE 1.22 


The complement of P represents negation of P 
1.¢., ~P. @.8, 


(i) P= Every whole number is a natural number. 


~ P = There exists a whole number which is not 
natural. 


(ii) P =Ifx? 1s even then x is even 


~P =x can be even without x? being even. 


(iii) P = Ifx 1s a natural number dividing 2 then x is either 


1 or 2. 
~P = If x is a natural number dividing 2, then it is not 
necessary that itis | or 2. 


or There exists a natural number dividing 2 other than 
1 and 2. 


Or statements 


Let P and Q be two mathematical statements represented by 
two subsets of U as shown below 


(ii) 


P Q 


FIGURE 1.23 
PorQ =PU@Q 
Or statement is true if any one of p or g (or both) are 
true. €.g., 


p = 101s divisible by 2 

g = 101s divisible by 3 

pv q= 1018s divisible by 2 or 3. 

Here p or q 1s true as P 1s true. 

p = If y 1s father of x and z is father of y, then x 1s 
grandson of z. 


(iii) 
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gq = If y is father of x and z is father of y, then x 1s 
grand daughter of z. 
porg=pUq=lIfvy 1s father of x and z1s father of y 
then x is either grandson or grand daughter of z. 

p = Every square 1s a rectangle 

gq = every square is a rhombus 
porg=pWUq=Every square is either a rectangle or 
rhombus. 


And statements 


p and g = po qis true when both p and gq are true. e.g. 


(i) 


(11) 


(iv) 


p =2 1s a divisor of 10 

g = 51s a divisor of 10 

p and g=pogq=2 and 5 are divisors of 10. 

p = 218 a divisor of 4 

g =21sa divisor of 10 

p and g=poOq=21s a divisor of both 4 and 10. 

p = If x 1s an integer, then x 1s rational. 

q = If x is an integer, then x is real. 
pandg=pogq=Ifx 1s an integer, then x is rational 
and real. 


~Pand ~Q: =(~p) > (~q) =~(p - q) = ~(p or q) 
[De morgan’s law] 


e.2., 


(i) 


(il) 


Gp 


~pN~q 


FIGURE 1.24 


p= 21s a divisor of 3. 

g = 21s a divisor of 5. 

~p and ~g = 2 is a divisor of neither 3 nor 5. 

Also p U gq = 218s a divisor of 3 or 5. 

~p VU gq) = 21s a divisor of neither 3 nor 5. 
(Py (m=~py@d 

p = Taj Mahal 1s in Delhi. 

q = Gateway of India is in Delhi. 

~p and ~g = Neither Taj Mahal nor Gateway of India 
is in Delhi. 

= None of the Taj Mahal and Gateway of India is in 
Delhi. 

pv q= Taj Mahal or Gateway of India 1s in Delhi 
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~(p U q) = Neither Taj Mahal nor Gateway of India is 


in Delhi. 

p=L.C.M. of 2 and 4 is 8 

qg =L.C. of 2 and V3 is 2V3. 

~p and ~g = Neither L.C.M. of 2 and 4 is 8 nor 
L.C.M. of 2 and V3 is 2V3. 
porg=pUq=L.C.M. of 2 and 4 1s 8 and 
L.C.M. of 2 and V3 is 2V3. and 

~(p LU q) = Neither L.C.M. of 2 and 4 1s 8 nor 
L.C.M. of 2 and V3 is 2V3. 


(iii) 


(~p) or (~q) = ~(p and q) = ~(p- q) 
[De morgan’s law] 


~(p > q) 
FIGURE 1.25 


e.8., 
(i) p= VJ-2 is areal number 
q= V-2 is arational number. 
(~p) or (~q) = VJ-2 is non-real or irrational 
(pAq= J-2 is real and rational 
~(p OQ = V-2 is either non-real or irrational. 
(ii) p=3 1s a divisor of 10 
g = 31s a divisor of 11 
(~p) or (~q) = 3 1s a divisor of neither 10 nor 11 
(p © gq) = 318 a divisor of 10 and 11 


~(p C\ q) = either 3 is not a divisor of 10 or not a divi- 


sor of 11. 


p>q 


Ce) 


FIGURE 1.26 
e.8., 
(i) p=At least two sides of given triangle are equal 
q = Given triangle is an isosceles triangle. 


p= q.: If at least two sides of a given triangle are 
equal then it 1s an isosceles triangle. 


(ii) p: xis arational number 
gq. x 1s areal number 
p=>q_-: Ifx 1s rational, then it is real. 
(iii) p : Abhi lives in Patna 
q : Abhi lives in India 
.. P => q_-: If Abhi lives in Patna then he lives in 
India. 


p—>qthen~q>~p 


FIGURE 1.27 


Ifxisinp, thenxisingte.,p™>q 
If y is not ing then y is not inp. 1.¢.,~¢g>~pe.g., 


(i) p:xisadivisor of 8 
gq. xis a divisor of 16 
~p =x 1s not a divisor of 8 
~q =x 1s not a divisor of 16 
~q => ~p : If x is not a divisor of 16, then x is not a 
divisor of 8. 

(ii) p:x+y=even;xyve Z 
g : either x and y both are odd or x and y both are even 
(1.e., of same parity). 
p>q_iItforx, ye Z x andy are of opposite parity 
then x + y is not an even number 1.e., odd. 


implies and is implied by: p< q 
S 


FIGURE 1.28 


It 1s true when either both p and q are true or both p and qg 
are false. e.g., 


(i) p-:xisrational 
q: xis areal 
p= q-: Ifx1s rational then x 1s real 
q => p : \fx 1s real, then x is rational 


.. p<q. Ifx 1s rational, then x 1s real and if x is 
real, then x is rational 
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or p & qx 1s rational if and only if x 1s real. 
the above statement is false as g does not imply p as 


if x is real it is not necessary that x 1s rational as it can 
be irrational. 


Check this yourself: 
(i) Does ~p = ~q? 


Try to support with relevant example. 


TEXTUAL EXERCISE-5 (SUBJECTIVE) 


1. Find the union of each of the following pairs 7. Prove the following: 


of sets: 

a) X = {1, 3, 5} Y = {1, 2, 3} 

di) A = {a,e,i,0,u} B= {a, b,c} 

(111) A = {x- x is a natural number and multiple of 3} 
B = {x: x is a natural number less than 6} 

(iv) A = {x: x is a natural number and | <x <6} 
B= {x: x is a natural number and 6 <x < 10} 

(v) A= {1,2,3},B=060 


. If A= {1, 2, 3, 43, B= £3, 4, 5, 63, C = §5, 6, 7, 8} 
and D = £7, 8, 9, 10}; find 


(a) A) =A 

(b) AUA'=U 

(c) (A-B)NA=ANDB' 

(d) AN (BAC)=ANB)A(ANC) 
(ec) C-BcC-A,ifAcB 


. Defined two sets A, B, such that A = {a: a € N and 


a’—Tat+12=0} and B= {2, 3, 4, 5, 6}. Answer the 
following problems: 

(a) Find whether A c B or B CA or neither. 

(b) Find the set_X defined as B — A. 


Gg) AUB (i) AUC (c) Express A U B or BCA and A — B on Venn dia- 
Gu) BUC av) BUD gram. 
(VV) AUBUC (vi) AUBUD (d) Find all the subsets of XY and also find the number 


(vil) BUCUD 


. If A = {3, 6, 9, 12, 15, 18, 21}, B = £4, 8, 12, 16, 
203, C = £2, 4, 6, 8, 10, 12, 16}, D= {5, 10, 15, 20}; 
find 


of elements in power set of X. 


. Defined three sets A, B and C such that A = £2, 3, 5, 


7, 11, 13, 17, 19} and B = £2, 5, 8, 11, 14, 17, 20} C 
= {3,5, 7, 9, 11, 13, 15} and given that universal set 


(i) A-B (ii) A-C X = {1, 2, 3,5, 7, 8, 9, 11, 13, 14, 15, 17, 19, 20}. 
(1) A-—D (iv) B-A Answer the following problems and express them on 
(v) C-A (vi) D-A Venn euler diagram. 

(vu) B-C (vin) B-D (a) Find A UB. 
(x) C-—B (x) D-B (b) Find the set A — B. 
(x1) C-D (xn) D-C 


. If a € N where aN = {ax : x € N}. Describe the set 
3N A 7N. 


. If A, B and C are three sets, then prove that 
(a) (ANB ANCHAN(BNC) 
b)ANBVUC)=ANBVUANYC) 


6. Prove the following: (a) (A ()B) 
(a) fA cCBandBCC,thenA CC ey 
(b) If A and B are two sets, then A NBCACAUB 

and AN BCBCAUVB. (A 0B) 
(c) Let A, B be sets, if AN X=BOAX=60 andA VX (b) SS 


= BUX for some set_X, then n(A) = n(B). 


10. 


(c) Express AUB. 
(d) Find BUC. 
(e) Find AQNBAC,AQABAC. 


Write down the sets representing unshaded region in 
the following Venn diagrams. 
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Answer Keys 
1. (i) {1, 2, 3, 5}(ii) fa, e, i, o, u, b,c, } (iii) £1,2,3,4,5,6,9,12,15,16...}(iv) £2,3, 4, 5, 6, 7, 8, 9, 103(v) £1, 2, 3} 
2. (i) {1,2,3,4,5,6} i) £1, 2, 3, 4, 5, 6, 7, 8} (iii) £3, 4, 5, 6, 7, 8} (iv) {3, 4, 5,6, 7, 8, 9, 10} 
(v) {1, 2, 3, 4, 5, 6, 7, 8} (vi) {1, 2, 3, 4,5, 6, 7, 8,9, 10} (vu) {3, 4,5, 6, 7, 8, 9, 10} 


3. @) {3,6,9,15,18.21} Gi) {3,9,15,18.213 ii) {3,6.9,12,18213 Gv) §48,16,20} (v) §2,48,10,16} (vi) £510,203 (vii) {203 
(viii) £4,8,12,163 (ix) §2,6,103 (x) £5,10,15} (xi) {2,4,6,8,12,16} (xii) {5,15,203 


4. 21N 
8. (a) ACB (b) {2,5,6} (c) AUB= {2, 3, 4,5, 6}, BO A= {3,44,4-B= {f =0 (d) 
9, (a) AU B= {2,3,5,7,8,11,13,14,17,19, 20} (b) A~ B= ({3,7,13,19} (c) AUB={I,9,15} 

(d) BOC ={1,2,3,7,8,9,13,14,15,17,19,20} (e) ANBAC={51}B; AN BAC ={2,17} 
10. (a) AN(BUC) (b) AU(BOC) 


TEXTUAL EXERCISE-3 (OBJECTIVE) 


1. Given the sets A = {1, 2, 3}, B= {3, 43, C= {4, 5, 6}, 5. Consider the sets 


then A U (BO C)is A: The set of all intelligent girls in class 10th 
(a) {3} (b) {1, 2, 3,43 B: Set of natural numbers 
(c) {I, 2, 4, 5} (d) {1, 2, 3, 4, 5, 6} Which of the following is correct? 
2. If N= [an:n € N}, then N,N, = (a) AUB 
(a) N, (b) N, (b) A and B are equal 
(c) N,, (d) N,, (c) A and B are disjoint 


3. If A and B are disjoint, then n(A v B) is (d) Ais not a set 


(a) n(A) 6 IfAcBavd BCC, then 
(b) n(B) (a) A=B (b) ACC 
(c) n(A) + n(B) (c) n(A) = n(B) (d) cannot predict 
(d) n(A). n(B) 7. Which of the following is not a set ? 
4. Given the following sets: A = {1, 2, 3, 4, 6}; B = {2, (a) A: set of primes 
3}; C = {0}, then A and C sets are : (b) Set of even number 
(a) equal (b) equivalent (c) C: set of beautiful places of india 
(c) disjoint (d) None of these (d) set of squares of all odd numbers 
Answer Keys 


1. (b) 2. (c) 3. (c) 4. (c) 5. (d) 6. (b) 7. (c) 


= INCLUSION-EXCLUSION PRINCIPLE - Since we can write A as the union of pair-wise disjoint 
Rule of the sum can be applied to express the number of An Bandd on B 
elements in the union of two non-disjoint sets A and B therefore n(A)=n(A rn B)+n(An B’) (1) 
in terms of n(A), n(B) and n(4 4 B) which is mentioned Again, since we can write B as the union of pair-wise 


below: disjoint set 


Foundation Mathematics < 1.25 


AnBandA'oB, Proof: 1(AUB)=n(A) + n(B) -n(AMB) < n(S) 


therefore n(B) = n(A VN B)+n(A' on B) (11) 
Also since the set A U B can be expressed as the union =o ONO E) )  OkB KS) 
of pair-wise disjoint sets A ~ B, A A B’ and A’ o B, therefore => MAN B)rnin 
NAY B)Y=nAnB)tnAdoB)tns orb) wa) _ [n(A)+n(B)—n(S) if n(A)+n(B)2 n(S) 
Adding corresponding sides of (1) and (11) and using 7 0 if n(A)+n(B)<n(S) 


(111), we have 
n(A) + n(B)=n(A VU B)+n(ADB)>n(AV B)=n(A) | 7 n(AUB),,,,= min{n(A) + n(B), n(S)} 


+ n(B) — n(A m B) Proof: n(AUB),,,,=n(A) + n(B) -n(AB),,, 
Properties thee) ae 
1. n(AU B)=n(A)+n(8)-n (ANB) |" aye) if aes) 
(inclusion-exclusion principle) 0 PALS ACS) AO) 
2. nA UB) = n(A) + n(B) when A and B are disjoint. n(S) n(A)+n(B)2= n(S) 
3. n(A UB), = max {n(A), n(B)} = n(A) if B CA and | as n(B) n(A)+n(B)<n(S) 


n(B)ifA CB 
Proof: n(AUB),,,=n(A) + n(B) — n(AB),,. 


. Some basic results on cardinal numbers 
=n(A) +n(B) — min{n(A),n(B)} 


If A, B and C are finite sets and U be the finite universal 
= max {n(A),n(B)} 


set, then 
_ a if BCA 1. n(A') =n(U')— n(A) 
n(B) if ACB 2. n(A UB) =n(A) + n(B)— nA B) 
4. nA B),,, = min {n(A), n(B)j = n(B) it BCA and | 3, n(A U B) =n(A) + n(B) where A and B are disjoint non- 


n(A)ifA cB 
Proof: n(AMB) 


empty sets 
= min{n(A), n(B)} 


an 4. n(A VU B') =n(A)-n(An B) 
n(AQB)... = pee 5. n(A' 0 B') = n(A Vv BY = nV) —n(A UB) 
™  1n(B) if ADB 
6. n(A'U B')=n(An B)=n(v)-nAnbB) 
B A 7. n(A—B) = n(A)—n(A 7B) 
8. n(4 0 B)=n(A VU B)-n(4 2 B')-n(4'cn B) 
9, nAUBUC)=n(4)+n(8)+n(C)-n(An B) 
—W(BAC)-n(CnA)+tnAnBonc) 
10. IfA,, A,, A,, ...A, are disjoint sets, then n(4, U4, UA, 
Eeeentee UA =n) +n) + nA) t+... (A) 
5. MAO BB). =nf{o} =0 when A and B are disjoint. : 
zak 11. n(4 A B) = number of elements which belong to 
6. n(ANB).in= max{n(A) + n(B)-n(S), O} exactly one of A or B. 


ILLUSTRATION 18: In a survey on 20,000 families of a city, it was found that 40% families read newspaper 


P, 20% families read newspaper Q, 10 % families read newspaper R, 4% buy P and QO, 3% 
buy Q and R and 5% buy P and R. If 2 % families buy all the three newspapers, then find 


(a) Number of families buying newspaper P only, QO only and R only 
(b) Number of families buying exactly one of the 3 newspapers 
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(c) Number of families buying exactly two newspapers 
(d) Number of families buying at least one newspaper 
(e) Number families buying no newspaper 

(f) Number of families buying at most two newspapers 


SOLUTION: Let here n(U) = 20000 


A = set of families buying newspaper P 
B = set of families buying newspaper O 
C = set of families buying newspaper R 


40 
n(A) = 40% of 20, 000 = 777 Volum = 8000 U 


20 
n(B) = 20 % of 20, 000 = 100 000=4000 


10 
= 0 = ——X 20,000 = 2000 
n(C) = 10% of 20, 000 100 C 
n (A qm B) = number of families buying FIGURE 1.30 


newspaper P as well as O = 4% of 20, 000 = 800 
similarly n (B ~ C)=3 % of 20, 000 = 600 
n(AnC)=5% of 20, 000 = 1000 
n(AnBoC)=2% of 20, 000 = 400 
n (A only) = number of people buying newspaper P only 
=n(A)-nn B)-nAnodt+ndnBn’d) 
= 8000 — 800 — 1000 + 400 
= 6600 
Similarly, n (B only) = n(B)-n(BnA)-n(BnOQ)t+n(AnBnd 
= 4000 — 800 — 600 + 400 = 3000 
andn(C only)=n(C)-n(CnA)-n(CnB)t+nAnBand 
= 2000 — 1000 — 600 + 400 = 800 
(b) Number of families buying exactly one of the three news papers 
=n (A only) +n ( only) + 2 (C only) 
= 6600 + 3000 + 800 = 10, 400 
(c) Number of families buying exactly two newspapers 
=[nAnB)-n(AnBnO]t+[pAnd-ndnBn?d 
+ [n(BAC)-nAnBn?C)| 
= [800 — 400] + [ 600 — 400] + [1000 — 400] = 400 + 200 + 600 = 1200 
(d) Number of families buying at least one newspapers 
=Av BV O=a@MtnBitnO-nAnB-nBSnO-nCnAtn 
(ANBNC) 
= 8000 + 4000 + 2000 — 800 — 600 — 1000 + 400 = 12000 
(e) Number of families buying no newspaper = n(U) — n(A Uv BU C) = 20000 — 12000 = 8000 
(f) Number of families buying at most two newspaper 
=n(U)-nAnNBNnC)= 20, 000 — 400 = 19, 600 


(a 


No 


ILLUSTRATION 19: At a certain conference of 100 people, there are 52 Indians, which consist of 29 women and 
23 men. Of these Indians, 4 are doctors and 24 are either men or doctors. There are no foreign 
doctors. How many foreigners and women doctors are attending the conference? 
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(a,, b,)} or B x A= {(b,a):b e Bandae A}. Bx A= {(b, 
a,), (b, a,), (b, a,), (b, 4,)(8, 4), (0, a,)} Clearly, A x B#B 
x A until A and B are equal. 


m CARTESIAN PRODUCT OF TWO SETS 


Ordered Pair: 


The phrase ‘ordered Pair' is used frequently in mathematics. 
An ordered pair (a, b) 1s a pair of mathematical objects. The 
order in which the objects appear is significant. Hence the 
ordered pair (a, 5) is different from ordered pair (6, a). 

In contrary 

unordered pair {a, b} is same as {b, a}. 

Let (a,, 5,) and (a,, b,) be ordered pairs, then (a,, b,) = (a, 
b,) iff a, = a, and b, = b,. 

Cartesian product of A and B if denoted as A x B is a set FIGURE 1.32 
containing the elements in the form of ordered pair (a, b) 


such that a € A and b € B. If set A = {a,, a,, a,} and B= {b,, | Some basic results on cartesian product 


b,; then A x B and B x A can be written as: A x B= {(a, 5): 1. Cartesian product is not commutative, i.e.,4 x B4Bx A 
ae Aandbe B}= {(a, b,), (a, 5,), (a, 5, (a, 5,) (a,; 5,) unless A = B 
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- n(Ax B)=n{(a,b):acA & be B} =n(A).n(B) 

=> n(A x B)=n(B x A) = n(A).n(B) =m Xx n 

- Since A x B contains all possible ordered pairs as its 
elements that can be formed by pairing the elements of 
set A to the element of set B. Therefore every relation 
defined from set A to set B is subset of A x B. That 
is why A x B 1s also called universal relation from 
A to B. Number of relations from A to B = 2™ *®), 

. Since A x B has elements as ordered pairs therefore it 
can be geometrically located in_X — Y plane by consid- 
ering set A on X — axis and set B on Y-axis. 

. Cartesian product is not associative. 


. Distributive law 
Cartesian product distributes over union, difference 
intersection A x (BUC)=(4 x B)U(A x C) 


Proof: (x,y)E€Ax (BUC) 


=> xeAand ye (BUC) 


> xeéA and ye BoryeC 
>xeAand ye BorxeAandyeC 
> amyeAxBUAxd) 


7. Ax(BONOC)=(AxBnNAxC) 


. Ax (B-C) = (4 x B)-(4 x C) 
~(AxBaASxT)=(A0S) x BAT) where S and 7 


are two sets 


.fAcBthen(AxC)c(BxC) 
~fAcBandCcDthen 4xC)c(bxD) 
. IfA4 cBthen (A x A)cC (A x BY (Bx A) 
. (A x B)=(8x A) if and only if A =B 
~Ax(B'UCY=A4AxBnAxC) 
~AX(B'ACY=A4AxBVAxC) 

. If nh AQNB)=k = n((Ax B)N(Bx A)) 


n(AN B)X(AN B)=kk=k? 


SOLUTION: 


ILLUSTRATION 25: 


SOLUTION: 


ILLUSTRATION 26: 
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x°+ 2x?-x-2=0 
By factorization 
(x?-1)(+2)=0 
> x=+1,-2 
. A={l,-1,-2} 
and Prime divisors of 720 are 2, 3 and 5. 
B= {2, 3, 5} 
. Ax B= {(l, 2), (1,3), 0,5) Cl, 2), C1, 3), C1, 5), 
(—2, 2), (2, 3), C2, 5)} 
It contains 9 elements. 
=> n(Ax B)=9 
Also n (A) =n (B) =3 
n(A) x n(B) =n (A x B)=9 
Hence verified. 
Given two setsA and B defined asA = {a:ae N and—2<a<5} and B={b:beZ and 0< b <3}. 
Find AxB and BxA. Represent them geometrically and also find number of elements common 
inA x Band B x A. 
A= {a:aeéN and 2 <a<5} = {1,2,3,4,5} 
B = {b: beZ and 0 <b <3} = {0,1,2,3} 
A x B= {(1,0), (1,1), (1,2), (1,3), (2,0), (2,1), (2,2), (2,3), (3,0), (3,1), (3,2), (3,3), (4,0), (4.1), 
(4,2), (4,3), 9,0), (9.1), (5,2), 6.3) $ 
Bx A= {(00,1), (0,2), (0,3), (0.4), (0,5), (1.1), (12), (1,3), 1.4), (1.5); 2.1), 2,2), (2,3), (2,4), 
(2,5), (3,1), G.2), G3), (3.4), G.5)} 
Number of elements common in (A x B) and (B x A) = [n(ANB)}? = (3)? = 9 


FIGURE 1.33 


Dots represents elements 
Dots represent elements of set AxB of set BxA 


FIGURE 1.34 


Given two setsA and Bdefinedas A= {a:ae€ R and -—2<a <3} andB={b:be Zand 0<b <4}. 


Find A x B and B x A. Represent them geometrically and also find number of elements common 
in AX Band B x A, and find the answer if be R. 
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SOLUTION: A = {a: aeR and —2 <a <3} = [-2, 3] 
B= {b: beZ and0 <b <4} = {0, 1, 2, 3, 4} 
. Ax B= {(x, y): xe [-2, 3] and ye {0, 1, 2, 3}} 
= set of four horizontal line segments y = 0, y = 1, y = 2, 


y =3 and having their left end point at x = —2 and night 
end point at x = 3 as shown below: 


Also, B x A = {(x, y) : xe {0,1,2,3,4} and y € [-2, 3]} 


= set of fine vertical line segments x = 0, x = 1, x = 2, x =3, Collection of horizontal line 
x = 4 and having their bottom end point aty=—2 andtop end Segments representing AxB 
point at y = 3 as shown below. FIGURE 1.35 


Collection of five line segments 
representing BxA 


FIGURE 1.36 


Clearly, ANB = {0,1,2,3} > n[A x B) TN (BX A)] 

= [n(4 qn B)]* = (4)? = 16 
Also if we draw the graphs of A x B and B x A ona 
single diagram, then their points of intersection would 
give us the number of elements common in A x B and 
B x A as shown below: 


Next part, If be R, then 
A= |[-2, 3] and B= [0, 4] 
then A x B= {(x, y) : xe[-2, 3] and y € [0, 4]} Points common in AxB and BxA 


= Rectangular region bounded by lines having equa- FIGURE 1.37 
tions x = —2,x = 3, y= 0 and y = 4 as shown below: 


Rectangular region representing AxB 


FIGURE 1.38 


TEXTUAL EXERCISE-6 (SUBJECTIVE) 


1. If X and y are two sets of nm (X) = 17, n(Y) = 23 
and n(X U Y) = 38. Find n (X 2 Y). 


2. If X and y are two sets such that XY u y has 18 
elements, X has 8 elements and y has 15 elements: 
how many elements does_X ~ y have? 
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3. In aclass of 100 students, 55 students have passed in 
Mathematics and 67 students have passed in Physics. 
Then find the number of students who have passed in 
Physics only. Assuming that no student fails in both 
the subjects. 


1.32 


4. 


Po 


de 
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Evaluate the unknowns in each of the following cases: 

(a) n(A UB), n (AB), if A CB, n (A) = 30, n (B) 
= 36 

(b) n (B), if n (A) = 30, n (4 UB) =50,n (AT B)= 10 

(c) n(A UB), ifn (A) = 20, n (A’ VB) =8 

(d) n(A OB), ifn (A -B)=30,n(B-A)=16,nAvV 
B) = 60 

(ec) n (A UB), if n (A) = 58, n (B) = 102, n (A —B) = 38 

(f) n (A U B), if n (S) = 70, n (A) = 40, n (B) = 50, 
n (ANB) = 27 

A survey of 2000 consumers reported that 1500 

consumers liked product P, 1800 liked product Q. 

What is the least number that must have liked both the 

products? 


For any three sets A, B, C prove that: 
n(AUBUQO=[n(AtnBtnOtnAn 
BOAC)|]-[pAnB)+tn(BacC)t+tn(CoaA)| 

A college awarded 38 medals in football, 15 in Bas- 
ketball and 20 to Cricket. If these medals went to a 
total of 58 men and only three men got medals in all 
the three sports, how many received medals in exactly 
two of the three sports? 

In a survey of 25 students, it was found that 15 had 
taken maths, 12 had taken physics, 11 chemistry, 5 
maths and chemistry, 9 maths and physics, 4 physics 
and chemistry, 3 took all the three subjects, then find 
the number of students that had taken 

(a) only maths 

(b) only physics 

(c) only chemistry 

(d) physics, chemistry but not maths 

(e) maths, physics but not chemistry 

(f) only one of the subjects 

(g) at least one of three subjects 

(h) none of the subjects 

Find the number of natural numbers < 500 which are 
(a) divisible by 4 and 6 both 

(b) divisible by either 4 or 6 


10. 


11. 


12. 


13. 


14. 


15. 


(c) divisible by 4 but not by 6 
(d) divisible by 6 but not by 4 
(e) neither divisible by 4 nor by 6 


Find the number of natural numbers which are divis- 
ible either by 2 or 3 or 5 but which 1s smaller than or 
equal to 300. 


Find the cardinality of set of those positive integers 
< 1200 which are divisible by 
(1) either of the integers 3, 4, 6 
(11) either of the integers 2, 4, 6. 
(111) neither of integer 2, 3, 5. 


Given two. sets A and 8B _ defined 
A={a:aEN&l<a<6} 

& B={b:beZ&-2<b<4}. Find AxB and 
BxA. Represent them geometrically and also find 
number of elements common in A x B and B x A. 


Given two sets A and 8B _ defined 
A={a:aEeR&-l<as<5} 


& B={b:bEeZ &0<b <6}. Find A x B and B x 


A. Represent them geometrically and also find number 
of elements common in Ax B and B x A. and find the 


as 


as 


answer if DER. 


Find the number of natural numbers < 300 which are 
(a) divisible by 2 and 7 both 

(b) divisible by 2 or 7 

(c) divisible by 2 but not by 7 

(d) neither divisible by 2 nor by 7 


In a town of 10,000 families, it was found that 40% 
families buy newspaper A, 20% families buy newspa- 
per B and 10% families buy newspaper C’, 5% fami- 
lies buy A and B,3% buy B and C and 4% buy A and 
C’. If 2% families buy all the three newspapers, find 
the number of families which buy: 

(i) A only 

(i) B only 
(1) None of A, B and C. 


4. (a) n(AUB) = 36; n(AUB) = 30 (b) 30: «~(c) 28) «6(d) «14 :«O(e) 140) =f) data is incorrect 


Answer Keys 
1,2 2.5 3. 45 
5.1300 7.9 8.(a)4 (b)2 @©)5 @1 
9. (a)41 (b) 167 = (c) 84 (d) 42 (e) 333 


(ce) 6 (f) Il 
10. 220 


(g) 23 (h) 2 


11. (i) 600 (ii) 600 (iii) 320 


12. 42, 42{(1, 1), C1, 2), C1, 3).0, 9.2, 1).@, 2),2, 3).2, 4.3, 1.6, 2), 3).6, 4,4, 1.4, 2),(4, 39.44, D} 


14 


.(a) 21 (b) 171 (©) 129 (a) 129 


15. (i) 3300 (ii) 1400 (iii) 4000. 
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TEXTUAL EXERCISE-4 (OBJECTIVE) 


1. 


Which of the following 1s a null set? 
(a) ee |x| < l,xeN} 
(b) 1x2 Ix]}<5,xeEN} 
(©) 1 
(d) 1x 


x?=1, or |x|<1, x eZ} 


x’ +2x+1=0,xe R} 


. Which of the following is a singleton set? 


(a) {x :|x|<1xeZ} 
(b) {x:|x|<5,x eZ} 
(c) {x:x?=1,xeZ} 
(d) {x:x? +x+1=0,xeR} 


. Asetis defined as A = { x: x is irrational and 0.1 <x 


< 0.101} then 
(a) Ais null set 
(c) Ais infinite set 


(b) Ais finite set 
(d) None of these 


. Which of the following has only one subset ? 


(b) {4} 
(d) {0} 


(a) {3 
(c) {4,55 


. Aset S contains 3 elements, the number of subsets of 


which of following sets is 256. 


(a) S (b) PS) 
(c) PCP(S)) (d) None of these 


. IfA={ 0, {o}}, then the power set of A is 


(a) A (b) £0, {05,A5 
(Cc) £0, {0}, {{Os55.A} (dG) None of these 


» (ANB) OA is equal to : 


(a) B 
(c) AUB 


(b) AN BS 
(d) A-B 


. A+~B U C) is equal to 


(a) A - B)n -C) 
(c) (AN BC 


6) G@—byu AC) 
(d) None of these 


. If A = £1,2,3} and B = {£3,4},then (AUB) x (ANB) 1s: 


(a) {3,35 

(b) {C1,3),(2,3),G,3),0.4),2,4).G.4} 
(c) {C1,3),(2,3),G.3)} 

(d) {C1,3),(2,3),G,3),(4,3)5 


. If sets A and B are defined as 


A = {(@~%y): y= l/x, x € R~ {03} 
B= {(xy): y=—x, x € R} then 


12. 


13. 


14. 


15. 


17. 


18. 


19. 


(a) ANB=A 
(c) ANB=¢ 


(b) ANB=B 
(d) None of these 


. Let n(U) = 700, n(A) = 200, n(B) = 300 and n(A 7 B) 


= 100, then n(4° cq B‘) 1s 

(a) 400 (b) 600 

(c) 300 (d) 200 

Sets A and B have 3 and 6 elements respectively. What 
can be the minimum number of elements in A U B? 
(a) 3 (b) 6 

(c) 9 (d) 18 

In a college of 300 students, every student reads 
5 newspaper and every newspaper is read by 60 
students. The number of newspaper is 

(a) at least 30 (b) at most 20 

(c) exactly 25 (d) none of these 


Let F’, be the set of all parallelogram, F,, the set of 
rectangles, F', the set of rhombuses, F’, the set of 
squares and F’, the set of trapeziums in a plane then 
i, is equal to 
(a) Lr, 
(c) FZ OF, 
In a committee 50 people speak French, 20 speak 
Spanish and 10 speak both Spanish and French. The 
number of persons speaking at least one of these two 
languages. 
(a) 60 

(c) 38 


(Db) dE Or or, 
(d) none of these 


(b) 40 
(d) none of these 


. In a group of 1000 people, there are 750 people who 


can speak Hindi and 400 who can speak English. Then 
number of persons who can speak Hindi only is equal to 
(a) 300 (b) 400 

(c) 600 (d) none of these 


If A={xeC:x =I} and B={xeC:x*=1}, then 
AAB is equal to : 


(a) {-1,1} (b) {-1,1Li-i} 
(c) {-4, i} (d) none of these 
If A c B, then BA’ is equal to : 

(a) A’ (b) B 

(c) A-B (d) 


If a set A has n distinct elements, the number of all 
relations on A is 
(a): -2" 
(c) 2” 


(b) 77 
(d) None of these 
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20. If A ={x : x?-3x+2 =0}, and R 1s a universal relation 
on A, then R 1s; 
(a) {C1,1),(2,2)} (b) {1,1}! 
(c) {O} (d) {C1.1),d..2),(2,1),2,2)} 


21. If A = {5, 6, 7} and B= £1, 2, 3, 4}, then number of 
elements in set (A x B) x B is equal to: 
(a) 36 (b) 48 
(c) 16 (d) None of these 


22. Let A = {a, b, c, d}, B= {b, c, d, e}. Then n[(4 xB) 7 
(B x A)] is equal to 
(a) 3 
(c) 9 

23. If A = {1,2,43, B = £2,4,5}, C={2,5} then (A-C) x’ 
(B — C) is equal to 
(a) {1.4} 
(c) {4,144} 


24. Let A and B be two sets,(4U B)'U(A'n B) 1S equal 


(b) 6 
(d) None of these 


(b) {(1.4),4.4)}' 
(d) None of these 


to: 
(a) A’ (b) A 
(c) B' (d) None of these 


25. Let U be the universal set and 4AVBUC=U 
Then {(4—B) U (B— C) u (C —A)}' 1s equal to: 


Answer Keys 
1. (a) 2. (a) 3. (c) 4. (a) 5. (c) 
11. (c) 12. (b) 13. (c) 14. (b) 15. (a) 
21. (b) 22. (c) 23. (b) ~—- 24. (a) 25. (c) 
NUMBER SYSTEM 


A number is actually a way of thinking, an idea that enables 
us to compare different sets of objects. It can also be called 
as an idea behind the act of counting to facilitate Bartar Sys- 
tem of Trade. 

Unit denotes the single things e.g., one apple, one man, 
one Pen, etc. 

Numeral is a symbol used to represent a number 

Digits are alphabets of the numbers e.g., 0, 1, 2, ....9. 
Our present number system is known as Indo-Arabic num- 
ber system. Here we are going to take up the various num- 
ber systems and their algebraic structure in the order of their 
chronological development. 


(a) AUBUC 
(c) ANBONC 


(b) AU(BAC) 
(d) AN(BUC) 


26. If A, B, C be three sets such that 4VUB=AUC 
and AMB= ANC, then which of the following is 


always true: 
(a) A= B (b) B=C 
(c) A=C (d) A=B=C 


27. Out of 800 boys in a school 224 played cricket, 240 
played hockey and 336 played basketball. Of the total, 
64 played both basketball and hockey; 80 played 
cricket and basketball and 40 played cricket and 
hockey ; 24 played all the three games. The number 
of boys who did not play any game is 
(a) 128 (b) 216 
(c) 240 (d) 160 

28. A survey shows that 63% of Indians like cheese 
whereas 76% like apples. If x% of the Indians like 
both cheese and apples, then x can be 
(a) x = 40 (b) x =65 
(c) x = 39 (d) None of these 


29. If A = {x : x is a multiple of 4} and B = {x : x isa 
multiple of 6}, then A ~ B consists of all multiple of 


(a) 16 (b) 12 

(c) 8 (d) 4 
6. (c) 7. (d) 8. (a) 9. (d) 10. (c) 
16. (c) 17%. (c) 18% (ad) 19% (a) 20. (d) 
26. (b) 27. (d) 28. (c) 29. (&b) 


Natural numbers (N) and whole numbers (W) 


The numbers which are used for counting are known as nat- 
ural number (also known as set of positive integers/counting 
numbers) 1.e., £1, 2, 3, 4, 5, 6, ....... +. If ‘0’ 1s included in 
the set of natural numbers then we obtain the set of Whole 
Numbers (W). 1.¢., W = {0, 1, 2, 3, 4, ........ L=Nv {0} 


Algebraic properties of natural numbers 
Addition and Multiplication of natural numbers possess 
following properties 


(a) They are Associative and Commutative, 1.e., for all a, 
bceN 
Associative Law: a+ (b+ c)=(at+b)+ 0c; a(bc)= (ab)c 
Commutative Law: a+b=b+ a; ab= ba 


(b) Cancellation law holds for natural numbers 1.e., for all 
a,b,c EN 
atce=bt+c>a=bandac=be>a=b 

(c) Distribution of multiplication over addition, 1.e., for 
alla, b,c EN 
a(b+c)=ab+ac 

(d) Order properties: 

(i) Law of trichomy: Given any two natural num- 
bers a and 5, exactly one of the following holds. 
a>bora<bora=b 

(1) Transitivity: For each triplet of natural numbers 
a,bandc;a>bandb>c>a>c. 

(111) Monotone property for addition and multipli- 
cation: For each triplet of natural numbers a, b 
andc.a>baat+c>b+canda>b>ac> be 

(ce) Existence of additive and multiplicative identity: 
zero is an additive identity element and one is 
multiplicative identity element because addition of 
zero and multiplication by one to any element does 
not produce any change in it. 

(f) Existence of additive and multiplicative inverse: 
For every integer x, there always exist its negative 
integer — x (additive inverse of x) which, when added 
to x makes additive identity. multiplicative inverse of 
x is an element which, when multiplied to x makes 
multiplicative identity | Additive and multiplicative 
inverse does not exist in set of whole numbers. 


Robert Peano’s axioms 


While the natural numbers have been known to us since 
the dawn of civilization, an axiomatic approach to the 
natural numbers was put forth only at the end of eighteenth 
century (1899) by Italian mathematician Peano, who gave 
the following axioms valid for natural numbers, commonly 
known as Robert Peano’s Axioms. 


P|: There exists natural number 1. 

P2: Every natural number has unique successor. The 
successor of natural number n is denoted by n*:n*= 
ntl. 

P3: 11s not the successor of any natural number. 

P4: If a mathematical statement P(n) 1s true for a natural 
number and its successor then it will be true for all 
natural numbers greater than or equal to n. (Induction 
Axiom). 

(a) lek 
(b) me k>am*ekwhenk=N 


This axiom 1s known as induction axiom or postulate of in- 
duction. Based on this axiom only the principle of Mathematical 
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Induction has been given which is widely used in many branches 
of algebra, geometry and arithmetic to prove the truth of math- 
ematical statements given for natural numbers. 


Integers (Z or I) 


When negative of natural numbers are included 1n the set of 
whole numbers then the set of integers are formed. That is, 
fcc 3 25-1, 05.15.2335 18) 


Properties of integers 


(a) Closure law: Set of integer is closed under addition, 
subtraction, and multiplication operations. 1.e., sum 
difference and product of any two integer is also an 
integer. 

(b) Commutative and associative law: Addition and 
multiplication (not subtraction/division) of integers are 
Associative and Commutative. 1.e., for all a, b,c e N 
Associative Law: a+ (b+c)=(atb)+c; a(bc) = (ab)c 
Commutative law: a+ b=b+a;ab=ba 

(c) Cancellation law: holds for natural numbers, 1.e., for 
alla,b,c Ee N 
a+c=b+c>a=bandac=be>a=b 

(d) Distributive law: Distribution of multiplication over 
addition 1.e., for all a, b,c € N,a(b+c)=abt+ac 

(ce) Order properties: 

(1) Law of Trichomy: Given any two natural num- 
bers a and b, exactly one of the following holds. 
a>bora<bora=b 

(ii) Transitivity: For each triplet of natural numbers 
a,bandc;a>bandb>c>a>c. 

(111) Monotone property for addition and Multiplica- 
tion: For each triplet of natural numbers a, b and c. 
a>b>a+t+c>b+canda>b>ac> be 

(f) Existence of additive and multiplicative identity: 
Zero is an additive identity element and one is mul- 
tiplicative identity element because addition of zero 
and multiplication by one to any element does not 
produce any change in it. 

(g) Existence of additive and multiplicative inverse: 
For every integer x, there always exist its negative inte- 
ger —x which, when added to x makes additive identity. 
Multiplicative inverse of x is an element which, when 
multiplied to x makes multiplicative identity. Multipli- 
cative inverse does not exist in set of integers. 


Division algorithm Given two integers a and m (m # 0) 
then J an unique integer g and r such that a = mq + r where 
O<r<|m_|, qs quotient and ris known as remainder. If r 
= (0 then m is said to be divisor of a. 
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Corollaries of Division algorithm: 


(a) 
(b) 


(C) 


An even number a can be written in the form a = 24, 
where gq is an integer. 

An odd number a can be written in the form a = 24, 
+ 1, where q, is an integer 

An integer a which is exactly divisible by three 
can be written in the form a = 3q, where g 1s an 
integer. 


(d) 


An integer a which 1s not exactly divisible by three 
can be written in one of the following forms: a = 3m 
+ 1 ora=3n+2, where m and n are integers. 

An integer a which is exactly divisible by a natural 
number k can be written in the form a = kq, where g 
is an integer. 

An integer a which is not exactly divisible by a natural 
number k can be written in the form a = kg + r, where r 
is one of the numbers 1, 2, ...4k—1) and gq is an integer. 


TEXTUAL EXERCISE-7 (SUBJECTIVE) 


1. 


State whether the following statements are True (T) 

or False (F). 

(a) Every natural number has unique successor. 

(b) Set of natural number is closed under the opera- 
tion of addition and multiplication but not under 
subtraction and division. 

(c) Set of integers is closed under addition, subtrac- 
tion, multiplication and division. 

(d) Zero is an additive identity and one is multiplica- 
tive identity for the set of integers. 

(e) Every integer has an unique multiplicative and 
additive inverse. 

(f) Commutative and associative law well holds for 
multiplication and addition of integers. 

(g) Subtraction of integers 1s commutative. 

(h) Multiplication is distributive over both the opera- 
tions: addition and subtraction. 

Prove that each integer of the type 6k + 5 can always 

be written as 3m + 2 but the converse is not true. 


Answer Keys 


1 


.(a) T (b)T (c) F (d) T (ce) F 


Prime numbers and their properties 


If an integer (other than one) 1s not divisible by any other in- 
teger except one and itself, then it 1s called a prime number. 


L€., 


23.55.) Vel 3 22 3Cte: 


Properties of prime numbers 


1. 


For any prime p the only divisors are +1 and + p 


NOTE 


1. Above number was proposed to be prime number by Fermat, but Cauchy proved it wrong for n > 4. 


10. 


(i) T 


3. 


. Show that any positive odd integer is of the form 


4q + | or 4q + 3, where g is some integer. 


. Show that any positive odd integer is of the form 


6q + 1, or 6g + 3, or 6g + 5, where g is some integer. 


. Show that the square of any positive integer is either 


of the form 3m or 3m + | for some integer m. 


. Show that the cube of any positive integer is of the 


form 9m, 9m + 1 or 9m + 8. 


1. : 
. If x is an integer and x+— 1s an integer, prove that 
x 


Lg 
x” +— is also an integer for all neN. 
x 


. If x and y are positive integers, and if x — y 1s even, 


show that x? — y” 1s divisible by 4. 


. Prove that square of an odd integer is always an odd 


integer. 


Show that the difference between any number and its 
square 1s even. 


(g) F (h) T 


. If difference of two prime numbers 1s 2 then they are 


known as twin primes. e.g., {5, 7}, {11, 13} ete. 


p-1 
24 


€Il=> _ pisaprime number [p > 3]. 


. Prime numbers are written either as 6k —1 or 6k + 1 


1.e., (twins) but the converse is not true. 


. 27 +1 is a number known as Fermat’s number. 


6. Composite numbers: An integer p > | is said to be a 
composite number if it has at least one divisor other 
than +1 and + p. e.g., 6, 27 and 143 are composite 
numbers whereas —1, 1, 2, 7, 13 are not composite 
numbers. Note that: 1 is neither prime nor composite 


Co-prime numbers 


Two integers are said to be relatively prime or co-prime if 
they have no common factor 1.e., their G.C.D = 1, eg., 4 
and 15, 3 and 16 etc. 
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Perfect number 


If sum of all the divisors of a number 7 is equal to 27 then the 
number 7 is called perfect number. e.g., 6 1s a perfect number 
because sum of all divisors = 1+2+3+6= 12 =2(6) 


Factorial notation 


Factorial of r 1s defined as product of first r natural 

numbers. And is denoted as 7! . 

Le, ri =1.2.3.4... .@¢-1).1r 

eg, l!=1 2!=2 3!=6 4! = 24 
5!=120 6!=720 7!=5040_ 8! = 40320. 
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An important result for divisibility 


Product of k consecutive integer is always divisible by 
k!.e.g.,(n+ 1) (n+ 2) (n+ 3) (n +4) is divisible by 4! 
Let P, denote the product of k consecutive integers, the 
smallest of which is n. Then 
Pi=nnt+1l)(+2)..an+k—-l) 
Pe Ot NG 2) a Gk) 
RP = PR) Sn ree. 
1e.,nP,,-P,)=kP_ so that 
Fh Sw Mh) 


Now P_ n=(nt+ 1) (n+2)..aa+k-l) 


which 1s the product of (k —1) consecutive integer beginning 
with n + |. From (4), we find that, P|, ,- P= x product 
of (k —1) consecutive integers. 

Therefore if the product of (k —1) consecutive integers 
is divisible by (A-—1)! then P|, -P,=M(k!) But P, =k! so 
that P, is divisible by k!. Consequently, P, P, ..., P, are all 
divisible by &!. 

Since the product of every pair of consecutive in- 
tegers is divisible by 2!, it follows by the principle of 


finite induction that P, is divisible by &! for all positive 


integers n. 


ILLUSTRATION 32: 


SOLUTION: 


ILLUSTRATION 33: 


SOLUTION: 


ILLUSTRATION 34: 


SOLUTION: 


ILLUSTRATION 35: 
SOLUTION: 


ILLUSTRATION 36: 


SOLUTION: 


ILLUSTRATION 37: 


SOLUTION: 
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of them 1s definitely divisible by 3. Out of the two successive integers, one must definitely be 
even. Since 2 and 3 are relatively prime, it follows that & (k* + 5) is indeed divisible by 6 for 
any integer k. 


Sum of cubes of three consecutive integers 1s always divisible by 9. 
mt+(n+1%+(m+2 =3H4+1+3n(m74+1)+8+6n (m+ 2) 
=> 3n(n?+3n+5)+9=3n [n+ l(nm+2)+3)+9 
=> 3n(n+1)(n+2)+ 9+ 1) = 3.31 k, + 9k, = GK) 
If 4x — y is a multiple of 3, show that 4x? + 7xy — 2y” is divisible by 9. 
Given 4x — y = 3k 
Now 4x? + 7xy — 2y* = 4x? + 7x(4x — 3k) — 2(4x — 3k)* = 4x? + 28x? — 21 kx — 32x? + 48kx — 18% 
= 27kx — 18k? = 9k(3x — 2k) 
So 9 | 4x? + 7xy — 2y” 


=> y=4x-3k 


If n is greater than 2, show that m° — 5n° + 4n is divisible by 120. Given n is an integer. 
m—5r+4n; n>2=n(n' —5n* + 4) = n(n? —- 1) (r’ -—- 4) = n(n —- 1) (2 +1) (2-2) (M4 2) 


Being product of 5 consecutive int, divisible by 5!. 


Show that a”— b"1s divisible by a — b if nis any positive integer odd or even. 
Let a"— b"= f(a) 
By remainder theorem, f(b) — b"= 0 (replacing a by 5) 
a— bisa factor of a” — b” 
Show that a” — b"1s divisble by (a + 5) when v7 is an even positive integer, but not if 7 is odd. 
Let an — b"= fla) 
Now f(b) = (—b)"— 5"= 0 if nis even, and hence a + 41s a factor of a” — b” 
If nis odd, f(b) = —b"-— b"= -2b"+ 0 
If y is a prime number and x is any integer satisfying x? — 2y? = 1, then find all possible solutions. 
x?-2y = 
=> x=2y74+1 (1) 
= x’ 1s an odd integer 
Let x = (2n + 1) 


=> (2n+1)=27+1> 4n?+4n4+1=2y'?+1 

> p=2n+2n> y=2n(n+ 1) =4k; aeZ 

= y’ 1s even integer 

= ys also an even integer. But y 1s prime 

=> y=2 (2) 
from (1) and (2) x? = 2(2)?+ 1 =9 

—> X= 45 


The possible solutions are x = 3, y = 2 and x = -3, y = 2. 
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TEXTUAL EXERCISE-8 (SUBJECTIVE) 


1. 


Prove the following facts: 


(a) product of two consecutive integers is divisible 
by 2 and three consecutive integers is divisible 
by 6. 

(b) product of four consecutive integers is divisible 
by 24 = 4!. 

(c) product of two consecutive even integers is 
always divisible by 8 


(d) Square of any odd integers is always of the type 
8k + 1 where k is some integer 


Prove that n(n + 1) (n + 5) is a multiple of 6 
Show that n(n? — 1) Gn + 2) is divisible by 24 


Prove that the sum of the squares of two successive 
integers when divided by 4 has a remainder 1. 


10. 


11. 


Prove that the number n (n’ + 5) is divisible by 6 for 
any natural n 


Prove that the product of three successive natural 
numbers, the middle number being the square of a 
natural number, is divisible by 60. 


Prove that the difference between the cube of an odd 
number and the number itself is divisible by 24 


Prove that if a is an integer, then a* — a is divisible by 
6. Also deduce that 5a?+ 13a — 30 1s divisible by 6. 


Prove that there is no prime number p for which the 
numbers p + 2 and p + 5 are both prime. 


Show that every number and its cube when divided by 
6 leave the same remainder. 


Show that m” + m and m” — m are always even, what- 
ever m and n may be. 
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ae ... x-—y must be a factor in the above expression. 


$c ME TH EOREMS or x —y" = (x —y) (oe + ery ye + |. fy") 
€.8..x° —y = (x—y) (+ xy Fy’) 


— 


Tg 


Theorem (1): x" —y" 1s divisible by (c—y) VneN 


xt yh = (ey) + xy try’ ty’) 
Proof: Since putting x = y makes expression = (x —y)(x + y) (x*+y’) 


Me ay ce) P-p=x-yAtteytxeytrxuy ty’) 


Theorem (2): x+y" is always divisible by (x +y) V odd aa - * 4 y= Ge +y) Gert xy + YP — Pt + 


re tyaety)@-xty) 
Pty =e ty) i -xytxy—xy ty’) 
xi ty =x ty) OP—xy +xly’— xy? +xyl—xy ty’) 


natural numbers n. 
Proof: Since putting x = —y makes expression 


Cy Soa) ay ol) Sa SO 
x+y must be a factor in the above expression. 


‘SOME THEOREMS ON NATURAL AND ila amas 
PRIME NUMBERS . atby at Scare 46 . 


Fermat's Theorem: If pis a prime number and v is prime 


to p then (n? —n)=n (n?-!-1) and hence (n?-! — 1) is divis- . Coefficient of any term of (a + b) except for first 
ible by p. e.g., (99° -1) is divisible by 7. and last is?C, ; where | <r<p— | and 
Proof: We know from Binomial theorem that (a + 5)" 7 oe = P(p—')(p—2)...p—r +) 

‘ ri(p-r)! r! 


= 2, "C.(a)"’b’ (proof is given in the chapter Since ispanemd pep 


Binomial theorem of same volume). => every positive integer factor (<r) of r!. 
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That is, 1, 2, 3, 4, ..... ris less than p and hence no non- 
unity positive integer factor of r! can divide p, but as we 
know that ?C’ is an integer. 

=> /’C_1is an integer divisible by p for each r, such that 

l<r<p-l. 

from (1), (a+ bY? = a? + bP + px (11) 
Now let BO Bix 0 be integers and p be any 
prime number coprime to n. 

Now consider (a, t+ a, +a, +... tay 

= | a,+(a, +a, +....+4,)]° 

a? +(a,+a,+....+4,)° + px, ;x,EZ (using (11)) 

a? +af +(a,+a,+....+a,)° + px); x, €Z (using (i) 

Continuing in this way, finally we get 

(a,+a,+4,+...a,) =a? +a? +a? + 

vita’, +a’ +px_.3%x.,€2 

Now in above result, let a, = a, = a, = 

> (l+1+4+1+....+1?=n+ pk; for some keZ 

=> n—n=pk 

=> p/(n’—n) 
= Pp / n(n’ —1) 
> 


p/(n? —1l) as g.c.d. (py, n) = 1. Hence proved. 


(iii) 


e =a = 1 


Cor: n’—nisalso divisible by n and (n - 1). 

Cor: n’—nis divisible by n(n — 1). Since n and (n -1) are 
always co-prime. 

Wilson Theorem: If p is a prime number, then | + (p — 1)! 
is divisible by p. e.g., 16! + 1 1.e., (17 — 1)! + 1 1s divisible 
by 17. 


Proof: Let p be any prime number 
Case (i) Ifp=2, then (p—1)!+1!=1+1 =2, which is 
divisible by pi.e., 2 


Case (ii) If p#2,1.e. pis an odd prime, 

Let S= {1, 2,3, 4,...,p-—2, p— 1} 

then each element of S is less than p and hence 1s not 
divisible by p. 

Now let x € S, then Ix, 2x, 3x, 4x, ..., (p — 2)x, (p—l) 
x are (p — 1) different numbers not divisible by p, and thus 
they would leave remainders when divided by p. 


ILLUSTRATION 42: (n° — 7) is divisible by (n € N). 
(a) 30 
(c) 6 


SOLUTION: 7 —n=n(n>'-1) 


Let if possible mx and nx leave same remainder when 
divided by p. 
1.e., mx = pk, + r and 
m= pk,+r,1<r<p-1 andreR 
=> mx— pk, =nx— pk, 
=> p(k, —k,)=(m—n)x 
=> plm—n)x but p\xasxeS 
= p/(m-n) 
but l<m,n< p-l1 > 2-psm-n< p-2 
Thus |x, 2x, 3x, 4x, .., (p — 2)x (p — 1)x are (p — 1) num- 
bers in counting and they would leave different remainders 
on division by p. 
‘. exactly one of the numbers Ix, 2x, 3x, ..., (p — 1)x 
would leave remainder | on division by p. Let it be 
mx. If m=x, then mx =x? =kp+1forsame 567 


=> p/(x’-l) => p/(xtl) or p/(x-}) 
=> eitherx=(p-l)orx=lie.xr=kp+1 forx= 
p-lorl 
= for each x €{lx, 2x, 3x, ...., @ — 2)x, (Pp - 1)x} 
leaves remainder | on division by p. 
1.e., corresponding to each x € {2, 3, 4, ..., p — 2}, 
we can find other number y € {1, 2, 3, ..,p—1} 
such that xy = kp + 1... (1) and x and y are different. 
As x? = kp +1 holds for x = (p — 1) or 1 
In fact for each x € {2,3, 4, ..., p-—2} we can find 
other number y e€ {2, 3, 4, ...,p —2} and x #y such 
that xy =kp + 1 for same k eZ 
Thus we can combine the numbers in pairs of product 
2.3.4. .., 4p — 2) such that product of each pair is of the 
form kp + | forsame ke Z 
ee eeieg eye) 


(p-3) factors 
—3 


(even no. of factors) 


where n= 


1.2.4....(p-2)p-l=(p-1)) [M@) +1] 
(p-1)!=(@-1)ME)+@-)) 
(p—-1)!+1=@M-1)M(p)+p 

(p — 1)! + 1 = multiple of p 

p/(p—-1)!+1 hence proved 


WY UUYUSY 


(b) 36 
(d) 40 


Since 5 1s a prime number, therefore, by Fermat’s theorem 
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n —n=n(n—' -1) 1s divisible by 5. 

Also nr —n=n(n-1) (n+ 1) (+ 1) 

But n(n — 1) (n + 1) 1s divisible by 3!. Therefore, n° — n is divisible by both 5 and 61.e., 30 
Hence correct answer is (a). 


ILLUSTRATION 43: 7'° — 5!° is divisible by which of the following is/are true. 
(a) 8 (b) 3 
(c) 11 (d) 264 

SOLUTION: Let x =7'-—5%?=(7!-1-5"-) =" 1-1)-(6"1-1). 

Here 11 is a prime number, therefore by Fermat’s theorem, (7''~! — 1) and (5""" —1) both are 
divisible by 11. Hence the given number 7?!° — 5!° is divisible by 11. 
Also 7'° — 5!° = (49)? — (25) which is divisible by 24 
= 24/x and 11/x => 264/x 


hence all options are correct. 
ILLUSTRATION 44: If 71s a prime greater than 3, show that n? — 1 is a multiple of 24. 


SOLUTION: 7 is prime > 3 
rn’ — 1 =n*"'~— 1 so divisible by 3 (Fermatis theorem) 
Also, n*— 1 =(n—- 1) (n + 1); product of two consecutive odd integers so divisible by 8. 
=> 24/n*-—1 if n>3 and nis prime 
Aliter: Exhaustive method n = 6k + 1 


ILLUSTRATION 45: Show that the difference of the squares of any two prime numbers greater than 6 1s divisible by 24. 


SOLUTION: Let p and g be prime greater than n = 6 
P-q = (p’-1)-(@—- 1) = 4k, — 24k,) = 24, — k,) 
each factor is divisible by 3 and 8 refer to previous question. 
ILLUSTRATION 46: Show that no square number 1s of the form 3n — 1. 


SOLUTION: 37 — | cant be perfect square 


Let 3n-—1=N 
N*+1=3n 
(N?7-—1)+2=3n 


If N is prime to 3 ; N*- 1 =N*!- 1 = 3k (Fermat’ theorem) 
=> LHS = 3k + 2 hence contradiction 
If N? is not prime to 3 
=> N=3X 
=> N+1=32+1#3n again contradiction 


ILLUSTRATION 47: Show that if a cube number 1s divided by 7, the remainder is 0, 1 or 6. 


SOLUTION: Cube of any integer leaves remainder 0,1 or 6 
When divided by 7. 
Method 1: Letp=7q+r 
Pp? =(7qy + 3(7ar) 7qtr+r= Tm +r. 
Method 2: If p is co-prime to 7 
=> 7|p*-1 (.. Fermat — 7| p’* — 1)) 
=> 7|(pP?-1) @+1)=p?=7n+1 or 7n—-1 
If p 1s not co-prime to 7 then 
=> p?=7n or7n+1 or 7n+13 
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TEXTUAL EXERCISE-9 (SUBJECTIVE) 


1. State whether the following statements are 7rue (T) or 
False (F). 
(a) x'©—y!° is divisible by x-y,x + y, x7 + y’. 
(b) x7""! + y”""! is divisible by x + y. 
(c) nm? —nis divisible by p, where p is prime. 
(d) 1 + (14)! 1s divisible by 13. 


2. Prove that the 8” power of any natural number is of 
the form 17n or 17n + 1. 


3. Prove that the 12” power of any number is of the form 
13n or 13n + I. 


4. Prove that 
(1) 8'°— 1 is divisible by 7 as well as 77, 693 
(11) 13'°— 5!° 1s divisible by 11 as well as 88. 


5. Prove that 3n° + 5n3 + 7n is divisible by 15. 
6. Prove that 2.7” + 3.5” — 5 is divisible by 12. 


7. If nis prime number greater than 5, show that n‘* — | 
is divisible by 240. 


Answer Keys 


l(a) T (b)T (c) T (d) F 


=m DIVISORS/MULTIPLES OF NUMBERS 


Unique factorization theorem 


Let n be any integer such that |n| > 1. Then » is expressible 
as a product of unity and finitely many prime numbers. 
Moreover, such an expression is unique except as to the 
order in which the various factors occur. Any natural 
number N can be written as N= p? q’r°s‘..... where p, q, r, 8 
are prime numbers and a, b, c, d are non-negative integers. 
e.g., 225 = 3? x 5*, 345 =3 x 5 x 23 


Divisors/multiples and their properties 


From division algorithm a = mq + r. When the remainder r 
becomes zero then a = mq. Here m and g are called divisors 
of a and ais known as multiple of m and gq. 

Given a natural number N = p%q’.r° and a number 
x = p* q® r’is called divisor of N. If Nis completely divisible 
by x 1.e., N = x.m where m eé€ J. In other words, that will 
be divisor of N iff all the prime factors of x are present 
in N. This condition can be mathematically expressed as 
0<a<a,0<B<b;,0<y<c where a, B, y are integers. 


Number of divisor: Number of divisors of V = number of 
ways the integers a, B, y can take values applying the above 
restrictions = (a+ 1). (6+ 1). (e+ 1) 


11. 3,4,5 


8. Prove that 11”** + 127”*! is divided by 133. 


9. Prove that for every positive integer n, 1” + 8"— 3”— 6" 
is divisible by 10. 
10. Prove that product of four consecutive positive inte- 
gers increased by | 1s a perfect square. 


11. Three consecutive positive integers raised to the first, 
second and third powers respectively, when added 
make a perfect square, the square root of which 1s 
equal to the sum of the three consecutive integers, find 
these integers. 


12. Show that 13 divides 2” + 3”, 


13. Show that 27”- 1 and 27"! + 1 are both divisible by 3 
for all positive integral values of n. 


14. Show that 10” + 3.4” + 5 is divisible by 9. 


15. If n is any prime number greater than 3, except 7, 
show that n° — | 1s divisible by 168. 


Proper and improper divisors: As unity (1) is a divisor 
of every natural number (4) and every natural number JN 1s 
divisor of itself. These two numbers are called the improper 
divisor of (V) and remaining divisors are known as proper 
divisors. 
Number of proper divisors of (NV) = (a+ 1) (6+ 1) 
(c+ 1)-2. 


Sum of divisors: Divisors of the number (4) are given by 
the terms of the following expansion as it clear that each 
term of the product. 
(ltpt+p*+...+p%.(lt+qtq@?t...+¢°).(itrtr+... +r) 
is a divisor of 'N' including 'N' and unity and no other num- 
ber is divisor of N. 
(l+ptp his tp A +e¢te tat@) Usrer 
+..+¢/Y) =lt+pt+qtrt+pqtprt+agrtpt+¢”, 
Eo por ep te Ge. er aaa FG a 
sum of all divisors of (V) 1s given by 
S=(_tptp*+..tpydtqt¢t...t@).dtr 
i ee A 


7 p= an | ‘ie —] yor! a | 
p-l q-l r-l 
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Number and sum of divisors of N divisible by a natural 
number y= p*.g°.r° 


Sum of such divisors S. = (p* +p" +....4 p*) . 


(qhoght+utg’). (rite tte) 


Let x = p*. q®. r’ be such divisors 
sylx => pt.’ | p*q?r’ = y(it+p+p +...4+p*" \(l+q4+¢ +..+9°") 


> asasa &b<fsb andcasysc (ltrt.+7 ‘) 


= number of such divisors = (a— a, + 1) (b- 65, +1) 25 pr alg a1 ee =) 
(c—e, +1) p-l g-1 r-l 
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To find the number of ways in which acomposite number 
can be resolved into two factors 


Consider the natural number n= p%q°r .... as the number of 
divisors of n is (a+ 1)(6+ 1)(c + 1). Among these divisors 
we can always find a pair of two divisors x, y such that their 
product x.y =n. 

Therefore number of ordered pairs (x, y) satisfying 
above equation x.y = n 1s equal to number of divisors. 

Every un-ordered pair of such divisors represents 
one way of resolving n into two factors. Therefore, the 
number of ways of resolving n into two factors is half the 
total number of divisors. Number of such pair of factors 


1 oe ae 
= Bi +1)(6+1)(c +1)... But, this is true only if 1 is not a 


perfect square (i.e. atleast one of the quantities a, b, c, .... is an 
odd natural number). 

In case n being a perfect square, one of the possible 
resolution into factors is x= Jn and p= Jn, and cor- 
responding to this there will be only one unordered pair 
((x,:y,) = &,, y,) does not imply x, = x, and y, = y,) of so- 
lution. While counting number of (x, y) as (a+ 1)(6 + 1) 
(c + 1) the above (Vin vn has been counted only once. So 


to find number of unordered pair of solutions it should be 
counted twice and then the total must be factored by two. 
Hence, number of ways’ of resolution is 


={(a +1)(b+1)(c +1) +1} 
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ILLUSTRATION 53: In how many ways 129600 can be resolved into product of two positive integers. 
SOLUTION: 129600 = 2° x 3* x 5”. Here 129600 is a perfect square as every power is even 


Number of ways = ={(6 +)4+D2+)) +1}=53 


ILLUSTRATION 54: In how many ways the number 36000 can be resolved as a product of two positive integers? 


SOLUTION: Let n = 54000 = 2% x 3° x 5°. Here n is not a perfect square. 


(’.. power of 3 and 5 are odds) 


1 
Hence the number of ways = at +1)34+1)3+ 1)} = 40 


NOTES 


1 
1. The number of ways of resolving n into two factors is xe et when n is not a perfect square 


and (lat 1)(6+1)(c +1)+ 1}, when n is a perfect square. 


2. Every number n has two improper divisors 1 and n itself and the remaining divisors are called proper divisors. 


E.g., number of proper divisors of 108 is 10. 


Least common multiple (LCM) and greatest common 
divisor (GCD) 


Least common multiple (LCM) LCM of set of numbers is 
the smallest number (integer/rational) which 1s completely 
divisible by each of them. 1.e. x is said to be LCM of y and 
z iff y divides x, z also divides x and x is least positive of all 
such numbers. 
e.g., To find LCM of 6, 4, 9. Let us define N, be set of 
multiples of k, therefore 
N,= {4x :x © N} = {4, 8, 12, ...., 36, ....} 
N= {Ox 2S N= {6,12 18 5g B65} 
Non MeN = 79 18527 BOs iy 
=> Set of common multiples V, AN, N, = {36, 72, 
108, ....} 
Hence least common multiple is 36. 
Let x and y be two given integers x = p*.g’.r'.s° and 
y= p" q’.r" .s” where p, g,r, are primes. 
If z is LCM of x and y then 


max(£,8,) ,,max(7,7,) .,max(6,6, ) 


q I JS 


max(@,@, ) 


=> z=) 


ILLUSTRATION 55: Find the LCM of 


Properties 


(a) 
(b) 
(C) 


(d) 


If x and y are co-prime then LCM (x and y) = x.y 
LCM (x and y) = LCM (y and x) {commutative} 


LCM of a rational and an irrational number does not 
exists. 

a c LCM (a andc) 
LCM of — and — = ———————— 

b d  HCF (band @) 


a 2 € e 
Proof: Let the common multiple of — & — be — where 


b df 


each of the above fractions are in lowest form 


=> 


=> 


|e and — ear ny Br 
i i fa foe 
eis L.C.M. a and c where as fis H.C.F. of 5 and d. 


xom( £, <)- e _ LCM (aandc) 
b’d) f HCF (band d) 
ey 2, <) _ nin _ LCM (a and c) 
b'd) f.. HCF (band d) 


(a) (2, 4,6, 12,3) (b) (x/2, 2/3, 1, 27) (c) (2, 7, 713). 
SOLUTION: (a) 2=2x 1,4=2x*2,6=2x3,12=2?x3,5=1x5 


hence common multiple is 27 x 3 x 5 = 60 
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Greatest common divisor (GCD)/Highest common fac- .. z contains the least power for each corresponding 
tor (HCF): HCE of a given set of numbers is the largest prime factor. 
number which divides each of the given numbers HCF of y = 2=(ny)= prineaad grinth Bay pmin{y7a} 


and z is also denoted as (y, z). therefore x is said to be GCD 
of y and z if x divides both y and z and x is largest of such | jfethod 2: To find HCF of a and b (using division 
numbers. So clearly every common divisor of y and z also | 4jgorithm) 

divides x and x 4 0. 


=> a=bq,tr, ividi 
e.g. HCF of 12 and 64 is 4. GCD of 6 and 35 is 1 (co- 4 +% Now dividing b by r, 


prime) => b=n9q,+h% Now dividing r, byr, 
Method to find HCF: For two given integers x and y. 7 N=hds +t Now dividing r, byr, 

proceeding similarly till the remainder becomes zero 
Method 1: Consider their prime factors we get 


x= p".q*r"... and y= p™.q™.r”.... 
Fil = TQ ns Tha such that ove, =0 


Ifzis HCF ofx andy > z/x and z/y = CCD ot aund pb 
ris of a and b. 


Properties: For all integers a, b andc 


(a) 
(b) 


(a, b) = (6, a) (Commutative) 
(a, (b, c)) = ((a, b), c) (Associative) 
(ac, bc) =| c | (a, 5) (Distributive) 
(a,0)=O,a)=|al|>@al=d,a=1 


If a/b then (a, b)=a 


If (6, c) = g and dis acommon divisor of 6 and c, then 
dis a divisor of g 


For any m > 0, (mb, mc) = m (6, c) 


If d/b and dlc and d> 0 then (4) = =) (6.0) 
d’d) \d 


b 
If (6, c) = g, then (2. =] 
& & 


If (6, c) = g, then there exists two integers x and y 
such that g = xb + yc 


If (a, b) = 1 and (a, c) = 1, then (a, bc) = 1 


Foundation Mathematics < 1.49 


(1) Two consecutive natural numbers are co-prime to 
each other 1e,(7,n+1)=1 
(m) If a/bc = 1 and (a, b) = 1, then a/c = 1 
ag £). HCF (a & c) 
b d}) LCM (b&dad) 


Proof: Let HCF of (a/b and c/d) = e/f where each of the 
above fractions are in lowest form 


= ye and kag So => Ogg eg 
ff 6b fi d be ed 


= e/c anda and b and d/f 
=> eisHCF ofc anda 
fis LCM of 6 and d 


(n) cr ( 


n ucr(4,£)= fan = HCFC & 
bd) frig LCM (b & d) 


Theorem If dis the greatest common divisor of a and b, 
then there exist integers x and y such that d= xa+yb and d 
is the least positive value of xa + yb 
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TEXTUAL EXERCISE-10 (SUBJECTIVE) 


1. Find the prime factorization of following numbers and 


mention the number of their divisors. 
(a) 420 (b) 360 
(c) 1008 (d) 1800 


. Find the number of divisors and sum of divisors of 


following numbers. 


(a) q°.p 
(c) 180 


(b) q°.p” 
(d) 216 


. Find the number of even proper divisors and sum of 
even proper divisors of the following numbers. 
(a) 216 (b) 1080 


. Find the least integral multipliers of following num- 
bers, which makes the product a perfect square. 

(a) 180 (b) 420 

(c) 10500 


5. 


Given x = 8064 find 

(a) total number of positive integer divisors of x 

(b) total number of even natural divisors of x and their 
sum 

(c) total number of divisors of x of the form 4m + 2. 


(d) number and summation of divisors of x, that are 
divisible by 48. 


State whether following statements are true/false. 

(a) HCF = Product of the smallest power of each 
common prime factor in the numbers. 

(b) LCM = Product of the greatest power of each 
prime factor, involved in the numbers. 

(c) For any two positive integers a and b, HCF (a, b) 
x LCM (a, b) =a x Bb. 

(d) Product of any number of integers is equal to 
product of their LCM and their HCF. 


7. Find the HCF of 96 and 424 by the prime factorization 
method. Hence, or otherwise find their LCM. 


8. Find the HCF and LCM of 24, 72 and 120, using the 
prime factorization method. 


9. Given that HCF (306, 657) = 9, find LCM (306, 657). 


10. Find the LCM of following pairs of fractions: 


15 25 3 5 

— and — b) —and— 
(a) 6 an Fi (b) ee 6 
(c) ELISA ee 

4 2 


11. Find the LCM of following pair of numbers: 
(a) 2,V2 (b) 3,” 
12. Use Euclid’s division algorithm to find the HCF of 


(i) 135 and 225 (ii) 198 and 3886 
(iii) 196 and 38220 (iv) 867 and 255 


13. An army contingent of 504 members is to march 
behind an army band of 60 members in a parade. The 


Answer Keys 


1. (a) 22.3.5.7:24 (b) 23.32.5;24  (c) 24.32.7:30 


ho 


- (a) 6,1 +p) + q+ q’) 


3. (a) 11, 344 (b)23, 2040 4. 
5.(a)48  (b) 42; 26416 (c) 12 
7. 8, 5088 8. 24, 360 


11. (a) noLCM (b) noLCM 


(a) 5 


13. 12 columns. 


m@ MATHEMATICAL INDUCTION 


Mathematicalinduction 1s atool by which we can prove 
correctness of any mathematical statement or proposition 
easily. As the name suggests, it works on the principle of 
induction 1.e., result for higher integer gets induced from 
the result for lower integers. It is widely used in proving 
identities, inequalities, divisibility of an expression by 
another number or by another expression, theorems etc. 
It involves three steps—Verification, Induction and 
Generalization. 


(b) 12. GE |= | (c) 18, 546 
l=) AS@ 


(d) 16; 23040 
9, 22338 

12. (i) 45 (ii) 2 (iii) 196 (iv) 51 
14. (a) T (6) T ()T (dF 
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two groups are to march in same number of columns. 
What is the maximum number of columns in which 
they can march? 


14. State whether following statements are true/false. 
(a) If p|N and g|N and GCD@, q) = 1 1.e., they are 
relatively prime then pg|N. 
(b) If g|jpN and GCD(@, q) = 1 then g|N. 
(c) If alN and b|N then LCM (a, b)|N 
(d) For some integers n € Z 4” ends with the digit zero. 


15. Prove that if 2”—1 is prime then n should be prime 
given 7 is the natural number larger than one but the 
converse is not necessarily true. 


16. Find the number of integer solutions of the equation 
mn = 23>. 3*.54(m +n) 


17. For every natural number n greater than one prove that 
n‘ + 4 is a composite number. 


18. For every pair of natural numbers x and y such that 
x? —y? is prime prove that x*7-y?=xty. 


(d) 23.32.52:36 
4 


(d) 16, 600 


(b) 105 (c): 105 
6. (a2)T (b)T ©) T @F 


10. (a) 25/2 (b) 15/2 (c) 15x/2 


16. 315 


Let P(n) be a statement involving the natural number 
n. To prove that P() 1s true for all natural numbers n, we 
prove as follows. 


Step I: Prove that P(m) is true for some initial condition 
1.e., for m = 1 or m = 2 or for some other natural number. 


Step If: Assuming that P(m) is true and show that Pim + 1) 
is also true. It is important that usually the 2nd step 1s the most 
difficult to prove and various mathematical tools may have to be 
applied for doing this according to the nature of a given question. 


Step Ill: The statement is generalized 1.e., P() is true for 
all values of n. 
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Now, we will see why so called "proof by generalization" 1s 
not a complete proof. Consider the following table, which 
can be easily verified. 


Observing the pattern we may reach aconclusion: "If 
a set contains n elements then it has 2” subsets". We consider 
the statement proved. In this case, even though conclusion 1s 
true, the "proof" is not a proof at all. It is just generalization. 
It is possible that even if we verify the statement till » = one 
million, it may fail at the very next step. 

Generalization can be useful only to the extent that it 
allows us to make a guess about the pattern but it cannot be 
considered as a proof by itself. 

Let us consider the statement "n? + n + 41 is a prime 
number." VneN. 


This statement can be verified to be true for n = 1, 2, 
see upto 40. If we generalize and say that n?+n+41 is 
always prime, we have made a wrong conclusion, because 
41? +41 +41 is not prime. 


First principle of mathematical induction 


The set of statements {P(m): n € N} is true for each natural num- 
ber n = mis provided that: 
(a) Pm) is true 
(b) P(k) is true for n = k, (where k > m) 
=> P(n)istrueforn=k+1 


Working Rule: Let there be a proposition or a mathemati- 
cal statement namely P(n), involving a natural number n. 
In order to prove that P(n) is true for all natural numbers 
n =m, we proceed as follows. 

(a) Verify that P(m) is true 

(b) Assume that P(x) is true (where k > m) 

(c) Prove that P(k + 1) 1s true 

Once step — (c) is completed after (a) and (b), we are 

through. That is P(n) is true for all natural numbers n > m 


Second principle of mathematical induction 


The set of statements {P(n): n € N} 1s true for each natural 
number n > m provided that: 


(a) P(m) and P(m + 1) are true 
(b) P(n) 1s true for n < k, (where k = m) 
=> P(n)istrueforn=k+1 


This is also called extended principle of mathematical 
Induction. 
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Working rule 
(a) Verify that P(m) 1s true forn=m,n=m+1. 
(b) Assume that P(n) is true for n < k (where k = m) 
(c) Prove that P(n) 1s true form =k+ 1 


Once rule (c) is completed after (a) and (b), we are 
through. That is P(m) is true for all natural numbers n = m. 

This method is to be used when P(n) can be expressed 
as a combination of P(v —1) and P(n — 2). In case P(n) turns 
out to be a combination of P(m —-1), P(n — 2) and P(n -3), 
we can verify for n = m+ 2 also in Rule(a). 
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ILLUSTRATION 66: 


SOLUTION: 


ILLUSTRATION 67: 


SOLUTION: 


ILLUSTRATION 68: 


SOLUTION: 


ILLUSTRATION 69: 


SOLUTION: 


Using the mathematical induction prove that, 1f x + 1/x 1s an integer, then x” + 1/x" 1s also an 
integer Vn Ee N 


Let P(n) be the statement. P(n): x” + 1/x"1is an integer for alln Ee N 

Consider P(1): x + 1/x is an integer which 1s true, as it 1s given 

= P(1)1s true (1) 
Assuming P(m) 1s tue V1 <n<k (11) 


Consider p(k + 1): x*t} + —2 = G +52} Ga + : : 
5 x x x 
= (integer by p(k)) (integer — given)-integer by P(A — 1) = integer 
=> P(k+ 1) 1s tre .. P(x) 1s tue > P(K + 1) 1s true (111) 


From equation (1) and equation (111) and by principle of mathematical induction P() 1s true 
VneNn. 


Let a, b, g and r are four real numbers such that a+ b= q+rand a? + 5? = q* +r’. Then prove 
using principle of mathematical induction that a7+ b"=g"+r7VneN. 


Pin). a" +b =aqir'VneN 


P(1) and P(2) are true (1) 
(a + b)* = (q + r) (given) (11) 
=> ab=qr(.@+BR=a@+P) 

Assuming P(n) 1s true in the region3<n<k (111) 


Consider a**! + b¥*t! = (a + B*) (a+ b) — ab (a *-! + BF) 

=(q +r) (qtr)—gr(q*} +r?) (using result) 

—_ g* +r k+1 
P(k + 1)1s true .. P(k) 1s tue > P(k + 1) 1s true (iv) 
From (1) and (iv) by principle of Mathematical Induction P(m) is tue Vn Ee N 


Prove using principle of Mathematical Induction that 3” + 8” is not divisible by 5 VneN 
Let P(n): 3” + 8” is not divisible by 5 
Consider n = 1: 3! + 8' = 11 1s not divisible by 5 
P(1) is true; Let 3*? + 8*7 is not divisible by 5 (1) 
Consider: 3* + 8¥ = 3.34-! + 8.8*-! = 3 (3F-1 + 8-1) +5 BF) 
which is not divisible by 5 
(.. of (1) 3*! + 8** is not divisible by 5, whereas 5. (8)*" is divisible by 5) 
=> 3*-!+ 8*-1 is not divisible by 5 
=> 3+ 8*is not divisible by 5 ... P(k—1) is tue => P(K) is true (2) 
Thus from (1) and (2) and by principle of mathematical induction 
P(n)istue VneN 
Prove that there can be at the most n( — 1) points of intersections of n straight lines drawn in 
the plane. 
Check for 2 = 1 


Number of points of intersection = 0 
Check for n = 2 
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2(2—1) _ 


Number of points of intersection = ] 


Let number of points of intersection of & lines 1s at most P(A) = << 
when (k + 1)" line is drawn, it will add at most k number of new points of intersections by as 
it may intersect all pre-existing & straight lines. 
k(k-1) k?-k+2k  k(k+1) _ (k’ +1)(k+1-1)’ 
2 2 2 2 


=> P(k+l)=P(k)+k = +k = 


Hence P(k) > P(k + 1) 


ILLUSTRATION 70: Using PMI prove that (22?) ae - a,beR® &neEN. 


a+b at 


SOLUTION: P(1)= < ? is Clearly true 


k k k 
Let P(k) : (2%?) a2 — is true 


k+1 k+1 k+1 
For P(k + 1) : we have to prove that (227) a — is true 
k k pk 
+ + 
From assumption step we know that (22) < (: 5 z 


Cos a® +b (2+2) 

= < 

2 2 2 
(2 a8)" a® + bF + @*b+ abt 


"“xsy&ysz>5 xz 

So to obtain the desired result by applying above property. 
a* +b*" +a* b+ab* c a**) + pe" 

4 2 

> a "+b" +a bib ‘as 2(a*" +b*") 
=> a’ —ab‘ +b" —ba‘ >0 
=> a(a* —b*)-b(a" -b*) > 0 
=> (a‘ -—b")(a—b)>0; which is true V a,b. 


Let us consider 


Because Va,beR;a>b or a=b or ax<b 
If a=b then a‘ >b* & If a<b then a* <b* 
Hence either (a* — b*) and (a — b) have same sign, or both zero. In both cases our assumption 
a* ey le +a b+ab* Z a jnpeet 
7 2 


is true 1.e., 
=> p(k + 1) is true 


k+1 
a = ae ans 5 


IA 


Hence p(k) > p (K+ 1) 


From (1) ( 
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TEXTUAL EXERCISE-11 (SUBJECTIVE) 


1. Using PMI (Principle of mathematical induction) 
prove the following mathematical statements. 


G) wW+(n+1)?>+(n+ 2) 1s divisible by 9 
(1) #°+ 5n 1s divisible by 6. 
(iii) Prove by induction that for all n € N, whenever 
3°" 1s divided by 8 the remainder is always 1. 


2. Prove by P.M.I, 1.2+2.5+...+n(3n-l)=nr(n+ 1); 

3. Prove by P.M.I, 1.27 + 2.37 + .... 

n(n? —1)(3n +2) 
12 


+ (n - 1) 


9 


n= forn> 1 


l 1 l 
15 50° G3) Ge) = 


4. Prove by P.MI 15.59 4n—3)(4n+1) 


n e 
An+1° 


10”*'-9n-10 
27 
neé&N, (the left hand side contains n summands)\ 


. Prove by P.M13+33+...+33....3= 


Prove by induction the validity of the following ine- 
qualities for all natural n> 1: 


l 


V3nt+1 
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1 1 1 13 n 
7. —t+t +...+—>—; 13. Prove that 17+ 27+ 37+....+n? > —VneN 
n+l n+2 2n 24 3 
1 1 2 
& Anette in (ds Pesta 10 oe EO en 
v2 > vn 


9, Using P.M.I prove that number of persons who have | 15. Prove that VneN, 10+ 3.4" + 5 is divisible by 9. 


ever lived on earth and have made odd number of | 46, Prove by induction that the sum of cubes of three 


hand shakes 1s always even. consecutive natural numbers is divisible by 9 
10. Using the principle of mathematical induction, prove fs —o . 
sat 17. Using principle of mathematical induction prove that 4” 
A) Aes are eemulepleokoT + 15n — 1 1s divisible by 9 for all natural numbers n. 
(ii) 7” — 3” is divisible by 4. 18. Prove that 
11. Prove by the principle of mathematical induction that (i) C 1 ate a }-(1 +2] = (n+1)VneN, 
n<2” VneN. ] 2 n 
12. Prove by induction of inequality (1 + x)" >1+ nx (ii) (142) (143)..{14 nt) - (n+1)VneN 
whenever x is positive and n is a positive integer. | 4 nN 


Decimal representation of a number Wea SAO” ce. 16 ace: 162s 
n i ; 3 2 ‘ ; 
lace value th nat hundred* 

' = ' Pp ousan undre 
Given a natural number N= 4,d,_,d,_5...€,4,a, where a's ager a spear aul 
are digits from 0 to 9, occupying unit, ten’s, hundredth, Rese tense 16 

I nw 0° 
thousandth, ........ places. eas cafe 
value value 


So the numerical value of N is defined as,“sum of prod- 
ucts of digits multiplied by their corresponding place values”. 


ILLUSTRATION 73: ‘The sum of the digits in a two-digit number is 6. If we add 18 to that number, we get a number 
consisting of the same digits written in the reverse order. Find the number. 


SOLUTION: Consider two digit number x= ab = 10a+b 


given a+b=6 
and x +18 = ba 
=> 10a+b+18=10b+a => 9b-a)=18 
=> bi-a=2 
solving equations (1) and (2) we get b= 4 anda =2 


so the required number 1s 24. 


Theorem: _ If an integer x is divided by 10 the remainder is 
digit at unit place of x. 


Proof: x= abcde 
= a(10*) + b(10%) + c(107) + d(10) + e 


Proof: x= abcde = a(10*) + b(10) + c(107) + d(10) +e = a(10*) + b(10°) +. c(10”) + d10) +e =S5m+e,0<e<9 
= 10m + e > Remainder is e Sm+e 0<e<4 
Theorem: The remainder, if an integer x is divided = . PSE se See 


_ le Oses4 
by 5, is 
e-5 5<es9 = 


‘se +e Oses4 
Where e is unit place digit of the number. 


Sm, +(e-5) Sses9 
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Periodic properties of a number 


As we know that the unit digit of sum of n integers say x,, x,, 
.. x 1s unit digit of sum of their digits at unit places and also 
the unit digit of product of these n integers is equal to unit 
digit of product of their digits at unit places. Application of 
the above two simple concepts lead to following periodic 
properties of integers. 


1. If a number x having zero/one at its unit place then 
x” ends with zero/one at its unit place, where n 1s any 
natural number. 

2. If anumber x having two at its unit place then x” ends 
with 2, 4, 8, 6 at its unit place, for n = 4k + 1, 4k + 2, 
4k + 3, 4k respectively where k is any whole number. 

3. If anumber x having three at its unit place then x” ends 
with 3, 9, 7, 1 at its unit place, for n = 4k + 1, 4k + 2, 
4k + 3, 4k respectively where kis any whole number. 


NOTE 


. If a number x having four at its unit place then x” ends 


with 4, 6 at its unit place, for n = 2k+ 1, 2k +2 respec- 
tively where k is any whole number. 


. If anumber x having five at its unit place then x” ends 


with 5 at its unit place, V nm € N number. 


. If a number x having six at its unit place then x” ends 


with 6 at its unit place, for all n e N number. 


. If anumber x having seven at its unit place then x”ends 


with 7, 9, 3, 1 at its unit place, for nm = 4k + 1, 4k + 2, 
4k + 3, 4k respectively where k is any whole number. 


. If anumber x having eight at its unit place then x” ends 


with 8, 4, 2, 6 at its unit place, for n = 4k + 1, 4k + 2, 4k 
+ 3, 4k respectively where k 1s any whole number. 


. If anumber x having nine at its unit place then x” ends 


with 9, 1 at its unit place, for n = 2k+ 1, 2k +2 respec- 
tively where k is any whole number. 


1. Square of any integer can never have 2, 3, 7,8, at its unit place. 


2. Fourth power of any integer can have only 0, 1,5 and 6 at its unit place. 


ILLUSTRATION 74: Find the digit at units place of following numbers: 


(a) 19991996 


(c) 19471947 
(e) 1947199 


(b) 1999197 
(d) 194718 
(f) 92003 


(py 


(a) unit place of the base is 9 and 1996 = 2k + 2 
(b) unit place of the base is 9 and 1997 = 2k + 1 
(c) unit place of the base is 7 and 1947 = 4k + 3 
(d) unit place of the base is 7 and 1948 = 4k + 4 
(e) unit place of the base is 7 and 1949 = 4k + 1 
(f) unit place of the base is 2 and 2003 = 4k + 3 
(g) unit place of the base 1s 6 and 256 = 4k + 4 


SOLUTION: *. digit at unit place = 1 
*. digit at unit place = 9 
. digit at unit place = 3 
*. digit at unit place = | 
*. digit at unit place = 7 
‘. digit at unit place = 8 
. digit at unit place = 6 


ILLUSTRATION 75: Find the remainder when following numbers are divided by 2, 5, 10. 


(a) 179+ 1917 (b) 199+ 919 
(c) 137+173 (d) 99% + 77? + 33%! + 88% 


(a) Since 17” ends with 3 at unit place and 19'’ ends with 9 at unit place, therefore the 
summation will end with 2 at its unit place. So, the remainder will be 0, 2, 2 when it is 
divided by 2, 5, 10 respectively. 


SOLUTION: 
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(b) Since 19° ends with 9 at unit place and 9” ends with 9 at unit place, therefore the 
summation will end with 8 at its unit place. So, the remainder will be 0, 3, 8 when it is 
divided by 2, 5, 10 respectively 


(c) Since 13’ ends with 7 at unit place and 17? ends with 3 at unit place, therefore the summation 
will end with 0 at its unit place. So, the remainder will be 0, 0, O when it 1s divided by 2, 
5, 10 respectively. 


(d) Since 99” ends with 1 at unit place, 777 ends with 9 at unit place, 33%! ends with 7 at 
unit place and 88%! ends with 2 at unit place, therefore the summation will end with 9 at 
its unit place. So, the remainder will be 1, 4, 9 when it 1s divided by 2, 5, 10 respectively. 


ILLUSTRATION 76: Find the last digit of the number 9°) and of the number 2°? 


SOLUTION: Every even power of 9 can be represented in the form 9”"*= 81"= ehT8) and, consequently, 


nitmes 


its last digit is 1. Every odd power of 9 can be written in the form 9”*! = 9.81”, and therefore 
its last digit 1s 9 (because such a power 1s the product of a number whose last digit is 1 by the 


number 9). In particular, 9° is an odd power of 9, and consequently the last digit of 9 is 
equal to 9. Now we note that any integral power of 6 ends with the digit 6; indeed, we have 
6) = 6, and 6” ends with 6 then the last digit of 6"*1 = 6”6 is also equal to 6. Further, the last 
digit of 16” and 6” coincide, and consequently any integral power of 2 with an exponent multiple 


of 4 ends with 6 (because 2“ = 16"). But 34— 1 is divisible by 3 + 1 = 4 and consequently, 2° 


ends with the digit 6 while the last digit of 2” =2. 2©is 2 (because this expression is the 
product of a number whose last digit is 6 by 2). 


ILLUSTRATION 77: The product of 90 integers is equal to 1. Show that their sum cannot be zero 


SOLUTION: Let x,, x,, ....., Xp, be such integer such that 0 Sh Kae 

Since product of two integers is one then they can be either both 1 or both —1 
for instance if x.y = 1 then y = 1/x and it 1s very true that only 1 and —1 have their multiplicative 
inverse as integer. Hence, x, .x,. x, .... Xy = 1 
x, © {—l, 1} and even number of these integers can be —1. 
so as the product gets positive value. 
Now x, + x, + ..... + x,) = 0 1s possible if 45 integers out of x,'s are 1 and rest 45 are —1 which 
contradicts the initial hypothesis 1.e., product of all 90 integers 1s 1. 

ILLUSTRATION 78: Find the integers x and y satisfying the equation x? + y* + 2xy = 24973. 


SOLUTION: Given x? + y? + 2xy = 24973. 
=> (x+y) = 24973. where x and y are integers 


which is not possible because square of any integer can never have 2, 3, 8, 7 at their 
unit place. 


ILLUSTRATION 79: Find the number of integer solutions of equation 1! + 2! + 3! +.....+ 15! =x? 
SOLUTION: «*. &! is divisible by 10 V &> 5 therefore 5! +6! +....+15!=10A 
=> 1142143144145! +....+ 15! = 100+ 33 = 100+ 3)+3 
which has 3 at unit place so can't be perfect square 


Hence no integer solution for x. 
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Divisibility and concepts of divisibility 


Decimal representation Decimal representation of a 
number x where N= 4,4, _\4,_>...€,4,d,) (here a's are digits 
from 0 to 9) is defined as 

N= a (lO) +@..(10") +a .010") Pasta 10%) +a (10°) 
+ a, (10°) 

Also we know that, an integer x is said to divide an 
integer y if there exists an integer z such that xz = y. If x di- 
vides y, we can also say that x is a divisor (or factor) of y or 
that, y is a multiple of x. Each of these facts is often written 
as x | y. If xis not a divisor of y, we write x/y. 

Above mentioned facts can be used to derive the condi- 
tion of divisibility of anumber N © aa, a, ,....a,a,a,, where 
a's are digits of the number N.) by 2, 3, 4, 5, .... etc., as well as 
to solve other problems involving digits of a number. 


Tests of divisibility 


1. Divisibility by 2: A number AN 1s divisible by 2 if and 
only if its last digit is divisible by 2. (1.e., even) 
Proof: Writing N=a,10"+a,_, 10""'+.. +a, as 
(a, 10"+a,_, 10"-' +... + 10a,) + a, we immediately 
get the result. 

2. Divisibility by 3: A number N is divisible by 3 if and 

only if the sum of all digits are divisible by 3. 
Proof: Writing N= {a(10"—1)+a,_(10""'-1)+ 
.tado-l}t(@ t+ta,_,t+a_,t.... +a,). Since 
10"— 1, 10"-! — 1, ... are all divisible by 3, therefore 
N is divisible by 3 if and only ifa,t+a,,+..+a,1s 
divisible by 3. 

3. Divisibility by 4: A number N 1s divisible by 4 if its 
units digit plus twice its ten’s digit 1s divisible by 4. 
Proof: Writing N=a,10"+a_, 10"-'+..+a,.100) 
+ (a,.10 + a)) 

=4.k + 8a, + 2a, + a,. So nis divisible by 4 iff 2a, + 
a, is divisible by 4 

4. Divisibility by 5: A number AN 1s divisible by 5 if and 
only if its last digit is divisible by 5 (.e., if it ends 
in O or 5) 

Proof: Writing N=(a,10"+a_, 10""'+.+a,.10) 
+ a, = 10k + a,. 


5. Divisibility by 6: A number AN 1s divisible by 6 if and 
only if its units’s digit is even and the sum of its digits 
are divisible by 3 
Proof: WN is divisible by 6 if it is divisible by 
2 and 3 both. 


6. Divisibility by 7: A number N is divisible by 7 if and 
only if 3 x unit’s digit +2 x ten’s digit — 1 x hundred’s 
digit —3 x thousand’s digit —2 x ten thousand’s digit + 
| x hundred thousand’s digit 1s divisible by 7. 

1.e., 3(a,) + 2(a,) — I(a,) — 3(a,) — 2(a,) + I(a,) + 3(a,) 
+ ... 18 divisible by 7. 

1.e., If there are more digits present in the sequence 
of multipliers 3, 2, -— 1, — 3, — 2, | 1s repeated as often 
necessary. 


7. Divisibility by 8: A number N is divisible by 8 if and 
only if its units’s digit + 2 x ten’s digit + 4 x hun- 
dred’s digit is divisible by 8 
Proof: Writing N=a,10"+a,_, 10"-'+.. +a,.1000) 
+ (a,.100 + a,.10 + a,) 
= 8k + 96a, + 4a, + 8a, + 2a, +a, = 8k, + 4a, + 2a, +a, 

8. Divisibility by 9: A number JN 1s divisible by 9 if and 
only if the sum of its digits are divisible by 9 
Proof: Writing N= {a,(10"-1)+a,_,(10""'-1)+ 
Prado =1)) (a Fa. FG. oo Pak aT a,) 


2 


9. Divisibility by 10: A number JN 1s divisible by 10 if 
and only if the last digit is 0 

10. Divisibility by 11: N is divisible by 11 if and only 

if the difference between the sum of the digits in the 

odd places (starting from the right) and the sum of the 


digits in the even places (starting from the right) 1s a 
multiple of 11 e.g., 1221, 123321, 2783 etc. 


Proof: As we know that 10 =—- | (mod. 11), 

10? = 1 (mod 11), 10°?=—-1(mod.11), 

=> 10"=(-1)" (mod.11) 

sothata, 10’+a,_, 10’ +a. 10"? +...a,, 10 +a, 

=@ (lyr a. aalya. oal  aa eS la at 
a, (mod. 11) 

=[(a, ta, +a,+..)—(a,+a,+a,+...)| (mod.!1) 

1.e., Nis divisible by 11 if and only if (a, +a,+a,+..) 

—(a, +a, +a,+...)1s a multiple of 11. 

12. Divisibility by 13: A number AN 1s divisible by 13 if 
and only if 10 x units’s digit — 4 x ten’s digit —- 1 
x hundred’s digit + 3 x thousand’s digit + 4 x ten 
thousand’s digit + 1 x hundred thousand’s digit 1s 
divisible by 13. Uf there are more digits present, the 
sequence of multipliers 10, —4,-— 1, 3, 4, | is repeated 
as often as necessary) 


Properties of divisibility Leta, b, c, p, q be arbitrary in- 
tegers. Divisibility has the following properties: 


Foundation Mathematics < 1.61 


(a) a|aprovided a#0 (reflexive property) (f) Ifa| band a0, then (b/a). 

(b) Ifa|bandb|c,thena|c _ (transitive property) (g) al|bandb40>]|a|<|b|. 

(c) Ifa| 5, then ca |cb.c #0 (multiplication property) (h) a|bandbla=>|al=|5b| 

(d) lla (property of 1) a) Ifa|banda|c, then a|(pb+qc) (linearity property) 
(ce) alO (divisibility property of zero) q) Ifca|cb, and c #0, then a | b. (cancellation law) 


ILLUSTRATION 80: Test whether the integer 3201828 1s divisible by 7 or not. 


SOLUTION: Clearly (3 x 8)+(2x2)+(C1x8)+C3x1)+(2x0) 
+(1 x 2)+(3 x 3)=24+4-8+(-3)+0+(2)+9=28 
since 28 1s divisible by 7 so the given no. 1s divisible by 7. 


ILLUSTRATION 81: Derive the condition that a three digit number N = abc is divisible by 7 if — a + 2b + 3c, is 
divisible by 7. 


SOLUTION: Let N be a three digit number with digits a, b and c, then N= 100a + 106+ c 
From the sum required by the test call it S=-—a+2b+3c 
Then 28 = —2a + 4b + 6c. And N + 2S = 98a + 146 + 7c = 7(14a + 2b + c) 
The sum N + 2S 1s, therefore a multiple of 7, say 7M. Now if Nis multiple of 7, say 7P, 
then 2S = 7M —7P =7(M - P), and it follows from here that S must also be divisible by 7. 
If conversely, Sis multiple of 7, say 7Q0, then 
N=7M - 140 =7(M - 2Q). It show that NV must be a multiple of 7 


ILLUSTRATION 82: Prove that the number 10*° + 10?’ + 1074+ 10”! + 23 is divisible by 3 as well as 9. 


SOLUTION: 10° + 1077+ 10% + 107) + 23 = (10 — 1) + (107” - 1) + (10% —- 1) + (1077-1) + 23 +4 
= 9k, + 9k, + 9k, + 9k, + 27 
" 10° —1= 10)” — (1)” is divisible by 10—1=9 
i 10” —1= 999 — 9 (n times) 
= 9(k, +k, +k,+k,+ 3) 
which 1s divisible by 3 as well as by 9. 


ILLUSTRATION 83: If the number 2567X092513Y6 1s divisible by 99, then find all possible pairs of digits (X, Y). 


SOLUTION: Sum of even place digits =S$,=y+ 15 
Sum of odd place digits = S, =X + 31 
Sum of all digits =S$,+S,=X+y+ 46 
As the number ts divisible by 99, S, = S, must be divisible by 11 
1¢.,9,—S, = 11k, keZ 
X-y+1l6=11k ; keZ 
Now, X, y € [0, 9] and _X, YeZ 
=> X-ye [-9, 9] and X-YeZ 
=> X-y+16e [8, 25] and X-y+16=11lk, keZ 
=> X-y+16=11 or22 => X-y =-5or6 
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TEXTUAL EXERCISE-12 (SUBJECTIVE) 


1. Find the digit at unit place in the following: 


(a) (332)44 
(c) (5244)! 
(e) (3285) 
(g) (1989) 
GQ) 77777" 

. Find the last digit of the number 3313! + 3314 + 3319! + 
331161 

. Find the remainder of 2'°° when divided by 5, 10. 


. Find the remainder when the following numbers are 
divided by 2, 5, 10. 


(b) (123) 

(d) (4127)® 

(f) (1579)7019 
(h) 92010 


(a) 7631% (b) 22225555 + 55552 
(c) 777°" +.999776 (d) 77747 + 11777 
(e) 31919 + 111119 (£) (3233)° + (52848 


. What digit should be placed instead of c in the number 


280c to obtain a number multiple of 
(a) 2 (b) 3 

(c) 4 (d) 5 

(€) 6 (f) 9 

(g) 10 


. Find the number of natural numbers of type 123AB, 
which are divisible by :- 


8. 


(a) 2 (b) 3 
(c) 4 (d) 5 
(€) 6 


(i) If we multiply a certain two-digit number by the 
sum of its digits, we get 405. If we multiply the 
number consisting of the same digits written in the 
reverse order by the sum of its digits, we get 486. 
Find the number. 

(11) Find three numbers, the second of which is as much 
greater than the first as the third is greater than the 
second, if the product of the two smaller numbers is 
85 and the product of the two larger numbers is 115. 


Prove that abcd + bcda+cdab+ dabc 1s divisible by 
1111. 
State which of the following 1s true: 


(a) 222222 is divisible by 3 and 6 both. 

(b) Any five digit number which is made of the digits 1, 
2, 3, 4, 5 without repletion is always divisible by 3. 

(c) 222222222 is divisible by 3, 6 and 9. 


(d) If a prime number p divides a’ then p also divides 
a (where a is natural number. ) 


10. 


11. 
12; 


13. 


14. 
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(e) The sum/product of any two natural number has 
the same remainder when divided by 3 as the sum 
product of their remainders. 


Find the number of the numbers of the following type 
(1st digit is non-zero). 

(a) 
(b) 
(Cc) 
(d) 
(e) 
(f) 
when repetition of digits is allowed. 

Prove that the sum 10! + 5 is divisible by 3. 

Show that 2” —3 where n > 2 always ends with 3 at 
unit place. 

Find all numbers of the form 34A45B which are 
divisible by 

(a) 24 (b) 36. 

Consider a number X = 2144284. Find the number 


of ordered pairs (A, B) so that the number 'N is divis- 
ible by 22. 


523qab which are even. 


x2ab which are even. 
432x which are odd. 
432x which are divisible by 3. 


x432 which are divisible by 3. 
5x012 and divisible by 3. 


(ft) 8 (g) 0 


7. (i) 45 (ii) 17/2, 10, 23/2 
10. (a) 50 (b) 450 («) 5 (4) 4 (3 (f) 3 


Answer Keys 

L@6 ®1©6 @7 ©5 H9 @9 h)4 G7 

2. 0 

3. 1,6 4.(a) 1,2,7() 1,3,3 @© 0,3,8 )0,4,4 (e) 0,0,0 (ff) 1,0,5 
5. (a) 0,2,4,6,8 (b) 2,5,8 (c) 0,48 (0,5 (ec) 2,8 

6. (a) 50 (b) 34 (c) 25 (d) 20 (e) 17 

9(a)T (b()T ()T GWT (eT 

13. (a) 34056, 34152, 34656, 34752 (b) 34452, 34056, 34956 

14. 9 

m RATIO AND PROPORTION 


Ratio 1s a rational quantity between two quantities, that tells 
us what multiple/part, one quantity is of the other. Therefore 
if x and y are two quantities of the same kind, then their ratio 
is x:y which may be denoted by x/y (This may be an integer 


or fraction) 
1. A ratio may be represented in a number of ways 
X mx mx 
Se ee where m, n.....are non-zero 
y my ny 
numbers. 
2. To compare two or more ratios, always reduce them to 


a common denominator. 


3. Ratio of two fractions may be represented as the ratio 


of two integers. 


oo eee 
Big an ahh jee 


. Ratios are compounded by taking their product 1e., 


. Duplicate/Triplicate ratio: If x:y is any ratio then its 


duplicate ratio 1s x”: y”; triplicate ratio 1s x*: y® ....etc. 
If x:y is any ratio, then its sub-duplicate ratio is 


x)”: y!?: sub triplicate ratio is x!*: y! etc. 
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When two ratios a/b and c/d are equal, then the four quanti- 
ties composing them are said to be proportional. 
If a,b,c,d are proportional then a/b = c/d, and it 1s written as 
aib=c:dora:b::¢: 4d. 
1. ‘a’ and ‘d’ are known as extremes whereas ‘b and c 
are called as means. 


? 


2. Product of extremes = product of means 


Some important applications of proportion 


If four a,b,c,d are proportional then many other useful 
proportions can be derived using various laws of fraction 
which are extremely useful in mathematical calculations 
and simplifications. 


Invertando If a:b = e:d, then b:a = d:c 
Alternando If a:b = e:d then a:c = b:d 
+b +d 
Componendo _ If a:b=c-:d, then ance 7 
a Cc oe. ae Cc 
-* —=— adding one to both side —+1=—+1 
b ad b d 


a+b _ct+d 
b d 
Sivtitendo esac ten 
b d 
a c . — ‘ 
- a Fi subtracting one to both side ——]=—-—] 
aoe i eats 


=> 


bd 
Componendo and dividendo: If a:b = c:d, then apply- 
ing both componendo and dividendo operations together, 


— a+b _ct+d 
oo ge. wena 
aga pa ay =D then 
_ a+ct+er+... _ Sum of the numerators 
b+d+f+..... Sum of the denominators 
+ yco+zert.... 
b dad f xb+yd+2f +.... 
l/n 
Ths a ae (say =i) then ace I Aa La 
b df xb" + yd" + zf" 
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aoe 
. , | = zs 
SOLUTION: Consider ba then a= 5b’, c= dA,e=far; 
Now @b+2%e—Sae*f _ BA +20°f2?—30"2" _ ya, 0, € _ ave 
b* + 2d’ f —3bf° b* +2d’ f —3bf’ bd f bdf 


ILLUSTRATION 87: If x(b+c)=y(c+a)=z (a+ 5), then show that 


XV. Ve. Zax 
© PoP Bad ena 
bo) = y-2) _ (c-ay(z-x) _ (a-bx-y) 


b+e ct+a a+b 


. b+c cta a+b 
SOLUTION: Given proportion can also be expressed as = = = 


, = = (1) 
/x l/y I/z 
_(ct+a)—-(b+c) (a+b)-(atc) _ (b+e)- (a+b) 
~ it ia 
y x zy x Z 
a-b b-c c-a 
x-y y-Z z-xX 


2 22 D. .2 8 a. 
Compounding the ratios from (1) and (2), we get ee ee 


2 2 2 2 2 2 
a-b b-c c-a 


X-y y-z Z-x a-b b-e c-a@ 


Applying Intervened for ratios in equation (2) 


1 
a 3 
a-—b b-c c—a k = 
Dividing the ratios from (1) and (3), we get 


b-c_ xyz C-a_ xyz gegen xyz 
b+e y-zcta z-x a+b x-y 
_, -cy-2) _ (e-al(z-x) _ (a—b(x-y) 


bt+e ct+a a+b 
ILLUSTRATION 88: If * —* —7. prove that ——— x’ +1 +4 ag 2+9_ (xtyt+z)’ +36 
12 3° x+1 Pye Z4+9 x+y+z+6 


SOLUTION: Let - mee 
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BEF 'LINEAR EQUATIONS 


An expression y = ax + b where a and b € Rs called as 
linear polynomial function of x, y and set of points (x, y) 
satisfying the above relations if plotted on x-y plane, the 
graph obtained is a straight line e.g., y= 2x + 3 has solutions 
(0,3), (1, 1) 3/2, 0), (1, 5), the graph of equation is shown 
in the figure. 

An equation of the type ax + by + c = 01s termed as linear 
equation in x and y. 


¥ * (1,9) 
X1y (0,6) 
-2 10 
4f3 <b) 
046 
1179 


(a) 


FIGURE 1.41 


Solving simultaneous linear equations in 
two unknowns 


To solve a pair of linear equation 
axtby=c, (1) 
axt+by=c, (11) 
following three approaches are possible 


Method of comparison 


From both equations find the value of any one variable say 
y in terms of other 1.e., x. 


C,-ax  C,—a,Xx Cc C a a 
Sn ea es 


b, b, b b, - b, b, 
Bye, = ByCy_ and similarly, we get 
a,b, ~ a,b, 
he Bad eo 
ba, — a,b, 
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Method of substitution a,b x a b,c, — b,a,x = bc, 


To solve equation (i) and (ii) substitute the value of => (4,0, —4,6,)K= b,c, — b,¢, 


y from equation (1) to (11) get x and y then can also a oe bc, — b,c, and so we get 
be obtained. a,b, — a,b, 
arto ae = a 2: 
1 


a,b, —a,b, 


Method of elimination aaxtbay=ae, (111) 
axtDV=¢; (1) aaxtaby=ac, (iv) 
axtby=c, (11) 


subtracting (111) and (iv) 


Multiplying equation (1) by a, and (ii) by a, and subtracting, y= Ge TAG, piss, Se b,c, — b,c, 


x gets eliminated a,b, — a,b, a,b, — a,b, 
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m@ METHOD OF CROSS-MULTIPLICATION 


It is very useful method for solving pair of linear equations 
in two or three variables. 


a,xt+by+c, (i) 
(ii) 


Dividing both equation by z and replacing 


Given two equations 
a,X+b,y+C,z 


x 
—=xX, and ya Vy we get 
Zz Z 


(iii) 
(iv) 
Solving by any of the above mentioned three elementary 


DC =O. x aC, — a,c 
methods, we get x, = +++ =; y, Epes he 
a,b,-ab, Zz a,b,-a,b, Zz 


that can be symmetrically expressed as 


AX) + bY +¢, 


Ako FOV Coe 


Xx Zz 
—> ———_____ a = 
b,c, OD, Ca, — C4, a,b, m a,b, 


Thus we can conclude that the set of solution of above 
pair of equation can always be expressed by the ratio x: y : 
z in terms of coefficients of the equations; 


Step (1): Express the coefficients of x, y, z beginning with 
y in cyclic order as shown in figure and take the product of 
the coefficients indicated by arrows 


FIGURE 1.42 


Step (2): The product formed by descending arrows is 
considered positive and those by ascending arrows is taken 
negative. 


Step (3): Sowe get x: y:z:: (b,c,—5,c,) : (c,a,—¢,a,) : 
(a,b, — a,b,) 
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ILLUSTRATION 95: [ind the relation between a,, b,, c,; a,, b,, c,; a,, 5,, c,, by eliminating the unknowns x and y 
from the three equationsa,x+byt+c,=0,axtby+c,=Oandaxt+ by+c,=0. 


SOLUTION: Solving the first two equations using cross-multiplication method, we get 


x : y _ l 1 (-S) 


B,C, a b,c, C,a, — Cyd, a,b, =a a,b, 
= D.C, ae b,c, = Ca, = C,a, (-3) 
GD, — 4,0, a0, —G,D, 


ae FIGURE 1.44 
Substituting the values of x and y in the third equation, 


we get the relation between coefficients as described below 
De, De Ca, 8 

q,| 2 1 |4.p, | 22 Je =O 
a,b, st a,b, a,b, -_ a,b, 


or a,(8c, —6,c,)+0,(Ga,—¢,4, )+c, (a,b, —a,b, )=0 


TEXTUAL EXERCISE-13 (SUBJECTIVE) 


1. Find the possible ratio’s x : y; given 2 (7y” — x’) 7. Find a cubic polynomial f(x) = x? + ax? + bx + c that 
= 3xy. vanishes at x = 3 and x =-1 and generates the values 
x’ -4 —60 and 4 at x = —3 and x = | respectively. 


2. Express x in terms of y using the equation y= 


2 
x +4 8. Solve the following set of equation for a, b, c; a 
3. If = es a then prove that Ce ae ae a eC a ae 
YRZ-“X ZrX-Y Xtry-zZ 9. Solve the system of equationx t+y+z=3,;x+yt+v 
atb+c a(b +.c?)+b(c? +a’) +c(a’ +b’) =ljx+ztv=4;y+z+v=2. 
X+y+z 2(a’xt+b’y+c7z) 10. Solve the system of equation ay + bx=c;cx+az=band 
4. Gi tinued proporti a a 
. Given a continued proportion foes ae ; oe 


x y Ze... 11. Solve the equations ————>—_== = 
= . Vx? +1-Vx?-1 2 


a+b-c b+c-a cta-—b’ 
12. Solve the following equations for x. 
prove that (a — b)x + (b-—c)y+ (c-—a)z=0 


5S. Given (b+c)x = a, (cta)y = b and (a + b)z = c then (a) 
show that xy + yz + zx + 2xyz = | 


x 2x? +x4+1 2x 4+x°4+3x-2 
eS 2x xe (2x ox = 34? 


(a+b)x-(m-n) (a+b)x+m+p 


6. Find the number of integer solutions of the equations (b) +" = 
Tx — dy — 8z = 0 and 12x + Ily —3z=0. (a—b)x-(m+n) (a—b)x+m-—p 
Answer Keys 

I+y 

12:1 or—-7:2 2% =| ——— 6. 4; (4k, -3 k, 5 k) where ke {-1,0,1,2} 
a, 4 Be 

T. Ax) =x - 40 4+x+6 8. a=+4,b=45,c=+6 9. By geting 

Pin, Mt oD ey ae ©: a ee 
(0: got PE OD, ORD =e. 11. rou? 1 (a) yao Ltt vi09 
2bc 2ac 2ab 4 ; 


iy Re m(n+ p) 
a(p-—n)—2mb 
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“RATIONAL AND IRRATIONAL 
, NUMBERS 


Set of real numbers is union of set of rational numbers 
and the set of irrational numbers. Rational numbers find 
their origin in the process of division of integers where as 
the irrationals originated in the process of solving higher 
degree algebraic equations in the search of generalization 
of the laws of indices. 


Rational numbers (Q) and irrational 
numbers (Q’) 


The numbers which are in the form of p/q, where p, g € Z 
and g #0 are called as rational number e.g., 2/3, 3, 1/3, 0.76, 
1.232 etc. 

The numbers which are not rational (not in form of p/q.) 
1.e., which cannot be expressed in p/q form or whose decimal 
part is non-terminating non-repeating but which may represent 
magnitude of physical quantities are called as irrational num- 
bers. e.g., /2, 5", 2, e ... etc. 


Pie (x): x is ratio of circumference of any circle to the 
diameter of the same circle. It is an irrational number approxi- 
mately equal to rational numbers 22/7 or 3.14. 


1 1 1 
e=l1+—+—+—+....0 


Eular number (e): 
I! 2! 3! 


=> 2.7<e<28 


Properties of rational numbers and irrational numbers 


1. Ifanumberxindecimal form iswrittenas x = cde. pgr 


then x=cx 107 +dx 10! +ex 10° 
mae nW— —~— 
hundred" 


place—value 


ten's place unit place 
value value 


-l -2 3 
+px 10° +qx 10 +rx 10 
Ka Ka —— 
first decimal Second decimal third decimal 


place—value place—value place—value 


2. All terminating decimals are rational. 
abcde 
4 


e.g., a.bcde= 


»X~A.X,X,X, a ry 
3. If a rational p/q (in lowest term) is terminating decimal 


then g=2”.5”. 1.e., g must not contain any prime factor 
other than 2 or 5. 


4. Non-terminating but repeating decimals are also 
rationals. e.g.,y=x.ababab.. > y= x.ab (i) 
If number of repeating digits be » then multiply both 
side by 10" i.e., 10? y=xab.ab (ii) 
Subtracting (1) from (11) we get 


28 ~ (which isa rational number) 


5. Non-terminating and non-repeating decimals are irra- 
tionals. 2.71354921275718 ..... (no periodic re-occur- 
rence up to ©) 


6. Non-terminating, non-recurring decimals are irrational. 


7. The sum of a rational and an irrational number is an 
irational number. 


8. Set of rational numbers (Q) is countable set. 


9. Where as set of irrationals (Q*) is uncountable. 


= vie a such that (m, n) = 1 ; where 2q-P 
nN 


3n? = m 


3/m 1.e., m= 3k 


substituting in equation (2) we get 


3n? = OF? 1.¢., n? = 3k 
3/n? so 3/n 
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m and n are non-coprime which is contrary to our assumption therefore by method of con- 
tradiction 2 — V3 is an irrational number. 


n rootofanumber: Areal number y iscalled n™ root 
of real number x, where 7 is a natural number (n > 2). 


If y’=x. When n= 2, then it is called as square root 
and for n = 3, known as cube root. 

All the numbers other than zero have more than one nth 
roots. e.g., both 2 and —2 are square root of 4. 


Principal n“ root: The principal n™ root of a real number 
x (having at-least one n-th root) is that n™ root which has its 
sign same as that of x. It is denoted by a radical symbol 2/; 

The positive integer n 1s known as the index of the radi- 
cal symbol. Usually, we omit the index from the radical sign 
if index n = 2, and write as ./,. 


a 3 
€.8., 36 =6- es =— ee */-243 = (-3) 


4/16 —2 Where as </—-16 is a non-real number since 
fourth power of no real number can be —16 which 1s 
negative. 


Properties of n“ root 


(1) Every positive real number x has exactly two real 
n™ roots when n is a positive even natural number 
(n= 2m) denoted by 22/x and — 2%/x. 

E.g., 4/956 = 4; - 4/256 =—4 are two real fourth 
roots of 256. 


(11) Every real number x has only one real n™ roots when 
nis a positive odd natural number (n= 2m + 1) de- 


noted by "Mx eg.,2/125 = 5; 4/125 = -5 


nth root of a negative real number x is non-real when 
n 1s an even integer. 


(iii) 


e.g.,V-24, V-16 has no real values. J—1 is a non 


real number symbolized as 1 (iota). 


(iv) Zero is only real number which has only one nth root 

and 2/0 -0 

(v) Integers such as 1, 4, 9, 16, 25 and 49 are called 
perfect squares because they have integer square 


roots. 


(vi) Integers such as 1, 8, 27, 64 are called perfect cubes 


as they have integer cube roots. 


Square roots: If 5 is square root of a where a 1s the non- 
negative real number then 5 when squared must become 
equal to a. 


=> P=a>b’-a=0 

=> (b—Va) (b+ Va) =0 

=> b-vVa=0 or b+Va=0 

=> b=Va (positive) or b =—Va (negative) 


Properties of square roots 
(1) Zero has only one square root 1.e., zero. 


(11) Every positive real number a (except zero) has two 
square roots one of them 1s positive (called as princi- 
ple square root denoted as Va) and other is negative 
denoted as (—Va). 


(111) Magnitude of real number x, denoted as |x| and defined 
as the quantity of x is 


x if x>0 
Ixj=V¥x2=10 if x=0 
—x if x<0 
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ILLUSTRATION 98: Find the arithmetic root of the following: 


(a) {(-3) 
SOLUTION: (a) Ni@ae SN3)= 3) =3 
© |(i-v3) =}-9 
==(1-43 
© (EA = 


a(v5=2)= 5-2 


)= 8-1 


“ALGEBRA OF RATIONAL AND 
@RRATIONAL NUMBERS 


(i) Closure law: Set of rationals is closed under ad- 
dition, subtraction, and multiplication operations. 
Whereas set of irrational numbers is not closed under 
addition, multiplication, subtraction and division. 

e.g., (3 + V5) + (3 — ¥5) = 6; (1 + ¥5) (1 — V5) =- 4 
»(1 + V2) — (3 + V2) =-2; (7V5/N5) =7 are not ir- 
rational numbers. 
(a) Their sum and product are commutative and as- 
sociative 1.e., for all a, b, c € OQ or Q’ 
at+b=b+a;,ab=ba 
a+(b+c)=(at+b)+c; a(bc)= 


(ii) Commutative Law: 
(iii) Associative Law: 
(ab)c 
(a) Cancellation law holds for rational/irrational 
numbers 1.e., for all a, b, c € O or Q' 
atc=b+c>a=bandac=be>a=b 
(b) Distribution of multiplication over addition 1.e., 
for all a, b,c € Oor Q’ ;a(b+c)=ab+ac 


(iv) Order Properties: 

(a) Law of Trichomy: Given any two numbers a 
and b € QO or Q’, exactly one of the following 
holds.a>bora<bora=b 

(b) Transitivity: For each triplet of numbers a, 5 
andc € Qor Q'ifa>bandb>c>a>e. 

(c) Monotone property for addition and multipli- 
cation: For each triplet of numbers a, 6 and c € 
QOorQ'.a>b>at+c>bt+canda>b> ac> be 

Existence of additive and multiplicative identity: 

Zero 1s an additive identity element and one is 

multiplicative identity element because addition of 

zero and multiplication by one to any element does 
not produce any change 1n it. 


(v) 


6) (1-3) 


() ,(V5-2) 


- | — 3 is negative real number 


-: V5 —2 is positive real number 


Note: Additive and multiplicative identity do not 
exist in the set of irrational numbers 


(vi) 


Existence of additive and multiplicative inverse: 
For every Rational/Irrational x, there always exist its 
negative — x which, when added to x makes additive 
identity. Multiplicative inverse of x 1s an element which, 
when multiplied to x makes multiplicative identity. 


‘SURDS AND THEIR CONJUGATES 


If x is not a perfect n“ power, then 2/x is called a surd of 
the n® order. Two surds of the same order are said to be like 
surds otherwise termed as unlike surds. 

If a Surd 1s of the type a + Vb where a is a ration- 
al number and b 1s not a perfect square of rational then a 


is called its rational part and \/b is known irrational part 
of surd. Surd a— Vb is called conjugate of the surd a + 
Vb If x+y =q +Jb where x, y, a, b are rationals and 
y and b are not perfect squares then x = a andy = 6 


Rationalization of denominator of an 
irrational number 


; x ; 
In an expression of the form —=———, the denominator 
Vy +vz 


can be rationalized by multiplying numerator and the 


denominator by Jy BAZ. nae 


e.g., to rationalize the number ———— 
(a—Vb) 


Multiplying the numerator and denominator both by 
a + Vb we get, 
a+vb _(at+vb)(a+ Vb) _ a’ +b , 24 


NN Jb 
(a~Vb) (a-Vb\at+vb) a -b a’—b 
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ILLUSTRATION 99: Rationalize the denominator of the number a 
x 


SOLUTION: Let x!° =a and y!? = b now since a and b are surds of 3rd order therefore to rationalize them 
apply. a* + b> = (a + b) (a? — ab + 5”) 
a+b 
a’ —ab+b° 


=> at+b= 


x+y 
qe =n" Layee 
Substituting in the expression 
x*-y 


2 
ee , : 
1/3 ia = tk =¥) (8 — 8 y= yr) 
ey Gaye Gy” +p?) 


=~ ee 4 pre = 


2 2 


NOTE 


Similarly, to rationalize expressions containing n“ order surds use the identities. 
x-yl=(x—y) (xt 4x ys xr +. FV) ty a ket+ y) x! — x eye xy xe y+... tC yy) 


ILLUSTRATION 100: Rationalize the denominator of following fractions and express as equivalent fraction. 


V5 6) 2Jatl 
14+424+/3 Va—-1-~J2a + a+l 


SOLUTION: (a) Consider _ v5 v5(1+V2- V3) _vV5+V10-VIS _ ¥10+20-30 
14+724+3 (1+V/2) -(v3) 2/2 4 


a+ 2a +1(Va-1+Va+1+ 2a) 
Ja-1-J2a+Ja+1 (Ja—1+Ja+1) -(V2a)’ 
_ 2a” -14+2(a +1) +2V2aVa + 


1 Sk 
(multiplying the numerator and rationalize denominator) 


(a 


(b) 


(to rationalize denominator) 


(Jat ani) -(ap 
(Va? —~1+a+1+2a’ +2a) Va" = 


a’ -1 


ILLUSTRATION 101: Find the factor that will rationalize the following expressions: 
(a) a Vb (b) V5 - 33 
SOLUTION: (a) Letx=aandy= 5% 
Raising the power by LCM of indices of denominator 1.e., 3 
x? = @ and y’ = b and applying x + VY =(+y) @’?-xt+y’) 
so the factor that rationalize a+ b’71e.,x+yis=x*?-xy+y? = (a? - ab + b**) 
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TEXTUAL EXERCISE-14 (SUBJECTIVE) 


1. Prove that the following numbers are irrational. 


(a) 2 Gi 4s aap 
(c) 3V2 (d) 5-3 


2. State which of the following is true. 

(a) Let x be a rational number whose decimal expan- 
sion terminates. Then we can express x in the form 
p/q, where p and q are coprime, and such numbers 
are called rational number in its lowest term. 

(b) Let x = p/q, be a rational number whose decimal 
expansion terminates, where p and g are coprime, 
then the prime factorization of g is of the form 
2”5" where n, m are non-negative integers. 

(c) Let x = p/q be a rational number, such that the 


prime factorization of g is not of the form 2”5” 


where n, m are non-negative integers. Then x has 


a decimal expansion which is non-terminating 
repeating (recurring). 

(d) Every terminating decimal can be converted in 
to a decimal fraction and every non-terminating 
decimal can be converted in to a vulgar fraction. 


. Without actual division, find which of the following 


numbers are terminating decimals. 
(a) 375/50 (b) 76/300 
(c) 54/280 


. Show that the following numbers are rational and 


convert them in p/g form. 
(a) 12.475 (b) 3.25 
(c) 6.425 


. State which of the following 1s true. 


(a) Every integer is a rational number. 


7. 


(b) 1/0 is not a rational number since the division by 
zero 1s not allowed. 

(c) Two rational numbers a/b and c/d are called equal, 
written as a/b = c/d if and only if ad = be. 

(d) The set of rational numbers excluding zero is 
closed under all the four fundamental operations 
of arithmetic. 

(e) There are infinitely many rational numbers 
between any two rational numbers. 


State which of the following are true. 

(a) The number z is irrational, its approximate value 
is-22/ 7. 

(b) The negative of an irrational number is irrational. 

(c) The sum of a rational and an irrational number is 
irrational. 

(d) The product of a non-zero rational number and an 
irrational number is an irrational number. 

(e) The sum of two irrational numbers may not be 
irrational. 


Rationalize the denominator. 


(1) 


325 a7 


(111) a (iv) oo ee 
5 ta/32 545 22 


ety. (v8 +v5)(v5+v2) 
8 ey ty Baas 


10. If 


11. 


12. 


. Ifx, y are rational numbers and 


. Express (5"” 
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. Obtain the factor that will rationalize the following 


expression. 
@) 334+V2 Gi) [5423/2 (itt) 24-47 


5+Vi1 


=x+yvll, 
29, 


find the values of x and y. 


151 NSH. 
V5 41 "5-1 


Find the square root of following expressions. 
(i) 16-2V20 —2V28 + 2V35 
i) 6+V12-J24- V8 
(iii) 6+ 24 V2bz4+ 2? 
(iv) 2x-/3x? -2xy- y? 


VY) las eles ea! 


(vi) 21-4/ +83 —4,/15. 
The difference /40V2 +5 - ,||40V2 -57 is an 


integer. Find that integer. 


at bV5, find the values of a and b. 


. Find the value of ./2+./3 +./7+4,3 . 


+ 98) + (512 — 9!%) as an equivalent frac- 
tion with a rational denominator. 


. Find the number equal to 3.145 when expressed as a 


rational number in lowest terms. 


Answer Keys 
2.(a) T (6b) T ©) T @T 3. ais terminating, 5 and c are non-terminating 
4. (1) 499/4 (a1) 322/99 (aii) 6361/990 5. (a) T (b) T ©) T @dT @©T 
6.(a)T ©) T @T @T @©T 
7. (i) = Gi) == giiy SNS + NB-2NIS Weds ee 
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m REAL NUMBER SYSTEM (Rk) 


Union of set of Rationals (Q) and set of Irrationals (Q) 


is called set of Real numbers R= QuUQ. It has following 
properties. 


Properties of real numbers 


(1) Square of real numbers is always non-negative. 
IfxeR > x’ >0 


Between any two real numbers there are infinitely 
many real number. 


Magnitude of real number x, denoted as |x| and 
defined as the quantity of x 1.e. 


x if x>0 
ixjavx2=40 if x=0 
—x if x<0 


(iv) They are represented on a straight line called as real 
number line in order of their magnitude. Such that 
distance of the number of x from zero is equal to mag- 


nitude of x (|x). 


Real Number 


—3 5-2 3-110 
5) 5 Line 


1ot 
2 2 
[x| 
Every point on this line represent some real numbers. 


FIGURE 1.45 


(v) Real number line is infinitely dense and continuous line. 
1.e., between any two numbers (how so ever closed they 
are) there lie infinitely many real numbers. 

(v1) From the above figure one can observe that every 
real number corresponds to unique point on real 
number line and each point on the real number line 
uniquely corresponds to a real number that 1s why we 
say that there exist a one to one correspondence be- 
tween set of points on real number line and set of real 
numbers (IR). 


Concept of interval: As the set of all real numbers lying 
between two unequal real numbers a and b can never be 
expressed in roster form therefore these are expressed in set 
builder form using the concept of intervals. 


For instance, any real number ‘a’ divides the the real 
number line in two infinite subsets geometrically represent- 
ed by two rays. 


<)]0] > 
(=) a (a, °) 


FIGURE 1.46 


To represent the set {x : x 2a, x € R} that 1s read as 
"set of all real numbers greater than or equal to a" we use 
notation x € [a, «) and to represent set {x-x<a,xe R} 
describing "set of all real numbers less than a" we use the 
interval notation (—c0, a). 

Notice the fact that the square bracket (also known 
as closed bracket) at a in the interval [a, ©) indicates that 
the real number a is included in the set, whereas small 
bracket (also called as open bracket or parenthesise) in the 
interval (—oo, a) shows that a and —oo are not induced in 
the set. 

Since infinity 1s not a number, it is merely a concept, so 
it is not included in any set of number therefore —oo and © is 
always associated with open bracket while representing in 
the interval notation. 

Similarly, the set of all numbers between a and 6 can be 
represented in following ways and geometrically described 
by a line segment obtained by truncating the real number 
line and classified as below. 


Open interval: Denoted as (a, b) x € (a, b) = {x: a<x< 
b,x € R}1.e., end points are not included. 


—————<<<<$— a << oe 


a Open b 
interval 
FIGURE 1.47 


Closed interval [a, b]: x ¢«€ [a, b] = {x:a <x<b, 
xé R } the end points are included. 


R 
q Closed 


interval 


FIGURE 1.48 


Semi-open interval: x € (a, b] > a<x< b and 


xeéflasb)> axx<b 


. R 
q semi-closed 


interval 
FIGURE 1.49 
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ILLUSTRATION 102: Express the following intervals in terms of inequality and graphically represent them on real 


SOLUTION: 


number line. 


(i) (-2, 3) (ii) [3,00) 
(iii) (00, V2) (iv) [-5, 1] 
(v) [-6, 2) (vi) (-3, 4] 


(i) (2,3) ={x:2<x<3,xe R} 


FIGURE 1.50 


(11) [3,0)={x:3<x<o,xe R} 


FIGURE 1.51 


(iii) (-0o, -V2) ={x : 0 <x<V2,xe R} 


—/2 
8 7 6-5 4 32-10 1 2 


FIGURE 1.52 
(iv) [-5, 1] ={x:-5<x<l,xe R} 


8 76-5 4-32-1012 34 
FIGURE 1.53 
(vi) [-6, 2) ={x:6<x<2,xe R} 


©) 


—_____@—_@_@ _@ @ @ @ oe eo eo e- > R 
“9 <7 <6 6-423 2-1 0 


FIGURE 1.54 
(vii) (-3, 4] = {x:3<x<4,xe R} 


FIGURE 1.55 
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Intersection and union of two or more intervals: To If intersection of two or more intervals has no element 
find the union/intersection of two or more intervals, locate | then resulting set is written as 9. 
each interval over the same real number line and for in- If intersection of two or more interval contains finite 


tersection take the interval, which is common to both. For | number of element e.g., 1, 3, 5 (say) then result 1s written 
union of intervals, locate the interval which includes all the | as £1, 3, 5}. 
members of all the intervals considered. 


ILLUSTRATION 103: Express each set in interval notation: 
(i) (-,3)[-2, 00) Gi) (4,1](-3,4) Git) 5] 90.) 
(iv) [0,3)U[2,6) (v) [2,00)U (4,00) (vi) [-1,1)U[2,5] 


SOLUTION: (1) To find (—00,3) nN [-2,00) , we plot both the interval on the number line as shown 1n the figure 


and then consider the interval on the number line which is common to both. 
The resulting interval 1s begins at —2 and extends up to 3 but not including 3. 


Therefore (—20,3)n [-2, 00) =[-2,3) which is shown as shaded portion. 


8 -7 6 -5 4 -3 2 -1 0 12 3 4 


FIGURE 1.56 


(ii) To find (-4,1]7(-3,4), we plot both the intervals on the number line as shown in the 
figure and then consider the interval on the number line which 1s common to both. 
The resulting interval begins at —3 and at 1 including 1 and excluding -3. 
Therefore (—4,1]-(—3,4)=(-3,1] shown as shaded portion. 


8 -7 6 -5 4 3 2-1 0 1 2 3 4 


FIGURE 1.57 
(111) To find (0, 5] ‘a (1,00) , we plot both the intervals on the number line as shown in the figure 
and then consider the interval on the number line which 1s common to both. 
The resulting interval begins at 1 and ends at 5 excluding 1 but including 5. 


Therefore (0,5]-(1,0)=(1,5] which is shown as shaded portion. 


FIGURE 1.58 


(iv) To find [0,3) U [2,6) , we plot both the intervals on the number line and mark the interval 


on the number line that unites both the intervals as shown in the figure. 


The numbers belonging to either or both the intervals are given as the real numbers 
from 0 to 6 including O and excluding 6. 


TEXTUAL EXERCISE-15 (SUBJECTIVE) 


1. Write the intervals of real values of x which satisfies 


following: 

(a) x>4 (b) x<-2 
(c) -2<x<5 (d) x>3 

(e) x>-5 (ff) -7<x<2 
(g) -3<x<6 th) -l<x<4 


. Express each interval in terms of an inequality and 
graph the interval on a number line: 


(1) (-3, 3] (ii) [6, 12) 
(iii) [0, 5] aw) (5. 


Answer Keys 


1. (a) (4, ~) 
2. @) 3<x<3 (1) 6<x<12 
3. (1) {x : x ER and x > 3}; (3, «) 
(iv) {x : xER; 3 <x <7}; G3, 7] 


(iii) O<x <5 


(b) (0, -2) (¢) 2,5) @ [3,%) (©) [-5,%) @ [-7, 2) 
(iv) 1/2<x<o 
(i) {x : xeR and x < 0}; (-, 0] 
(v) {x:xeR 4 <x < 9}; [4, 9] 
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(v) [—-1, 20) 
(vi) (—00,4] 


3. Express each English phrase in both set-builder and 


interval notations (in all cases x is real): 
(1) x 1s greater than 3. 
(11) x 1s less than or equal to 0 
(111) x lies between —2 and 5, excluding both 
(iv) x lie between 3 and 7, excluding 3 and including 7. 
(v) xis at least 4 and at most 9. 
(v1) xis at most 7. 


(g) 3,6] () Fl, 4] 

(v)-l<x<o (v1) ~o<x<4 
(ui) {x :xelR and —2 <x < 5}; (-2, 5) 
(vi) {x :xeER; x <7}; (—~, 7] 
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m@ FUNDAMENTALS OF INEQUALITY 


Concept of inequality find its origin in the property of order 
of real numbers. 


(1) An inequation is a statement involving a sign of 
inequality. The signs of inequality are given as: <, >, < 
>, <, +,#. Iftwo algebraic expressions are connected by 
any one of these symbols, then the statement represents 
an inequation. 

An inequation can have one or more variables e.g., ax 
+b>0,ax+byt+c>0. 

The values of the unknown for which an inequation 
holds good are called the solutions of the inequation. 


(11) 
(iii) 


Classification of inequalities 

Inequalities are of four types: 
Ifa—b>0 => a> b (read a greater than 5) 
Ifa—b=0 => a2=b (read a greater than or equal to b) 
Ifa-—b<0O => a<b (read ais less than b) 
Ifa—b<0 => asx b (read a less than or equal to b) 


Basic laws of inequality 


R(1): Adding same real number to both sides does not al- 
ter the nature of inequality. 
a>b => at+tx>b+x VYxeR 
a<b => atx<b+x VxeER 


R(2): Transitive property: a>band b>c > a>c 


R(3): Multiplying by a real number k to both sides of in- 


equality has the following effect on the nature of inequality. 


ak >bk if k>0 
ak =bk if k=0 
ak<bk if k<0 


a>b => 


e Ifx<y<0O = |x|>\y| (Larger the number, smaller the 
magnitude) 

e Ifx>y>0 = |x|>|y| (Larger the number, larger the 
magnitude) 
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ILLUSTRATION 105: If given two inequality x +1>3>%5-—2x andx+1>5-— 2x. Solve them separately for 
x and mention what conclusion you can draw regarding transition property of inequality. 


SOLUTION: Considering first two inequality 
x+1>3 and 3>5-2x 
=> x>2 and x>1 


> xe(1,%7)N(2, 0) 


FIGURE 1.62 


=> xeE(2,0) 
Now solving the third, we observe that 


x+1>5-2x => 3x>4 
4 | E 
> x>-— le. XE&|—,% 
2 3 
4 
Clearly, x € (2, 0) > re (0. 


but re( 5.00) 7 xe(2,0) 


Therefore we conclude thatifa>bandb>c > a>c 


But the converse is not true. 


R(4): Law of addition: For any set of real numbers a, b, R(5): Law of multiplication: For any set of positive real 
such that k € £1, 2,3, ..., n}. numbers a,, b, such that k € {1, 2, 3, ..., n}. 
Ifa,>b, and a,>b,... and a,>b, Ifa,>b,>Oand a,>b>0...... anda _>b >0 


=> (a, ta,+a,+ sn is hia) eee Dr i. ane) > (Oe re 338 he A) De Die Dorn 5s Ds) 
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R(6): Law of square: If aand b are two real numbers, the | Case/: Ifa and b non-negative, sincea<x<b 


inequality between them and their squares is given by: > gregiey > x €[a?,b?] 
2 2: 
a’ >b' iff |a|>|5| Case ll: If a and b non-positive, since a < x < b, by squar- 
a>oS a =b if \al=\d| ing, inquality will get reversed > a* >x* >b* 
a’ <b° iff |a|<|d| > b’<x’<a’ => xe[b’,a’] 
which can be explained in a more specific way as below: Case Ill: Ifa<0O and b> 0, as law of inequality is differ- 
ent for negative and positive values of x. Hence separating 
2 2 ° ° 
a’ >b° ifbotha and dD are non-negative there intervals, we get: 
a’ = B If |a| = |6| as<x<b > as<x<0or 0<x<b 


a’< b’ Ifaandb are both non-positive oo as 
>a >x° 20 or 0O<x <b 


and if a and b have opposite sign and a>b => x’ €[0, a7]JU[0, b7] 
1.e., a> 0 and b <0 then the original rule shall be applied. : ; 

x" €[0,a°] if |a|>|d| 
Note: The law can be extended to any even natural : ae 

x €[0,5°] if |b| >a 


power (2n). 


2 2 2 
R(7) Law of square root: If a and b both are non-negative = x €[0, max(a’,b°)] 


anda>b => Ja>-b this can be generalized for any | R(8): Law of cube/cube root: 
even rootie, a>b > Wa> 2b > &@>banda?>b'?VabeR 


This law can be extended for any odd natural power (2n 


Conclusion: If x is a variable such that a < x < b then i and add roel Vee 


to find range of variation of x? we observe the following 


cases. a>boaei™>b™andd@™ > hb’ VabeR 


ILLUSTRATION 109: 
SOLUTION: 


ILLUSTRATION 110: 


SOLUTION: 


Foundation Mathematics < _ 1.83 


(11) given x € (—3, —1). 


=> -3<x<-]l (by squaring both side inequality will get reversed) 
> 9>x>1 

> 1<x<9 => x’ e€ (1, 9) 

(111) given x € (—3, 4] 

> -3<x<4 (breaking the interval at x = 0, thus forming two inequalities) 
> -3<x<0 or O<x<4 

=> 9>x'>0 or 0<x’< 16 

=> x’ e [0, 9) vu [0, 16] 


R 
8 -4 O 4 89 12 16 20 
FIGURE 1.63 

=> x’e [0, 16] 
(iv) given x € [-5, 2) 
=> -S5<x<2 (breaking the interval at x = 0, thus forming two inequalities) 
> -5<x<0 or 0<x<2 
=> 25>x°>0 or 0<x’?<4 
=> x’ e [0, 25] u [0, 4) => x’ e [0, 25]. 
Given x € (2, 2] find the range of the expression y = 3/733 +8 
x € (-2, 2] 
> 2<x<2 > 8>x2>8 
=> -56 > 7x > 56 (adding 8 to all) 
=> -48 >7x°+8> 64 (taking cube root) 
> Y-48 < V7x° +8 < 164 
> 296 <¥7x°+8<4 
=> ye(-2%/6,4| 


2 
Given x € (—2, 5] find the range of the expression y = ' 8 oe 


Z 
x 
= s—= 
- 4 
] 
y= 5 v32 — x? 
Now, since x € [-2, 5]. 
> —2<x <5 
xe | 0, max {4,25} | 
O <x? < 25 (multiplying by —1) 
0 >-x? > -25 (adding 32 and taking square root) 


32 >32-x7>7 —> V7< 39-2 < 4/2 
=> ye) 7a | 


2. 


YUd 
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R(9) Law of reciprocal: Analysing the properties of 
numbers and their reciprocal, one can conclude easily that 
as the numbers get larger their reciprocal becomes smaller 


1 1 | 
for instance, 4 > 3 therefore —>— or—2>-3 => Z <— 

4 3 2 3 
but such conclusion leads to wrong answer if numbers have 


opposite sign. E.g., -3 <—2 but - < -5 


Given two real number a and b such that a> b 


2 <> iff a and b have same sign 
a 


s > ; iff a and b of opposite sign 
a 


Also it is noticeable that as a number x gets closer 
to zero but remains less than zero (called as x > O from 
left hand side) the reciprocal of x tends to becomes very 
large in magnitude but negative in sign so we denote it by 


| 
—-— »-o but when a number x gets closer to zero but re- 
x 


mains greater than zero (called as x — 0 from right hand 
side) the reciprocal of x tends to becomes very large in 
magnitude and remains positive in sign so we denote it 


| 
by — 0 
x 


Keeping the above facts in mind, the following laws 
can be concluded: 


Conclusion: 


Casel: Given x é€ [a, b]: aand 5b of same sign 


Proof: 
Case Il: If x € [a, b] where a < O and b > O then, 
leat") 

—€] —O,— | U| —,0 

x a b 


Proof: Breaking the interval at x = O, because recip- 
rocal of zero is not defined, we get; xe€[a,0)U(0,5] 


> a<sx<0 or 0<x<b 


] 
>-o or ries 


(=a) 
=> —eE| -0,—]U] —,0 
x a b 


ILLUSTRATION 112: 


SOLUTION: 


(iv) given x e€ [-2, 3) 
> 2<x<0 


=> -1/2 > 1/x > -20 


=> -o<Il/x<-l1/2 


2x” —4 

(a) y= 
4 | 

(b) = x’ +2 

x’ -1 

2 
(a) Consider y= 2x -4 
x +1 
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(breaking interval at zero) 


or 0<x<3 


where x € [-3, 3] 


where x € [-4, 5] 


where x € [-3, 3] 


rearranging the expression on right hand side 


_ 2x°+2-6 
x? +1 
-* —3<x<3 


=> ler+]1<10 


—6 —6 
=> .—_> >—6 
10. x’ +1 
> -4<2- ae 
x+1 5 


2 
(b) Consider y= x +2 
x7? -] 


where x € [-4, 5] 


rearranging the expression on right hand side 


x’? -1+3 
yy 

- -4<x<5 

=> -1<-1<24 


=> -l<x-1<0 


1 
= -l> - > —00 
x -l 


<-3 


= -oO< 
x = 1 


=> ye(-~,-2]U 2 | 


=> y=l+ 
- a 


=> 0<x?<25 
(breaking interval at zero) 


or 0<x’*-1<24 


Or a> Sant 
x’>-1 24 
3 
or —< 5 < 00 
8 x -l 


(Now taking reciprocal) 


(Multiplying by 3) 


(Adding | to all) 
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NOTES 


1. If0<a<1andre R* (set of positive realnumbers), then0O <a'< a". 


2. Again ifaand 6 are any two positive numbers and a>bthena'>b'ifr>Oanda'<b'ifr<0 


TEXTUAL EXERCISE-16 (SUBJECTIVE) 


1. (a) Solve 30x < 200 when (b) Find the limit in which y lies and express the 


(i) x 1s a natural number 
(11) X 1s an integer. 

(b) Solve 5x — 3 < 3x + 1 when 
(1) X 1s an integer. 
(1) x 1S a real number. 


. Solve the following linear inequations and express the 
result in the form of intervals. 


(a) 3x-7>x+]1 (b) -(x-3)+4<5-2x 
(c) 3x-8<xt+4 (d) 2x+7>5-2x 


5-27.20 e302. 5X3 
oe le ey ae 
. Find the limits in which y lies if ... 

(a) 1<x<9,y=-x 

(b) -9<x<5,y=-—~ 

(c) -9<x<-6,y=-x/3 

(d) -9<x<5, y=-—- 3x. 


. Find the range of x? for the following cases: 


@) 2<x<5 (11) Leger 
a 2 3 
(111) ahZ Ze (iv) -2<x<3 
Z 2 
(v) -3<x<2 (vi) 4<x<4 
. Find the range of values of the reciprocal of x when; 
(a) x € [1,5] (b) x € [2, 7] 
(c) x € [0, o] (d) x € [0, 3] 
(e) x € [-5,-1] (f) x € [2, 4] 
(g) x € [-3, 5] 


(a) Solve the following basic rational inequality: 
a) —8x+3(@-2)>-x+2 
(i) 3x +2<x-4 
(ii) 2x +5 >3-2x 
(iv) 2x+5>x+4>x- 1 
(v) 3x >6x+9 
(vi) —3x+6<12x-9 


result in interval form. 
a) y=-x,1<x <6 
Gi) y=—-,-1lsxs5 
(ll) y=—-x5;-S<x<-2 
(iv) y=x?3;-2<x <5 
(Vv) py=x?,-5<x<-]l 


(vi) Y=-; —28x<1l 


(ix) y=x°; -3<x<-5 


] 
(X) Y=sa5—-S x83 
5 
1 1 ] 
M1) = SSS 
(x1) y er F 
(X11) y= ; -I<x<l 
4 ae oe "3 


7. Solve the following polynomials for x. 


(a) x7-3x+2<0 
(c) x (x-3) <0 


(b) x*7-5x+42>0 
(d) x (x-1)(x-2)>0 


x ] ] 
e >— —<] 
(e) aS (f) 
x-5 5x 
<0 h <0 
) — i) 
] 
GQ) x<3- — 
x-1 


. Solve the system of inequalities: 


2x+3<3x-4 
3x-2>x+2 
(a) 


x+8>3x4+1 
5x-1<4x+6 


(b) x-—1<11-3x and x*-4x <0 
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9. Find the greatest negative integral value of x which | 14. Find the limits in which y lies if 
satisfy the system of equation 2g os and Oa 
8 4 2 (b) 6<x<6,y= 1l/e 
x-2 (4-2) (c) 2<x<-l,y=Ik 
8 7 (d) 2<x<2,y=I1/e 
10. Solve the following inequalities for x. 15. Find the range of variation y for the following cases. 
3_ 6x < 
oe em eks ee ee eT 
(b) x*+x2>-x-1>0 3x-2 
(c) (x? — Sx + 6)(x? — 3x + 4) <0 (b) y= 2S if -1<x<3 
O ow 
11. Find the largest integer satisfying. (« + 3) («« - 37 1 |. 
Ge - 5) (@- 4)! (w-6) <0 ye pag oe 
12. Find the limits in which y lies if ... (dd) y= ze e if -1<x<3 
(a) 9<x<-S,y=x x +1 
(b) 3<x<5,y=x 16. Find all pairs of consecutive odd positive integers 
(c) 9<x<5,y=x both of which are smaller than 10 such that their sum 
(d) 4<x <9, y=x is more than 11. 
(ec) 9<x<5,y=vk. 17. Find all pairs of consecutive even positive integers, 
(f) 9<x?<25,y=x both of which are larger than 5 such that their sum less 
than 23. 
13. Find the limits in which y lies 1f ... 18. The longest side of a triangle is 3 times the shortest 
(a) -9<x<5,y=x side and the third side is 2 cm shorter than the longest 
(b) 27 <x’ < 125, y=x side, If the perimeter of the triangle is at least 61 cm, 
(c) 32 <x <243,y=x find the minimum length of the shortest side. 
Answer Keys 
1. (a) (4) 6 solution (11) infinitely many solution (b) (4) x € [-, .... 1,0,1] (11) xE(—~<o, 2) 
2. (a) xe(4,0) = (b) xE(-~, -2) — (C) xE(-, 6) = (d) xe 5. | (ce) xe[8,0) f) xe [= 
3. (a) ye(-9, 1) (6) ye5,9) ©) ye(2,3) = @) ye C5, 27) 
4. i) [4,25] i) (1/4, 25/9] Gi) (0, 9/4) Gv) (0,9) (wv) 0,9) (i) [0, 16] 
S. (a) (1/5, 1] (&) [1/7. 1/2) ©) ©.%) @) 13,0) ©) EL-5] © Fe 
(g) (-0,-1/3]U[1/5,0) 
6. (a) (1) xe (—0,-2) (1) xE(-co,-3) (al) xe 5) (iv) xe(-l,o) (Vv) xE(-~,-3) (vi) XE (1,00) 


(b) Gye(-6,-]1l) @) ye[-5,]] Gu) ye[2,5] Gv) ye[0,25) () yefl,25) 


—] —] 1 
(vi) ye }ude) (vii) ye| 1] (viii) ye(8,27) (ix) yef[-125,-27] (x) vera 


11 
(xi) y € [25, 0) (xii) yeas 
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~l 


~(a) xe(1,2) (b) x€(-c,1]U[4,0) 


(c) x E[0,3] 


(d) xE€(0,1I)UQ,0) (e) (-0,-5)U (5,0) 


(f) xe(-~,0)U[1,0) (g) xe[5,9) rel 0,2] (i) x €(—00,1)U {2} 


8. (a) > (b) (0,3) 9-9 
12. (a) ye(25, 81) (b) ye(9, 25) 
(f) xe(-5, -3) U GB, 5) 


13. (a) ye[-729, 125] 


(c) ye[0, 81) 


(b) ye@, 5) 


1 1 9) | 
15. (a) (-w,-2 Jul Foo) (b) (-2,=) (c) 


16. (5, 7) and (7, 9) 
18. 9 cm 


17. (6, 8), (8, 10), (10, 12) 


‘POLYNOMIALS 


An algebraic expression involving one or more variable 
that contains two mathematical operations, multiplication 
and raising to a natural exponent (power) with respect to 
the variable//variables involved is called mononomial. e.g., 


2 lactase: ; 
ax, bx’, 3xy, ao yz etc. An expression 1s termed as multi- 


nomial if it involves many such mononomials seperated by 
+ sign. And each such mononomial 1s called a 'term' of the 
multinomial 

E.g., ac + bx’yz + exy’z? + dy’ + 2°, ax’ + bxy + cy’ etc. are 
polynomial with respect to variable x, y, z. 

And if a multinomial contains only one variable 
(say x) then it is called a polynomial in that variable x and it 
is denoted by P(x). 

An algebraic expression of type P(x) = a,+ a,x + a,x’ 
+ a,x°+ ...ta x" is called ordered polynomial in variable x 
provided powers of x are whole numbers. 


e x°-—4x +6;x?-x+ 1 are quadratic polynomial. 
e ae +ax?>+cx+d iscubic polynomial 
e x6+x°+x?+x+ 1 1s bi-quadratic polynomial. 


e 2x3 + 3x?- Vx + | is not a polynomial. 


Coefficient 


The numerical values multiplied to variable in each term are 
called coefficient e.g. a), a,, @,, a,, ....a,, are coefficients of 
polynomial. 


10. (a) (0, —J6]U[0, V6] 


(c) yeQ, 3) 


(b) (—e9,-1) (1) 
(d) xe(-3, -2) vu (2, 3) 


(c) (2, 3) 
(©) Vx €[0,5) 


ll. {4} 


Value of polynomial expressions 


In the polynomial expression y = f(x), x is independent vari- 
able (input) yis called dependent variable (output). 
Corresponding to each input for variable x the equation 
generates exactly one output as variable y. 
E.g., Given f(x) = x? - 4x + 3 


Input (x) Output (y) Sign of polynomial 


Root of polynomial 


Roots are the value of the variable x for which the poly- 
nomial expression vanishes. e.g., x = | and x = 3 are roots 
of quadratic polynomial x? — 4x + 3. 

Study of polynomial means study of roots, sign, maxi- 
mum/minmum value and graph of polynomial. 


Leading term and leading coefficient 


The term containing highest power of variable x is called 
leading term and its coefficient is called leading coefficient. 

(because it governs the value of f(x) when the input x is 
very very large (1.e., x — 0) 


e.g. in the polynomial fix) = a,+ a,x + a,x? + a,x°+ ... 
ax” ax" 1s leading term and a, 1s the leading coefficient. 


a, a a a 
f(x) =x"| 24+ — 4+ tt +a, 
x" x x x 
>o a>d0 


We clearly observe that sign of polynomial expression 
at x —>oo 1s same as that of its leading coefficient. 


Degree of polynomial 


Highest power of x in the polynomial expression is called 
degree of polynomial 1.e., (power of x in leading term). 


2 quasinatie, 

aeae+1 [3 (ebiey | 3 
| att | diner) | 2 
| 6x? | OConstant) | 


aoe 
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Two polynomials, which are integral with respect to x, 
are identical if and only if their degrees are equal and the 
coefficients in like powers of x are also equal. 

If a polynomial is equated with the product of other 
polynomials of lower degrees then equation obtained is 
called identity transformation of a polynomial. It is also 
known as factorization of a polynomial. 


E.g., A quadratic polynomial x? — 7x + 12 
7— 4x —3x+ 12 

= x(x -4)-3(-4) 

= (x — 4) «- 3) 


*_ 7x + 12=(x«-4) (x - 3) 1s called factorization or 
identity transformation of polynomial. 


Multivariate Polynomials: 


A polynomial in more than one variable is called multi- 
variate polynomial. e.g., p(x, y) = x3y2 + 7x2y3 —- 3x5. p 
is a bivariate polynomial of degree 5. Similarly a trivariate 
polynomial is a polynomial in three variables. 


ILLUSTRATION 113: Factorize the following polynomial consisting of vanishes x, y, z. f(x, y, z) =x°y + x7*y? + x*z + 


xyz, — y*x — xzy — y* — zy’. 


SOLUTION: Rearranging the expression and grouping we get 


Be Ze? oP eye ee PZ 


=(¥ $2) Q? txy = 
=(¥ FZ) =P) ry) 


=y'x = yen =f = y'7= OY +2) 4+ +2) yey +) +z) 
Re =) yn) be = ee ey 2) ee a) ie = 9) 


m@ POLYNOMIAL EQUATION 


e When a polynomial expression is equated to zero then 
it generates corresponding equation. Roots of polyno- 
mial expression are the solutions of its corresponding 


equation. 
e Study of equation is study of the roots of polynomial. 
e.g. x? - 6x + 8 = 0 1s a quadratic equation. 


e A polynomial equation of n™ degree has exactly n roots 
not necessarily all real. (Because it can be factorized in 
to exactly n linear factors) 

© OT OX TON Ta Ox! = (px gp g,) « 
(p,x + 4,) 

ex? +3x+2=(«+1)@4+2) 

0 x2+9= x? — (9) = (x — 3V-1) (x + 3V-1) = (&x — 31) 
(x — 32) 


e To solve an equation/inequality means to find set of 
all values of variable for which the said equation/in- 
equality holds good for instance; x = 3, 2 are roots of 
equation x? — 5x + 6 = 0 since x = 2 and 3 both satisfy 
the above equation; 

(2) — 5(2) + 6 = 0 and 37 — 5(3) +6 = 0. 

e While solving an equation many a times it is trans- 
formed to another equation (which has roots same as 
of original equation) called as equivalent equation 


e.g., oe 0 > fix) =0 and g(x) #0 
e Two equations or inequalities are said to be equivalent 
iff they possess same set of solutions for instance, x? — 
1 =0 and & — 1) (« + 1) =O are equivalent equations. 
e Solution of an equation/inequality depends upon the 
set of numbers over which it is considered/given. Let 
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us consider an example, x* — x — 4 = 0 has no root in 
the set of rational numbers ( Q ) where as over the set 
of real number the same equation has two real roots 


given as x =/5+1 and /5-1. 


If an equation is true for all values of variable for which it is 
defined then it is called identity. e.g. 


(x+2)? -x*-4x-4=0 VxeER 


x°-3x+2  (x-1)(x-2) 
x+1 x+1 
Rational identity 
Conclusion: 


e ax’ + bx? + cx +d=0 1s identity 
=> a=b=c=d=0 


e It has more number of roots than its degree. 


Theorem: When sum of coefficients of polynomial van- 
ishes then unity becomes a root of polynomial. 


PRR GMa 9+ GE, PO ce wx + ai" + G8 + a, 
Se ha ie Ae ie tee ee: ee 
= fll)=0 


& a=1isroot of the polynomial f(a) = 0 


Theorem: If the difference of sum of coefficients of even 
power of x to that of odd power terms of x vanishes then 
x =—] turns out to be a root of polynomuial. 


Clg PE Psi) = EP hg PT cco OD 


BE = vse = () 

= 4a, (-1)°+ a(-l)! + a{—ly ih af—Ly < a,(—1)* aT ae 
a(—l p= 

= f-l)=0 


& x=-1 1s a root of polynomial 


‘RATIONAL FUNCTION AND RATIONAL 
‘EQUATION 


An expression of the form 


AG) where f(x) and g(x) are 
(x) 


two polynomials in x is known as rational function of x and 


when equated to zero. 1.e., PAC) —() generate a rational 


(x) 
equation, where g(x) # 0. : 
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x? -4 Z 2x-1 2 
rue ts ame as 
The solution of ©) — ¢ are the roots of the equation 
g(x) 
fix) = 0 for which g(x) # O therefore the equation 


Bato ee => fx) = 0 but g(x) 40. 


g(x) 
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ILLUSTRATION 118: 


SOLUTION: 


ILLUSTRATION 119: 


SOLUTION: 


=> x(x — 2) « + 2) =0 but x # —-1, —2, since denominator cannot be zero. 


= x=0; 2 are two real solutions 

Remember that eis =0 and x° — 4x = 0 are not equivalent equations. 
x°+3x+2 
2x°+3x7+5x+4 _ 

x -1 7 

2x3 + 3x2 + 5x+4=0 but x #1 
x =—] 1s root of above cubic polynomial. So rearranging and grouping to get x + 1 factored out 
2° + 2x7? +x? +x+4x+4=0 
2x? (x + 1)+x(x+1)+ 4(x + 1)=0 
(x+1) (Qx?+x+4) =0 


x =—1 1s the only root as 2x? + x + 4 = 0 has no real roots but atx =-1 ; x*= 


(b) Given equation 0 


YUUY 


so denominator of rational expression vanishes hence above rational equation has no real root. 


Find the integer roots of the equation 
(a) Pe +x?+x-84=0 (b) (x — a) (x — 4) =5 where ais an integer. 
(a) Consider the equation x* + x? + x -84=0 
ere tet 1 = 85 
= x*+1 is positive so x + 1 must be positive odd integer 
and x? + 1 shall be larger than x + 1. 
= possible factors are x + 1 = 1 and x? + 1 = 85 which is not possible 
or x+1=5andx’?+1=17 that gives x = 4 as root 
=> x= 41s only solution. 
(b) Since xe Z and ais also integer 
=> (x -a) and (x — 4) both are integers so possible factors are 
=> x-a=1andx-4=5 
or x—a=-] andx-4=-5 or x-a=Sandx-4=1 
or x-—a=-S5andx-4=-1 
x=9 and 9-a=1 ie. a=8 
x=-1 and -1l-a=-1 tie. a=0 
x=5 and 5-a=5 ie. a=0 
x=3 and 3-a=-5 te. a=8 
therefore a = 0, x = —1 and 5 are roots and for a = 8, x = 9 and 3 are roots. 
If the polynomial f(x) = x? + px? + gx +r has x =—1, 2 as its roots, then find the possible values 
of p, g, r given that p= 1+gq. 
Given x = —1, 2 are roots of the given polynomial f(x) = x° + px? + qx +r 
Therefore, {K—1) = 0 and f2) = 0 so we get, p—qt+r=1 (1) 
Since given that p—g = 1 
therefore r = 0; Now from f(2) = 0 we get 8+ 4p + 2g =0 
=> 2p+q=-4 and solving with p—q=1 
we get p =—1 and g = -2. 
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TEXTUAL EXERCISE-17 (SUBJECTIVE) 


1. Solve the following equations for all a. 


3. Solve the following rational equations for x. 


(a) (a—-4)x+5=a+l (a) BETO 

(b) 2a(a—5)x=a-—5 — _ 

(c) axt+2x-6=2a-x (b) aa ee 

(d) axt+2x+3=5-x ee 2x-3 |, 6x-x7-6 
x-] x-1 


2. Solve the following rational equations for x. 


1 2 


. Find all natural number solutions of the equations. 


a) —t+ =] ‘ ; 
(a) ca (Also find integral solution) 
, (a) x - y= 7 
ee (b) x2 -y?=21 
x°+3x+2 . , 
. Let a quadratic polynomial P(x) = px? + gx + r, where p, 
(c) x +3442 _ q, reR. It is given that P(5) = —3P(2) and that 3 is a root 
x’ +4x4+3 of polynomial P(x), then find the other root of P(x) = 0. 
Answer Keys 
] 
1. (a) fora=4;,xeER; fora#4;x= 1 (b) for a = 5; xER; for a # 0, ae ; for a = 0, No solution. 
(c) xER fora =-3;x =2 fora#-3 (d) No solution for a— 3; x= — for a #-3 
a 
~3+ 
2. (a) (2+ V6 ) (b) 2 (c) 2 3. (a) -3 (b) 3433 (c) 2 


4. (a)x=t4yHast3 (b) x Hb, y HZ; x=41l,y=+10 
5. if p # 0 then x = 3, —-4 are roots and if p = 0 then equation and identity and has infinitely many roots. 


(e) If right most region the expression bears positive sign, 


m@ RATIONAL ALGEBRAIC INEQUALITIES 


Consider the following types of rational algebraic inequali- 
RO) g PO) 2g FOG FO) 
Ox) OX) Ox) Q(X) 
and Q(x) are polynomials in x. 

These inequalities can be solved by the method of 1n- 
tervals also known as sign method. 

To solve these inequalities, proceed according to 
following steps: 


ties. 


<Q where P(x) 


(a) Factorize P(x) and Q (x) into linear factors. 
(b) Make coefficient of x positive in all factors. 


(c) Equate all the factors to zero and find corresponding 
values of x. 
These values are known as CYitical points. 


(d) Plot the critical points on number line. 7 critical points 
will divide the number line in (7 + 1) regions. 


then and in other regions the expression bears negative 
and positive signs alternatively. 


If P(x) and Q(x) can be resolved 1n linear factors then 
use wavy curve method otherwise use the following 
statements for solving inequalities of this kind: 


P(x) 
O(x) 
=> P(x)>0,QO(x) > 0 
or P(x) <0,O(x) <0 


(1) > 0 => P(x).O(x) > 0 


(11) = <0 = P(x).O(x) <0 
= P(x)>0, O(x) < 0 or P(x) < 0,O(x) > 0 
(ity PO sq . ” (YO(x) 20 
Q(x) O(x) #0 
= P(x)20, O(x)>0 or P(x) <0, O(x) < 0 


1.94 > Fundamentals of Mathematics—Algebra | 


(iv) P(x) <0 = “* <0 
O(x) O(x) #0 
= P(x) 2 0, O(x) < Vor P(x) ¥ 0, O(x) > 0 


m@ SOLVING RATIONAL INEQUALITY 


While solving rational inequality, following four facts 
must always be kept in mind. 


JM) >0 = f(x) and g(x) have same sign. 
g(x) 

=> f(x).g(x)>0 

Je) <Q = fx) and g(x) of opposite sign 


g(x) 


=> f(x).g(x) <0 


AC) 20 => f(x) and g(x) have same sign or f(x) = 0 


g(x) 
I (x).g(x) > 0 
=> 


or 
S(x)=0 & g(x) #0 


LO <9 
g(x) 


F(x).8(%) <0 
= 


=> f(x) and g(x) of opposite sign or f(x) = 0 


or 
(x)= 0 & B(x) #0 


We can see that the above mentioned exhaustive approach 
becomes very inconvenient and lengthy if the polynomial 
expression has more than two linear factors. Therefore to 
solve such rational inequalities the following algorithm is 
proposed, popularly known as wavy curve method. 


As we know that any polynomial expression can change the 
sign of its expression only at its roots (the inputs at which 
polynomial expression vanishes). The sign of polynomial 
expression remains uniform (throughout positive or through- 
out negative) between any two consecutive roots. Above said 
facts lead to the conclusion that if roots of a polynomial are 
arranged on a number line, they divide the real number line 
into intervals in which the polynomial retains uniform sign. 
These roots are called critical points and the intervals ob- 
tained are test intervals. 

To determine the test intervals and thus to find the sign 
of polynomial expression f(x) in these intervals, following 
algorithm is suggested. 


Step 1. Factorize the polynomial and find all the roots 
e.g., lx) = (e— 0)* (x — BY? @—8) (x )* say a< P< <8. 


Step 2. Locate the roots (with their multiplicity) on real 
number line. Multiplicity of root is nothing but the number 
of times the root is repeated in the expression. 


Step 3. Keep the sign expression in the right-most inter- 
val same as that of leading coefficient. 


(+) R 
6 sign of leading 
coefficient 


(04 
3 oP og? 


FIGURE 1.67 


Step 4. Moving towards left change the sign of expres- 
sion across the root with multiplicity odd. And retain the 
same sign across the root with multiplicity even. 
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FIGURE 1.68 


when x > 6 all the linear factors are positive therefore the 
sign of expression remains positive for all x € (6, 0) so we 
mark interval (6, 0) with positive sign. Now moving to- 
wards left across the point x = 6 the only linear factor x — 6 
changes its sign (rest of the factors retain their same sign) 
therefore if the multiplicity of root 6 be odd then expression 
contains odd power of factor x — 6, consequently changing 
the sign of expression from positive to negative across x = 
d. And thus f(x) becomes negative in the interval (y, 5) and 
similarly, the sign of f(x) changes from negative to positive 
across the critical point x = y as the factor (x — y) has odd 
power and changes its sign across x = y. Therefore f(x) re- 
mains positive in the interval (f, 7). 

Now at x = B, although the sign of linear factor (x — B) 
changes but as the power of (x — B) 1s even, that change pro- 
duces no change in the sign of expression of the polynomial 
fix). And hence f(x) remains positive in the interval (a, B). 
Similarly, the sign of fx) changes from positive to negative 
across x = a since a is a root with odd multiplicity. 


Conclusion from above discussion 
f()>0 > AUB.) 

Also f(x) 20 

=> (2, f)Y(B YUE, oO) La, B,7,0} 

=> €[a,y]U[o,«) 

Similarly f(x)<0 > (-w,a)U(7,6) & f(x)<90 

=> (—00,a) U (V,0)U {a, B, y,0} f(x) <0 

=> (—00, a] VU [v,0] VU {B} 
Aliter for Step 4. Choose a suitable value of x in each test 
interval and obtain the sign of the value of polynomial ex- 
pression for that x, the same sign shall prevail for each value 


of x in that test interval. Similarly, determine the sign of 
expression 1n each interval. 


ILLUSTRATION 122: Find the test intervals as well as sign of following quadratic expression 


(a) fx)=x+2x—8 (b) fx) x + 3x—4 (0c) fe) =x —3e 44 


SOLUTION: (a) Factorising the expression and obtaining root x? + 4x — 2x — 8 
=x(x+ 4)—2 (x +4) =(@+74) w— 2) 
Locating the roots 2 and —4 on real number line we get the test 
intervals as (—s0, —-4) (—4, 2) and (2, «) respectively. 


FIGURE 1.69 
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‘PROCEDURE FOR SOLVING 
RATIONAL INEQUALITIES 


To obtain the sign of rational expression f(x)/g(x) 1.e. to 


solve J) >0 or <0) follow the steps given below. 
g(x) 


Step 1: Write the inequality so that one side is 0. If neces- 
sary, combine terms on the other side into a single quotient. 


Step 2: Locate the critical points on the real number 
line and obtain the test intervals, the critical points are the 
numbers for which the fraction either becomes zero or turn 
out to be undefined. (1.e., the roots of numerator as well as 
the roots of denominator) 


Step 3: Choose the suitable value of the variable (say x) 
for each test interval and thus obtain the sign of expression 
in each test interval. 


Step 4: The solution set for am >0 is union of those 
g(x 


intervals in which the obtained sign is positive whereas 


; Xx . ; 
the solution set for ) <Q is union of those intervals in 


which the obtained sign 1s negative. 


LW) <0 or J@) >OQresolve the in- 
8 (x) g(x) 
equalities into a strict inequality and an equation and solve 


them separately and then take the union of both solutions. 


Step 5: To solve 
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ILLUSTRATION 124: Find the number of integer values of variable x satisfying the following pair of inequalities. 


(x -1)(x +4) 
x-3 


<0 & x’ +6x-27<0 


= 4 
SOLUTION: Consider both inequality eee <0 & x7 +6x-27<0 
x — 


both are equivalent to polynomial inequality 
=> (x—-1) (x +4) (x-3) <0 and (x + 9) *- 3) <0 


FIGURE 1.71 
ie. xeE(-0,-4)U(1,3) and xe[-9,3] 


-10 -9 -& -7 6 5 -4 -3 2-1 0 1 2 3 4 


FIGURE 1.72 


1.97 


Taking intersection of both we get the resulting set of solution as overlapping interval on the 


diagram 
=> xe[-9,-4)U(1,3) but since x is integer -. xe {—9,-8,—-7,-6,—5, 2} 
= number of integer solutions = 6. 


ILLUSTRATION 125: Solve the following inequality for x. 
(a) x3 +4x?+5x+2<0 (b) x*-x°+x?-x+120 


SOLUTION: (a) Sum of coefficients of even power terms is same as sum of coefficients of odd power terms 


So x = —1 1s one root. Now rearranging and grouping to get x + 1 factor 
ra ox oe 26+ 2-0 


> x«+1)+6x)@+1)+2@~4+1)<0 

=> (x+1)(?+3x+2)<0 => (x+1)@+1)@+2)<0 

=> («+1)?@~+2)<0 a oe FL 20 

> x+2<0 > x<-2 > xe (7,2) 
but x° + 4x? + 5x+2=0 => (x+1)?(x+2)=0 


=> x=-], —2 thus x € (-s, 2] u {1} 1s the solution. 
(b) e(x-1l)+xx-1)+120 
> (x-1)x+(@?+1)+120 


Clearly of x (x -—1)>0 1.¢., x € (—00,0] U [1,00) then inequality holds evidently as expression 


remains larger than 1 but ifn e (0, 1) 
x*<x3<x*<x<1 and 1—x> 0 therefore again regrouping the terms as below: 
x*+ (x? -—x9)4+ l—-x=xt+2x? (1 -—x) + l-x=x'*+ (1-x) ?4+1)>0 


Hence inequality holds good Vxe R- 
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m@ MAXIMUM/MINIMUM VALUE AND 
SIGN OF QUADRATIC EXPRESSION 


Consider a quadratic expression y = ax? + bx +c VxeER 
completing the square and isolating the perfect square 
expression from above, we get 


y =act+bhxt+e =a(s 42x45] mal x2 42( 242) 
a a 2a 


completing the square 


“+2{ 2 )e+(3) +£-(2] 

=a\| x° +2} —|x+| — |] +-—-| — 

2a 2a a \2a 
FS 


complete the square 


b\) (6? —4ac) bY D 
=a\| x+— | -——— = I) 
( 2) 4a’ ~~ a(x | 4a 


b . b 
Clearly, when x+—=cft ie. at x=-—+? the 
2a 2a 


value of expression remains equal, that is why the graph of 


bod ; b 
quadratic is symmetric about the line ¥ = “Ra 


Casel: Ifa>0 
2 2 
Since af r+ | >0> af x42 | +2 )2 2 
2a 2a 4a 4a 


leds 
=> y2— => ye|—.,o 


4a 4a 
Vmax 2 © Whenx>+to 
= —D b 
Ymin =—— When x =-— 


4a 2a 


—D 


i) 
AFA 
FIGURE 1.73 


Casell: Ifa<0 


b\) bY 
since( +2 >0> af x42 | <0 
a 


adding —?. both side 
4a 


when x > +0 


FIGURE 1.74 
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Completing and isolating the square, we get, ¥ 
=> p=x?-4x+3=x7?-4x+4-1l1=(@-2)-1. 
Since (x —2)?>0 V xe R adding —1 to both sides, we get, 


(0,3) 


(x 2-12 -1. > y>-l 
=> ye[-l,o) ” 
Voux > © when x — to 
> = (2,—1) 
ee eat when x=—-=2 
4a 2a FIGURE 1.75 


The graph of above parabola is shown in the figure. 
(b 


oe 


Since leading coefficient a = 1 which 1s positive therefore the graph shall be a parabola 
opening upwards alsob=1 ; c=1 
=> D=8-4ac=1-4=-3 


—b -D 1 3 
therefore vertex of parabola lies at (=. 7 =). (-+.3] 
a 


Parabola cuts y axis at (0, 1) because when x becomes zero then y = 1 
Completing and isolating the square, we get, 

=> yp=x?t+x4+1]1 =x? + 2(x/2) + (1/4) + (3/4) = (x + 1/29 + (3/4). 
Since (x + 1/2)?>0 V xeR adding (3/4) to both sides we get 


(x + 1/2)? + (3/4) = (3/4). => y> (3/4) ¥ 
3 
=? ye 30) yrxe tx 1 
Venax —? when x — +00 
=> —D 3 b ] X 
Vmin =—— ==> when x =-—=-— 
4a 4 2a 2 
The graph of above parabola is shown in the figure. FIGURE 1.76 
(c) Since leading coefficient a = —1 which 1s negative therefore y 


the graph shall be a parabola 


opening downward also b=3 ; c=-4 


TZ 
therefore vertex of parabola lies at ce 
a Aa 2 4 
parabola cuts y axis at (0, -4) because when x becomes zero 
then y = -4 (0,4) # y—_y243y4 
Completing and isolating the square, we get, 
=> y=-x’ + 3x — 4 = -[x* — 2(3/2)x + (9/4)] + (9/4) - 4 = 
= —& — 3/2)° + (-7/4). FIGURE 1.77 
Since —(x — 3/2)?<0 V xeR adding (—7/4) to both sides, we get 
(—7/4) — (x — 3/2)? < (7/4) => y<(-7/4) 
7 Venn —% —® when x > +0 
ye[-—,-2] => -D_ 7 b 3 
Vonex == =—-> When x =-—=— 
4a 4 2a 2 


The graph of above parabola is shown the figure. 
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Theorem: The sign of a quadratic expression is similar if a>0 


as D<0 


to its leading coefficient if the roots of quadratic are both => yis 
non real pe ee ee, 


; Ls eo 
1.€., Y= ax ~ PATS has same sign as its leading => af(x)>0 VxeR 


coefficient (a) Conclusion: Sign of quadratic expression is same as of its 


bY D _D leading coefficient when D < 0. 
Y=rHay| x UG = Aye =a\| x+ 


if D<O 


TEXTUAL EXERCISE-18(SUBJECTIVE) 


1. Solve the following rational inequality for x. 


S42 

(a) ad saad 2 2 (b) ——<0 

x-5 3 x y= 6 

3x 1 
C >0 d) x+—— <3 
©) 5x-4 me x-l 
2. Solve the following inequality for x. 

(a) x*-16>0 
(b) x? — 4x <0 


(c) x8 - x txt-xP4+x?-x+1 <0. 
3. Solve the inequality for x. 
(x? — 16) (x? + 5x + 4) (x? -— 9) @? — 7x + 12) <0. 


4. Solve the following inequalities and express the result 
in the form of intervals. 


(a) (x41) (x-D(x +4) (x z 3)° P 
(x +8)(2x —3)(x- 6) 


(b) EE G2). ai 
(x-3)'(x-1) 
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. Solve the following inequalities and express the result 


in the form of intervals. 


() GAYE <p 
x" (x-2) 


(b) x?4+3x+2>O0and——< 0 
x+1 


. Find the largest negative integer and smallest positive 


integer which satisfy 
(a) x’ -4x-122>0 
2 
x” -5x+4 
c) ————-s 
©) x’ -1 


(b) 3x7 +5x+2<0 


1 


. Solve the inequality x? -x-620 such that | x|<10. 
. Solve the inequality 


(a) x4+ 5x? +5x?+5x+420 
(b) x*- 2x7 -x+2>0 


. Find the maximum and minimum values of quadratic 


expression y = (x — 2) (6 — x) and hence or otherwise 
draw its graph. 
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10. Find the minimum and maximum value of the follow- (a) atbt+ece>0 ifa>O 
ing expression. (b) a—~—b+c<0 ifa<0O 
2 (c) af(x)>O0 ifa>O 
(a) a 6) 42 , 
x -Ax+6 (x —2)(x —3) (d) affx)<0 ifa<0 
11. If fix) = ax? + bx +c and a, b, c are real number such | 12. Show that f(x) = x’? +x + 1 and g(x) =x’ —x + 1 can 
that b? — 4ac < 0, then which of the following true? never take negative values for any real value of x. 
Answer Keys 


pod, 


. (a) re(—2,-3]U(5,0) (b) x €(-2,6) (c) re(-0,0]U( 2.0 (d) x€(-«,1)U {2} 


2. (a) x €(-0,-2)U(2,0) (b) x €(-0,-2)U(0,2) (c) xeER 3. x €[-3,-1]U {-4,3, 4} 


aN 


ocasucapy[id 


(b) (-00,-1) UU (1,8) ~ {3,5,6} 5. (a) [-1,0)U 0,2) —b)_ (-1,0] 


N 


. (a) —2,6 (b) -1, no positive integer is possible (c) no negative integer, 2 
: aa meee Dax - 4 


oOo ~l 


10. (a) [5/2,4)  (b) (0, -5] U (3, «) W.(a)T TT ©T =@FE 


m@ IRRATIONAL INEQUALITIES Type 2: An inequation of the type “/ f(x) < g(x),n EN 
These inequalities contain the unknown under the radical f(x) 20 
sign. There are some standard forms to solve these irrational | is equivalent to the system 4 (x) > 0 
inequalities. f(x) < 22"(x) 


Type1: Theequation ofthe type 7"/ f(x) < *"/e(x), ne N 


is equivalent to the system I(x) 20 and inequation of ame 
g(x) > f(x) alent to the equation f(x) < g*”* '(x). 


and inequation of the type “""V f(x) < g(x), n € Nis equiv- 


the type ?"t/ F(x) <*"U/e(x), ne N is equivalent to the 
f(x) <g (@). 


ILLUSTRATION 132: Solve the inequation (x +14) < (x+2). 


x+1420 
SOLUTION: We have ,/(x+14) <(x+2), this inequation is equivalent to the system ;x+2>0 


NEA 2 (ys 2) 
x2—-14 i214 y2-14 
= 9X > 2 => <x>-2 = «x >-2 
x’ +3x-10>0 (x+5)(x-2)>0 x<-5 and x >2 


combining all three inequation of the system we get, x > 2 1.e., x € (2, «) 
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Type 3: An inequation of the form 7"/ f(x) > g(x),neN | and inequation of the form ?"!/f(x)>e(x),neN is 


is equivalent to the collection of two systems of inequations equivalent to the inequation f(x) > g2"*! (x). 


” bee . ae 0 


f(x) > 27" (x) f(x)20 


=m MODULUS OF ANUMBER e.g. |3|=3 and |-6|=- (6) =6. 


Modulus of a real number x represents the quantity of x. 
Also known as magnitude/absolute value of x. Geometri- 
cally, it is represented as distance of the number from zero 


on the real number line. Since the distance is always pos- 
itive hence the modulus of a real number x is defined as 


x if x>0 
ix} =40 if x=0 =V x? =max {-x,1} 
—x if x<0 


FIGURE 1.84 
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Properties of modulus of a real number » | Xp Xyek, | = |x, [LX ly |.-fx, => [x] =]xP 


1. [x.y] = [x].1y| 


[xP =x" |=x°" > VxeR &neEN 
2. |—x|=|x| 
.|xl|=-x => xeE(-~,0] 
x} |x| 


yl ly - |xj=x > xeE[0,«) 
4. J=x| =|x| . |x| >x => x € (-0,0) 


- |x| >-x => xeE(0,0) 


x-a when x>a 
5. |x-al= 


—(x-a) whenx<a ~|[xl<x> xeg & |x| <-x > xeg 
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TEXTUAL EXERCISE-19 (SUBJECTIVE) 


1. Solve the following equations for x: 
(a) |x| = 3 (b) |x | =—-5. 
2. Solve the following equations for x: 
(a) x -—|x|=0 (b) x —| x| = 2x. 
(c) x + |x| =0 (d) x + |x| = 2x 
3. Solve the following equations for x: 
ay es eae 
x | x | 
(ees | (d) “<1 
| E 


. Solve the following equations for x: 


(a) x [x] +x°=0 (b) |x| >-x 
(c) x? + |x| =0 (d) x |x| -x?=0 
(e) |x| <—x (f) 3xV2 18x 


. Solve the equation 


(a) x7-3|x]}-4=0 (b) x7+3|x/+4=0 
(c) x7-3|x)+2=0 (d) |x) +x°+1=0 


6. For what set of values of x, the following equation 
hold? 
(a) |x- 1] =3 (b) |x +2) =5 
(c) |7 +x] =2 (d) |x -3|=3 
Answer Keys 


. (a) x=+3 (b) xeEo 
(a) xE[0, 0) (b) xE(-—~, 0] (Cc) xE(-~, 0] 


. (a) xE(0, 0) (b) xE(0,0) (Cc) xE(-~, 0) 
. (a) xE(-co, OO] =(b) xE(0,0%) (Cc) xe {0} 
. (a) xef{-4, 43 (b) xe (c) xe {-l, 1, -2, 2} 


-(a) {- 2,45 (6b) {-7,35 © {-9,-53 


2 


(hy {-3,73 @ th Q) (Sh 


(d) Oifx>y and 2x —- 2yifx<y. 


.—-2a 


(ey pee ses (f) Bx—5|=3 
(g) [2x + 5|=3 (h) |[2—x|=5 
(1) |x| =2x—-1 GQ): iseee| 


(k) h?-lJ=2x-4 ()) [2x+3/-7=0 
(m) |5 — 3x| 4 =0 


7. Prove that 


2if x<-l 
Vx? —2x+1—Vx? +2x4+1 = 4-2x if x €(-1,1) 
Jaf x21 


8. Simplify the following expressions: 


(a) tides Pee ee oe a 
2 3 a b 
a>Oandb>0 

(b) x ty +(x- y)’ 

(c) (2-a),| if a < 2 and what if a > 2 


a’ —4a+4 
ora=2 


(d) x-y-y(x-yy’ 
9. Simplify the expression /9-6a+a’ +V9+6a+a’ 


ifa<-3 


(d) xe[0, 0) 

(d) R~ {0} 

(d) xe[0, 0) (€) > (f) [0, 2) 

(d) {3 

(d) {0,65 (©) th 4) @® (28, 8/3} (g) {-4,.-]5 


| 
(k) {03 (1) xe{-5, 2} (m) {53} 


. (a) V2ab(ab-1)(a+b) (b) 2xifx>y,2vifx<y  (c) lifa<2,-1 if a> 2, undefined if a=2 
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“GEOMETRIC INTERPRETATION 
i0F MODULUS 
Theorem: Difference of two real numbers x and ais de- 


noted as |x — a| and represents the distance between x and a 
on real number line. 


x—al 
—__,»___. ____>R 
a X 
FIGURE 1.85 


= |x —-al| = distance of real number x from a. 
(considering a = 0) 
= |x |= distance of x from zero. 


Conclusion: |x| =6 
= Distance of x from zero is 6 unit 


‘PROPERTIES OF MODULUS 
-INVOLVING INEQUALITY 
e |x|<6 (where 6 is not negative) 


= Distance of x from zero is < 6 unit 


=> xe[-d , do] 


x] =5>x=-60rd 
FIGURE 1.86 
e |x-—al=0 
= Distance of x from ais 6 unit 


> x=a0o0ratd 


Lf \_. 


a-5 a at+d 
Ix-a] =5 >x=a-Soratsd 


FIGURE 1.87 


Aliter: |x|\<6 DS xX’<&8 > x-& <0 
=> (x-—d) (x+4) <0 
=> x €[-6, 5] (using wavy curve method) 


FIGURE 1.89 


e |x-a|<6 (where 6 is not negative) 
= Distance of x from ais <6 unit 
=> xela-—od ,a+o] 


FIGURE 1.90 


Aliter: |x-—al< 56 > (-ay<& 
> (x-ay-8’<0 
=> (x-a-5)(x+a+4+5d) <0 
=> xela-—d ,a+6]| (using wavy curve method) 
e |x-a|=6 (where 6 is not negative) 
= Dristance of x from ais > 6 unit 


> xe(-0,a-d]U[at+6,o) 


FIGURE 1.91 


Aliter; |x-alj>56 > @-ay2s0 
> (x-ayY-8 20> («-a-5)(x+at+5) 20 
=> xe(-~,a-d]U[at+6,o0) 


(using wavy curve method) 


Method of solving the equation/inequality 
involving |/(x)| 


To solve an equation/inequality of the type 


Ix) = k (1) 

or |f{x)|<k (11) 

or |f{x)|>k (111) 
Step [: Observe the sign of k ; 


ifk<O=> |fK{x)| =k and f(x) <k have no solution 
For Inequality : | f(x)|>k holds good V xe R 
for which f(x) is defined. 
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Step Il: Ifk> 0; consider two cases. 
Casel: fix) >0 (iv) 
=> |fx)| =fe) 
Then relation (1), (11), (111) respectively convert to 
f{x) =k (v) 
f{x) <k (vi) 
fix) >k (Vil) 


Solving (v) we get the solution of equation (1) and 
solving (iv) and (vi) together 1.e., 0 < fix) < k we get the 
solution of inequality (11) and solving (vii) we get the solu- 
tion of inequality (111). 


Case ll: f(x) <0 (Vi11) 
=> |Ax)| = Sf) 
Then relation (1), (11), (111) respectively convert to 
I{x) = (1x) 
I{x) > -k (x) 
fix) <-k (x1) 


Solving (ix) we get the solution of equation (1) and 
solving (viii) and (x) together 1.e., -k < f(x) < 0 we get the 
solution of inequality (41) and solving (x1) we get the solu- 
tion of inequality (111). 


Step Ill: Then take union of solution of case (1) and case 
(11) to get final set of solution of equation/inequality. 
Method 2: Ifk>0 given |f{x)| =k (1) 
Squaring both side (f(x))? =k (11) 
=> (f(x)-k)( f(x) +k) =0 
=> f(x=k or f(x)=-k 


Solve both equation and take union of solution. 
Similarly we can solve inequality (11) and (111) as well 


Method 3: Use geometric definition 1.e., | f(x) | =k 


= distance of f(x) from zero or real number line 1s 
k unit 


=> f(x)=k or —k. 


Similarly, we can solve inequality (11) and (111) as well 


Forms of the inequality containing modulus functions 


f(x |) <g @) K(x) < g(x) if x = 0 fix) < g(x) if x < 0 


lf &) |< gx) Kx) < g(x) if fx) > 0 fix) < g(x) if x <0 
| f(x) | > g &) fx) > g(x) if fx) = 0 f(x) > g(x) if x <0 
If x Di > g (x) or [f(x DI < ge) lAx)| > g(x) if x = 0 I-Ax)| > g(x) if x < 0 
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ILLUSTRATION 139: Solve the inequality — 


SOLUTION: 


ILLUSTRATION 140: 


SOLUTION: 


] 
> 


ae 


| x| 
1+ |x| 


The given inequality 1s equivalent to the collection of system 


1 
x ] >—, if x2=0 
1-——>-, if x>0 9? 7 
jel 3 a |\l+x| 2 
] 
+ jad, if x<0 ll1—x| 2’ eae 
l1-x 2 
1 1 _ 
>, if x>0 1x50, if x20 
l+x 2 1+x 
= ; = 
>= if x<0 tte Sh. af 26 
l-x 2 —Xx 
x eg if x>0 
x+1 
7m x+1 
——<0, if x<0 
x-l 


for a <0, if x>0 (using Wavy Curve Method) >0<x<1 
Bi 


for x41 <0, if x<0O (using Wavy Curve Method) 
x = 


>-l<x<0 


From (1) and (11), the solution of the given equation 1s x € [-1, 1] 


“(i 


1 sib 
1+|x} 2 1+{[2 


eae 
1+|z| 


a 
1+ x 


Aliter: 


(-: 1+ [x] > 0) 


>0 >1-|x}>0 >x€[-1,]] 


Solve the following inequality for x. 


(a) |x-6|>5 (b) |2x — 3| > -2 
(c) Ix + 4| <2 (d) |x -—4| <4 
(a) |x-6|>5 


= Distance of x from 6 is > 5 unit 
=> xeE(-o0, 6—-S5]U[64+5,00) 
=> xe(-o, 1]U[11,0) 


<£ ——e 5units 5 units e————~>» 


1 6 11 


FIGURE 1.92 


(1) 


(11) 


(b) |2x — 3| > —2 is tue VxeR because left hand side expression being modulus of number 


is always positive. 
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(c) |x + 4| < — 2 1s not true any real x because left hand side expression being modulus 
of number 1s always positive, and thus cannot be less than negative number. 
(d) |x-4|<4 


= Distance of x from 4 is < 4 unit 


=> xe[0, 8] 

e<____»e 

Faun (4unity 
0 4 8 
FIGURE 1.93 
ILLUSTRATION 141: Solve the following inequality for x. 

(a) |x° -2x|=-3 (b) |x? -2x|>-3 
(c) |x’ -2x|<-3 (d) |x’ -2x|=3 
(e) |x’-2x|>3 (f) |x’-2x|<3 


SOLUTION: (a) |x —2x|=-3 is not true any real x because left hand side expression being modulus of 
number 1s always positive, and thus can't be equal to negative number. Thus x € 0. 


(b) |x”? —2x|>-3 is true V xe R because left hand side expression being modulus of number 
is always positive. x is the set of all real numbers. 


(c) |x’ -—2x|<-3 is not true any real x because left hand side expression being modulus of 
number is always positive, and thus can't be less than negative number. Thus x € 9. 


(d) Casel: |x’ —2x|=3 ifx?-2x2>0 
ie. x E(-00,0]U[2,0) 


=> |x? —2x| =x?- 2x = x’-2x-3=0 
=> (x-3) (k+1)=0 => x=-lor3 
Case lil: Let x? - 2x <0 
=> xe (0, 2) = |x? — 2x| = 2x -x 
Now equation becomes 2x — x? = 3 
> x?-2x+3=0 ,;D<0 > xed 
> xe {-l, 3} 
(e) |x? -2x|>3 (i) 
Casel: Letx?—2x2>0 ie. xe(-0,0|U[2,0) 
=> |x? -— 2x| =x?- 2x => x*-2x-3>0 


> «-3(«+1)>0 
> xe (-2,-1)U (3, 00) taking intersection with case condition, we get, 
x € (-«, -1) UG, w) 
Caselli: x? -—2x <0 
=> xe (0, 2) => |x? —2x| = 2x-x 
=> 2x-x’>3 
= x*-2x +3 <0 which is not true for any real x because x” — 2x + 3 is > O always 
Now taking the union of both cases we get the solution set as x € (—o0, —1) U (3, 00). 
(f) Since law of trichomy of real numbers states that any real number x 1s either > 0, = O or < 


0 so solution of third inequality is complementary set of the union of the set of solution of 
the equation (i) and inequality (ii). therefore solution set of |x” —2x|<3 is x e (-1, 3) 
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Exhaustive method of solving equation/ 
inequality containing two or more terms 
involving modulus 


To solve an inequality involving modulus, equate quantities 
inside modulus to zero and locate their roots on real number 
line. These points divide the real number line into test inter- 
vals, now considering each interval as a separate case, solve 
the equation/inequality for every case and take the intersec- 
tion of solution set with case conditions as described below: 
For instance, to solve an equation 
Ix - 1] +|x-4| =3 (1) 
Clearly, x = 1 and 4 are critical points, so we will ana- 
lyse the equation in following three cases. 
Casel: If -o<x<1 both x — 1 and x - 4 are negative 
numbers therefore |x — 1]=1-—x; |x-—4|=4-x 
Substituting in the equation (1) we get 1-x+4-x=3 


=> 2x=2> x= 1 
but the solution does not satisfy the case condition therefore 
rejected. 
Case ll: If l1<x<4 then x — 1 is non-negative but x — 4 
is negative number therefore |x -— 1] =x-1,; |x-—4|=4-x 


Substituting in the equation (1) we getx-1+4-x=3 
which is true VY x €[1,4) 


Case Ill: 
=> |x-ll=x-1; |x-4|=x-4 


If x = 4 then both x — 1 and x - 4 are non-negative 


Substituting in the equation (1) we get 
x-l+x-4=3 
> 2x=8 > x=4 
taking intersection with the case condition we get the solu- 
tion x = 4. 
Now at last taking the union of solution of the three 


cases, the final set of solution obtained is x € [1,4] 
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— INEQUALITY AND ITS 


When we add two real numbers x and y (having same sign) 
the resulting number x + y has same magnitude as that of 
summation of magnitudes of x and y. (let us call it con- 
structive addition). On the other hand, if we add two real 
numbers x and y of opposite sign the addition results into 
reduction of magnitude because the number with smaller 
magnitude gets neutralised by its additive inverse isolated 
from the other number and therefore the resulting number 
x + y has its magnitude less than the summation of indi- 
vidual magnitudes of x and y. Consequently, we can extract 
the following conclusion known as triangle inequality. The 
name triangle inequality can be better justified when we 
will study these inequalities in the set of complex numbers. 


|x+y|<|x|+|y| (Triangle inequality ) 


Equality holds iff x and y of same sign or at least one 
of them 1s zero. 


> xy20 
|x+y|=|x|+]y| > x.y20 
|lxt+y|<|x|+]y| > xy<O0 


|x-y|<|x|+|y| (Triangle inequality ) 


Equality holds iff x and y of opposite sign or at least 
one of them is zero 


> xy<s0 
|Ix-yl=|x|+|y| => xy sO 
|x-y|<|x|4+]y| > xy>0 


|x| -—ly|<|xty|<|x|+]|y| (Triangle inequality ) 
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ILLUSTRATION 145: 


SOLUTION: 


ILLUSTRATION 146: 


SOLUTION: By using concept of modulus, the equation 1s equivalent to 


ILLUSTRATION 147: 
SOLUTION: 


Case (ii) O<x<3 
=> |x| =x and |x — 3| = 3 —x the inequality reduces to form 
> x+3-x25 => 325 not possible 
Case (iii) x >3 
=> |x| = x and |x — 3| =x —3 inequality becomesx +x-—32>5 
>2x>8 2x24 = xeE[4,«) 
Now taking union of solutions of each case we get Xx € (—00,—1]U[4, 00) 


Solve the equation for x. 
(a) |x —2|+ |x + 4| =6 (b) |x -—2)+|x+4|>6 
(c) |jx-2|+|x + 4| <6 


(a) Consider x -2=a,x+4=b 

=> 6=|6|=|@+4)-@-2)|=|b-a 

= |a| + |b| = |b — al which 1s true only if a and b of opposite sign or at least one of a and b 
vanishes 

a.b<0 => (x-2).(«+4)<0 

x € [-4, 2] 

Similarly, the equality |x — 2| + |x + 4| > 6 reduces to the form |a| + |b| > |b — a 

a and b have same sign 

a.b>0 => (x-2).@+4)20 

x € (-0, -4) vu (2, 0) 

(c) The inequality |x — 2| + |x + 4| < 61s of the form |a| + |b| < |b — a| which is never possible 


So has no solution. x € 0. 
__f x°-8x4+12 
x? -10x+21 


VUVoSUY 


x’ -8x4+12 


Solve the equation |—,¥——___ 
x -10x+21 


If()|=F@)_ if — 
If@O|=-F@) if £@)<0 


The first system is equivalent to f(x) = 0 and the second system is equivalent to f(x) < 0. 
Then combining both systems, we get f(x) < 0 


x? —8x+12 (x— 2)(%- 6) - 9 
———————————— => SS ee ne ae 
x’ -10x+21 (x—3)(x-7) 

By solving it gives x € [2, 3) vu [6, 7) 


Solve | x? — 4] + | x?-9]=5 
There are three cases: 


Casel: When x’?<41e,—-2<x<2 

In this case, | x? — 4| = — (x? — 4) and | x? - 9 | =-(x?- 9) 

So the given equation becomes —(x” — 4) — (x? - 9) =5 

=> x?=4—>x=+2 which 1s rejected since it does not belong to set [—2, 2] 

Case ll: When4<x*?<9 ie,-3<x<—2 or 2<x<3 

In this case | x? — 4| = (x? — 4) and | x? — 9 | = -(x? - 9) 

So the given equation becomes x” — 4 - (*?-9)=555=5 

Thus the give equation becomes an identity 1n this case 1.e., all values of x such that-3<x<-2 
or 2 <x <3 satisfy the given equation. 
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Caselli: When x?>9 Le.,x<-—30rx>3 
In this case, | x? — 4| = (x? — 4) and | x? -— 9 | = (x? - 9) 
So the given equation becomes (x? — 4) + (x7 -9)=5>x°=9 
=> x =+3, Clearly, both of these values satisfy x < -3 orx >3 
Solution set =x e€ [—3, -2] wv [2,3] 
Aliter: x?-—4=a andx’?’-9=b 
Then 5 = |5| = |(x? -— 4) -— x? - 9)| = |a - B| 
so the equation takes up the form |a| + || = |a — 5| 
Consequently, a and 5 of opposite sign or at 
least one of a and b becomes zero 
> x.b<05(?’-4)@’-9)<0 3 -2 2 3 
=> (x+2)(x%+3)(*-2)(x«-3) <0 
Now applying wavy curve method. 
the solution set x € [—3, —2] © [2,3]. 


FIGURE 1.96 


ILLUSTRATION 148: Find the value(s) of real x satisfying | x? — 5x + 6| =| x? — 2x| + | 3x - 6]. 
SOLUTION: Since (x? — 2x) — (3x —6)=x?-5x+6 
and we know that | f(x) —- g (x) | =|/@+]|2(@) |= f@). eg) <0 
therefore | x?- 5x + 6|=|x?-2x|+]|3x-6| 
=> (x7 - 2x) 3x -6)<0 => 3x (x - 2) x-2)<0 
> 3x(x-2%<0>x<0orx=2>x € (-, 0] vu {2} 
ILLUSTRATION 149: Find the solution region of the variable in the inequality |x2 — 2x| + |x — 4| > |x2 —3x+4| 


SOLUTION: |x? — 2x| + |x — 4| > |x?-3x+4| => x? — 2x -(x-4)=x?-3x+4 
Hence the question reduces to |f/(x)| + |g(x)| > |Ax) -— g(x)| 
=> fix).g(x)>0 
=> (x*- 2x) (x-4) <0 => x(x -2)(x- 4) <0 
> xe (0,2)U G, ~) 

ILLUSTRATION 150: Solve for x: |x + 2| + |x? — 5x + 1| < |x? — 4x + 3] 

SOLUTION: |x + 2| + |x?-5x+ 1] <|x?- 4x +3] 
Taking, x + 2 = f(x); x? -5x + 1 = g(x) 
The equation reduces to |f(x)| + |g(x)| < |x) + g(x)| but [f(x)| + lex) < [f(x) + g(x) 1s never pos- 
sible. 
Hence, the equation reduces to |/{x)| + |g(x) = |A(x) + |g(x)| 
=> fix).g(x) = 0 
According to for new assumption (x + 2) (x*?-5x+1)20 


calc 


Hence xe| -2, 
2 2 


ILLUSTRATION 151: Solve for x : |x + 3| + |x — 3] < 2x 
SOLUTION: lc + 3] + |x — 3| < 2x, 
Casel: x<-3 
Equation reduces to —-x -3 + 3 —x < 2x 
=> -2x < 2x => 4x>0 > x>0 
Hence no solution in this region 
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TEXTUAL EXERCISE-20 (SUBJECTIVE) 


1. Solve the following inequality for x. x+4 
<1 


x-3 
(a) |x| >2 (b) fe — 1|>3 gear Oy eal 
(c) fe-2|<1 (d) |e + 1]>2 (q) |x? — 4x| < 5 (r) fe-3|>-1 
(e) k-1]) <5 (f) |2x-3|>7 (s) |3x—2.5|>2 (t) 7-2) s|/x+4 
(g) [3x + 5] <2 (h) [4x + 6] > 5 2. Solve the following equation for x. 
(i) |2x—3|>-2 (j) |4x-9| <7 aah 
(k) [3x + 5}>2 (1) [2x +3/>0 (a) |5x?- 3) =2 Oi leasl=" 
(m)|4 — 3x| <-2 (n) [5 — 3x, <0 (c) |x? -— 4x] =5 (d) |x +1]/+2=2 
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(e) |3x — 4| = 1/2 (f) |x +2] = 2(3 -x) 5. Solve for x: (4a — 15) x7+ 2a |x| + 4 =0 
(g) |x] =-3x —5 (h) x? +|x-1]=1 
GQ) |xt+1]-—|2x-3|=x-4 


6. Solve [x4 2x +2) + Gx +7) < be + 2x + 2( 4+ [3x47] 


7. Solve the following equations for x: 
3. Solve the following equations and inequalities: (a) |e + 3] +x — 3] = 2x 


(a) e-1]+)-3[=2 (b) bc +3] +|x — 3] > 2x 
(b) |x| + |x + 5] =5 

(c) |jx—-I]+|x-4]=2 

(d) |x? — 2x| + [x — 4] = |x? -3x4+ 4| 
(e) |x? — 2x| + be — 4| < fx? - 3x + 4 9. Solve the following equations for x: 
(f) |x? -9|+|16-x7|=7 le + 1] + be — 1] > [2x]. 

10. Solve the following equations for x: 


8. Solve the following equations for x: 
lx + 1] + |x — 1] = [2x|. 


4. Solve the for x and y: 


|x|t+y=4 (x+y) =5 ee ae ae 
(a) PEs ; 11. Solve the following equations for x: 
(x-y) = ie — 1) +e —2|<x-3 
Answer Keys 


1. (a) (-~, -— 2) U (2, ~) (b) (-™,-2)U(4,0) (c) xe(1,3) (d) xe (-~,-3]U[lo) (e) xe (-4,6) 


(D) (0, -2)U 5,0) (@) C73,-1) Gh) re(—0 4 }u{-4.0| (i) xe(-w,0) Gi) rela 


(k) xe (2, 2] f-10) xeR (m)xe¢ mrets} (0) (4, ©) - {5} (p) ~, - 3] 
(q) (1,5) @) xe Cm, 0) (s) x €(-~,1/6JU[3/2,0) (t) xe[-l,«) 
2. (a) |-se-geet (b) {-1,-5/2} (c) {-1,53} () x=-l (© x=74, 3/2 
(f) x=4/3 (g) x=-5/2 (h) x =0,1 (i) x €(-00,-1]u {4} 
3. (a) [1,3] () [5,0] © t% @ xe(-~,0JU[2,4] © xet} ® xel[-4,-3]V [3,4] 
4. (a) (3, 1); 3/2, 5/2);-9, — 5);9/2, — 1/2) (b) C3, - 2); (2, — 3); (3, 2); (2, 3) 


S; ONE ee ae ok ee 6. x <-7/3 
15-—4a 4 4 

7. (a) xeE[3, 0) (b) xeE(—o, 3) 8.x € (co, -1] U [1], ~) 

9.x e -l1, 1) 10. x=0 11, xe 


The domain of the function 1s: (—oo, 00) and the range 
m GREATEST INTEGER FUNCTION . | en : 
is: set of all integers. 
Any real number x can be expressed as summation of an 

integer (/) and a fraction (f: 0<f<1), lis called integer part | Properties 

of x where as f 1s known as fractional part of x. Integer part ap iieevses 


of x is denoted as [x], and read as the greatest integer less 


than or equal to x. It can be defined as below. (b) [txs] =O = thx} 
e.g., fx)=[x]=-1 for =2ye2 9 (c) [x + m] = [x] + mif mis an integer 
[x] =0 for 0<x<1 (d) [x]<x<[x]+] 
[x] =1 for l<x<2 (ec) [x] +p] < [x+y] <>] +p] +1 


[x] =2 for 2<x< 3 (f) [x] + [-x] =0ifx e Z and equals —1 otherwise 
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(g) a = = ‘Pez 


FIGURE 1.97 


ILLUSTRATION 154: Find the values of A 


(h) [x] z>n>x2n,neZ 

GQ) [x]}<n>x<nt+lneZ 

GQ) [x]>n>x>nt+1lneZ 

(kk) [x]}<n>x<n,neZ 

() [x] -—[-x] =2nifx<2n,neZ 

(m) [x] —[-x] =2n+lifx=nt+ix} ne Z 


] a. 2 
—— |+] —+——]|+...+ 
a |*|a*ioo "=" 


3 >, | 3 24 a oe Ss 99 
SOLUTION: | —|+| —+— |+....+| —+— |+| —4+—+...+| —+——| => 
4 4 100 4 100 4 100 4 100 


m@ FRACTIONAL-PART FUNCTION 


Since we know that x = [x]. The difference between the num- 
ber x and its integral value [x] is called the fractional part of x 
and is symbolically denoted as {x}. Thus {x} =x — [x] 

e.g., {2.5} = 0.5, {-1.9} = 0.1 =-1.9 - [-1.9] =-1.9 
+2=0.1=1-(0.9)=1- {1.9} 

Since f(x) = {x}, 


{x} =x for O<x<]1 
{x} =x-] for lave 2 

=> {x}=x-2 for 2<x<3 
{x} =x] for —-l<x<0 
fx} =x+2 for —-2<x<-l 


can be expressed graphically as shown in figure: 


Properties 
(a) {-x}=1- {x} ifx>0 
(b) {{x}} = {x} 
(c) [ix$] = thx]} =0 
(d) O< fx} <1 


(e) The domain of the FIGURE 1.98 
function is: (—o0, + 00) and the range 1s: [0, 1) 


ILLUSTRATION 155: Solve 4 {x} =x + [x] 


0, x €integer 


() {x} + {4} = 

rect consequence of above property. As we know that 

x = [x] + {x}, forallx ER (1) 

=> —x=[-x] + {-x}3 (11) 

From (1) and (11), we get [x] + [—x] + {x} + {-x} =0 

[x]+[y], if tx} t+tyy<l 
(g) [x+y ]= . 3 
[x]+[y]+1, if {x}+iyy2l 

Hence [x + y] < [x] + [vy] + 1 
Explanation: Let x=/.+ f/f, y= Lo i, where J, and I, tep- 
resent the integral part of x and y respectively and f and us 
represent the fractional part of x and y respectively. It is 
obvious that [x] = /, and [y] = ih and 

Os f= 1,05 J, <] 

= Osfitf,<2 = [f+ f] = 90 or | 

Nowxe yatta +7, 

=> [xty] ge Oe Aas aos Al = 

a if O< f,+f,<l 
Poel ed, ae PS fy 2 
=> [xty]<[x]+[y] +1 


x €integer ’ this property is the di- 


SOLUTION: We know x = [x] + {x} .. 4 {x} = [x] + {x} + [x] 


Foundation Mathematics < 1.117 


TEXTUAL EXERCISE-21 (SUBJECTIVE) 


1. Solve for x: 


(i) [x] = 3.9 (ii) [x] < 3.9 
(iii) [x] > 3.9 (iv) [x] >5 
(v) 2.1<[x] <5 (vi) [x] <5 


(vil) -9 < [x] <-5.3 (wii) [x] >-5.3 


(ix) [x] <-5.3 (x) {x} =0 
. Solve for x: 
(a) [Vx] =3 (b) [x2] =5 


(c) [x] + [-x] =0 (d) x— [x] = 1/2 

(e) [x]?- 3[x]+2=0 @ [x]?-5[x]+6>0 
(g) [x]}’-3[>x]+2<0 () [3x] =-1 

G) [3x]-[-3x]=0 @) B)>9 

(k) [|x|] = 3 (1) [[x]] = 2 

(m)4[x] —x = {x} (n) [x] =n@ € L) 

(0) [x]<n(ned (p) —2.3 < [x] <3 

(q) —2 < [x]<5.3 

. If [x]? = [x + 2], where [x] = the greatest integer less 
than or equal to x, then x must be such that 
(a) x=2,-1 (b) x € [2, 3) 

(c) x € [-l, 0) (d) None of these 


. Let y = 2[x] + 3 = 3[x — 2] + 5 then [x + y] equals 
(a) 10 (b) 15 
(c) 12 (d) None of these 


. Find the complete set of values of x satisfying: 
. x]+4 
(i) [x] 


ii = 2< 
1I[x]+7 RN ee Gone 


>3 


10. 


. If [x] denotes the integral part of x for real x, then the 


value of 


fa} La on |* Gao. 
— )+| —+— |+| —+—— |+ 
4 4 200 4 100 


2 3 | 2 | 
ee I eters +) —+— 11S 
4 200 4 200 
(a) 44 (b) 46 
(c) [50.9] (d) 50 


. Solution set of 5{x} = x + [x] and [x] -— {x} = will 


contain 
(b) 1 value 
(d) None of these 


(a) no value 
(c) 2 value 


x x x 31 
. If 0O<x < 1000 and |= /t/7(t!7 ~ 39 where 


2 3 5 
[x] 1s the greatest integer less then or equal to x, the 
number of possible values of x is 


(a) 34 (b) 32 
(c) 33 (d) None of these 
~ [x + [x + [x]]] <3 then value of x lie in the interval 
(a) (0, 0) (b) (-«, 1) 
(c) (-c, 2) (d) None of these 
Solve En Ps la 1 (where [ | denotes integral 


[x]-2 [x]-3 
part) 
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Answer Keys 

1. (a) no solution (11) (oo, 4) (iil) x > 4 (iv) [6, 0) (v) [3, 5) 
(v1) (—oo, 6) (vii) [-9, 5) (vil) [—5, 0) (ix) (-0oo, —5) (x) zorl 

2. (a) [9,16) (6) -V6-V5JULV5,V6) — @) 1orZ@) P#,Per © [.3) 
(f) (-0,2)U[4,0) @o @ 0 @ x=5.Pel — @) (-»-3)U[4) 
kk) 4,.-3]4¥ B49 OC2-UY23 Mie Qian) OCon OMR.4# 
(q) [-l, 6) 

3.a,b,c 4. (b) 5. (1) no solution (a1) [1, 3) 6. (d) 

7. (b) 8. (c) 9. (c) 10. (—co, O) u [5, «) 


m= ORIGIN OF COMPLEX NUMBERS 


While solving algebraic equation many times we come 
across a situation where square of an unknown x is negative. 
e.g., x” =—1; 1t is very true that here x can be real but x can 
be written V-1 and termed as imaginary number. A great 
mathematician L.Euler coined the name: iota (symbolised 
as i for V-1) and thus the number system was extended to 
include imaginary numbers and termed the set obtained as 
set of complex number. 


Imaginary/non-real numbers 


A number whose square is not positive 1s termed as an 1m- 
aginary number e.g., /-2 or (1+J—-2) Therefore it can be 
said that the square root of a non positive real number is an 
imaginary number, for instance if x*+ 1 = 0 
=> x = -l => x is non-real no. 1e., imaginary 
number. 


Euler introduced the symbol i for the number V-1 and is 
known as iota (a Greek word for 'Imaginary') 


Remark: Imaginary numbers do not follow the property 
of order 1.e., for z, and z, imaginary numbers we can't say 
which one is greater. Since i is neither positive nor negative 
nor zero (think why?). 


Purely imaginary numbers (/) 


The number z whose square is non-positive real number 
(negative or zero) is termed as purely imaginary number. 
For example, z* ++ a?=0 whereaeé R ~ {0}. 


_— 


=> 27 =-a’ Clearly,z ¢ R asz’<0. 


=> z=tJ-@ = z=+av-l 


=> z=+ai and=J-1 


Note that z = 0 is also taken as purely imaginary number as 
well as real number. Thus the set of imaginary number (/) is 


given by J= {z: z= ai, where a € R andi= ie 


Geometrical representation of purely 
imaginary numbers 


Since x(i7) = x (i x i) =—x(¥ x € R), hence —x can also 
be obtained by rotating x geometrically in anti-clockwise 
direction through 180° Hence twice multiplication by i is 
equivalent to geometrical rotation of the number by 7 radi- 
ans in anti-clockwise direction and therefore single multi- 
plication by 7 1s equivalent to geometrical rotation of num- 
ber by 2/2 radians anti-clockwise. That is the reason why 
angle between real axis and imaginary axis 1s 7/2 radians. 


Im 


Real axis 


FIGURE 1.99 


Therefore purely imaginary numbers are represented as 
points lying on y axis of argand plane. For example: z= ai is 
represented by point (0, a) on y axis as shown ahead: 


Imaginary 
axis 


FIGURE 1.100 


ILLUSTRATION 157: Prove that (1) 1 +7'° + 7 — 7° =0 
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Properties of iota 
1. P=1,2=-1,P8=-i, = 


2. Periodic properties of i 
jan 1, jPpHs i, jmt2=_ ] 

a a ee 

4. Sum of four consecutive power terms of i 1s zero. 


Le Pe ite eH nel 


3 =_iVneZl 


5. For any two real numbers a and b Ja xb = Jab 


is true only when atleast one of a and 5 1s either 0 or 
+ ve. 


(ii) (hai? + 7* +7") 1s areal number. 


SOLUTION: (i) 1 + 11° + (10 — 719% = 1(74)? x 72+ (i) 5 — (7)? = 14)? x (-1) —(1)5- 1 y 


era 


(i) 1 +i +28 +=) +0 x P+ 09 xP +O9" 2 
= 1+ (1)? x C1) +(1)* x C1) + (1)? x Cl)=1-1-1-1 =-2, which is a real number. 


sete 


‘COMPLEX NUMBERS 


whe 


Che 


A number z resulting as a sum of a purely real number x and a 
purely imaginary number iy is called a complex number .e., a 
number of the form z = x + iy where x, y € R andi = V-1 
is called a complex number. Here x 1s called real part and y 
is called maginary part of complex number and they are ex- 
pressed as Re(z) = x, Im (z) = y. Here if x = O the complex 
number is purely imaginary and if y = 0 the complex number 
is purely real. A complex number may also be defined as an or- 
dered pair of real numbers and may be denoted by the symbol 
(a, b). If we write z = (a, b), then a is called the real part and 5 
the imaginary part of the complex number z. 


The set of complex numbers 1s denoted by € and is 
given by C = {z:z=x+ iy, wherex,y eR andi= /-]} 


Argand plane 


Any complex number z = a + ib can be written as an ordered 
pair (a, b) which can be represented on a plane by the point 
Pca, b) (known as affix of point P) as shown below in the 
figure. This plane is called Argand plane, complex plane or 
the Gaussian plane. The Argand plane is generated by real 
and imaginary axis. Conversely, every point in this plane 
represents a complex number. 


Imaginary axis 
P(a, b) 


Real axis 
P= a +ib 


FIGURE 1.101 


Representation of complex numbers 
Complex numbers can be represented by following forms: 

1. Cartesian form (rectangular form): A complex 
number z = x + iy can be represented by the point P 
having coordinates (x, y). 

2. Vector form (Algebraic form): Every complex num- 
ber z is regarded as a position vector (OP) which is 
sum of two position vectors: Purely real vector x (OA) 
and purely imaginary vector iy (OB) 

‘9 OP = 0A+ AP = OA+OB SZ =X 1y 
Modulus of z: Distance of point P from the origin 1s 


called modulus of complex number z and is denoted by |z]. It 
is length of vector (OP) . It is distance of P(z) from origin. 
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~[e}=|O9| = VoF-+9" = yl (e)) + (m(2)) 


Argument ofz: Argument of zis the angle made by op 
with the positive direction of real axis. Also known as am- 
plitude z and is denoted by amp(z). 


Arg(z) =9; where tan@ = x , 9 lies in the quadrant in 
x 


which complex number z lies. 


y 
Imaginary | jy 
axis B 


% Real axis 
FIGURE 1.102 


Properties of complex numbers 


(i) Equality: Twocomplexnumbersz, andz,areequalonly 
when their real and imaginary parts are respectively 
equal. 1.e.,Re(z,)=Re(z,) and/(z,) =1(z,) or|z,|=|z,|and 
arg (z,) = arg (z,) 

(ii) Inequality: Inequality in complex number are not 
defined because ‘i’ is neither positive, zero nor nega- 
tive so 4+ 3i> 1+ 2i ori <0Oori>O 1s meaningless. 


If Re(z) = 0 then z is purely imaginary and if Jm (z) 

= 0 then z 1s purely real. 

(iv) z = 0 => Re(z) = Im (z) = 0 therefore the complex 
number 0 is purely real and purely imaginary both. 

(v) Ifz=x+t iy, then iz =— y+ ix (a)> Re(iz) =— Im(z) 

and Im(iz) = Re(z) 

Conjugate of complex number: z = x + i y is denoted 

as Z =(x-—iy)1.e., a complex number with same real 

part as of z and negative imaginary part as that of z. 


(iii) 


(vi) 


(vii) 
(viii) If z1s purely real negative > Arg(z) = x 


(ix) 


If zis purely real positive > Arg(z) = 0 


If z is purely imaginary with positive imaginary part 

=> Areg(z) = x/2 

(x) Ifzis purely imaginary with negative imaginary part 
=> Areg(z) =—x/2 

(xi) Arg(0) is not defined 


Imaginary axis 


Positive real 
Real axis 


FIGURE 1.103 


ILLUSTRATION 158: Find x and y when : (2y +7) + (4—- 3x) i=0 


SOLUTION: We have: (2y +7) + (4—3x)i=0 
=> +7 =0and 4-3x=0. 


=> 2y=-7 and 4 = 3x = 


xy =0o7=0,y=0] 


7 


4 4 ( 
=——iand x=—.Hence x=— and pooa— 
J 3 se 


2 


Operations on set of complex numbers 


(1) Addition/Subtraction of two complex numbers 


Let z, =x, + iy,andz,=x, + iy, 
=> 2,42, =(x, tiy,) +(x, ti.) = (+x) +1, ty.) 
Le.,Z,+z,= [R@,) + RE) + WE, +1E@,)] « C 
andz, —z,= (x,t iy,)—-(x, tiy,) =@,-x,) +10), -y,) 
Le.,Z,—z,= [R@,) —-RE,)] + E,) —I@,)] € C 


Geometric representation: Consider two complex num- 
bers z, = (x, + iy,) and z, = (x, + iy,) represented by vector 


a= OA i OB as shown in figure. 


Then by parallelogram law of vector addition 
zZ,+z,= OA+OB=OC 
Hence C represents the affix of z, + z, 


C(z, + Z,) 


FIGURE 1.104 


(ii) Multiplication of two complex numbers 


Let z, =x, t+ iy, and z,=x, + iy, 
then z,.z, = (x, + iy,).(x, t+ iy,) 
= (x,.x,) tix,y, tiny, +Pyy, 
= (x. xX, — yy) + iy, + xy,) 
= [R(z,).R@,) — L(z,).z,)] + 
i[R(z,).1(z,) + R@,). Lz] € C 
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(iii) Division of two complex numbers 
Let z, =x, t+ iy, and z, = x, + iy, 
=> z/2,=(x,t+ i, /@&, t+ b,) 
= (x, + iy,).&,— WO, + iv,)., — ivy) 
_ HX + VV.) + 1M 7 %-Y2) 
(x3 + Y>) 


= ze YiYa) 4 aN = Ye) aC 
(x; + y2) (x; + y) 


< 


1.121 
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m@ SQUARE ROOT OF A COMPLEX NUMBER a: ee EAR. y= I|z\=a 
Z 2 


Ifz=atib Where x, y have same sign, b > 0 


Let the square root of z be a complex number x + 1y nee iyi=e 
therefore. z'7 =x +iy =(atib)'” = Zea, ——— tl, a 


Squaring both sides, we get x?-y?+ 2xyi =atib | 7 
Equating Real and Imaginary parts, we get, When x, y have different signs, b < 0 


x-y=a (1) 8, Sic lzi+a_, flz|-a 
2xy =b (11) 2 2 


We have 0? + yy’ = 0? -y?? + 40° y? = a? + BD? Hence square roots of z = a + ib are given by 
> °+y= Va°+b’ [-ve root is rejected since iz|+a |\z|—a 
ns cg eS |p oeaad 
x*+y*> 0] 2 2 
is ery = |i (111) 


[Z| Fea. 2 fl Zia 
; : fe + a + ES 
sinned Gise= a. pe = r Si | 


‘UBE ROOT OF UNITY 


Let 3/1 = cube root of unity 


> x= 
> (x-1)@’?+x+1)=0 
-l+VJ1- ~1+/3i 
ee ee on eee 
2 2 
where @ = = d w” 1=V3i 


Cube roots of unity are 1, @, w? and @, @’ are 
called the imaginary cube roots of unity 


Properties of cube roots of unity 

P(1): = |o|=|o"|=1 

Proof; |=! V3i] - (2) in (28) = jit ai 
2° 2 2 2 oe 

P(2): @=@° 


P(3): 


Proof: 


P(4): 


Proof: 


P(5): 
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pi 2 2 
o=1 
o> = 0.0" 
_ eel eed 
2 2 


ao" = 1; o*"*!= » and w@*"*2 = @* VneZ 
(o™) = (0 

=(1y"=1 

o"t1=@"o=1ae=0 

ot? = @*"@7= 1.0? = o” VnEeZl 


Sum of cube roots of unity is 0 1e, 1+ @ + 
@*=0 
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Proof: 1+a+o@ P(6): 1 +0" +0" 3;when 1 is multiple of 3 
_ = : oO" +a" 
=|+ ms x3 | ze ot 3s — (0 Q0;when nis nota multiple of 3 
2 2 2 2 
Proof: 
Remark 1 
_ sua _ Case (i) When n = 3 k, keZ then 1 + o” + o” = 
ozo. \ltoata=0 1+ o* +o = 1+ (0+ (o)*=14+14+1=3 
Remark 2 


Case (ii) When n = 3k + 1; keZ then 1 + o”+ o” = 
@=0° and o=0.1=00 =o =(@’) =(@Y | 1+ 0%**!+ o#?=1+0@+07?=0 [ o = @* = 1] 


+oa+@?=1+ (@)/+@ 
PA Ge Case (iii) When n = 3k+2;keZ then 1+ @"+o”"= 1+ 


1+@+(@) =0 ort2+4+ m&t4= 14+ @2+o@1=1+02?+o=0 


ILLUSTRATION 163: Prove that a? + b3 = (a+ b) (a+ 2b) (a + ob). 


SOLUTION: Consider RHS = (a+ b) (a+ @b) (a+ bo’) 
= (a+b) (a* + abw* + abo + b’o?) 
= (a+ b) (a? + ab(@ + wo”) + 5?) 
=(a+b) (a —ab+b’) 
= + pb 
ILLUSTRATION 164: Show that (1 +@ —@’7P + (1 —@ +07). 


SOLUTION: Consider RHS = (1 —@ +”)? +(1 —@ + @?’) 
= (-207)° + (-20)? =—2° o — 2°? = — 2°(@ + wo”) = —25(-1) = 32. 


TEXTUAL EXERCISE-22 (SUBJECTIVE) 


1. Prove that (11) The product of a complex number and its conju- 


4 : 
(@) (-iv=-2 = Gi) C +iytx( 142] = 16 jaca 
l 8. If 1+4V3i=(a +ib) , prove that a* — b’=1 and 


2. Simplify: Ee ef ioe Me where x is a positive ab = 2V39. 
16 25 36 


foal Humber 9. Find the multiplicative inverse of the product of com- 


ee plex numbers: 3 + 4i, 5 — 12i. 
3. Find real numbers x and y such that 3x + 2iy —1x + 5y 


=74+5j 10. Find the value of 3-4; . 
4 Hind ead Gy) SA = Dey SO 11. Pe the square roots of me following: 
(1) -8 — 6i (11) 5 — 12i 
2 2 = wae : 
5. Find the sum of : ea >i, rs and — L. (iii) -2+ 23: 


12. If 1, @, w? are the three cube roots of unity, prove that 


h V7 +iv3 | V7 -iv3 a (i) 1 +0=o 
6. Prove that W7-i V7 +in3 1s real. ii) 0-0 +03 (ito -0=4 
7. Prove that (i) (1 —-@) (1 — ’) 1 — @*) 1 - @°*) =9 


(i) the sum of a complex number and its conjugate is | 13. Ifx=a+b, y= aw + bo’, z = aw* + bo, show that 
real. (i) xyz =a + B (1) x7 +y? + 27 = 6ab 
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Answer Keys 
i a soll gee zi Ag ee 
2. eo x 3. ». « ly 2 4. xX A 3 5. 1 e A225 A225 
10. +(2 -1) 11. @) +#1-3/ 8§=©(ii) #3 -21) iti) +(1+3i) 


CONCEPTS OF CONTINUED SUMS 


t AND PRODUCTS 
Continued Sum (x) Sigma (>) stands for sum of indexed 
terms. e.g., ya, =a,ta,t+ta,t+....+a,. In the above 


k=l 
symbol, a, is called general term and k is known as index. 


Properties 


1. ya =atatat....t+a(nterms) = na 
k=1 
2. Sigma distributes on addition and subtraction 


¥ (a, +8,) =(0 2D 2D) (aD) 


3. Sigma does not distribute on product and ratio of terms 
1.€., 


n 


Yi (a, xb) =(a, xb) + (a, xb) +....+(@, x b) 
k=l 
k=] k= 
k 


>) (a,/b,) = (a,/b,) + (a/b,) + .... + (a,/o,) #] HL 
k=1 


2k 


k=] 
4. A constant factor can be taken out of sigma notation. 


n n 
1.€., Day =m 2,4 =m(a,t+ta,t+a,+....+a) 


n 


Cyclic and symmetric expressions 


An expression is called symmetric in variable x and y iff 
interchanging x and y does not changes the expression 
V+y ty xy; ty tx ytyx.x-y 1s not 
symmetric. 


An expression is called cyclic in x, y, z iff cyclic re- 
placement of variables does not change the expression. e.g. 
x + y+ z, xy + yz + zx etc. Such expression can be 
abbreviated by cyclic sigma notation as below: 

Ie =x ty? +2, Uxy=xytyz+2x 

Yx-y)=0 Sxtytztx ty +2? = Ixt dx’ 

5. If sigma is defined for three variables say a, b, c occur- 
ing cyclicly, then it 1s evaluated as below » a=atb 


+ ¢, yiab =ab+bc+tca, ya =7+h?+¢? 
Continued products (7) Continued product of indexed 


terms I] a, 1S defined as product of n number of indexed 
k=1 


terms as []4, = A.A, .A;....... a 
k=l 


Properties 


n 
1. I] a= a.a.da....... a (n times) = gq" 
k=1 


= A"(d,.ay...a,) = A[| a, 
k=l 


3. z distributes over product and ratio of indexed terms 
but not over sum and difference of terms. 1.e., 


[]4.4 =[[a]] =Ga.....a,)@2....b,) 
k=1 k=1 


k=1 = 


k=1 


[]@+6)4]][a¢+]][2 
k=1 k=1 k=1 


Continued product of Ist n natural numbers is called as factorial n and symbolised as n! or |n..i.e., n!= T] k =1.2.3.4.....n clearly. 


NOTE 
w= 
A=1.2=2 
3131,2.3=6 


4l= 1. 2.3.4 = 24 etc. 
(i) (n+1)!=(n + 1).(n!) 


(ii) O! = 1 (by definition of 6) 


k=1 


(iii) n(n!) =(n + 1)! -—n! etc. 
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TEXTUAL EXERCISE-23 (SUBJECTIVE) 


1. Find the sum of following series: 


@ Y(-1 (b) =)" 


(c) ae (d) pa i" 


2. If [|- represents product of first n natural 


k=1 
numbers (also denoted as n!). Then evaluate the fol- 


lowing. 
(a) 5! (b) 7! 
(c) 8! (d) ~ 
(e) = (f) 8! +7! 
@ I]e oy [[@k-0 


(i) [ax G) [ 2" 


(k) [ [2 (1) 


n+l 


3. (a) Show that []* = =(n+ v TT hence show that 


(n+ 1)! ae 1) n! 
(b) Evaluate 100!/98! and n!/(n — 2)! 


4. (a) Prove that 


(i) ¥ (2k-1) = 7? 


a , = Wn+) 
(11) » a 


100 


(iii) Sk = 5050 


k=l 


10 
(iv) VkA=55A 


k=1 


n+1) 
v ics ia +k’ 
(v) yi ; 
(b) Evaluate the following: 
(i) Sok 
k=1 
(ii) >) 2k 
k=l 


(ii) > (k’ +k). If it is given that 
k=] 
Sie _ n(n+)j(2n+1) 
6 


(c) If > 1s defined for three variables a, b, c occuring 
cyclicly in the expression, then evaluate the fol- 


(c) Prove that (py — 1)! 1s not divisible by p of p is a lowing: 
Ae a a @) Ya’ Gi) Y@ +B) 
ae ors (n—n)! ii) Y(a-b) iv) Yab-o) 
n' (Vv) Date) (vi) Ve 
(ec) Prove that n(n-1)\n-2)...n-—r+1)= C= (vii) ¥ a%(b? — 02) (viii) (a? — be) 
Answer Keys 
1. (a)O0 (b)n (c) 1 (d) -1 2. (1) (a) 120 (b) 5040 (c) 40320 
(d) 56 = (e) 60 (f) 45360 (g) a” (h) 945 (1) 120a° Gj) 27" (k) 10!(2’°) (Ll) 2/a° 
3. (b) 9900 ; nv’ - 1 
4. (b) (1) aa (il) n> +n (111) — c)OQa@t+h+e 


(ji) (a@+hP+c) iii)O (iv) 0 


(Vill) = D((a- by’) 


(v) 2(ab + be + ca) 


(vi) @+h+e (vil) O 


fs PARTIAL FRACTIONS 
Types of fractions 


Linear and non-repeating 


When denominator D(x) is expressible as the product 
non-repeating linear factors. Let D(x) = (x — a,) (x - a,) 
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N 

D(x) X-A, X-a, 
A, : A, 

ea oo: 


Linear and repeated roots 


When denominator D(x) is expressible as the product 
of linear factors such that some of them are repeating 
Let D(x) = (« — a) (x — a,) (x — a,) «0... (x-a) 


The, 2 yee 
D(x) x-a (x-ay 
A B B 
Af 14 7 4, cil 
(x-a)" x-a x-a, X- a, 


Quadratic and non-repeated roots 


When some of the factors of denominator D(x) are quadratic 
(which cannot be factorised further) but not repeating. 
Let D(x) = (x°+ ax + b) (x —a,) (x—a,)..... (¢— a), then 


N(x) = O(x) Ax + A, 
D(x) (x, tax +b) 
B, B, B, 
+ a acescae 
K=Q,. X=G; x-a, 
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Quadratic and repeated 


When some of the factors of denominator D(x) are 
quadratic (which cannot be factorised further) and are 


repeating. 


Let DQ): = rag eb) RAED, )icsseiosss (e+ax+b) 


Type V: When both M(x) and D(x) contain only the even 
powers of x. To follow the steps given below: simplify the 
expressions 


Step 1. Put x?=+1in both M(x) and D(x) 
Step 2. Make partial fractions of N()/D@ 
Step 3. Put back t=x 


TEXTUAL EXERCISE-24 (SUBJECTIVE) 


1. Evaluate the following: 


XxX 
© GDE-D 
x°-x+2 
OG aD) 
See on eo) 


©) (x? +1)? (x4) 


) (x° -1) 
x+x 
cos’ @ 
cos? 8+4sin’ @ 
1 


(d) 


(f) 


(x* +a’)(x* +b’) 


2. Resolve the following in partial functions: 


5 1— 3x? b (2x -1) 
(x+3)°(x—- 2) (x+ D(x? +2) 
oom (3x +4) (d) x? aoe 
(x° +2x-7)(Sx -2) ya 27 
2x-3 ae ae 
©) (x-1)(x* +4) @) (x-1)* 
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3. Express the following in partial fraction:- x41 x 
———— es d ———————— es 
@) e223 py ELE HI-9  3@+3(a-2) © 2(2+3x0-3x) 
(x —3)(x-7) x* +18x7 +81 ©) 7 ) ia 
e ————— ————— 
5x? +12x-32 (x-2)(x+1)/ 
Answer Keys 
—] Z 1 (x-) 2 l 1 4 4 1 
1. (a) —— b)1l-—+ c) |—-——+—— d) -—-——.——_ or ——__- — 
a) x-1 x-2 ©) x’ +1 ©) x+1 x-1 © 3 9cos*@-12 349sin’@ 3 
—] x+1 2 | l 1 
(e) nee (f) ols | 
2(x+]l) 2x41) (x 4+)) (a —b°)\x°+b° x +a 
= “ —130 26x +133 
2. (a) 1164 - 26 (b) Eee - 
25(x-—2) 25(x+3) 5(x+3) eel: ered (c) S1Gx—2) ISK" +2x+7) 
8 x+6 ] x+1 x+11 ] 3 3 
(OF ae A cece ar), (f) ite aa oe 
9(x-3) 9(x° 43x49) 25(x-1) 25(x%° +4) 5(x° +4) (x-l° (x-l (x«-) 
te 2d py Se tt 3g bead 
Sag eee ©) ang Glo “be 1sGes) 0d). “Y Grad) Gran 
l i 51 8 a 10 i —2 
(©) 28(x+4) 28(5x-8) ©) 9(%=2) 9041 (3041? 
Axiom Il: If sum of two angles having a leg common is 


m@ REVIEW OF ELEMENTARY CONCEPTS 


In this sub-topic, we are going to take a quick revision of 
the concepts of Geometry, Algebra,Trigonometry which 
you have already done in previous classes. 


Geometry: Euclidian Postulates: 


1. A straight line segment can be drawn joining any two 

points. 

Any straight line segment can be extended indefinitely 

in a straight line. 

. Given any straight line segment, a circle can be drawn 
having the segment as radius and one end point as centre. 


2: 


. All right angles are congruent. 

. If two lines are drawn which intersect a third in such a 
way that the sum of the inner angles on one side 1s less 
than 90°, then the two lines must intersect on that side, 
if extended for enough. 


Theorems related to lines and angles 


Axiom I: Sum of two adjacent angles that a straight line 
makes with another on one side of it 1s always equal to two 
right angles. 


equal to two right angles then the other two legs of these 
two are always in straight line. 


Theorems related to triangles 


Theorem 1: If two triangles have two sides of the one 
equal to two sides of the other, each to each, and the an- 
gles included by those sides are equal, then the triangles are 
equal in all respects. 


Theorem 2: If two angles of a triangle are equal to one 
another, then the sides which are opposite to the equal an- 
gles are equal to one another. 


Theorem 3: If two triangles have the three sides of the one 
equal to three sides of another, they are equal in all respects. 


Theorem 4: If one side of a triangle 1s greater than other 
then the angle opposite to the greater side is greater then the 
angle opposite to the smaller side. 


Theorem 5: If one angle of a triangle is a greater than an- 
other then the side opposite to greater angle is greater than 
the side opposite to lesser angle. 


Theorem 6: Any two sides of a triangle are together 
greater than third side. 
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Theorem 7: Of all straight lines drawn from a given point 
to a given point to a given straight line the perpendicular 1s 
the shortest. 


Theorem 8: 
make 

(1) the alternate angles equal, or 

(11) and exterior angles equal to the interior opposite an- 
gles on the same side of the cutting line, or 
the interior angles on the same side together equal to 
two right angles; then in each case the two straight 
lines are parallel. 


If a straight line cuts two straight lines as to 


(iii) 


Theorem 9: 
makes 

(1) the alternate angles equal to one another 

(11) the exterior angle equal to the interior opposite angle 
on the same side of the cutting line 
the two interior angles on the same side together 
equal to two right angles. 


If a straight line cuts two parallel lines, it 


(iii) 


Theorem 10: If two tnangles have two angles of one equal 
to two angles of the other, each to each, and any side of the 
first equal to the corresponding side of the other, the triangles 
are equal in all respects called congruent. (ASA congruency). 


Theorem 11: Two right angled triangles which have their 
hypotenuses equal, and one side of one equal to one side of 
the other, are equal in all respects. (RHS congruency) 


Theorem 12: If two triangles have two sides of the one equal 
to two sides of the other, each to each, but the angles included 
by the two sides of one greater than the angle included by the 
corresponding sides of the other, then the base of that which 
has the greater angle is greater than the base of the other. 


Theorems related to parallelograms 


Theorem 13: The straight lines which join the extremities 
of two equal and parallel line segments towards the same 
part are themselves equal and parallel. 

A 


B D 


ar a mn mmr an ren 7 


FIGURE 1.105 


Theorem 14: The opposite sides and angles of a paral- 
lelogram are equal to one another, and each diagonal bisects 
the parallelogram. 


Theorem 15: If there are three or more parallel straight 
lines, and the intercept made be them on any transversal are 


equal, then the corresponding intercept on any other trans- 
versal are also equal. 


Theorem 16: Parallelograms on the same base and be- 
tween the same parallels are equal in area. 


Theorems related to intersection of loci 


The concurrence of straight lines in a triangle. 
(1) The perpendiculars drawn from the vertex to the op- 
posite side are concurrent. 
(11) The bisectors of the angles of a triangles are concurrent. 
(11) The medians of a triangle are concurrent. 


Theorem 17: ‘Triangles on the same base and between the 
same parallel line are equal in area. 


Theorem 18: If two triangles are equal in area, and stand 
on the same base and on the same side of it, they are be- 
tween the same parallel lines. 


Theorem 19: Pythagoras’s Theorem. In a right-angled 
triangle, the square described on the hypotenuse 1s equal to 
the sum of the squares described on the other two sides and 
vice versa. 


Circles 


Theorem 20: If a straight line drawn from the centre of 
a circle bisects a chord, which does not pass through the 
centre, it cuts the chord at nght angles. Conversely, if it cuts 
the chords at right angles. It bisects the chord. 


Theorem 21: One circle, and only one, can pass through 
any three non-collinear points. 


Theorem 22: If from a point within a circle more than 
two equal straight lines can be drawn to the circumference, 
that point is the centre of the circle. 


Theorem 23: Equal chords of a circle are equidistant 
from the centre. Conversely, chords which are equidistant 
from the centre than the equal . 


Theorem 24: Of any two chords of a circle, that which 
is nearer to the centre is greater than one more remote. 
Conversely, the greater of two chords is nearer to the centre 
than the less. 


Theorem 25: If from any external point straight lines are 
drawn to the circumference of a circle, the greatest is that 
which passes through the centre, and the least is that which 
when produced passes through the centre. And of any other 
two such lines, the greater is that which subtends the greater 
angle at the centre. 


Theorem 26: The angle at the centre of a circle 1s double 
of an angle at the circumference standing on the same arc. 


Theorem 27: Angles in the same segment of a circle are 
equal. Coverse of this theorem states “equal angles standing 
on the same base, and on the same side of it, have their vertices 
on an arc of a circle, of which the given base is the chord.” 


Theorem 28: The opposite angles of quadrilateral in- 
scribed in a circle are together equal to two right angles 
coverse of this theorem is also true 


Theorem 29: The angle in a semi-circle is a right angle. 


Theorem 30: In equal circular arcs arcs, which subtend 
equal angles, either at the centres or at the circumferences, 
are equal. 


Theorem 31: In equal circles, arcs which are cut off by 
equal chords are equal, the major arc equal, the major arc 
equal to the corresponding major arc, and the minor to the 
corresponding minor. 


Theorem 32: In two equal circles, chords which cut off 
equal arcs are equal . 


Tangents 


Theorem 33: The tangent at any point of a circle 1s per- 
pendicular to the radius drawn to the point of contact. 


Theorem 34: ‘Two tangent can be drawn to a circle from 
an external point and these two tangents are equal. 


Theorem 35: If twocircles touch one another, the centres 
and the point of contact are in one straight line. 


Theorem 36: The angles made by a tangent to a circle 
with a chord drawn from the point of contact are respective- 
ly equal to the angles in the alternate segments of the circle. 


m@ SOME MISCELLANEOUS THEOREMS 


Theorem 37: If two of straight lines, one is divided into 
any number of parts, the rectangle contained between the 
two lines 1s equal to the sum of the rectangles contained by 
the undivided line and the several parts of the divided line. 


Theorem 38: If a straight line is divided internally at any 
point, the square on the given line is equal to the sum of the 
squares on the squares on the two segments together with 
twice the rectangle contained by the segments. 


Theorem 39: If a straight line is divided externally at any 
point, the square on the given line is equal to the sum of 
the squares on the two segments diminished by twice the 
rectangle contained by the segments. 


Theorem 40: In an obtuse-angled triangle, the square on 
the side subtending the obtuse angle is equal to the sum of 
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the squares on the sides containing the obtuse angle togeth- 
er with twice the rectangle contained by one of those sides 
and the projection of the other side upon it. 


Theorem 41: In every triangle, the square on the side sub- 
tending an acute angle is equal to the sum of the squares 
on the sides containing that angle diminished by twice the 
rectangle contained by one of these sides and the projection 
of the other side upon it. 


Theorem 42: Steward’s theorem: If D is any point on 
the side BC of a, then AB? .DC + AC*. BD = AC. (AD? + 
BD . DC) 


A 


B D C 
FIGURE 1.106 


Theorem 43: In any triangle, the sum of the squares on 
two sides is equal to twice the square on half the third side 
together with twice the square on the median which bisects 
the third side.(Appolonius theorem, which is a special case 
of Steward’s theorem). 


Rectangles in connection with circles 


Theorem 44: If two chords of a circle cut a point within 
it, the rectangle contained by their segments are equal. 


Theorem 45: If two chords of a circle, when produced, 
cut at a point outside it, the rectangles contained by their 
segments are equal. And each rectangle is equal to the 
square on the tangent from the point of intersection. 


Theorem 46: If from a point outside a circle, two straight 
lines are drawn, one of which cuts the circle, and the other 
meets it; and if the rectangle contained by the whole line 
which cuts the circle and the part of it outside the circle is 
equal to the square on the line which meets the circle, then 
the line which meets the circle is a tangent to it. 


Proportional division of straight Lines 


Theorem 47: A straight-line drawn parallel to one side of 
a triangle cuts the other two sides, or those sides produced 
proportionally. 


Theorem 48: If the vertical angle of a triangle 1s bisected, 
the bisector divides the opposite side internally into 
segments which have the same ratio as the other sides of 
the triangle. Conversely, if the base is divided internally 
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or externally into segments proportional to the other sides 1. Circle 
of the triangle, the line joining the point of section to the 
vertex bisects the vertical angle internally or externally. 


Equiangular triangles 
FIGURE 1.107 


Theorem 49: If two triangles are equiangular to one an- ; : 
Perimeter: 2zr = ad Area: 1 r* = 1/4 xd 


other, their corresponding sides are proportional. 


Theorem 50: If two triangles have their sides proportion- 2. Sphere ; 
r 


al when taken in order, the triangles are equiangular to one <—_____» 
another, and those angles are equal which are opposite to 
corresponding sides. 


Theorem 51: If two triangles have one angle of the one 
equal to one angle of the other, and the sides about the equal 
angles proportional, the triangles are similar. FIGURE 1.108 


Theorem 52: If two triangles have one angles of the one Sinface aren] dare Sa 
equal to one angle of the other, and the sides about another Velune= aan = teak 
angle in proportional to the corresponding sides of the oth- : 

er, then the third angles are either equal or supplementary; 3. Spherical Shell (H ee here) 
and in the former case the triangles are similar. - 4 


Theorem 53: In aright-angled triangled, if a perpendicu- 
lar is drawn from the right angle to the hypotenuse, the tri- 
angles on each side of it are similar to the whole triangles 
and to one another. 


FIGURE 1.109 


Similar figures 
Surface area = 41r? = nd? 
Theorem 54: Similar polygons can be divided into the 


same number of similar triangles; and the lines joining cor- 
responding vertices in each figure are proportional. 


Volume of material used = (4zr *) ( d_) where d_ is 
thickness 


i - 4. Cylinder 
Theorem 55: Any two similar rectilinear figures may be 


se eed r 
so placed that the lines joining corresponding vertices are 


<> 
concurrent. ec 


Theorem 56: In equal circles, angles, whether at the cen- h 
tres or circumferences, have the same ratio as the arcs on 
which they stand. 


Proportion applied to area FIGURE 1.110 
Theorem 57: The areas of similar triangles are propor- Lateral area = 2arh V =ar *h 
tional to the squares on corresponding sides. Total area = 2arh + 2ar?= 2ar (h +r) 


Theorem 58: The area of similar polygons are propor- 
tional to the squares on corresponding sides. 


5. Cone 


m@ MENSURATION FORMULAS 


r = radius; d = diameter; 
= Volume; S.A. = surface Area FIGURE 1.111 


Lateral area= arvr° +h’ h=height 


Total area = nr(vr? +h? + r| ‘volume = 1/3ar 7h 


. Ellipse 
2a 


a 


FIGURE 1.112 


a’ +b? 
Circumference = 27 D) a = 1/2 of length of 


major axis; area = nab; b = 1/2 of length of minor axis 


. Parallelogram 


a 


b 
FIGURE 1.113 
A = bh or = ab sinO; a= side; h = height 
b = base 0 = angle between sides a and b 


. Trapeziod 


<> 
a 


FIGURE 1.114 


Area = (a +b) 


. Triangle 


b 
FIGURE 1.115 


Area of AABC = bh/2 (where b = base and h = height) 
= (ab /2) sin C = (be / 2) sind = (ac/2) sinB 


= 5(s—a)(s—b)(s—c) {where s = (atbtc)/2} 
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10. Rectangle container 


a Jo 


FIGURE 1.116 


lateral area= 2(1/b + bh + hl; V= [bh 


Some Important Formulae 


1. 


10. 


11. 


12. 


13. 


14. 


15. 
16. 
17. 
18. 
19. 
20. 


(a+b) =a’ +2ab+b? =(a—b) +4ab 
(a—b) =a’ -2ab+b? =(a 
a’ —b° =(a+b)(a—b) 

(a+b) =a° +b +3ab(a+b) 


+b) —4ab 


(a—b) =a +b -3ab(a-b) 
a’+b° =(a+b) —3ab(a+b) =(a+b)(a’* +b? —ab) 
a’ —b® =(a—b) +3ab(a—b) = (a—b)(a? +b? +ab) 
(at+b+c)y =a’ +b’? +c’ +2ab+2bc+2ca 
na? +0? +0? +2abe{ 24242 | 

abe 
a’ +b? +c’ -—ab-—bc-ca 


= ~[(a-b)* +(b-c)? +(c-a)"] 


a+b? +c’ —3abc 
' +b+c)(a’ +h? + -ab-be-ca) 


glato+e )| ((a- b)’ +(b-c)’ +(c-ay’ )| 
(a+b)(a-b)(a’ -6") 


a* +a’ +1=(a +1) —@qQ’ =(1+a+a’)(l-a+a’) 


+ (3) (2) 


a’+b?+c?—ab—bc—ca= {(a 7 b’) a (b- c) + (c- a)’ | 


a — 


(xta)(x+b) = x°+(at+b)x+ ab 

(at+tb+cyp = &+ hh +e2°+3(at+b)(b+c)(ct+a) 
a+bh+c —3abce=(atb+c)(a?+b?+c*?—ab-—bce-ca) 
(at+b)*= (at by (at by =a‘*+b*+4a*b + 6a7b?+ 4ab> 
(a—b)'= (a— by (a— by =a*+ bt —4a°b + 6a*b?—4ab? 
(a+ bp = (at by (at bY =a’ + Sah + 10a°b’ 
+ 10a*b’ + S5ab*+ b 
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MULTIPLE-CHOICE QUESTIONS 


SECTION-I 


OBJECTIVE-TYPE SOLVED EXAMPLES 


1. The values of p so that the equation 3x —- p +1 = 


2x — 1 has positive solutions are 

(a) p = 2/3 (b) p<-2 

(c) p>2 (d) p> 1 
Solution: (c) 3x —2x =p-2>x=p-2 
for + ve solutions x > 0 
> p-2>0 =>. pe2 


. Ifx =3- 8, then x?+ = is equal to 
x 


(a) 6 (b) 198 
(c) 6 V2 (d) 102 


Solution: (b) x° + ee = [x44 )[x ea) 
Xx X Xx 
= (3-8 +3+-V8}(2(9+8)-1) = ©) [33] = 198 


2 
ae ae 
ane inequali == ep pola 
ZX ae ee 
(a) -1 <x <-2/3 or 2/3 <x< 1 
(b) -2<x<2 
(c) 2/3 <x<1 
(d) None of these 
yay? 
Solution: (b) Let |x| = y = ———,—~ > 0 
2y-y -2 
=> 0° -y-2) Qy-2°-2)>0 


=> VY -y-2)(Y-2y+2)<0 

=> ¥-2)¥tD[Y-1)+1] <0 

> (y—2) (y+ 1)<0 [--(y- 1) +1>0) 

=> ye(—1, 2) [ By using wavy curve method) 
=> |x| € Cl, 2). But |x| > 0 


=> |x| € [0, 2) => 225452 
. The solution set of x — /1-|x| <0 is 
~1+/5 
(a) 1) (b) [-1, 1] 


(c) 1 nt] (a) - | 


2 


Solution: (a) Clearly, given inequation is valued 
when 1 — |x| > 0 
=> k|<l>xe[-l, 1] (1) 


Also x < ./1-| x| (2) 
If x < 0 then (2) holds always 

> xe[-1,0] (3) 
If x > 0 then squaring, we get x” < 1 — |x| 

=> |x\?+ [x] -1<0 

or x*+x-1<0[-x>O0-> |x| =x] 


a eas HS soe orn 25) 


2 2 2 2 


5-1 
Butx>O>xe 0 5) (4) 


Final solution will be the union of (3) and (4) 


| | a) 
1e.,x€ ae 


. If [x]’- 5[x] + 6 = 0 ; where [.] denotes the greatest 


integer function, then 
(a) x € [3, 4) 
(c) x € {2,3} 


(b) x € [2, 3] 

(d) None of these 

Solution: (a,b,c) Given equation is [x]’—- 5[x] +6 = 0 
=> ([x]-2) (x]-3)=0 = [x] =2 or [x] =3 

=> xe [2,3)orx e€ [3, 4) -. x € [2, 4) 


. The solutions of the equation 2x — 2 [x] = 1, [x] 1s 


gint function, are 


1 1 
(a) Le (b) eens 


l l 
(c) aera (d) Siete, 


Solution: (c) 2x — 2 [x] = 1 


=> Ix-1=2 [x] ca 


=> [x|= 


2x-1 
=> 


e J (set of integers) 


=> 2x-—1=2nforsomen eé I 


=> 2x=2n+1 = vont nel 
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7. The positive values of x satisfying the equations .. Possible numbers must be 34452, 34956, 34056 
l which are 3 in counting. 
i] fret] , es | | 
9. The greatest integer x satisfying the inequality 

(a) [1/2, 1) b) [1,2] aaa es a 
(c) [1, 3/2) (d) None of these 3 2 

1 (a) —l (b) 1 
Solution: (c) Casel: [x] = 5 = | (c) 2 (d) 2 
=> xe[ 1,2) andx+1/2 € [1,2) Solution: (a) 2 2x + 1) -3 Gx-l)>6 

1 3 3 => 4x+2-9x+3-6>0 

=> xe[l,2)andxe 55 XE 1.5 => -5x-1>0>5x+1<0 


=> 5x<-l>=x<-l/ =x € (-, -1/5) 


Case ll: [x] = 145 =-| .. The greatest integer is — 1. 
\ 10. The solution of the inequality (x?- 3x + 2) (x°- 3x’) 
=> xe [-l,0)and x+— e[-1, 0) (4 x”) > 0 is 
| : (a) (+, -2) U2, 3) 
But we are interested only for +ve values of x (b) (20, -2) 
Only case (1) is possible .. x € [1, 3/2) (c) an 1940} (1.31 
8. Number of all five-digit numbers of them 34 x 5y (d) None of these 

(x and y are digits) divisible by 36 are Solution: (c) G2— 3x +2) G2- 3x2) (4-2) 20 
(a) 2 ye (¢- 1) @-2) 2 @- 3) Q+x)(2-x)20 
(c) 4 (d) 5 


x(x — 1) & -2)/? (x -3) («+ 2)<0 
Solution: (b) 34x5y is divisible by 36. Iff it is (x — 1) & 3) @ +2) < 0 and x = 0, or 2 
divisible by 4 and 9 (x + 2) «-1) «-3) <0 andx € {0, 2} 
> 5y must be divisible by 4 and3 +4+x+5+y .. By wavy curve method 
must be divisible by 9 
=> ye {2,6} and 12 +x + y must be divisible by 9 
when y = 2 


YUUY 


=> 14+x18s divisible 9 
=> x € {4} when y = 6; 18 + x is divisible by 9 => xe(-w-2]U [I, 3] vu {0, 2} 
=> xe {0,9} > xeCo-2]vu {0} U [1, 3] 
SECTION-II 
SUBJECTIVE-TYPE SOLVED EXAMPLES OF eer a 
x>lorx<-2 
1. Find the interval in which x can lie in order to satisfy (CC) se |S 32-3283 =x552 
following inequalities. => -S/2<x-3<5/2 
(a) |x-3|/<5 Ss, FS) < xX 5943 = 1 eye 1 
(b) |x + 1/2|>3/2 (d) (x2 — 3x) (5 —x) 20 
(c) |3-x|<5/2 => x(x-5) (x -3)<0>x € (-~, 0] U [B, 5] 


(d) |x?-4x +5) =|x?-3x|+]|]5-x| 
Solution: (a) | x — 3|<5 > -5<x-3<5 
=> 2<x<8 Solution: By using definition of modulus we consider 
(b) |x + 1/2| > 3/2 two cases when 

= x 1/2 > 3/2 (a) x7 + 3x >0 (b) x7 + 3x <0 


2. Solve the inequality | x? + 3x |+x?-2 20, 
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In case (a) we get the inequality 2x? + 3x — 2 > 0 the 
solutions of which are x < — 2 and x = 1/2 condition (b) 
is satisfied by x < —3 and for x > 0 now the solution of 
case (b) asx < -3 andx2 1/2 
Similarly, on solving the case (b) we get -3 <x < 
—2/3 as solution 
Combining the solution obtained in both cases, we 
get x < —2/3 and x > 1/2 


. Find the number of ordered pairs of integer x and y 
satisfying the equation: x.y = 1260 


Solution: *.. x/1260 and y/1260 
=> x, yare divisors of 1260 
= number of ordered pairs of natural number (x, y) 


= number of positive divisors of 1260 = 2? x 3.5.7 
=2+)adat+thHd+bDd+1)=24 
But of x.y = 1260 then (-x) = 1260 then 
(-x) (~y) = 1260 
So for each ordered pair (x, y) satisfying the above 
equation the ordered pair (—x, —y) also satisfies the 
equation. 

= Total number of integer ordered pairs = 2x 24 
= 48 


. Find the least +ve integeral value of 'm', for which 
the system of equations 3x + my = m; 2x — Sy = 20 
has solutions satisfying x > 0, y > 0. 


Solution: 3x + my =m (1) 
and 2x — 5y = 20 (2) 
= x : y _ —| 
20m+5m -604+2m -15-2m 
25m —60+2m 
= = == 
2m+15 2m+15 
x>O;y>0 


25m 2m — 60 
> 0 and 

2m+15 2m+15 
m (2m + 15) > 0 and (m — 30) (2m + 15) > 0 
m & (-0, —15/2) U (0, 0) and m € (— », -15/2) U 
(30, 0) 
=> me (—o, —-15/2) U (30, «) 
‘. The smallest +ve integral value of m is 31. 


>0 


YU 


. Find the smallest value of y for which 2|y| — |2y - 1 
— |l]=2y-—1+1 holds. 
Solution: Case (i) when y <0; |y| =-y 
=> 27-|27'-1|=2"'+ 1 (1) 
7 y<0>2<!1 
Also 2°! < 2” <1 ['. a‘is S.I function for a > 0] 


S21 <0 a2 tala 2 
From (1) 27+ 2%'-1+1=2"'+ 1] 
=> 2°%=2 >y=-1 which is <0 
Case (ii) Whenye [0, 1]; y-—1 €[-Il, 0] 
S22 1) S21 150: S24 =l=-2 41 
Given equation becomes 2”+ 2%1-] = 2”!+ |] 


=> 2=2 => y=l e€ [0, 1] 

Case (iii) wheny> | 
=> y-l1>0 => 23> 2°= 1=27'-1>0 
=> |2”!-]|=2"'-] 


The given equation becomes 2” — 2%! + ] = 2%! + | 
2=2 .2”' 

2” = 2” which 1s true V y> | 

Solution set isy € {-1} U [], 0) 


The smallest value of y is —1 


. Find the smallest 3-digit natural number which when 


divides 1496 and 948 leaves the same remainder. 


Solution: Let x be the required number and r be the 
common remainder, then 1496=kyx+r;,k,k, €Z 
(Set of integers) 948 = k,x +r 
=> 548 =(k,-k)x => 548=(,-k,)x 
=> x 1s a three-digited divisor of 548. 

Now 548 = 2 x 2 x 137 = (2)?x (137)! 
=> xcan be 137 or 274 or 548 

Smallest value of x = 137 


. Define a set 


—] 
A =| x St [al forsomek ER;0<x< 22} 


—1 
B= {9:2 t= lk forsomek €R;0< y< 22| 


then find 

(1) n (A-B) 

(ii) n (AAB) 

(v) n [(AxB) 1 (B x A)] 


(1) ” (B—A) 
(iv) n (AxB) 


Solution: — = [k] for some k € R 


be x-1 
= 5 1s. an integer > ee 
=> x=5m+|13;meZButx>0,x< 22 
=> xe {1,6,11, 16,21} =4; 
Similarly, y=4n+1lneZ 
But y = 0 and y < 22 
= ye {1,5,9, 13,17, 21}=B 
. A-B= £6, 11, 16}; B—A = £5, 9, 13, 17} 
(i) n (A-B) =3 


(i) n (B-A)=4 
au) n(A AB)=n[A-B)vU (B-A)] 
=n[(AVU B)|-n[4AN B)|=9-2=7 
(iv) n(Ax B)=n(A)xn(B)=5x6= 30 
(v) We know that if 'n' elements are common in 
two sets A and B, then n? elements are com- 
mon in (A x B) and (BX A). 
=> n[(AxB)n(BxA)] =(2)=4 
. For any three consecutive odd natural number, the 
least of which is larger than seven then the sum of the 
square of the two smallest is always larger than the 
square of the largest. 


Solution: Given three consecutive odd naturals as 
2x —1,2x+1,2x+3s.t.2x-l1>71e,x>4 
Now consider the difference 
| (2x-1)? +(2x+1)? |-(2x +3)? 

= 8x? + 2 — (4x? + 12x + 9) 

= 4x? - 12x —-7 = 4x?- 12x + 9-16 

= (2x — 3)? - (4)?= (2x + 1) Qx —7) > 0; as 2x > 8. 
. Find the integer solution of equation x’y — 72y + x = 0. 
xy + 1) = 72y 
Be IOV cy oa VIED cy, 72. 


72 
ytl yl yl 


Solution: 


> xXx 


72 
For integer values of x and y,; 72 SareT >0 and 
M4 
y + | must be an integer divisor of 72. 


y €(-~,0)U[0,0) 


=> 
=> y(y+l)20; y#-1 
=> 
=> y+le(-~,0)U[I1,0) 


But y + | is an integer 
=> yt1can be any integer divisor of 72. 
=> yt] =+1, +2, +3, +4, +6, +8, £9, +12, +18, +24, 
+36, +72. 
x? = (72 + 72), (72 +36), 72 +24, 72 + 18, 72 +12, 
(72+ 9),72+6,72+44,+3,72+2,72+1 
x? =0, 144, 36, 81, fory + 1 = 1, -1, 2, -8, 
x? =0, 144, 36, 81, fory+1=1,-1,2,-8 
x? = 0, 144, 36, 81, fory =0, -2, 1, -9 
x? = 0, +12, +6, +9, fory =0, -2, 1, -9 
All possible integer solutions are (0, 0); (12, —2); 
Sl) OS OC) ee), 


y 


YU UQY 
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10. Ifx is a prime number and y is any integer satisfying 


11. 


the equation 2x” + y? = 274, then find all possible 
solution: 


Solution: 2x? + y* = 274, (1) 
=> ypH=274-2 
= y* must be an even integer 
= y must be an even integer E y is an int eger| 
Let y = 2k 
from (1) 2x? + 4k? = 274 
Ak? = 274 — 2x 
2k? = 137 -x (11) 
x? must be an odd integer 
x must be an odd integer. 
Also from (11) 2k? = 137 —x 
= 3 = 137 = 42x137 210 
= x must be and odd prime less than 12 
> xe {3,5,7, 1l} 
Again from (1) y”? = 274 — 2x 
For x = 3, = 274-18 =256 > y=+16 
For x = 5, y? = 274 — 50 = 224 
> y= +/224 ¢Z 
For x = 7, v = 274 — 98 = 176 
> y=tv176 ¢Z 
For x = ll, yv = 274 — 242 = 32 
=> y=41V32 ¢Z 
‘. x =3 and y=+16 are the only possible solutions 


Show that no triangular number can be of the form 
3n— 1. 


Solution: Let x be a A” number x = 1+2+3+....4n 
_ r(ntt) 


,; for x to be multiple of 3 


=> 3|n or 3}n+1Ifm+n-+1 not divisible by 3 
=> n2>3k, 3k-1 > m=3k+1 


yg TD) 
2 
2 (3k+1)3k+1)+1)  34GBK4+1)+ BK +1) 
an 2 2 
= 3k = 3k +3 
if n = 3k then 3/x 
_ 9OK(k+1)+1 


if n = 3k — | then, 


3/x 1s 3m + | type 
= xcount be 3n + | type. 
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12. 


13. 


14. 


15. 


wy 


If 2n + 1 is a prime number, show that 17, 2”, 3’, .., n° 
when divided by 2n + | leave different remainders. 


Solution: Method for contradiction: 
Let py, ¢@ 641,253,225 ,n} 
p=Qn+1l)k+t+r 
g=(2n+1)kl +r 
=> p’-g=(Qnt+1)kKO1¢., 2n + l/p’-¢ 
But p?-q?=(p + q) (p —q) each factor being less 
than 2n 
2n+ I/(p—q)(p + gq) ; AS 2n+ | 1s prime 
2n + l/p—q or 2n+ I/p + q both of which 1s 
wrong. 
2n + 1/(p’ - q’) 
Assertion that p, g leaves same remainder w.r.t 
division by 2n + | is false 
= Contrary to our assumption p’ and q’ shall leave 
different remainders when divided by 2n + 1. 


YY 


Show that n*° — | is divisible by 33744 if n is coprime 
to 2, 3, 19 and 37. 


Solution: 37 | 7°"!—1 as (n, 37)=1 

37 | n> - 1 

19|n'8—1 as (n, 18)=1 

19| @8—-—1) (M8 +1) 2319] n*-1 

3|n?-1 as (, 3) >3|n°-1 

Nis odd as (n, 2) = 1 

" 2/n*> — | 

Also n&—1=(nW?- 1) (n+ 1) (H+ 1) 
=@-I@+)@+)a*t+) 
Each of there factor is even 

=> 16/n*°- 1 =>3x 16x 19 x 37/n* —- | 

=> 33744/n* — 1. 


Prove that 4” + 15n — | 1s always divisible by 9. 
Solution: 4” + 15n—-— 1 =(4n—-1)+ 15n 

=(4= |) (4 +a eae +. 2D +50 
= 3[47' + 4774+ 477+ .... 4+] —-n+n+5n] 


= 3|(4""-1)+(4"? -1)4 (4°? -1)+...4(4-)+6n] 
= 3[6k, + 3k, + 3k, +..... + 3(1) + 3(2n)| 
= 9k, +h, +...¢1+n] =92. 


YU UYU YU 


If m is a prime number, and a, b two numbers less than 
m, a" +.a" Dat be an eb” is: .a multiple 
of m. 


Solution: a—b/a”'—b"™" and m/a"! — 


as m/(a”"' — 1) - oe = 1) 


16. 


17. 


- m/(a—b)- (a””? +a"? b+a"* b? +...4 ab”) 


but m/(a-—b) becomes both a and b<m 
Hence a—b<m 
= mia"?+a”"> b+a"b' +...4ab”” 


Prove that 36 | 7”-— 1 —6n 
Solution: ‘" 7-1{|7"-1 
=> in=1=6n- 60 Flea + a FT Pl nn) 
= 6(779 —1)+ (7? -D+....4+4@7-D+0-) 
+ (1 — 1) = 6(6k, + 6k, + 6k, + .... + 6(8) + 6) 
= 36(k, +k, +k, +....+8+1) = 36/7" -1 —6n 
int eger 
Solve the following irrational equation for real values 
of variable x. 


Vxt+2-4Vx-2 4+Vx+74+6Vx-2 <8: 


Solution: Given inequality is 


V(x+2)-2.2Vx—2 +(x +7) +2G)Wx-2 <8 


Clearly it is defined for x € [2, 0) only 
Now rearranging the term within radical sign. 


(xt 2)+4—2(2)Vx—2 +/(x-7) +9+2(3)Vx—-2 <8 
(V@-D) +,(J@—2) +3) <8 


=2) -2|+| 4-2) +3/< g 


the given inequality is equivalent to following set 


of inequality. 
x 24 and 
[ern Sel al 
2< x< 4and 

2- fend + Vern 2438 8 


which is always true 


xe 4 Tlupza) 


a7 Y , 
> xeE re is set of solution. 


Comprehension Passage 


A: 


Given A = {x: x — 5m, m € N and x < 30}, 
B= {y: y = 4k, k C W and k < 8} and C = {x: x is 
prime number and x < 16}, U={x:x<35xeEN}. 


Where W 1s the set of whole numbers and N 1s the set 
of natural numbers. Based on this information, now 


answer the following questions: 


18. 


19. 


20. 


21. 


22. 


23. 


18. 


19. 


20. 


21. 


22. 


Number of elements in (4 U B) will be 
(a) 14 (b) 9 
(c) 10 (d) None of these 


Number of elements in (4 U B U C) will be 


(a) 18 (b) 19 

(c) 20 (d) None of these 
Number of elements in (4 — C) (C — B) 1s equal to 
(a) 11 (b) 9 

(c) 12 (d) 10 


Number of elements in A A B (The symmetric differ- 
ence of A and B) 


(a) 10 (b) 13 

(c) 9 (d) None of these 
Number of elements in (4 U B)' will be 

(a) 21 (b) 20 

(c) 24 (d) None of these 
Number of elements in (A’ A (B U C) will be 
(a) 10 (b) 11 

(c) 12 (d) 13 


Solution: A = {x: x=5m,m € N and x < 30} 
= £5, 10, 15, 20, 25, 30} and 
B= {y:y =4k,k € W andk< 8} 
= {0, 4, 8, 12, 16, 20, 24, 28, 32} 
C = {x: x 1s a prime no and x < 16} 
= {2, 3,5, 7, 11, 13} and 
U = {x: x < 35;,x € N} = £1, 2, 3, 4, ......35} 


Number of elements in (4 U B) 
=n(Avu B)=n(4)+n(B)-n (ANB) 
=6+9-1 [+ ANB = {20} | 
Ans (a) 
No of elements in 44 U BU C) =n (A) +27 (B) 
tn (C)-n(AnB-n(BnO-nAnot 
n(ANBAC)=64+9+6-1-0-1+0=19 
Ans (b) 
No of elements in (4 —C) U (C - B) 
=n [{10, 15, 20, 25, 30} U £2, 3,5, 7, 11, 133] 
= n{2, 3,5, 7, 10, 11, 13, 15, 20, 25, 30} = 11 
Ans (a) 
n(AAB)=n[(A-B)]VU(B-A) =nAvBb)-n(A 
OB)=14-1=13 
Ans (b) 
n(AU BJ =n(v)-n(AvU B)=35- 14=21 
Ans (a) 


23. 


24. 


25. 


26. 


Zt. 
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n{[N A (BUC) Han(BVUQ)-An (BVOC) = 
n [{2, 3, 5, 7, 11, 13, 0, 4, 8, 12, 16, 20, 24, 28, 32] 
—{5, 203] = 13 

Ans (d) 


: Let two numbers x and y be given by x = p% q? and 


y = p*. gq’ (Where p, g are prime numbers). 

The number of divisors of x will be = (a + 1) 
(6 + 1). The number of proper divisors will exclude 
two divisors namely | and the number itself. 
The sum of all divisors of x. 


=(1+ pt p’ +... +p*\(l+q+q° + ee +q°) 


p-1 q-l 
On the same line, the number of divisors which are 
common to both x and y = Number of divisors of p’.q”. 
where / = minimum of (a and a) and m = minimum of 
(6 and £). 
Using this information and guideline, now answer the 
following questions: 


When x = 2°.34 and y = 2°.3®. The number of common 
but proper divisors of both x and y are 

(a) 18 (b) 19 

(c) 2] (d) None of these 


When x = 385, the sum of all the divisors will be 
(a) 576 (b) 538 
(c) 575 (d) None of these 


Sum of common but proper divisors of x = 2°.3* and y 
= 2*.3° will be 
(a) 597 
(c) 598 


(b) 599 
(d) 615 


If sum of all the divisors of a number x (say) becomes 
2x, then it is called a perfect number. Find which of 
the following is a perfect number. 

(a) 15 (b) 20 

(c) 25 (d) 6 


Solution: 24. x = 2° .3*; y = 2.3%, number of common 
divisors of x and y 
= no of divisors of 2°.34= (3 +1) (4+ 1) 
= (4) (5) = 20 
But it includes | which is improper common divisor 
of x and y 
Number of proper common divisor of x and 
y =20-1=19 
Ans (b) 
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25. x =385=5x7x 11 
Sum of divisors = (1 + 5) (1 + 7) d + II) 
=6x 8x 12=576 
Ans (a) 
26. x = 2°.34; y = 243° 
Common divisors of x and y = divisors of 2°.3° 
Sum of common divisors 
=(1+2+27+ 2» (1 +3 +3? +37) and 
Sum of proper common divisors 
= (le 262? + 2) 3 3737) = | 


=| Ga ae es = (15) (40) — 1 


(2-1) (3-1) 
= 600 — 1 — 599 
Ans (b) 


27. Ifx = 15 =3!x 5!; Sum of divisiors 

= (1 +3) (1 +5) = (4) (6) = 24 # 2x 

If x = 20 = 27x 5!; sum of divisors 
= (1 +2 +27) (1+5) = 42 42x 

If x = 25 = (5)*; Sum of divisors 
=(1+5+57) =31 42x 

If x = 6, then x = 2!x (3)! 
Sum of divisors = (1 +2) (1 + 3) = (3) (4) 
= 12=2x 

‘. X= 61s a perfect number 

Ans (d) 


Matrix Match Type 
28. Column I 


1 1 1 1 1 l 
(i) Set 5 —,—+ —,— +—+— ,........ 
L212 2312. 23° 34 
is equivalent to: 
(11) If x, y, z are three consecutive prime numbers, 
such that n(A U B U C) = 33 and then the set 


{x, y, Z} 1S 
ea 


(111) {x- x is the positive integer greater than | which 
leaves remainder equal to the lowest common 
positive divisor of 24 and 10 when divided by 
the greatest common divisors of 125 and 185}is 

(iv) If A = £1, 0, -1, —-2, -4, -5} and B = £1, 2, 3, 4, 
5, 6} then range of subset R of cartesian product 
A x B defined by, R = {(%, y)x € A andye B 
and x + 2y = 5} is 


Column II 

(a). set:{ 1, 1435-14365, 34547, 55°} 

(b) Solution set of linear equations, 2x — y + z = 6, 
x+2y—z=3,2x+3y-z=8 

(c) Set {6, 11, 16, 21, 26, 31, 000... st 

Ans. (1) a, b, d, (11) c, (111) b, d Gav) c 


Solution: 


(11) 


n(AUBUC)=33 
=> x-ytz+6+4+5+4+8= 33 
=> x, y, z are three consecutive Prime numbers and 
their sum is 10. 

=> X32 €32,3;595 13 

= ANZ = 4255} 

(111) {x- x 1s the +ve integer which leaves remainder 
equal to the lowest common (+ve) divisor of 24 
and 10 when divided by the greatest common 
divisor of 125 and 185} 

Now, lowest (+ve) common divisor of 24 and 
10= 1, g.c.d of 125 and 185 is 5 

. x=5k+1;ke Z Butx is a +ve integer 

= The set is {1, 6, 11, 16, 21, 26, 31.....} But x 1s 
greater than | 
The set becomes {6, 11, 16, 21, 26, 31.....} 
= {5k+1,k e N} 

(iv) If A = {1, 0, -1, -2, -4, -5} and B = £1, 2, 3, 4, 
5, 6} then we are to find the range of subset of 
Cartesian product = {(x, y); x € A andy e€ B and 
x + 2y = 3} 
= {(, 2), CL, 3), CS, 5)$ 

Range = {2, 3, 5} 


=> Also2+3+5=10 


Column-Il 
(a) Set £1, 143, 143+5, 143+5+7, ....} 


T.=SnofAP 1,3, 5,7....= 5 [2+2n-2]=" 
Set = {n?;n —€N} 


(b) x is that natural number such that when it is 
divided by 5 leaves remainder | and greater than 5. 


> x=5k+|l1:i:keN 
The set is {x.x =5k+l,ke N} 
2x-yt+z=6,;x+2y—z=3 and 
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2x + 3y-z=8 
Clearly x = 2, y =3 andz=5 
“. Solution set is given by = {2, 3, 5} 
(c) Set = {6, 11, 16, 21, 26, 31,......} 
={5k+l;ke N} 
Two sets are said to be equivalent if they have 
same number of elements 
Any two sets which are enumerable (1.e.,] a one- 
one and onto function f N > set) are considered 
to be equivalent. 


SECTION-III 


OBJECTIVE-TYPE (ONLY ONE CORRECT ANSWER) 


~ XY {1, 2} = £1, 2, 3, 5, 9}, then 
(a) The smallest set_X is {3, 5, 9} 
(b) The smallest set_X is {2, 3, 5, 9} 
(c) The largest set _X is {1, 2, 3, 4, 9} 
(d) The largest set _X is {2, 3, 4, 9} 


. Given n (U) = 20, n (A) =12, n (B) = 9, n(A 1 B) = 4, 
where U is the universal set, A and B are subsets of U, 
then then n (4 U B)‘) 1s equal to 

(a) 17 (b) 9 

(c) 11 (d) 3 


ae —] 
. The common value of x satisfying ~~" >0and 
2x=5 ve 


<1 is 
YSZ 
(a) (2, c] (b) (2, 3] 
(c) (-o, 3] (d) None of these 


. The set of values of x satisfying the inequality 2x — 7 
< 4x — 2 and —-5 < 2x + 6 <4 1s given as 


—11 -5 —11 
(a) Se (b) =. - 5/2| 
(c) (—5/2, -1) (d) None of these 


. The set of values of x satisfying the inequality 
x? —x <6 and 3x” —x —2 > 0 is given as 

(a) (co, -2/3) U (3, 0) (b) (2, -2/3) vu (1, 3) 

(c) (-2, 3) (d) None of these 


. Which of the following statements are not true? 

(a) Difference of two irrational numbers 1s irrational. 

(b) Any number of the form p/q such that p,g elq# 
Ois always rational. 

(c) The inequality x<y,y<zandz<x>x=y=zZ 


10. 


11. 


12. 


(d) The operation of exponentiation is commutative 
in nature 1.e., (a”)” = (a”)". 


. The equation |x? — x| + |x + 1| =5 has 


(a) two rational solution 

(b) two irrational roots 

(c) one rational and one irrational roots 
(d) no real solution 


. The smallest integer k satisfying the inequality 


y= :; 
>@Q 1s 
x°+5x-14 
(a) -/ (b) -6 
(c) 6 (d) None of these 
. Number of integer values of x satisfying the inequality 
x°+6x-7 . 
——_——— <() 1s 
|x+4| 
(a) 6 (b) 7 
(c) 8 (d) None of these 
Set of real values of x satisfying |x + 4| = 3x - 2 is 
given as 
(a) ‘-3 | b) \-— 
2. 2 
(c) {3} (d) None of these 
The complete set of solution of 2 |x + 1|+|x-3|=4 


is given by 


5 
ot 
5 
(c) {- I, | 


(b) {-l5 


(d) None of these 


LCM of integer solutions satisfying the inequality 
2 — 

P4283 9 ig 
x" +1 

(a) 0 (b) 2 


(c) Not defined (d) None of these 


1.142 >» Fundamentals of Mathematics—Algebra | 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


eee 
e inequality 34 


peta] © [2 


22 is given as 


3 5 3 
c) |—,— d) | —,2 
() E | @ E 
Number of integral solutions of |3x — 1] = 2 x 
(a) 0 (b) | 
(c) 2 (d) 3 
Number of real solutions of equation |x?+x| = 5 are 
(a) 2 (b) 4 
(c) O (d) None of these 


Number of negative integers which satisfies 

2|x+1/?-|x+1]=3 are 

(a) | (b) 2 

(c) O (d) None of these 

Complete set of real values of x which satisfies 

(x —1)(x - 2) 
x+5 

(a) (5, 2-v7) 

(b) (2 +-V7, ») 

(0) (5, 2-V7)U(2+V7, 0) 

(d) None of these 


>1 is 


If x=¥3+2V2 then value of x’ eae 
x 

(a) 2V2 (b) 8 

(Cc) 6 (d) | 

The value of function y = |2x + 1| + 2] x — 2| in the 


is equal to 


interval ar <x<2 18 


(a) 4x-3 (b) 3x- 1 

(c) 5 (d) | 

The solution set of equation |2x + 3] —|x-1| =6,1s 
(a) x € (-10, 2) (b) x € [-10, 2) 


(c) x € [-10, 2] (d) x € {-10, 2} 

The product of all the solutions of the equation 
(x -—2)?-3|x-2|+2=0is 

(a) 2 (b) +4 

(c) O (d) None of these 

A 3-digit number has, from left to right, the digits a, 
5 and c with a > c, when the number with the digits 
reversed is subtracted from the original number, the 
unit’s digit in the difference 1s 4. The next two digits 
from right to left are 
(a) 5 and 9 

(c) 5 and 4 


(b) 9 and 5 
(d) 4 and 5 


23. 


24. 


23. 


26. 


Zi: 


28. 


29: 


30. 


31. 


Which of these four numbers Vaz : 30.27 : 4/0.00256 ‘ 
4-8, (0.04), is (are) rational? 

(a) only the fourth (b) only the first 

(c) the first and fourth (d) none 


The number x = 3.145 when expressed as a rational 
number in lowest form, then 55x is equal to 


(a) 172 (b) 173 
(c) 174 (d) none of these 
ii =3 _~J8 , then the value of the expression 
x ts is equal to 
(a) 6 (b) 198 
(c) 6V2 (d) 102 
34950 
If =a+b V2 then a and b a,beQ) are 
5 ( ) 
respectively equal to 
9 13 13 9 
a) —,— b) —,=— 
(a) = (b) a 
La 13 7 
c) —,— d) —,- 
©) 9°13 ©) 7 9 


A set of ‘n’ numbers has the sum ‘s’. Each number of 
the set of increased by 20, then multiplied by 5 and 
then decreased by 20. The sum of the numbers in the 
new set thus obtained is, 

(a) s+20n (b) 5s +80n 

(c) s (d) 5s+4n 


If 240 
UTe SSD 


x° + 3x — 14 is equal to 


then the value of 


(a) | (b) 0 
(c) 2 (d) 4 
The value of x_ satisfying the equation 


6x+2a+3b+c = 2x+6a+b+3c ‘e 
6x+2a-3b-c 2x+6a-b-—3c 
(a) ab/c (b) 2ab/c 
(c) ab/3c (d) ab/2c 


If a number 774958A96B is to be divisible 
by 8 and 9, the possible non-zero values of A and B, 
respectively, will be 
(a) 7,8 
(c) 5,8 


(b) 9, 8 

(d) none of these 

The number of positive integral solutions of, 
2 _4 3 a, 4 
x° (3x a ) 254 
(x-—5) .(2x-7) 


S 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


(a) | (b) 2 

(c) 3 (d) 4 

Values of x satisfying the inequality |x — 1] + |x — 2| + 
Ix — 3) > 6 

(a) (—oo, O] U (4, 0) 
(c) (—oo, 2] U [4, oo) 


(b) (0, 1] U G, &) 
(d) (20, 0] u [4, «) 


Values of x satisfying the equality |x? + 8x + 7| = 
Ix? + 4x + 4| + |4x + 3] for x € R are 


3 

(a) (-2, 00) (b) (>) 
3 4 

© Bul-20)  @ |-S«) 


The set of values of x satisfying the equality 


—_ +|x+1|= at are 

(a) (0, 2) (b) {-l} 

(c) Cl, ) (d) {-l} U ©, ~) 

If x7 +x + |x| + 1 < 0, then x belong to the set 
(a) (0, 2) (b) (—<, 0) 

(c) R (d) 4 


The number of solutions to the equation |2x? — 5x + 3] 
+ (x-1)=01s 

(a) | (b) 2 

(c) O (d) infinite 

The number of real roots of |x? + 4|x| + 3] = 1] — 2x. 
(a) | (b) 2 

(c) 3 (d) None of these 

The quadratic expression 21 + 12x — 4x’ takes: 

(a) the least value 5 

(b) the highest value 30 

(c) the highest value 21 

(d) none of these 


The complete set of positive reals which satisfies 


(a) (1, ©) (b) [ 1, %) 
(c) (-0,-l) U(1, ©) (d) None of these 


The solution set of the inequality ||x—1| + 2| < 2 is 
(b) a null set 
(d) None of these 


(a) a singleton set 
(c) an infinite set 


Number of integers satisfying (x — 1) Vx? -x-22>0 
are 


(a) 6 
(c) 12 


(b) 10 
(d) Infinite 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 
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The combined solution of x? — 5x” + 4x < 0 and (x + 1) 
(x -— 1) (x«-3)<Ois 
(a) [-l, 3] 

(c) [-1, 0] v [1, 3] 


(b) [-l, 1) Ud, 3] 
(d) None of these 


The values of x which simultaneously satisfies 
(3x — 4) (x —7) < 0 and |3x — 5| = 1 is 


4 
(a) [2,7] u {43} =) 2,9)-43| 


(c) $2 [257 | (d) None of these 


The set of integer solutions of equation |2* — 1| + 
\2* + 1] =2 

(a) A subset of (co, -1] 

(b) Contains infinitely many integer 

(c) Contains finitely many integer 

(d) none of the above 


The complete set of real values of x which satisfies 
lx] + 2|x — 1] —3] x -— 2] = 4 is 


(a) {2} (b) (2, ») 

(c) [ 2, &) (d) (—~, ») 

The largest positive integer which satisfies 
8x? +16x—-51 

(2x —3)(x +4) 

(a) | (b) 3 

(c) 4 (d) None of these 


The solution set of the inequality ae 
ytl 


by 
(a) (20, -5) U (3, ») 


<2 is given 


(b) (-0,-5)U 2) 


©) (0,1) Ge) 
(d) None of these 


The complete set of values of x which satisfies 
x +x4+1 
(x -—1)(x +1) 
(a) [-2,-]vUd,2] (©) [-2,-]1] Ud, 2] 

(c) -2,-HNuUd,2) @ [, 2] 


>(Q and |x| < 21s 


a | 2 es 
Ganda 
x+2 x- 


The common value of x satisfying 


2x—-5 
aa <1 is 


and 
X = 
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30. 


S1. 


52. 


33. 


34. 


35. 


56. 


a7. 


(a) (2, ©] 
(c) (~«, 3] 


(b) (2, 3] 
(d) None of these 


The combined solution of x° _ fx? +4x<0 and 
(x + 1)(x — 1)? - 3) < Oils 

(a) [-l, 3] 

(b) [-1, I) Ud, 3] 

(c) [-1, 0] v [1, 3] 

(d) None of these 


The value of x which simultaneously satisfies (3x — 4) 
(x — 7) < 0 and |3x —5| > 1 is ‘ 

(a) [2,7] U {4/3} (b) [2,9) -{3| 
(c) [-1, 0] uv [2, 7] (d) None of these 


The set of value of x satisfying the inequality 2x — 7 < 
4x — 2 and -5 < 2x + 6 < 4 1s given as 


—11 
(b) tsi 2) 
(c) (-5/2, -1] (d) None of these 


If jx — 4| = max {(« — 4), —- @ 4)} + min {(« - 4), 
—(x — 4)} then x 1s equal to 


(a) -4 (b) 0 

(c) 4 (d) 8 

If |5" Ml = 125, then value/values of x are 
(a) 3,-3 (b) V3, — V3 

(c) 1/N3 (d) V3, 3 


A point y is vibrating along y—axis with point (0, 10) 
as mean position and with amplitude of vibration 
equal to 4, then which one is true? 

(a) |y— 10) >4 (b) |y-10|/ <8 

(c) |y-—10| <4 (d) ly-10/=8 

How many positive integers are there which when 
divide 1245 and 920 leaves the same remainder? 

(a) 3 (b) 4 

(c) 5 (d) 6 


The locus of a point x € R such that |x + 2| + |x — 3] 

= 51s 

(a) Straight line segment joining the points (-2, 0) 
and (3, 0) 

(b) A straight line segment joining the points (2, 0) 
and (—3, 0) 

(c) A straight line segment joining the points (—2, 0) 
and (5, 0) 

(d) None of these 


38. 


39. 


60. 


61. 


62. 


63. 


64. 


A point (x, y) 1s moving along a straight line in 
between the points (2, 3) and (4, 6) then. 

(a) |x — 3] + [x — 4| = 2 and |y-3] +ly — 6| = 3 

(b) |x — 2|+|x —4| <2 and |y — 3|+ly- 6| <3 

(c) jc —2|+|x —4| =2 and |y-3]+ ly — 6| = 3 

(d) None of these 


A (2, 1); BO, 1); C(, 4) and D(2, 4) are the vertices 
of a rectangle ABCD. Let (x, y) be any point in the 
region of rectangle then 

(a) |x— 2|+|x — 6| = 4 and |y— 1|+|y —4| =3 

(b) |x— 2|+|/x —6|>4 and |y—1|+|ly-4|> 3 

(c) |x— 1|+|x- 4[= 3 and |y — 2| + |y-6| =4 

(d) None of these 


The least number (+ve integer) which when divided by 2 
leaves remainder |, when divided by 3 leaves remainder 
2, when divided by 4 leaves remainder 3, and so on ...... 
when divided by 10 leaves remainder 9 1s 

(a) 2529 (b) 2539 

(c) 2549 (d) 2519 


The set of odd integer values of x from the set of 

integers A = {x: x € z and |x — 6| < 8} satisfying 

(2x —1)(x-1)’ (x -2Y 
(x—4)" 

(a) {-1, 1, 3,5, 7,9, 11, 13} 

(b) {-1, 1, 3, 5, 7, 9} 

(c) {-1, 3,5, 7, 9, 11, 13} 

(d) None of these 


> 0 is given as 


Number of ordered pairs (x, y) satisfying the equation 


Vx’ +12y +. y* +12x = 33 and x + y = 23 is given 


as 
(a) one (b) two 
(c) three (d) None of these 
Find the number of integer satisfying the inequality 
2 3 
(x-—5)° (x +2) (x-A4) 21 
(x-3)" 
(a) 4 (b) 8 
(c) 7 (d) none of these 
Find the number of natural numbers satisfying the 
-_ 2 _ 2 
inequality = 2) 42) 4)" < 0 
x(x +1)(x -3) 
(a) 4 (b) 2 


(c) 3 (d) none of these 
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SECTION-IV 


OBJECTIVE-TYPE (MORE THAN ONE CORRECT ANSWER) 


~» Which of the following is true about following 
inequality ||x —1| + 2| < 4? 

(a) It contains 5 integer solutions 

(b) It contains only 3 integer solutions 

(c) Its set of solution is [—1, 3] 

(d) None of these 


. The solution set of < 1 consists of 


+] 
(b) All negative reals 


(a) All positive reals 


(C) & 


. The set of all real ‘a’ such that 5a? — 3a -2, a +a-2 
and 2a* + a — | are the lengths of sides of a triangle, 


545957 Saat7 
o| g° 8 | 
is LS 57 sft 


8 4 


(c) ae 7 
3g. 


4 


_Stvl7 


4 
. Which of the following is/are true? 


(a) Vx? =k|\VxeR 

(b) | #klsxe R 

(c) If ( — a) (x — b) > O where a, 6b, € Rand a < 5b, 
then either x <aorx>b 

(d) The magnitude of all irrational numbers cannot 
be expressed numerically, but 1t can be expressed 
geometrically for some irrational numbers. 


3) (0,00) (d) None of these 


sa 


(d) 


. If X and y are two sets and their cartesian product 1s 
X xy= {(~y v);x € X andy e€ Y} then n(P(A x B)) 
where. A = {a, e, i, o, u} and B = {c, d, } is equal to 

(a) 5102 

(b) 1024 

(C) La Cle 2 ee 
(d) 256. 

. If ‘a’ and ‘b’ are two +ve real numbers, and their 
arithmetic mean and geometric mean are given by 


10. 


A.M. = ak , and G.M. = Jab , then which of the 
following is/are true? 

(a) A.M. <G.M. 

(b) A.M. > G.M. 


(c) AM. =G.M. ifa=b 
(d) a<AM.< GM. <b 


. Two circular rings of radius r and R are moving in 


side a rectangle as shown below, then the area Ar of 
set (B — A) has range 
S 
A B 


ee 


(a) Ar € [5nx, 9x] for r= 2 and R = 3 units 
(b) Ar € [0, 4x] for r= R = 2 units 
(c) Ar is not defined 


(d) Ar € [0, 0) forr<R 
The equation 2eenot tet! _ 3¥ <4 +52-13 
: e equation (aay axel Bar =e 


has 

(a) at least one real solution 

(b) exactly three real solution 

(c) exactly one irrational solution 
(d) complex roots. 


. The value of ‘k’ for which the curve, y = x7 + kx + 4 


touches the x-axis 1s equal to 


(a) 4 (b) 2 

(c) 4 (d) -2 

Which of the statements are true? 

(a) If = > ~. then |a| < b, where a, b are non-zero 
real number 

(b) If ari then a < |b| where a and b are non- 


zero real number. 


(c) If x, y, z are all different real numbers, then 
l l l 


+———__ + ——__ 
(x-y)’ (y-z)’ (z-x)’ 


| 1 1) 
= + + 
X-y y-Z Zz-x 


(d) None of these 
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SECTION-V 


ASSERTION AND REASON TYPE 


The questions given below consist of an assertion (A) 
and the reason (R). Use the following key to choose the 
appropriate answer. 


(a) If both assertion and reason are correct and reason 1s 
the correct explanation of the assertion. 


(b) If both assertion and reason are correct but reason is 
not correct explanation of the assertion. 


(c) If assertion is correct, but reason is incorrect 


(d) If assertion is incorrect, but reason is correct 
1. A: If x is negative real number then Vx? =—-—x 
R: Since for all real number x ; Vx” =| x| 


2. A: The distance between (a + b, a) and (a — b, a) is 
2 |b| 
R: For any real number x » fx? =| x| and [xy| = |x|. ly 
4. A: LCM of V2 and 3 is 3V2. 


R: If x and y are two coprime numbers, then their 


LCM is x. y. 

1 |11 
5. A: If2<x<8 then —e€| —,— 
x [8 2 

l 1 1 

R: Ifa<x<bV a,b, € IR then —€]| —— 

x <a 

. —3)(x +4 
6. A: The expression Cae) can change sign 

(x+5) 


only atx = 3, -—4 and -—5S. 


10. 


11. 


12. 


13. 


14. 


a 


: The zeros of an expression decide the sign scheme 
of the expression. 


: If0<a<b then Ja < Jb also holds true always. 
si[xklyloxr<y’ 


> x<x* thenx<Oorx> I. 
: Square of a real number is never negative. 


: If |x| <6 for every positive number 6, then x = 0. 
: x]}<d >-d<x<6oéandd>0,-6d50. 


:|x—-—1]/+]|]3—-—x|=2 thenx e [1], 3]. 

> |x| + |y| =| x +y| and equality holds if x and y have 
same sign or atleast one of them is zero. 

A: |x-—3|+]|4-x|> 1 then x c (--, 3)U (, ~). 

: |x+y|<|x|+ |p| and inequality holds iff x and y 
have opposite sign. 


Ar Per Pe KB PSP 


r] 


A: If A set x = {a, b, c} then number of subsets of its 
power set is 256. 

R: Power set of a set A is a set containing all sub- 
sets of A and If m (A) = m number of subsets of 
A=2". 

A: Set of prime numbers is countable set. 

R: Every subset of countable set is also a countable 
set. 


A: A = {,/2p+1: p € set of prime number}, A is a 
uncountable set 


R: Set of irrational numbers is uncountable. 


SECTION-VI 


LINKED COMPREHENSION TYPE 


B: A number is represented as product of powers of 
different prime numbers e.g., x = p*.g’.r° (let p =2) 


To get even divisors we will rewrite x = 2! {p* 1.q’. 
r°+. Now number of even divisors of x = number of all 
the divisors of p-l.g’.r =a (b+ 1)(c + 1). Similarly 
to get odd divisors we rewrite x = p%(q°.r) (where p = 
2). We will get number of odd divisors = (6 + 1) (ec + 
1). The two divisors viz., | and the number itself are 
called improper divisors. 


Based on this information, answer the following 
questions: 


For x = 23.34.57 the number of even divisors will be 
(a) 44 (b) 40 
(c) 45 (d) None of these 


When x = 2°.3*.5°, the number of odd proper divisors 
will be 

(a) 30 (b) 28 

(c) 27 (d) None of these 


For x = 2°.3*.6°, the number of proper even divisors 
will be 


10. 


(a) 64 (b) 63 
(c) 62 (d) None of these 
. Forx = 2?.3°.5°, the number of proper odd divisors will 
be 
(a) 22 (b) 24 
(c) 23 (d) None of these 


: Let fix) =x and g(x) = |x| be two real valued functions, 


d(x) be a function satisfying the condition; [d(x) 
Ax) P + [0&) — g(x)]’= 0, x 2 0 then, 


. The function (x) is 


(a) x +x] (b) |x| 
(c) -x (d) None of these 
. The solution set of inequality > (x — 2) <2 is 
(a) [0, 4] (b) [2,4] 
(c) [-2, 2 ] (d) None of these 
. Solution set of inequality o (x — 2)+ o (x+ 2) <4 
(a) [0, 4] (b) [-2, 2] 
(c) [0, 2 | (d) None of these 


: Modulus of real number x is defined as |x| = x if x > 0; 


lx] = — x 1f x < 0. Also inequations of the type |x| < a 
=>-a<x<aand |x| >a=>x>aorx<-—a. The solu- 
tion of simultaneous system of inequations is obtained 
by taking intersection of solution of each inequation. 
Also inequations of the type |x — al < |x — 5| can be 
solved by squaring both sides. 


. Solution of |x + 2| < 4 1s 


(a) (—6, 2) (b) (6, 0) 
(c) (2, 6) (d) (, 2) 
. Solution of | x — 1| => |x — 3] 1s 
(a) x<2 (b) x>2 
(c) [1, 3] (d) None of these 
If x? — 1< 0 and x” —x — 2 > 0, then x lies in the interval 
(a) (— 1, 2) (b) Cl, 1) 
(c) (1, 2) (d) None of these 


: An inequation of the form ./ f(x) < g(x) is solved by 


taking intersection of solution of system of inequations 
fix) = 0, g(x) = O and f(x) < [g(x)]?. Inequations of 
the form ./ f(x) < g(x) 1s equivalent to system of 


inequation f(x) => 0, g(x) > 0 and fix) < g(x). ./ f(x) > 
g(x) 1s equivalent to the system of inequations g(x) > 0, 
fix) = 0 and f(x) > [g(x)]°. Using these conceptions and 
taking care of general cautions for solving equations 
and inequalities, answer the following questions. 


11. 


12. 


13. 


14. 


15. 


16. 
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Solution of inequation./x+14 <x +2 are 
(a) (—2, ~) (b) (2, ~) 
(c) (—5, — 2) (d) None of these 
Vx+7 <<2x+3 has solution set 
(a) (7, ©) (b) (4, ~) 
(c) (— 3/2, 4) (d) None of these 


Solution of inequation V—x* +4x—-3 > 6 —2x is 
13 
(a) (2.3) (b) (0, 3) 
13 
(c) (3, ©) (d) (3, 


Consider the number VN = 774958P96Q answer 
the following questions. 


If P = 2 and the number AN is divisible by 3, then 
number of possible values of Q is/are 

(a) 0 (b) 2 

(c) 3 (d) 4 


If N is divisible by 4, then 

(a) P can be any integer and QO = 0, 2, 4, 6, 8 

(b) P can be any rational number and Q = 0, 4, 8 

(c) P can be any single digit whole number and 
O=0, 4, 8 

(d) P can be any real number and QO = 0,4, 8 


If N is divisible by 8 and 9 both, then number of 
possible ordered pair (P, Q) is/are 

(a) 3 (b) 2 

(c) | (d) 0 

If fix) and g(x) are two polynomials then f = 


defines a rational function of x. The resolution of 


AGS) 


into partial fractions depends upon the nature 


g(x) 
of the factors of g(x). 
Case -[: When g(x) 1s expressible as the product of 


non repeating linear factors 
1€., g(x) = (x—a,) («—a,) ..... @— a). Then 


TO) 2 Fi. jo +....+ A, 
g(x) 


X-A, X-a, X-a, 
Where 4, A,, ....., A, are constants and can be deter- 
mined by equating the numerator on RHS to the numera- 
tor on LHS and then substituting x = a,, a,, ...., a, 
Case - Il: When g(x) 1s expressible as the product of 
the linear factors, such that some of them are repeating. 
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Let g(x) = (x -—a)k (x-—@,.) (x-a@,) ..... (x —a_). Then 2 eg 13 B 
: 18. If a = +— then B has value 
FQ) __ A 4 A, She, a A, ROOK. REZ: Nl 
g(x) x-a (x-a)’ (x-a)" (a) —10 
B B B 
+——— + —4— +, + — ae 
(x-a,) (ea) “ (x-a,) (c) 13 
Solving this as in case—I, constants can be determined. (d) —13 
17. If 3x44 A 5 4: C then Ais | 19: If a + , then a the value of 
(xt+1?(x-1l) x-1 (xt) (x41)? (x—6)(x+a) x-6 xta 
equal to unknown ‘a’ is 
(a) -1/2 (b) 15/8 (a) | (b) 2 
(c) 7/4 (d) -1/4 (c) 3 (d) 4 
SECTION-VII 
MATRIX-MATCH TYPE (11) Number of divisors of p*q’ 
OO (111) Number of even proper divisors of 108 
This section contains 5 questions. Each question contains (iv) Number of odd divisors of 180 
statements given in two columns which have to be matched. Column B 
Statements (1, 11, 111, 1v) in column A have to be matched (a) HCF of (91, 119) 


with statements (a, b, c, d) in column B. The answers to 
these questions have to be appropriately bubbled as illus- 
trated in the following example. If the correct matches are 
i-a, d, 11-b, c, i11-a, b, 1v-d, then the correctly bubbled 4 x 4 
matrix should be as follows: 3. Column I 


(b) the lowest prime number 
(c) lowest composite divisor of n(n + 1)(n + 2) 
(d) square of a prime number 


|x+2|—x 


(1) Number of integers for which <2 


(11) Number of values of x satisfying 


vx+1—Vx-1=4x-1 

(i111) Number of positive values of x satisfying 
x? — 5|x| +6 =0 are 

(iv) Number of integers satisfying fx=5.=49=x 


1. ColumnA 


, pte > | are 
(1) {x x 1s prime number and x < 40} 
(ii) {x: x = 4n-—1n € INandx<71} Column II 
(a) one 


(111) {x: x € I+ x < 260 and divisible by 3 and 7} 


(iv) {x: x is natural number divisible by 4 and 6 both Danity many 


(c) no solution 


and x < 225} 
Column B ane 
(a) the cardinal number of set is 12 4. Column A 
(b) it is a finite set 2 4 
+3) (2x +1 
(c) the cardinal number of set is 18 (1) Cy. =0 for x belongs to 


3 
(d) it is an infinite set (2x —1)'(3—-x) 


2. (Given: p,q are two different natural prime numbers) (1) Find values of x for which 


Column A (x- 5)\(x° es gee | ae 5) 


<0 
(1) Number of proper divisors of pq (2x? +2x+1) 


(111) The Number of integers which satisfies x2 — 
2x > 0 and x?-6x+5<0 

(2x -1) 
(2x? +3x* +x) 


(iv) 


is positive in the interval 


Column B 


Foundation Mathematics < 1.149 


. Match the following: 


Column — I 
(a) Even number 
(11) Rational number 
(111) Irrational number 
(iv) Real number 
Column - II 
(a) 22/7 
(b) x 
(c) O 


(d) V2 


SECTION-VIII 


INTEGER-TYPE QUESTIONS 


. Find the solution of equation Vx? + x-—5+Vx? +8x-4 


= 5. 
. Solve the equation (V3 + 1)?*+ (V3 — 1)?*= 2» 


. Find the number of pairs of natural numbers, the dif- 
ference of whose squares is 45. 


. If the number 4974 is divisible by 3 and the num- 
ber 562 B is divisible by 4, then find the number of 
possible ordered pairs (A, B). (where A and B are 
digits) 


. If 4x*- (a—- 1) x° + ax’?- 6x +1 1s divisible by (2x — 1), 
then find the value of a. 
. Find the number of real solution (s) of the equation 


jx -3 1. 


3x7-10x+3 


. Find the number of integral solutions (x, y) of the 
equation | 2x — y| +|x -y| = I. 


. If g(x) = [x?]-[x]? where [.] denotes the greatest inte- 
ger function, and x € [0, 2] then find the sum of all 
possible values of g(x) . 


10. 


11. 


12. 


13. 


14. 


15. 


. Let a function f satisfy x — f(x) = [2]-§ 2 


8 5 


for all x, where 11 < f(10) < 14, then find the value 
of f(10). 


If the sum of magnitudes of all possible roots of the 
x?—15 x*-15 
equation (a i vb] = (a — vb] = 2a (where a? — 


b = 1) is given by p + 2Vq; then find the value of g. 


The positive integers p, g and r are all primes if 
p’- gq =r, then the sum of all possible value of r is 


Given x + y= | and x*° + y’ = 19, then the value of 
x? + y7 1s equal to 


If A, B, C are digits for which the equation 
7A2—48B =C73 holds good then find value of 
A+B+C. 

Find the number of ordered pair (m, n) satisfying the 


relation m* = n* + 2002 where m and n are natural 
number. 


Ifat+b+c=Oanda’?+ b?+c?= 1, then find the value 


of 16(a* +b* +c’) is 
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Answer Keys 


SECTION-III 


7. (a, b, d) 


1. (a) 2. (d) 3. (b) 4. (c) 5 
11. (b) 12. (c) 13. (d) 14. (b) 15 
21. (c) 22. (b) 23. (a) 24. (b) 25 
31. (c) 32. (d) 33. (c) 34. (d) 35 
41. (d) 42. (c) 43. (a) 44. (b) 45 
51. (a) 52. (c) 53. (c) 54. (b) 55 
61. (c) 62. (b) 63. (c) 64. (b) 

SECTION-IV 
l(a,c) 2.(a,c) 3(c,d) 4 (a,c,d) 5 
9. (a,c) 10. (b,c) 

SECTION-V 

1. (a) 2. (a) 3. (d) 4. (c) ra 
11. (a) 12. (a) 13. (a) 

SECTION-VI 

1. (c) 2. (d) 3. (b) 4. (c) 5. 

11. (b) 12. (b) 13. (a) 14. (d) 15. 


SECTION-VII 


1. (i) > (a, b) 
2. (1) — (b) 
3. @) > ©) 
4. @) > @) 
5. (i) > (©) 


SECTION-VIII 


I 2 
11. 5 


2. | 
12. 13 


(ii) — (b, c) 
(1) > @) 
(1) > (a) 
(1) > ©) 


(11) —> (a, c) 


(iit) > (a, b) 


(111) > (a) 
(1) > (d) 


(iii) (b,c) 
(iii) > (b, d) 


(b) 6. (a) 7. (c) 
(a) 16. (c) 17. (c) 
(b) 26. (b) 27. (b) 
(d) 36. (a) 37. (b) 
(c) 46. (d) 47. (b) 
(c) 56. (d) 57. (a) 
(b,c) 6. (b,c) 

(a) 6. (a) 7. (b) 


(iv) — (b, c) 

(iv) > (c) 

(iv) — (a) 

(iv) — (a, d) 

(iv) — (a, b, c, d) 


- (b) 
- (C) 
- (b) 
- (b) 
- (a) 
- () 


» (a) 


- (a) 
» (a) 


- (a) 
- (Cc) 
- (a) 
39. 
. (b) 
. (a) 


(C) 


» (a, b) 


» (a) 


- (bd) 
. (C) 


10. (c) 
20. (d) 
30. (b) 
40. (a) 
50. (d) 
60. (d) 


10. (a) 


10. (d) 


10. 14 
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HINTS AND SOLUTIONS 


TEXTUAL EXERCISE—1: (SUBJECTIVE) 


1. (i) Itis true statement, hence is a mathematical statement. 


(ii) Given two integers x —y <0 

=> x<yButforx>y 

=> x-—y-> 0, hence this may be true or false thus, it does 
not quality as a mathematical statement. 

(iii) m = 4 it is not true; nm = 1 it is true. Hence, it is not a 
mathematical statement. 

(iv) This is true on Thursday but not Saturday, thus it is not 
a mathematical statement. 

(v) This also may or may not be true depending on the 
place referred to by the word ‘here’. 

(vi) Alpha centuari is nearest with respect to our scalar sys- 
tem but not to other galaxy. Hence it is not a mathemati- 
cal statement. 


. (i) It is always true. Hence it can be classified as math- 
ematical statements. 

(ii) It is true only if the number itself is even otherwise 
false. Hence it cannot be classified as mathematical 
statements. 

(iii) It is true for a square but false for a rectangle, thus can- 
not be classified as a mathematical statement. 

(iv) It is always true; hence it is a mathematical statement. 

(v) This may be true for some statement not for the other. 
Hence does not qualify as a mathematical statement. 

(vi) An interrogative statement cannot be a mathematical 
statement. 


(i) Neither true nor false, hence not a mathematical state- 
ment. 

(ii) Ambiguous statements which can’t be proved true or 
false to be classified as a mathematical statement. 


. (a) Theorem — it can be proved using linear pair axiom and 
properties of parallel lines. 

(b) Axiom — it cannot be proved. 

(c) Theorem — it can be proved using linear pair axiom. 

(d) Theorem — It can be proved using properties of similar- 
ity of triangles. 

(e) Axiom — it cannot be proved. 

(f) Definition — that is how an angle has been defined. 

(g) Theorem — it can be proved ax + by = a,x + by multi- 

plying both sides by m. 

m(a,x + by), m(a,x + by) 

Let us suppose, they are not equal m (a,x + by) = m(a,x 

+ by) +k 

mi(a,xt+ by)-Cxt by) =k 

k = 0; Hence they are equal, hence proved. 

=xif x20 


(h) Definition — as |x| = 
=—xif x<0 


(i) Definition — that is how cubic root of a number is defined. 
(j) Theorem — it can be proved using graph. 


TEXTUAL EXERCISE—1: (OBJECTIVE) 


1. (b) Theorem 


CY || AB 
Thus A + C; a, + b, + c, = 180° by linear pair axiom. 


2. (b) Theorem 


Let ABCD be a cyclic quadrilateral, O be the centre. 


By a property of circles: 
ZDCB = 1/2 < (DOBA) (1) 
ZDAB = 1/2 < BODC (11) 


Adding (1) and (11), we get ZDCB + ZDAB = 1/2 
(Z(DOBA) + ZBODC) = 1/2 (360°) = 180° 


3. (a) Definition of whole numbers 
4. (a) This statement is the definition of circle 


5. (b), (c) If linear pair is assumed to be an axiom 


i4 f 
Z1 23 
£2 m 


Let two lines @ and m intersect. By linear pair axiom 
ZA + 23 = 180° (1) 
L223 = 180° (11) 
By (1) and (11), we have 24 + 23 = 22 + 23 
=> za=Z2 
Similarly 21 = 23. 
Let if linear pair is considered as a theorem, vertically oppo- 
site angles are equal as an axiom. 


. (a) True statement 


(b) False statement 

(c) True statement 

(d) May or may not be real depending upon the value of k. 
k = 6; x = 3, 2 are roots which are real 
k = 7; roots are non-real. Hence it is not a mathematical 
statement. 
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TEXTUAL EXERCISE—2: (SUBJECTIVE) TEXTUAL EXERCISE-2: (OBJECTIVE) 


1. Answers already given in the Answer Keys 1. (c) Negation V2 is a complex number. 


2. (a) Connecting word: And 2. (b) Negation: It is false that Chandigarh is the capital of 


Individual statement: 

(i) All rational numbers are real. 

(ii) All real numbers are not complex. 
(b) Connecting word: And 

Individual statements 

(i) The sand heats up quickly in the sun 

(ii) The sand does not cool drawn fast at night. 
(c) Connecting word: And 

Individual statement: 

(i) x = 2 is a root of the equation x” — 5x +6=0 

(ii) x = 3 is a root of the equation x? -5x+6=0 
(d) Connecting word: OR 

Individual statement: 

(i) Both the roots of a quadratic equation are real. 

(ii) Both the roots of a quadratic equation are imagi- 

nary. 

(e) Connecting word: OR 

Individual statement: 

(i) Golden temple is in Amritsar. 

(ii) Golden temple is in Jalandhar. 


. (a) x can be either even or odd but not both. Thus OR is 
exclusive. 

(b) Delhi can be the capital of either India or Nepal but not 
both. Thus OR is exclusive. 

(c) a number can quality as both integer and a rational 
number. Thus OR is Inclusive. 

(d) a Person can go either by train or by air but not by both. 
Thus OR 1s exclusive. 


. (a) Inclusive, one can have both residence and identity 
proof to get a driving license 

(b) Exclusive, V2 cannot be both a rational and irrational 
number. 

(c) Exclusive, A rectangle can either be a quadrilateral or 
six-sided polygon but not both 

(d) Inclusive, Both sun rise and moon set actions can take 
place together. 

(e) Exclusive, An integer cannot be both positive or nega- 
tive. 


. Answers already given in Answer Keys 


. Answers already given in Answer Keys 


(i) If a quadrilateral is not a rhombus, then its sides are not 
equal. 

(ii) If a triangle is not isosceles, it does not have equal 
sides. 

(iii) If a number is not divisible by 3, then it is not divisible 
by 9. 


. Yes, negation of statement x + y=y+-x real x and yis there 
exist x and y for which x + y#y + x which 1s statement. 


UP. 


. (b) OR is used exclusively used as a number (base 2) can- 


not be both irrational as well as a natural number. 


. (b) Contra positive of p > q is-—q—=>-p 


Thus for the given statement, if a number is not divis- 
ible by 2, then it is not divisible by 4. 


. (c) The converse of the given statement 1s: 


If the distance between two lines is constant, then the 
lines are parallel. 


. (b) Compound of these two statements is given by: 10 is 


divisible by 2 and 5. 


TEXTUAL EXERCISE—3: (SUBJECTIVE) 


. Selection already given is Answer Keys 


(i) If x is a whole number, then it is an integer. 

(ii) If x? is non-negative quantity, then it is a real number. 

(iii) A, and A, are congruent triangle only if A, and A, are 
similar triangles. 

(iv) x is a real number only if x is a natural number. 

(v) A, and A, are similar triangles if and only if the cor- 
responding angles of A, and A, are equal. 

(vi) x’ is non-positive quantity if and only if x is purely 
imaginary. 


. (i) Arectangle is a square if and only if all its four sides are 


equal. 
(ii) A number 1s divisible by 3 1f and only if the sum of the 
digits is divisible by 3. 


. Letus verify by taking x = 3, y= 5; xy = 15 1s also odd, (very 


simply if 2 does not divide x and y, then it cannot divide xy 
also). Hence the statement holds. 


. (i) Using AND 


42 is divisible by 7 and 9. 

42 is divisible by both 7 and 9. The statement is true. 

7 | 42 are well as 9 | 42. 
(ii) 42 is divisible by 7 or 9. 

7|42, thus the statement is true. 
Notice that OR has been used inclusively as 9 can also 
divide 42 (which is true infact). 


. To prove this statement by contradiction. Let us assume the 


negation to be true. 
If (2a+ OEE CRINGE ENG) 
abc abe abc 
are not in A.P., then a, b, c are in A.P. 
For a = 1, b = 2, c = 4, they are not in AP which 
(Za+7)(at+b+c) 63 (2b+7)\(atb+c)_ 77 
abc 38° abc 8 


2 


10. 


11. 


12. 


Qc+7latbte) = — are not in A.P Which is a contra- 


abc 
diction to the assumed statement. 


Let us assume that the negation of the statement is true, x* + 9x 
+ 14 vanishes for at least one real value of x. x* + 9x7 + 14 

= (x* + 7) (x* + 2) roots are x” = —7, x* = —2. Thus there are 
no real statements for x. Thus the expression does not van- 
ish for any real value of x which is a contradiction to the 
assumed statement. Hence, x* + 9x” + 14 does not vanish for 
any real value of x. 


2x3 + 9x = (2x7 +9)=0;xER 

x=Oorx =—-9/2 

Thus x = 0 is the only real solution of the equation, hence if 
x € R and 2x° + 9x = 0, then x = 0. 


2° -5=0 => v=o V23 ~1.581 

=> x?= 1.581 => -~-—21257 
Which certainly lies between 0 and 2. Hence the state- 
ment is false. 

We know that (n — 3)? >0 Vn € N (square of a number is 


always positive) 

=> n’—-6n+920 

=> n>6n-9V ne N; whichis the required statement. 
Hence proved 

Let x =2, y=-2;x°-y=4-4=0, but x =2 y= —2; hence 

the statement is false. 

(a) Let us check for n = 6; 6n — 1 = 35, which is not a prime 
number 
Hence the statement 1s false, similarly for n = 9. 

(b) Check for n = 4; 6n + 1 = 25 which is not a prime num- 
ber, hence the statement is false, similarly for n = 8. 

(c) Check for n = 41; (41)? + 41 + 41 which 1s divisible by 
41. Hence it is not prime. The statement is false. 


TEXTUAL EXERCISE—4: (SUBJECTIVE) 


(a) (i) No, antique is qualitative 
(ii) No, antique is qualitative 
(iii) No, genius is qualitative 
(iv) Yes, itis a set 
(v) No, best 1s qualitative 
(b) (i) True 
(ii) False, the set {a, b} is not an element of A 
(iii) False, {5} is an element of A. 
(iv) False, A does not contains { {a}, a, b} 


(a) A= {-3, -]1} is roster form 
Clearly, it is finite, countable n(A) = 2 

(b) A = {a} is roster form; It is a singleton set. 

(c) A= {4, 8,12, 16, 20, 24, 28, 32, 36, 40, 44, 48} is roster 
form 
It is finite, countable set, cardinal number of A = 12 

(d) A= £1, 5, 9, 13, 17, 21, 25, 29, 33, 37, 41, 45, 49, 53, 
57, 61, 65, 69, 73, 77, 81, 85, 89, 93, 97} is roster form. 
It is a finite, countable set n(A) = 25 


10. 
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(e) .. 21s the only even prime number. A is a null set. Car- 
dinal number of A = 0 

(f) A= £5, 15, 25, 35, 45} it is a finite, countable set n(A4) 
=5 

(g) A= {6, 12, 18, 24, 30, 36, 42, 48, 54, 60, 66, 72, 78, 84, 
90, 96} 
A 1s finite and countable. Cardinal number of A = 16 

(h) A = {12, 24, 36, 48, 60, 72, 84, 96} 
As finite and countable, cardinal number = 8. 

(i) A = {2, 3, 4, 6, 8 ...} is roster form, a is infinite and 
countable. 

(j) A= {12, 24, 36, ....}; A is infinite and countable. 

(k) A = £1, 5, 9} is roster form, it is finite and countable, 
n(A) = 3 


(i) {1,2,3,4} and {5} there two sets have nothing is com- 
mon. Thus they are disjoint. 

(ii) ¢ is common to both sets. They are not disjoint. 

(iii) We do not have an integer which is both odd and even. 
Thus they are disjoint. 


(i) False, 3 1s common to both sets. 
(ii) False, a is common to both sets. 
(iii) True no element is common. 
(iv) True no element is common. 


A = {def gh} 
(ii) B’ = {a, b, c,h} 
(iii) C’ = {b, df h} 
(iv) D’ = {b, ¢, d, e} 


(a) XCBXCC 
X= {b};, 0 

(b) XC A,XCB 
X= {a, b, a3; {d}; {a, d}; {b, ad}; {c, a}; fa, c, d}; {b, 
c, dt; {a, b, c, dt 


(a) {4}, 

(b) {33, (55, 13, 53 

(c) {3}, {5}, {3, 53,0 

(d) {25; t45; L055 {855 12, 45; 16, 8}; (2, 4, Of; 14, 6, 8}; 
{6, 8, 2}; {2, 4, 8} 


(a) By the question P(A : 0) = {x € P(A): 0 CX}, but ois 
a subset of every set, so P(A : 0} = P(A) 
(b) P(A: B)= {{a, b}, fa, b, c}, {a, b, dh, fa, b, c, dh. 


Number of subsets of the set having m element = 2m 
Number of subsets of the set having n element = 2n 
By the question 2” = 2” + 56 

= 28 = 2? 56 = 22 => m=6,n=3 
Thus, the first set has 6 elements and the set has 3 ele- 
ments. 


(i) A= {a, b, c,d 
Let P and Q be two disjoint subsets of A. Now every 
elements of A has 3 choicesi.e.,P Oor PUQ. 
Thus there are 3 x 3 x 3 x 3 = (3)* = 81 possible 
ordered pairs of disjoint subsets. One of these is (0, 0) 
excluding this pair from 81; we are left with 80 such 
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ordered pairs. Therefore total number of ordered pairs 
==(80)+ 1= 41; (1 pair (9, $) 1s added) 
(ii) Out of 4 elements a, b, c, d, two can be chosen in ne = 
6 ways. 
Consider a, b be the common elements, then following 
5 required types of pairs are possible. 
(i){a, b},(a, b} ~— (al) fa, B},, faa, 8, c} 
(111) {a, b),; fa, b, d} (av) fa, b, c}, fa, b, d} 
(v) {a, b}, {a, b, ¢, d} 
.. Total possible pairs = 6 x 5 = 30 
(iii) 3 elements in common, each pair must have at least 3 
elements. 
{a, b, c} can be paired with {a, b, c, d} 
{a, c, d} can be paired with {a, b, c, d} 
{b, c, d} can be paired with {a, b, c, d} 
{b, d, a} can be paired with {a, b, c, d} 
Thus 4 pairs in total 


1. A= (1,2, 3,43; B= {2,3} 


12. 


The set A has 24 = 16 subsets. The subsets of A that are 
superset to B must include B = {2, 3} 

= 2* — those subsets which do not include {2, 3} 

= 2* — {subsets of {1, 4} + subsets of {1, 3} + subsets of 
1,2, 3} 

= 2*-3.2?=16-3.4=4 


(i) Subsets disjoint from B; A = {1, 2, 3, 4, 5, 6} 

Number of subsets of A = 2°, Sets disjoint from B = {3, 
4, 5} = Subsets of {1, 2,6} =2°>=8 

Having exactly one element of B. B has three elements. 
It 3 is common 

Number of such sets = Number of subsets of {1, 2, 6, 3} 
is which 3 is included 

= Number of subset of £1, 2, 6, 3} — Number of subsets 
of £1, 2, 6} 

= 2*-23?=16-8=8 

Similarly if 4, 5 are common there 8 possibilities for 
each. 

Total = 24 subsets. 


(iii) Having exactly two elements of B: 
Again there are three possibilities. The common ele- 
ments can be (3, 4), (4, 5), G, 5). 
Number of such subsets = Number of subsets of {1, 2, 
3, 4, 6} in which (3, 4) is always included. 
= Number of subsets of {1, 2, 3, 4, 6} — Number of 
subsets of {1, 2, 6, 3} 
— Number of subsets of {1, 2,6, 4} + Number of subsets 
of {1, 2, 6} 
=2Pa2 a2 +H 2=8 
Similarly for (4, 5) and (3, 5) there are 8 possibilities 
each. 
Thus a total of 24 possibilities. 


(ii) 


(iv) Subsets of A and supersets of B: 
= Subsets of A having {3, 4, 5} (all elements) 
= Number of subsets of A — Number of subsets of A 
disjoint from B 


13. 


14. 


15. 


16. 


—Number of subsets of A having exactly one element in 
common 

— Number of subsets of A having exactly two elements 
in common 

= 2°— 8-24-24 =56-48=8 

Thus, there are 8 such subsets of A which are supersets 
of B. 


It is given that the subset must have exactly one element 
from A, B and C. 

Say {1, 4, 7} is one such subset. It cannot include any num- 
ber from {2, 3, 5, 6, 8, 9} only number left is 10. 

So there are two possible combinations {1, 4, 7} and {1, 
4,7, 10} 

Similarly we can have 3 x 3 x 3 = 27 such combination from 
A, B and C. For each there are two possibilities thus 27 x 2 
= 54 is the total number of subsets. 


i= 1, P, = Number of subsets of 5 which have 1 in then = 
Total subsets of 5 — subsets which do not have = 2° — 2°. 
i = 2, P, = subsets which have out of {1, 2}. 
Say 1 is there and 2 not there = subsets of £1, 3, 4, 5, 6} in 
which 1 is there. = 2° — 2 
For the other case if 2 is there and 1 not there = 2° — 2°. 
Total = 2(2° — 2*) 
i = 3, P, = Subsets which have either 1 or 2 or 3. 
Say 1 is there then 2 and 3 must be excluded. 
= 4 subsets of {1, 4, 5, 6} in which 1 is there 
Similarly for other two cases total = 3(2* — 23) 
i= 4; P, = Subsets which have one of {1, 2, 3, 4} say 1 
is there 2, 3, 4 are not there 
= Subsets of {1, 5, 6} in which one is there = 2? — 2? 
Total = 4(2° — 27) 
i = 5; P, = subsets which have one of {1, 2, 3, 4, 5} say 
1 is there 2, 3, 4, 5 are not there 
= Subsets of {1, 6} in which 1 is there = 2? — 2 
Total = 5(2? — 2) 
i = 6, P, = Subsets which have one of {1, 2, 3, 4, 5, 6} 
=6 
Total = 2° — 2° + 2(2° — 2*) + 3(2* — 23) + 4(23 — 2”) + 
5(2? — 2) + 6 
= 2° + 2(32 — 16) + 3(16 — 8) + 4288 —4) +5 x2+6= 
32+ 32+24+ 16+ 10+6= 120 
Number of subsets of C disjoint from both A and B. 
= Subsets of C which have none out of {1, 2, 3, 7, 8, 9} 
= Subsets of {4, 5, 6, 10} 
= 2* = 16. Thus, there are 16 subsets of C which are 
disjoint from both A and B. 


= {2,4,6,8 ... 100}; n(A) = 50 

= 43.659, 12, 3.599}; n(B) = 33 

5, 10, 15, 20,....,100}; n(C) = 19 

7, 14, 21,...,98}; n(D) = 14 

E= §11, 22, 33,...,99}; nA) =9 

G is the set that has none of the elements of A, B, C, D, E 
Clearly G = {1, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47, 53, 59, 
61, 67, 71, 73, 79, 83, 89, 97} 

n(G) = 21 


=f 
=f 


TEXTUAL EXERCISE-5: (SUBJECTIVE) 


1. @) XUY= §1, 2, 3, 5} 
x 
From Venn Diagram (X U Y) = {1, 2, 3, 5} 
Similarly produced for other parts 
(ii) A UB = fa, b, c,e, i, o, u} 
(iii) A = {3, 6, 9, 12, .....} 
B= {1, 2, 3, 4, 5, 6} 
AUB =41,2..3;6,9, 12, 15.2333 
(iv) A = {2, 3, 4, 5, 6} 
B= {7, 8, 9, 10} 
AUB= §2, 3,4, 5, 6, 7, 8, 9, 10} 
(v) A= 1, 2, 3} 


B=9$ 
AUB = (1,2, 3} 


2 @) AVUB={l,2,3,4,5,6} 
(ii) AUC= {1,2,3,4, 5,6, 7, 8} 
(iii) BUC = §3,4, 5,6, 7, 8} 

(iv) BUD= 3,4,5, 6,7, 8, 9, 10} 
(v) {1,2,3,4,5,6, 7,8} 

(vi) {1,2, 3,4, 5,6, 7, 8, 9, 10} 
(vii) {3, 4, 5,6, 7,8, 9, 10} 

3. @) A-B= 33,6,9, 15, 18, 21} 
(ii) A —C = {3, 9, 15, 18,21} 
(iii) 4 —D = 3, 6, 9, 12, 18, 21} 
(iv) B—A = {4, 8, 16, 20} 

(v) C—-A= {2,4, 8, 10, 16} 
(vi) D—A = {5, 10, 20} 
(vii) B—C = {20} 
(viii) B—D = £4, 8, 12, 16} 
(ix) C—B= §2, 6, 10} 
(x) D—B= {5, 10, 15} 
(xi) C—D = {2, 4,6, 8, 12, 16} 


(xii) D—C = {5, 15, 20} 
4. By the question; 3N = {3x: x € N} 
3N = {3,.6, 9,12, 2. } 
Similarly 7N = {7, 14, 21, ...} 
3N 7 IN = £21, 42, 63, ....} =21N 
5. By Venn - Diagram 


(B AC) 
mAN(BAC) 


By both the Venn-diagrams A WN (BAC)=(ANB)AC 
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6. (a) By Venn-diagram 


AcB;BcC then (4 dC) 
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(b) Proceed as done in above question by Venn-diagram 


LetA = fT, 2.3.4; 5}: B= 42, 3,6} 
ANB= {2,3} cA 

(A UB) = 1, 2, 3, 4, 5, 6} 
A= {1, 2, 3, 4, 5} 

Clearly A c (A UB) 

Thus,A NBCBCAUB 
Similarly AN BCBCAUB 
ANX=BOX=06 

A and X are disjoint 

B and X are disjoint 

AlsoA UX =BUX 


Yue 


=> n(A)t+niX)-n(A anX)=n(B)+niY)-n(BaX) 


=> n(A)=n(B) 
= Numbers of elements in A and B are equal. 


7. (a) (A’)’; let U be the universal set (A’)? = U-A’ 
U 


=U-(U-A)=A 
Thus (A’)’ =A 
(b) AUA’=A U(U—-A) {U 1s the universal set} 


By the Venn diagram given in the previous question) 


AUA’=xeEeAorxe U-A=xeEeU 
AUA’=U 
(c) (A-B)nA 


By Venn-diagram (4 —B) NA =A-B 


(A > B’) =x such that x € A and x does not belong to B 


=-A-B 
Hence (A -B) NA =ANB 
(d) AN (BAC) 
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A ~(B AC) contains x such that (dq) BUC 
= (x € A and C but not B) OR (&« € A and B but not C) B = {1,3,7,9,13,15,19} 
=(ANB)AANQC) 

(e) C-BCC-A,ACB 


BUC 
By the Venn - diagram if x e C—Bthenx e C—A BUC= il, 2, 3,7, 8, 9, 13, 14, 15, 17, 19, 203 
> C-BCC-AifAcCB () ANBONO)= $5, 11} 
(ANB AC)= {2,17} 
8. A= {4, 3}, B= {2, 3, 4, 5, 6} 
(a) ACB 
(b) B—A = {2,5, 6} Cc Sa 
(c) AUB= {2, 3,4,5,6} =B 20 
A 
(AN Bn C) 


A-B=0 
ANB= {3,4)=A 
(d) X=B-A = {2,5, 6} 
All subset of X = {2}, {5}, {6}, {2, 5}, {2, 6}, {5, 6}, 
, {2, 5, 6}, nPX)) = 8 
9. A= {2, 3,5, 7, 11, 13, 17, 19} 
B= {2, 5,8, 11, 14, 17, 20} 10. (a) Clearly, unshaded region contains those elements which 
GC H3,05 15 25 ly 13,15} are in A but neither in B nor inC i.e, AN(BUC)* 
(a) {2, 3, 5,7, 11, 13, 17, 19, 8, 14, 20} (b) Clearly, unshaded region contains those elements which 
are in A or both in B and C as well i.e., AU(BOC) 


(AN BaC) 


TEXTUAL EXERCISE-3: (OBJECTIVE) 


1. (b) A= {1, 2, 33; B= {3, 43; C= {4, 5, 6}; (BAO = {4}; 
AU(BAC)= §1, 2, 3, 4} 


nr 2. (c) N_= {fa,:neN} 
(b) A-B= {3..7; 12,19} N. = {6, 12, 18, 24, .....} 


6 


a N. = {8, 16, 24, ...3 


8 


NAN, = (24, 48, .... =, 


6 


3. (c) Inthe Venn diagram given below 


(c) AUB={1,9,15} 


A and B are disjoint 1.e., (4 A B)=0 
Clearly from the Venn diagram n(4 U B) = n(A) + n(B) 


4. (d) There is no element common in A and B 
=> (ANB)=60 


. (d) A: is the set defined by qualitative behaviors. Hence it is 
not a set. 


. (b) According to transitivea Rb, b Re 
=> aRc => ACC 


. (c) The set C is defined qualitatively. Hence it is not a well 
defined collection => Cis not a set 


TEXTUAL EXERCISE—6: (SUBJECTIVE) 


~ AX VY) =n(X) + n(Y) —-n(X 9 Y) (By Inclusion-Exclusion 
Principle) 

=> WXNVY=n(\Y) +n) -nXvv YX) 

=> 17+23-38=40-38=2 


~ WX Y)= 18; n(X) = 8; n(Y) = 15 
Similarly by inclusion-exclusion principle nL(X¥ A Y) = n(x) 
+ n(Y¥)-n(XU Y)=8+15-18=5 


. P: Set of students passed in Physics 
M: Set of statements passed in Mathematics 
n(P) = 67; n(M) = 55 
S: set of total student nGS) = 100 
Assuming no student fails in both the subjects n(S) = n(P 
UM) 
By inclusion-exclusion principle; n (P U M) = n(P) + nM) 
—n(P AM) 
=> n(P AM) = 67+ 55-100 = 22 
Number of students passed in physics only = n(P) — 
n(P JM) = 67 — 22 = 45 


~ (a) n(A) = 30; n(B) = 36 

AcB 

(A UB)=B 

n(A VU B)= n(B) = 36 

ANB=A 

n(A A B) = n(A) = 30 

n(A) = 30, n(A U B) = 50, n(A AB) = 10 

n(A VU B) = n(A) + n(B) — n(A FB) by inclusion — exclu- 
sion principle 

n(B) = n(A UV B)+n(4 WB) —-n(A) = 50 + 10-30 = 30. 
(c) n(A) = 20; n(A’?> A B)=8 


(b 


ww’ 


n (A'n B)=8 


By Venn-diagram n(A VU B) = n(A) + n(4’? A B) = 20 + 
8 = 28 
(d) n(A — B) = 30; n(B — A) = 16; n(4 VU B) = 60 


Clearly from Venn-Diagram n(A U B) = n(A — B) + (8B 
—A)+n(AnB) 

=> n(AB)=n(4 VB)-n(4 -B) -n(B- A) = 60 - 30 - 
16=14 
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(e) n(A) = 58; n(B) = 102; n(A — B) = 38 
n(A AB) = n(A)—n(A —- B) = 58 — 38 = 20 
By inclusion exclusion principle n(4 U B) = n(A) + n(B) 
—n(A AB) 
= 58 + 120 — 20 = 102 + 38 = 140 

(f) n( AQ B)= 27; n(A) = 40; n(B) = 50 
By Venn-diagram, n(AQ B)+n(B)=n(AU B) = 27 + 
50 


n (An B) = 27 
n(A)} = 40 
n(B} = 50 


n(A U B) = 77, but n(S) = 70 
This is not possible, hence information is incorrect. 


5. P: set of consumers who liked product P. 


Q: set of consumers who liked product Q. 

n(P UL Q)= 2000 {for minimum value of n(P A Q)} 

n(P) = 1500; n(Q) = 1800 

n(P AQ) = n(P) + n(Q) —n(P UL Q) = 1500 + 1800 — 2000 
= 1300 


. By inclusion-exclusion principle 


n(A VUB)UC)=—-n(4A VB) +n(C)-n(4 VB)AC) 

= n(A) + n(B) - n(A VNB) + n(C)-n(4 VB) AC) =n((4 
UB)AC)=n(AnOC)UNnBAC) 

= n(A) + n(B) + n(C) — n(4 9B) -n(B AC) -n(C NA) + 
n(A NBC) 

= [n(A) + n(B) + n(C) + n(A NB AC) - [24 AB) + n(B 
AC)+n(C nA) 


. f: Set of medals awarded in Football; B: Set of medals 


awarded in Basketball; C: Set of medals awarded to Cricket 
n(f) = 38; n(B) = 15; n(C) = 20 
By the question, n(ffU BU C) = 58; nfAN BAC) = 3 


a 


By previous question, n(A U BU C) = n(A) + n(B) + 
nC) + nA NBAC)-nd VNB)-n(BAC)-n(C—-A) 
Similarly nfo B) + nian C) + n(B OC) = n(/) + n(B) 
+n(C) + nfaBac)-nGfanBv C)= 384+ 15 +20 
+ 3—58 = 76-58 = 18 

But this included those men also whose get medals in 
are the three sports. 

Minimum who received medals in only two of the three 
sports = 18 —(3 x 3) =9 


. M: Set of students who have taken Maths; C: Set of students 


who have taken Chemistry; 
P: Set of students who have taken Physics 
By the question, n(M) = 15; n(P) = 12; n(C) = 11; nC) 
=5;nM an P)=9;nP AC) =4,nMAPAC)=3 
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10. 


(a) By Venn diagram 


Number of students who have taken Maths only = n(V/) 
—~nMAP)-n(MacC)nM@aPac)=15-9-5+ 
3=4 

There are 4 students who have taken only Maths 

(b) Number of students who have taken only Physics = 
n(P) —n(P AM) -niPAC)+nManPacC)=12-9 
-4+3=2 
2 students have taken only Physics. 

(c) Number of students who have taken only chemistry = 
n(C) —-n(P ANC) -nMnC)-nPACAM)=11-4 
—~5§+3=5 
There are five students who took my chemistry 

(d) Number of students who took physics, chemistry but 
not Maths = n(P AN C)-n(hnPaAC)=4-3=1 

(e) Number of students who took Maths, physics but not 
chemistry = n(M a P)-n(M AP AC)=9-3=6 

(f) Only one subject = Number of students with only Maths 
+ only chemistry + only physics =5+2+4=11 

(g) At least one of the three subjects = n(M UC U P) = 
n(M) + n(C) + n(P)+ nM anPanC)-n(PAC)-n(C 
mM) -n(P AM) 
=154+12+11-5-9-4+3=23 

(h) None of the subjects = 25 — 23 = 2 
There are two students who took none of the three sub- 
jects 


A: Set of natural numbers divisible by 4; B: Set of natural 
numbers divisible by 6. 
A = {4, 8, 12, 16, ...,500}; n(A) = 125 
B= {6, 12, 18, .... 498}; n(B) = 83 
C: Set of natural numbers divisible by both 4, 6 
C = §12, 24,36, nef, ACC) = 4) 


aa 


(a) Numbers divisible by 4 and 6 both n(4 7 B) = 41 
(b) Either 4 or 6 
n(A UV B)=n(A)+ n(B)—n(A AB) = 125 + 83-41 = 167 
(c) Divisible by 5 but not by 6; n(4 — B) = 84 
(d) Divisible by 6 but not by 4; n(B — A) = 42 
(e) Numbers divisible by neither 4 nor by 6 
500 — n(A U B) = 500 — 167 = 333 


A: Set of numbers divisible by 2; B: Set of numbers divis- 
ible by 3; C: Set of numbers divisible by 5 


A= {2,4,6, ....,300}; n(A) = 150; B= {3, 6,9, 12, .....,,300}; 
n(B) = 100; C = {5, 10, 15, ..... 300}; n(C) = 60 
Number of natural numbers less than or equal 300 
which are divisible by 2 and 3 = {6, 12, .... 300) = 50 
Number of natural numbers less than or equal to 300 
which are divisible by 2 and 5 = {10, 20, ... 300} = 30 
Number of natural numbers less than or equal to 300 
which are divisible by 3 and 5 = {5, 30, 45, 300} = 20 
Number of natural numbers less than or equal to 300 
which are divisible by 2, 3 and 5 
= {30, 60, 90, 120, 150, 180, 210, 240, 270, 300} = 10 


Numbers divisible either by 2 or 3 or 5=n(A UB UC) 
=n(A)+ n(B) + n(C)+ nA NBAC)+niANBAC) 
—n(A NB)-n(BaC)-n(Ancd) 

= 150 + 100 + 60 + 10 — 30 — 20 — 50 = 220 

Thus there are 220 numbers less than or equal to 300 
which are divisible by either 2, 3, or 5. 


11. S= {1,2,3.,....., 1200} 


(i) Either of 3, 4, 6 
A = divisible by 3 = {3, 6, 9, 12, ...., 1200}; B = divis- 
ible by 4 = {4, 8, 12, ...., 1200}; C = divisible by 6 = {6, 
12, 18, ...., 1200} 
n(A) = 400; n(B) = 300; n(C) = 200 
Divisible by 3 and 4 = {12, 24, 36, ...., 1200} = 100 
numbers 
Divisible by 3 and 6 = {6, 12, 18, ....., 1200} = 200 
numbers. 
Divisible by 6 and 4 = {12, 24, ....., 1200} = 100 numbers. 
Divisible by 3, 4 and 6 = {12, 24, ....., 1200} = 100 
numbers. 
Similarly as done is above questions. 
WA UBUC)=n(4A) + n(B) + n(C)+ nA nBac)- 
nN(A A B)-—n(B A C)-—n(C AA) 
= 400 + 300 + 200 + 100 — 100 — 100 — 200 = 600 

(ii) Produces done in above questions 

(iii) Neither of 2, 3, 5. 
A: Set of positive integers less than or equal to 1200 
divisible by 2 = {2, 4, 6, 8, ....., 1200}; n(A4) = 600 
B: Set of positive integers less than or equal to 1200 
divisible by 3 = {3, 6, 9, ....., 1200}; n(B) = 400 
C: Set of positive integers less than or equal to 1200 
divisible by 5 = {5, 10, 15, ....., 1200}; n(C) = 240 
Numbers less than or equal to 1200 divisible by 2 and 3 
= 200 
Numbers less than or equal to 1200 divisible by 3 and 5 
= 80 


Numbers less than or equal to 1200 divisible by 5 and 2 
= 120 
Numbers less than or equal to 1200 divisible by 30 = 40 


n(A) = 600 
n(B) = 400 


n(C) = 240 


nA UV BUC) =n(A) + n(B) + n(C) + nA n BAC) - 
n(A AN B)-n(BaCcC)—-n(A nC) 

= 600 + 400 + 240 + 40 — 200 — 80 — 120 = 880 
Neither of 2, 3, 5 = 1200 —n(4 U BUC) = 1200 — 880 = 
320 


12. A= {1,2,3,4, 5,6}; B= £2, -1,0,1,2,34} 


Ax B= {(1,-2), Cd, -1), C1, 0), A, 1), A, 2), G, 3), d, 4), 
(2,—2), 2, -1), 2, 0), 2, 1), @, 3), 2, 4), GB; 2), GB, -D, G, 
0), B,D, G, 2), G, 3), GB, YG, -2), 4, -D, 4, 9), 4, D, 
(4, 2), (4, 3), (4, 4),6, 2), 6, -)), G, 9), G, 1), G; 2), ©, 
3), (5, 4), (6, 2), (6, -1), (6, 0), (6, 1), (6, 2). (6, 3), (6, 4} 


Similarly B x A = {(-2, 1), (2, 2),.....-.,(-2, 6) 


O12 3 4 


graphical representation of B x A 


13. 


14. 
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Number of elements common in (A x B) and (B x A) = 
(n(A 7 B)) = (4)? = 16 

A = [-1, 5]; B = {0, 1, 2, 3, 4, 5, 6} 

Ax B= {{(x, y): x € [-1, 5] andy e€ {0, 1, 2, 3, 4, 5, 6}} 

= Set of 7 horizontal line segments y = 0, y= 1, y= 2, .... y 
= 6 with left end at x =—1 night end atx =5 


Nm Ww |e | Tm 


1 


— -1 01 2 3 4 5 
representation of A x B 


BxA= {x y): xe {0,1,2,3, 4, 5, 6} and y € [-1, 5]} 


representation of A x B 


Number of elements common to (B x A) and (A x B) = 
[n(A AB)? = (7) = 49 

Now if b € R; B= [0, 6] 

Ax B= {(x, y): x € [-1, 5] and y € [0, 6]} 


1023465 


representation of Bx A 


Similarly proceed for B x A 


A: The set of natural numbers less than 300 divisible by 2 
B: The set of natural numbers less than 300 divisible by 7 
C: The set of natural numbers less than 300 divisible by 
both 2 and 7 

n(A) = 150;n(B) = 42;n(C) = 21 
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- (a) 


(a) Divisible by 2 and 7 both: 21 

(b) Divisible by 2 or 7: n(4 U B) = n(A) + n(B) —-n(A WB) 
= 150 + 42 -21 = 171 

(c) Divisible by 2 but not 7: n(A — B) = 129 (by Venn- 
diagram) 

(d) Neither divisible by 2 nor by 7 : 300 —n(4 U B) = 300 
—171=129 


S: Set of all families; A: Set of families who buy newspaper 
A; B: Set of families who buy newspaper B; 

C: Set of families who buy newspaper C. 

By the questions 

n(A) 4000; n(B) = 2000; n(C) = 1000; n(A mB) = 500; n(B 
 C) = 300; n(A mC) = 400; n(A A BOC) = 200 


(i) Aonly: n(4)-nAnB)-niAncd)+n(AnNBOAC)= 
4000 — 500 — 400 + 200 = 3300 

(ii) B only : n(B) —n(BaA)-nBacC)+n(AnNBAC)= 
2000 — 500 — 300 + 200 = 1400 

(iii) None of A, B and C = n(S) —- n(A4 VB UC) = nS) - 
{3300 + 1400 + 500 + 200 + 200 + 100 + 300} 
= n(S) — {6000} = 10,000 — 6000 = 4000 families. 


TEXTUAL EXERCISE-—4: (OBJECTIVE) 


(a) 6; itis a null set 

(b) £1, 2, 3, 4}; it is not a null set 

(c) {-1, 1, 0}; not a null set 

(d) {-1, 1}; not a null set 

(a) {0} 

(b) {-4, -3, -2, -1, 0, 1, 2, 3, 4} 

(c) {-l, I} 

(d) > 

(c) There exist infinitely many x which are irrational and 
0.1<x<0.101 


(a) 


(a) (a) 2°= 1 has only one subset 
(b) 2! = 2; has two subjects 
(c) 27 = 4; has 4 subjects 
(d) 2! = 2 has 2 subjects. 


(c) n(P(S)) = 2? = 8 elements. 
n(P(P(S)) = 28 = 256 elements. 


(c) A= £6, {O33 
Subjects = {, {0}, {£03}, A$ 
(d) (A NB) = {x : x does not belong A and B both) 


(A NB) AA = {x: x belongs to only A but not B) 
=A-B=ANB.. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


. (a) A-(BUC): {x: x belongs to A but not to B or C} : 


{x: x belongs to A not B and x belongs to A not C} = (A —B) 
A (A-C) 


. (d) A = {1, 2, 33; B= {3, 4} 


AUB= (1,2, 3,4} 
ANB= 33} 
(A UB) x (AAB)= {(I, 3), (2, 3), (3, 3), (4, 3} 


(c) AN B= {x y): y= I/x,-xX =1,xe R- {0}] = 06 
=> ANB=0 


(c) n(A’ A B’)=n(4 VB)’ 
n(A U B)=n(A) + n(B)- ni AB) 
= 200 + 300 — 100 = 400 
n(A VU BY)’ =n(U)—n(A VB) 
= 700 + 400 = 300 


(b) n(4) = 3; n(B) = 6 
n(A UB), = max {n(A), n(B)} 
= max {3,6} =6 
(c) Let there be N newspapers 
oN = 500 = N= =25 


(Db). Cr fer er 
=> FLUFF, UF, HF, 
(a) nF’) = 50 (F: set of French speaking people); nGS) = 20 
(S : set of Spanish speaking people) 
nS a F) = 10 
nS U F) = n(S) + n(P) - n(S 0 F) = 50 + 20 — 10 = 60 


(c) nH) = 750 (77: set of Hindi specks); n(E) = 400 (EF: Set 
of English specks) 
Assuming that there is no person who speaks neither 
English nor Hindi 

=> nH VU E)= 1000 = n(A) + n(£) - nn E) = hE) 
= 750 + 400 — 1000 = 150 
Number of persons who speak Hindi only = {750 — 
150} = 600 


(c) AAB=(A-B)vU(B-A) 
AAB= {1,1} Vo= {4,3} 

(d) B’ — A’ = {x: x does not belong to B but to 4} =A —-B 
ButA cB => A-B=o0 

(a) Number of relations on A = Number of subsets A x A 
_ QnaxA) — gn) nA) = a" 

(d) A= {2, 1} 
Universal relation on A =A x A = {(2, 2), (2, 1), C1, 2), 
C1, 1} 

(b) n((A x B) x B) = n(4 x B) x n(B) = n(A) x n(B) x n(B) 
=3x4x4=48 

(c) n[(A x B) N(B x A)] = [n(4 NB) = [37 =9 


(b) (A-C)= £1, 43, B-C)= {43 
(A —-C) x (B-C)= td, 4), 4, OD} 


24. 


25. 


26. 


27. 


28. 


29. 


(a) (4 UB) U(A'’ AB) 
> AABV(A AB) 
=> [U—n(AUB)]U(B—A)=4' 


(c) {4-B)UB-OCQVvC-A)}’ = 4-BY NB-C) 
(C-A)}' =[(U-G@-B) n(U-B-OC)) n(U-(C-A))] 


By Venn — diagram = (A NB OC) 


(b) (ANB)=ANC) 
=> AUB=AAVC 
AlsodA UB=AUC > B=C 
(d) n(c) = 224 (c is the set of Cricket players) 
n(h) = 240 (his the set of Hockey players) 
n(b) = 336 (6 is the set of Basket ball players) 
n(b mh) = 64; n(c J Db) = 80; 
n(c Wh) = 40; n(e AN b Ah) = 24 
n(cU b Uh) = nth) + n(c) + n(b) — nb nh) - nen 
b)-n(enh)t+n(enboh) 
= 224 + 240 + 336 — 64 — 80 — 40 + 24 = 640 
Boys who played none of the games = n(c U b Uh) = 
800 — 640 = 160 


(c) Let us consider 100 Indians (who line either apple or 
cheese) 
n(ch) = 63 (ch: set of Indians who like cheese); n(ap) = 
76 (ap: set of Indians who like apple) 
n(ch J ap) = n(ch) + n(ap) —n(ch UL ap) = 63 + 76 — 100 
= 139 —- 100 = 39 


(b) A = {4, 8, 12, 16, ....}; B= £5, 12, 18, ....} 
AOB= {12, 24, 36, ...... } 
=> AOB= {x: x1isa multiple of 12} 


TEXTUAL EXERCISE-7 (SUBJECTIVE) 


(a) True; (already proved in Textual Exercise —1) 

(b) True; {2 — 3 =— 1 does not belong to N, 2/3 does not 
belong to N} 

(c) False; 2/3 is not an integer 

(d) True;0+/=/=I1+ 0; J 1s any integer 
1xJ=I=Ix1,; T is any integer 

(e) False; Multiplicative inverse does not exist in case of 


integers e.g. MI. of 5 =— but e Z, 


(f) True; as given in properties of integers. 
(g) False, 2-3 43-2 
(h) True; as given in properties of integers. 
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. Given, 6k + 5 is an integer 


If 6k + 5 is divided by 3, then by division algorithm 6k + 5 
= 3(2k + 1)+2=3m+2 {m=2k + 1} 

Since, there is a m for every k (both integers) but there may 
exist m say m = 4 for which there is no k (in integers). 


. q is any integer, by division algorithm 


a=49+ 1 or 49 +2 or 49 + 3 or 49 (when an integer a is 
divided by 4) 
if a = 49; g is even 
=49+2=2(29+ 1); ais even 
= 49 + 3; ais odd 
= 49+ 1; a1s odd 
Thus, if a is odd, it can be expressed as 49 + 1, 49 + 3. 


. Proceed as in question number 4 


a= 69+ 1 or 69 +2 or 69 + 3 or 69+ 4 or 69 + 5 or 69. 


. Let a be any integer if a is divided by 3, then by division 


algorithm a = 3b + 1 or 3b + 2 or 3b 

Square of a would be a? = ab? + 66 + 1 = 3(3b? + 66) + 1 = 
3m + 1; {m= 3b? + 6b} 

or = 9b? + 6b + 1 = 3(3b? + 66) + 1 = 3m +1 [m = 3b? + 
4b+1] 

or = 9b* = 3m [m = 3b"| 


. Let a be any integer, if a is divided by 3, then by division 


algorithm a = 3b + 1 or 3b + 2 or 3b 

Cube of a can be a? = 2753 + 1 + 276? + 9b = 9(3b? + b+ 
367) + 1=9m+ 1 {m= 3b? + b + 367} 

or a’ = 27b* + 8 + 54b* + 36b = 9(3b' + 6b? + 4b) + 8 = 9m + 
8 {m = 3b? + 6b? + 4b} or a’ = 27b* = 9(3b*) = 9b (m = 3°) 
Hence cube a any positive integer is either of the form 9m 
or 9m + 1 or 9m + 8. 


; ; Fe ; 
. Given x is an integer x+— 1s an integer. 


Xx 


] ; 
=> [ + ~|- x=— 1s an integer. {Set of integers 1s closed 
x x 
over subtraction} 
If x is integer => x’ 1s an integer 
eee Cpe 
1/x is an integer => (*) is an integer 
x 


= x +(4] is an integer. {Sum of two integers is an 
x 


integer} 


. Since x-y is even, there are two possibilities 


(i) x, yare both even, say 2p and 2g respectively 
(11) x, y are both odd, say 2p + 1 and 2g + 1 respectively 
Case I: x = 2p; y= 2q 

x-y=2(p-q) 

x+y=2(p + q) 
=> x -y =4(p’ - q’); which is divisible by 4 
Case II: x= 2p +1, y=2q+1 

x-y=2(p-q) 

xt+y=22p+qrl) 
=> x-y=4p—q) (p—g + 1); which is divisible by 4 


. By division algorithm, an odd number a can be written in the 


form a = 2q, + 1 where q, is an integer 
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Now a? = 4a, + 1 + 4q, = 2(2q,° + 2q) + 1 = 2¢, + 1; where 


tq, = 24," + 24,3 
Hence, square of an odd integer is an odd integer. 


Case I: Integer is odd say 2g + 1; qg is an integer 

Square of this number = 4qg* + 4g + 1 

Difference between the number and square = 4qg* + 4g + 1 — 
2q — 1= 4q? + 2g = 2(2q’ + qg) which 1s even. 

Case II: Integer is even say 2q; q is an integer 

Square of this number = 4q’ 

Difference between and square = 4a? — 2g = 2(2a? — q); 
which is even 

Hence in both the cases the difference between the square of 
a number and the number is even. 


TEXTUAL EXERCISE—8 (SUBJECTIVE) 


(a) We have proved that product of & consecutive integer 1s 
always divisible by k! 

= Product of 2 consecutive integers is divisible by 2! = 2 

= Product of 3 consecutive integers is divisible by 3! = 6 

(b) Produced in part 1 

(c) Let one integer be 2g, the other consecutive even inte- 
ger would be 2g + 2 
Product = 2g (2q + 2) =2.2q (q + 1) =2.2.2m = 8; which 
is divisible by 8. 

(d) Any odd integer shall be of the form (2g + 1) 
Its square is given by (2g + 1)* = 4q* + 1 + 4g = 4q(q + 
1)+1=42m+1=8m+1 


nn+1)(n+5)=nw+1)(2+2+3)=n+1)H+2)+ 
3n(n + 1) 

Product of k consecutive integers is divisible by £! 

= 6m + 3.2k = 6(m + k) which 1s divisible by 6. 


n(n? — 1) (3n + 2) =n(n+ 1)(n—- 1) 4n-( —-2)) 

=n(n+ 1) (n—-1).4n—-—n(n+1)(n—-1)(—-2) 

= 4n.6m — 24k = 24 mn — 24k = 24(mn — k); which 1s divis- 
ible by 24. 


Let an integer be n. Successive integer = + 1 

Sum of the squares = n* + n?+1+2n=2n*+2n+1=2n(n 
+1)+1=4m+1 

Thus sum of the squares when divided by 4 leaves the 
remainder 1. 


n(n* + 5) = n(n* + 6-1) =n(n*? —- 1) + 6n =n(n—- 1) (n+ 1) 
+ 6n = 6m + 6n = 6(m + n); which is divisible by 6 


Let the middle number be m7’ 

=> (m’—1)m? (m’*+ 1) 1s the required product in the ques- 
tion. 

=> (m+ 1)\m—1)m.m(m+1)=p 

If m is odd 

= (m + 1) and (m — 1) both are even > 4 | p 

Similarly if mis even 4 | p =>A4|p 

=> (m—1)m(m-+ 1)1s the product of 3 consecutive numbers 

=> 3\p 

There are two possibilities 


10. 


11. 


If5|m=>5|p 

If 5 does not divide m 

P = (m*— 1) m* = (m?-'— 1) m’; which 1s divisible by 5 
= p is divisible by 5 x 3 x 4= 60 


An odd number will be of the form (2n + 1). 
Difference between the cube of the number and the number 
is given by (2n + 1)?—(2n + 1) = (873 + 1+ 6n(2n + 1))—-(2n 
+ 1) = 8n3 + 12n? + 4n = 4(2n3 + 3n? + n) 
= Itis divisible by 4 = 4n(2n + 1) (n+ 1) =2n(2n + 1) (2n 
+ 2) = 6m which is divisible by 6 
The number is divisible by both 6 and 4 thus 24. 


Case I: if the number is even say 2n 
= (2n)> — 2n = 8n? — 2n = 2n(4n? — 1) 
= 2n(2n + 1) (2n - 1) 
Hence divisible by 6 
Case II: Already proved in (7) that difference in the cube 
of a number and the number is divisible by 6, if it 1s odd. 


Let us assume that there is such a prime number p. 
Case I: p = 6k — 1, then p + 2 = 6k + 1, which may be a 
prime. 
But p + 5 = 6k + 4 = 2(3k + 2), which is not a prime. 
Case II: p = 6k + 1; p +2 = 6k + 3 = 3(2k + 1), which is 
not a prime. 
P+5=6k+6= 6(k + 1), which is not a prime 
Hence such a prime number does not exist. 


Let a leave remainder k, when divided by 6. 
a=-6m+k,k € {0, 1,2, 3, 4, 5} 

By question 8: a* — a = 6p 
a=6pt+a=6p+6m+k=6ptm)+k 

Thus both leave the same remainder on division by 6. 


Case I: m is even: m” + m= m(m""' + 1). Since m is even, it 
is also even. m" — m = m(m"" — 1) which is even 
Case II: m is odd: m” + m = m(m"' + 1). Since m is odd 
m'" is odd 
=> m”'+ 11s even. 

Hence m(m"! + 1) 1s even m" — m = m(m"! — 1) 

Since m is odd m™! is odd > m”! — 1 1s even 

Hence, m(m"! — 1) is even 


TEXTUAL EXERCISE—9: (SUBJECTIVE) 


(a) True: x'® — y'® is divisible by x —y 
Also x’ — y'® is divisible by x + y 
(x?)® — (47)8 is divisible by x” + y” 
(b) True: x7"! + y""! is divisible by (x + 4) as 2m + 1 1s 
odd. 
(c) True: as given by Fermat’s theorem 
(d) False: 13 is a prime number 
=> 13/14! 
For 13 to divide 1 + 14! 
= 13 must divide 1, which is not possible. 


17 | N’”"— 1 by formats theorem 
17|N*°-1 => N*=17n +1 


10. 


11. 


Also 17 | (N8— 1)(N8+ 1) 

=> Either N?— 1=17n or N?+ 1=17n 
=> N=1iIn+1 

If (VN, 17) # 1 

=> N®=(17k)®=17n 
=> NM iseither 17n—1,17n or 17n+ 1 


k? if is a factor of 13, then clearly k’? = 13n 

if not, then by Fermet’s theorem kk’? — 1 = k21— 1 = 13n = 
k?— 13n+ 1 

Hence k'? is either of the form 12n or 12n + 1. 


(i) 8'°— 1 is equal to 8° — 1!° which is divisible by 8 — 1 =7 
Also 81! — 1 by Fermert’s theorem is divisible by 11. 
8'° — ]!° is divisible by 8 + 1 =9 £10 is even} 

Hence 8'° — 1 is divisible by 7, 7 x 11 x 7 = 693 

(ii) 13'°—5'° is divisible by 13 —-5=8 

Also P = 13!!! — 1 = 11m (Fermat’s theorem) 

O = 5"*1 = 11n (Fermat’s theorem) 

P—Q=13'°— 5'°= 11m — n) which is divisible by 11 
Hence divisible by 11 x 8 = 88 


3n° + Sn? + Tn = 3n? + n(S5n*+ 7) fn? — 1 = 3p}= 3n +n 
(S(3p + 1) + 7) = 3n? + n(15p + 12) = 15np + 3n (n* + 4) 

= 15np + 3n(5q + 5) {n* — 1 = 5q} 

= 15np + 15nq + 15 which is divisible by 15 
2x 7?+3x5"-5=2x7-2+3x 5"-3 


2(7" — 1) + 3(5"— 1) =2x6m+3x4q = 12m + 12g = 12(m + q) 
which is divisible by 12. 


=> N=17k 


If n is a prime number greater than 5. 
n* — 1 1s divisible by 24 
=> n’—1=24k 
n*—1=(n? + 1) (n?— 1) = 24k (n’ + 1) itis divisible by 24 
n* + 1; where n is a prime 
n= 6k + 1 thus, n? + 1 1s divisible by 2. 
Also n*— 1 =n>"— 1 1s divisible by 5. (Fermat’s theorem) 
=> n—1=(n*+1)(@’- 1)18 divisible by 2 x 5 x 24 = 240. 


Let as write it as 11°? + 12m™! = 11.11"*1 4+ 144.127"-1 = 
LLG + 124) 133.124"! 

=> 133.12” —'1s divisible by 133 

=> 11(11"*'+ 127"~*) 1s divisible by 133 


1" + 8" — 37 -— 6 = 1" — 6" + 8" — 37 = 8" — 37 —- (GF — 
5m — 5p = 3(m — p) 
Thus it is divisible by 5. 
Also 1" + 8" — 3" — 6" = (8" — 6") — 3" — 1") = 2k — 24 = 
2(k — q) 
Thus it is divisible by 2 
Since the number is divisible by both 2 and 5, hence 10. 


1”) = 


Let the first integer be m; m(m + 1)(¢m + 2)(m + 3)+1=177 
=> (m+ 3m)(m + 3m + 2) 
=> p(pt 2) 

=> p+ 2p 

=> (p+1)-1 (which is a perfect square an addition of 1) 


(where p = m* + 3m) 


By the question m, (m+ 1), (m+ 2)° 
=> m+(m+1)+(m+ 2) 


12. 


13. 


14. 


15. 


Foundation Mathematics < 1.163 


The square rootism+m+1+m+2 
(m+m+1+m+2P=m+(m+1)?+ (m+ 2) 
(3m + 3% =m?+m?+14+2m+m+8+ 6m?+ 12m 
9m? + 18m + 9 = 8m? + m+ 14m4+ 9 

m> — m* —4m = 0 

Solution are m = 0,m =3,m=-—-1 

= Integers are 3,4, 5 


1320 3" 

=> 270 + 370 = 2? 2 + GY) 3 
=> 2”— 118s divisible by 13 

=> 3 — 1 is divisible by 13 

=> 13=27+3? divides 2” +3” 


27” — 1 = 4"— 1" which is divisible by 4 — 1 = 3. 
. if 2” — 1 1s divisible by 3 
2” —1+3=2" +218 divisible by 3. 
2(2”"' + 1) is divisible by 3 
271 + 1 is divisible by 3 
Hence both 2” — 1 and 2”"' + 1 are divisible by 3, hence 
proved. 


Which can be written as 10”— 1 + 3.4"*7+ 6 = 10"— 
Qe) 

Using standard rule of divisibility as 2n + 3 1s odd 

= 9k + 6.3k’ = 9k + 9.2k’ = 9(k + 2k’); which is always 
divisible by 9. 


YUUY 


YUU: 


1+6 


By Fermat’s theorem n° — 1 is divisible by 7, also n? — 1 is 
divisible by 3 

=> n°—1 is also divisible by 3 

= n°—lisdivisible by 21 andnisa prime number, (n>3#7) 
=> n’—1is divisible by 8 

=> n°— 11s divisible by 168. 


TEXTUAL EXERCISE—10: (SUBJECTIVE) 


(a) 4220=2x2x3x5x7=2?x3x5x7 
Number of divisors: (2 + 1) (2) (2) (2) = 12(2) = 24 
divisors 
(b) 360 =2°?x 5x 3? 
Number of divisors = (3 + 1) + 1) (2) = 4.3.2 = 24 
divisors 
(c) 1008 = 2* x 3?x7 
Number of divisors = (4+ 1) (2+ 1) (2) =5. 3.2 = 30 
divisors 
(d) 1200 = 2’ x 3*x S? 
Number of divisors = (3 + 1) (2 + 1) 2 + 1) = 36 divisors. 
(a) q°p 
Number of divisors = (2 + 1) (2) = 6 divisors 
Sum of divisors = (p° + p') (¢°+ g'+q)=A+p)a + 
q+q’) 
(b) gp’ 
Number of divisors = (3 + 1) (2+ 1)=4 x 3 = 12 divisors 
Sum of divisors = (p® + p' + p*) (q+ qi + q+ @)= 


Fades 
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(c) 180 =2? x 3? x5 
Number of divisors = (3).(3) (2) = 18 divisors. 
Sum of divisors = (1 + 2+ 27) (1 + 34+ 3*)(1 + 5) =(7) 
(13) (6) = 546. 

(d) 216 = 2? x 3? 
Number of divisors = (3 + 1) (3 + 1) = 16 divisors 
Sum of divisors = (1 + 2 + 2? + 23) (1 +3 + 3? + 3°) 
=(1+2+4+8)(1+3 +9 +27) = (15) (40) = 600 


3. (a) 216 = 2? x 3? 


Number of even proper divisors 
Even divisors are of type 21.3"; a, b, c are non-nega- 
tive non - negative integers 
3X4 12 
Even proper divisors = 12 — 1 = 11 (excluding itself) 
Sum of even divisors = (2! + 27 + 23) (3° + 3! + 3? + 33) 
=(2+4+8)(1+3+9 + 27) = (14) (40) = 560 
Sum of even proper divisors = 560 — 216 = 344. 

(b) 1080 = 23 x 3°? x 5 
Even divisors are of type 2%1.3°.5°, where a, b, ¢ are 
non-negative integers. 
Number of even divisors = 3 x 4 x2 = 24 
Number of even proper divisors = 24 — 1 = 23 
Number of even divisors = (2) + 2? + 23) (3° + 3! + 37+ 
3°) (5° + 5') = 560 x 6 = 3360 
Sum of even proper divisors = 3360 — 1080 = 2280 


. (a) 180 =2? x 3? x 5 
5 is the least integer which can be multiplied by the 
number to make to a perfect square 
Such that 2” x 3* x 5? =a perfect square. 

(b) 420 =2*x3x5x7 
Least integer multiplier to make it a perfect square = 3 
x 5x 7= 105 
Such that 420 x 3 x 5 x 7 = (2)? x (3)? x (5) x (7)? 
which is a perfect square. 

(c) 10500=2x2x3x5x5x5x7 
Least integer multiplier to make it a perfect square 3 x 
>< t= 105 
Such that 10500 x 3 x 5 x 7 = (2)? x (3)? x (5)? x (7? 


. (a) x = 8064 = 2’ x 3?x7 
Number of positive integer divisors = (7+ 1)(2+ 1) (1 
+ 1)=8 x3 x 2 = 48 divisors. 

(b) Even natural divisors are of the form 2%1.3°.7° 
Number of even natural divisors = (7 x 3 x 2) = 42 divi- 
sors 
Sum of even natural divisors = (2 + 27+ 2>+2*+ .... 


27-1 


+27) (3° + 3! + 32) (79+ 74) = { Jase = 26416 


(c) Divisors of the form (4m + 2) = 2(2m + 1) = 2 (all odd 
divisors) 
Odd divisors are of type = 3°.7°;0<b<2;0<c<1 
Number of odd divisors = 3 x 2 = 6 
Divisors of form 2(2m + 1) = 12 

(d) Divisors of x that is divisible by 48 
x= 23 eT 


10. 


11. 


12. 


Any such divisors will be of the form = 48(27.3".7°) = 
(Qe43". 7) 0 sat+4570<671<20<ce< 1 
Number of such divisors = 4 x 2 x 2 = 16 

Sum of such divisors = 48(2° + 2! + 2? + 23) (3! + 37) (7° 
+7!) 

= 48(15) (4) (8) = 23040 


(a) True (refer to the definition of HCF) 
(b) True (refer to the definition of LCM) 
(c) True (evident from above statements (a) and (b)) 
(d) False (true only pair-wise) 
In fact, 
_ LCM (a,b,c)) x HCF(a,b) x HCF = (b,c) x HCF(c,a) 
7 HCF (a,b,c) 
96 =2° x 3; 424 =2? x 5; 
HCF of these numbers = 2° = 8 
LCM of these numbers = 2° x 3 x 53 = 5088 


24 =2? x 3; 72 =23 x 3% 120 =2?x3x5 
HCE of these number = 2? x 3 = 24 
LCM of these numbers = 2? x 37x 5=8 x9 x 5 = 360 


abc 


We already know for two positive integers a and b. 
a x b=HCF (a, b) x LCM (a, b) 


LCM(306,657)= _ 306x657 _ 306X657 _ 396 
HCF (306,657) 9 
(a) LCM (>) LCM (15,25) _ 25 
6 4 HCF (6,4) 2 
(b) LCM = (=. }- POMP) 2)> 
4 6 HCF(4,6) 2 
6 rem (28,58). LCM(3x,42) _ 15x 
4 2 HCF (4,2) ps 


(a) 2, v2 

Multiples of v2 are irrational while multiples of 2 are 
not. Hence common multiples will not exist. 

3, 7 LCM does not exist for similar reason as in part (a). 


135, 225 

225 = 135(1) + 90 

135 = 90 x (1) + 45 

90 = 45 x (2) + 0 

Thus, HCF = 45 

198, 3886 

3886 = (198) (19) + 124 

198 = (124) x 1+ 74 

124 = (74) x 1 + 50 

74 = (50) x 1+ 24 

50 = (24 x 2) +2 

24 =(2 x 12)+0 

Hence, HCF = 2 

(iii) 196 and 38220 

=> 38220 = (196) (195) + 0 
Hence LCM = 196 

(iv) 867 and 255 

=> 867 = (255)(3) + 102 


as 
— 


SB uu 


YVUUUUY 


13. 


14. 


15. 


16. 


17. 


18. 


=> 255 =(102) (2)+51 
=> (102)=(51)x2+0 
Hence HCF = 51 
Maximum number of columns = HCF (504, 60) 
=> 504=2°>x3?x7 
=> 60-2’x3x5 
HCF (504, 60) = 2? x 3 = 12 
Hence in maximum 12 columns they can march. 


(a) True; let p= 2,q=3 


GCD (2, 3)=1 
P\12 and q|12 
Hence pq | 12 
(b) g\lpN and GCD (:p, gq) = 1 
Let p= 2::¢>3 => GCD (2,3)=1 


qip x 6 (N = 6), then g|6; which is true 
(c) alN and b|N, then LCM (a, 6) | N 
Léeta=2,b>=3 
al12; b| 12, then LCM (a, b) = 6|12, which is true 
(d) If 4" ends with a zero. 
=> 4" has 5 has one of its divisors which is not possible. 
Hence false 


Let r and p be some positive integer such that n = rp, then 
KP = 1 OP aT) Os Pt PX EL) 

If n is composite, then 2” — 1 is also composite (because it is 
divisible by 2? — 1) > n must be prime. 


mn = 23.37.54 (m+ n) 
mn = 23.37.m + 23.37.54n (i) 
Consider the product (2°.37.5* — m) (23.37.54 — n) = 2°.34.58 — 
23.37.54n — 23.37.54m + mn 

By (1) = 2°.34.58 
=> (23.37.54 — m) (23.37.54 — n) = 29.34.58 

2°.54.5% has (6+ 1) (4+ 1) (8+ 1) =315 

Thus there are possible 315 values for (m, n) 


ni+4 
n+ An? + 4 — 4n? = (n* + An? + 4) — An? 
= (n* + 2 + 2n) (n? +2 —2) 
Since n > 1, both factors are larger than one. Hence n‘* + 4 
is composite. 


x*—y’ 1s a prime 

=> x -y=(xty)(x-y) 
Forx;ye Nandx-yeN 
Hence for x* —)” to be prime x + y= l orx—-y=l 
But x + y= 1 has no solution thus x — y = 1 for x? -y 
to be prime. 
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TEXTUAL EXERCISE—11 (SUBJECTIVE) 


»@ P@®:nt+(n+1+n+2y=9m 


Pl) = 1+ 23+ 3° = 36 =9 x 4 which is true 
Pik) =k +(k+ 1) + (k +2) = 9m 

Let as assume P(K) is true. 

P(R+1)=(k+ 1+ (+2) + (& + 393 

= 9m —h? + k8 + 27+ 9h? + 27k = 9m + 9K + 3k + 3) 


» Pn): 1.27+2.3?+....+(@-1) (n= = 
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Which is divisible by 9. 
P(k) => P(k + 1), hence the assumption is true. 
(ii) n> + 5n 
P(n):n>+ 5n=6m 
P(1) = 6 which 1s divisible by 6. 
P(k) =k? + 5k = 6m 
Let us assume P(k) to be true. 
Pik+ 1) =(k+ 19 +5+ 1) = +1438 4+3k+5k+5 
=h+3k?+ 8k+6=h + 5k+ 3k + 3k +6 
=h+5k+ 3k(kK+1)+6=h +5k+3.2p+6 {kk + 1) 
is always divisible by 2} 
= 6m + 6p + 6 = 6(m + p + 1) which is divisible by 6. 
P(k) => P(k + 1) the assumption 1s true. 
(iii) P(n) : 3°" = 8m + 1 
P(1) : LHS = 9; RHS = 9 
P(1) holds true 
P(k) = 3%* = 8m + 1, let us assume P(K) is true 
P(k + 1): 32D = 3732 = (8m + 199 =9.8m+84+1= 
8(9m + 1) + 1, which is holds true 
Thus P(k) => P(k + 1) the assumption 1s true. 


© 124+2.5+....+nGn-1)=n(n + 1) 


P(n):1.24+2.54+... +nBn-1)=n?n+ 1) 

P(1) = LHS = 1(2) = 2; RHS = 1(2) = 2, hence P(1) holds 
true. 

P(k) 2 1.2+2.5 +... +k3k-—1)=k*k+ 1) 

Let us assume P(k) to be true. 

PRK+1):1.24+2.5+4+.....+ k3k-1)+(k +1) Bk +2) 

By P(k) we can write 1.2+2.5+....+k3k-—1)+(k+ 1) 
(3k + 2). 

Can be written as k? (k + 1)+(k+ 1) Gk +2) 

(K+ 1) (hk? + 3k +2) 

(k + 1) (k + 2) witch holds 

Thus P(k) > P(k + 1), hence are assumption 1s true. 

(n? —1)(3n+ 2) 
P(2): LHS. =1.22=4 7 
R.H.S. = — = 4, hence P(2) is true 
k(k* —1)(3k + 2) 


P(k): 1.22 + 2.3? +.... + (k—1)() = . 


Let us assume P(k) to be true 
POA) 2 2 Be casas + (k—1) (kh) + k(k + 1y 


k(k? —1)(3k +2) 
12 


By P(k): We can write +k(k+2) 


_ K(k’ -1)(3k+2)+12k(k +1) 
12 
_ (K+1(A(A-IGk+ 2) + 12k(k+ D) 
12 

_ k(K+1)(k? + 2k-3k-2412k) — k(k+1)(3K? + 11k 2) 

12 7 12 
_ A(K+1)(k— IB k+ 2) +12(k+ 1) 

i 
_ k(k+)GK +2k-3k-24+12k +12) 

12 
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_ k(k+1)(3k? +11k +10) _ k(k+1)(3k? +6k4+5k +10) 
12 12 
= k(k+1)(3k(k + 2)+ 5(k + 2)) 
12 


= k(k+1)(3k+5)(k + 2) e (k +1)((k +1)? —1)3k+5) 
12 12 
_ (K+ IK +1)" — GK +1) +2) 
12 
P(k) => P(k + 1), hence, the assumption holds true. 


1 
. Pn): ea: ee 
15.59 (4n—3)(4n+1) 4n+1 


P() a = 1 LHS) - R.HS.= 1! 
15 5 A(1)+1 5 
k 


which is true 


1 | 1 
P(k):—+—+.... + —————__= 
15 5.9 (4k-—3)(4k +1) 4k+1 
Let us assume P(k) to be true 


| | 


P(k+1): pes 


15 5.9 TAR 3y4ak+1) | (4k+D(4k +5) 


By Pei) k i 1 (4k+5)k+1 
4k+1 (4k+1)(4k+5) (44+1)(4k +5) 


_ 4k +5k+1 — 4k°+4k+k+1 
(444+1)(44+5) (444+1)(4k+5) 


_ 4k(k+1)+k+1  (k+1)(4k4+1) — (A +1) 
(4k 4+1(4k45) (4k4+1(44643) 4443 
(k +1) 
4(k+1)+1 
Thus, P(k) => P(k + 1) 
Hence the assumption ts correct. 


ion 6 ~10 
. Pa): 3+3343334......= ——— 
27 
2 — 
pen eo hes 
oT OT 
of! ~9k- 


P(k) = 343.343.3.34+....+3.3.3....= 
ee. 


k times 


27 
Let us assume P(f) 1s true; 


Peel) 2) 343343334 et 3333 4 xen + 3.3.3.3.3 
~__————’/ ee, -_——Y 


k times (k+1) times 


10°*'-9* -10 


By assumption +3(10* +1041 +.....+1) 


— 10%! 9% 10 (lo =) _ 10"? — 9(k +1)-10 


2 9 27 
Hence P(k) => P(k+1) 
= Assumption 1s true. 
Poe ee 
246 2n 3n+1 

13 3 
P(2):L.H.S.= —.—=— 

24 6 


R.H.S.= z ; L.H.S. < R.H.S., hence P(2) holds. 
af 


Let us assume that P(m) holds. 
Given n is a natural number. 
2nt+1 


n+2 


Clearly, P(n+1)= se 


2n+1 1 


2n+2 J3n+1 

2nt+1 1 | (2ntlyP 1 

2nt+2 J3nt1]  (2n+2)? n+41) 

_ (2n+1) _ (2n+1) 
(4n°+44+8n)3n+1 (4n*+448n)(3n +41) 

= (2n +1) Z (2n +1) _ il 
[((2n+1)°.3n+4)+n] [(2n+1)’.3n+4)] 3n+4 


P(nt+lj< 


Squaring R.H.S. = 


=> P(n+l1)< hence P(n + 1) holds 


] 
J3n+4- 
—; => P(n + 1), the assumption 1s correct. 
| 1 13 


—— —_ > —_ 


ital nt+2  2n 24 


l 14 13 
P(2): pee oe ae oe wees 
3 4 12 24 24 
Hence P(2) holds 
Let us assume P(n) to be true. Now, without any loss of 


generality 
P(n)— 


P(n): 


l 
rs 2n+l 2n+2 


> P(n) 


13 13 

=> P(n+1)>P(n)>—Z> P(nt+l>— 

(n+1)> P(n) Ti (n+1) A 
Hence P(n) > P(n + 1), the assumption is correct. 


ae ie : 


RD) vn 
Pin):n 14 ot ett 
1 
P(2): R.H.S.:1+—=; LHS = v2 
(2) ae 


L.H.S. < R.H.S. which holds 
Let us assume P(n) 1s true. 


Add eee to both sides of P(n), we get 


sis 
ee ec ee 
i" 2B vn Vn+1 


n* <n? + n (as given) 


=> n<.Jn(ntl) => ltin<Jn(nt+1)+1 


jn(n+1) +1 1 
=> Vv1l+n2——_—_— nein 
Vnt+1 Vnt+l 
l 1 
=> Vilt-n <14+—~—+....+—— 
9s Vnt+1 


P(n) > P(n+ 1) 


Hence, this part of the inequality is proved. 
Now let us consider the other part 


<2Jn 


| | 

P(n):14+—+....4+ = 
v2 vn 
P(2):1+—=(L.HS. 

(2) a ) 
R.HS. = 2v2 
L.H.S. < R.H.S., which holds true 
Hence, P(2) holds. Let as assume P(n) is true. 


Without loss of generality we can write 4n? + 4n + 1 > 4n? 


+ 4n 
=> 4n*+4n+1>4n?+n) 


=> (2n+1)>2Vn’ +n 

=> 2(nt+l)-1>2VnVn41 
2(n+1)-1 

=> Oh Fae 


hain 
n+ < nel (1) 


y 
= 
+ 


Adding — to both sides of P(n), we get 
ee oe 

Br ie a 
From (1) , 


] l 
pa i Vn Vvn+1 Vvnt+1 
l 
——— <2V/n+1 
Vnt+1 ‘ 


P(n) > P(n + 1), hence proved. 


. Letm be those people who have shaken hands an even num- 
ber of times and let n be those people whose have shaken 
hands an odd number of times. Before a handshake even 
took place the number of elements n = 0, hence even. 
We assume the statement is true for k handshakes and 
hence prove it for (k + 1) handshakes. 
There arise three cases for (kK + 1)" handshake. 
@ Two people from m shake hands. 
¢ Two people from n shake hands. 
@ One from m and one from n shake hands. 
In each of the case the parity of the set consisting of n 
remains same (which we assumed to be even) 
Simply P(x) > P(n + 1), hence the assumption is true. 


10. (i) 41"— 14” 


P(n) = 41"—- 14" = 27m 
P(1): 41 — 14 = 27, which is divisible by 27 
Let as assume it to be true for P(n) 
= P(n+ 1): 41" — 14%" = 41.41" — 14"*! = 41Q27m + 
14”) — 14" = 41.27m + 41.14”"— 14”! 
= 41.27m + 14” (41 — 14) = 41.27m + 14"27, which is 
divisible by 27. 
P(n) > P(n + 1), hence proved. 
(ii) P(n) = 7" -3"=4m 
P(1) = 7 —3 =4, which is divisible by 4. 


11. 


12. 


13. 


14. 
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Let as assume the statement is true for n. 

Pia t+ 1): 7! - 3 = 7.7" — 31 = 71(4m + 3") — 3" = 
28m + 7.3" — 3")! = 28m + 3" (7 — 3) 

= 28m + 4.3", which is clearly divisible by 4 

P(n) => P(n + 1), the assumption 1s correct. 


Pnayin<2"?;neN 

Pay: LAS: =2-RHS.-2=4 
Hence P(2) is true 

Pa 1)2 LAS. =n+ I,.R-AS.=2"2 


Let as assume that P(n) is true 1.e., n <2” (1) 
1 <2” (11) (v is a natural number) 
Adding both the equation (1) and (11), we get n + 1 
<2"+2" 

> Wl 2. 2°] 

Hence P(n) => P(n + 1). The assumption 1s true. 


Pn): (1 + x)" = 1+ nx, which n is a positive integer and x 
is positive 

P(1): LHS. =(1 +2); R.HS.=1+% 

Thus P(1) holds 
Pant+1):+xy">1+(n+1¥= 
Let us assume P(7n) 1s true 


(+xy">l+nx+x 


=> (1+x"21+nx (1) 
(1 + x)" = 1 (given n is a positive integer) 
=> x1+-x)">x (given x is positive) (11) 


Adding equation (1) and equation (11), we get (1 + x)" + 
m1l+x)y’>1+nxt+x 

=> (l+x’"(t+x214+(@+1)x 

=> (1l+xy™2(1+ ("+ 1)x) 
P(n) > P(n + 1), hence, the assumption is correct. 


3 


P(n): 12+22+3?+....¢”> 7 VneN 


P(2): LHS. = 12+ 2?=5; RHS. = 8/3 


L.H.S.>R.HS. 
Hence P(2) holds 
(n+1) 
Pare ee 2c GEE) aa 
Let us assume P(n) to be true 17 + 27+ 37+... +n’ > 
n> 
3 3 
Now, 2+ 274+3?+.. #094 1P> wu 
2 
By P(n) it is true if (n+1)* > — 
Which is true if 3m? + 3 + 6n > 1 + 3n + 3n? = 3(1 + 3n) 


> 1 + 3n, which is true (as n is a natural number) 
Hence P(n) > P(n + 1) 
Hence the assumption 1s true. 


(2n+1)y 


PO)e LoS Pe ;>VneN 


3) _ 9 


PQ): LHS. =1;RHS. = 


L.H.S. < R.H.S, hence P(1) holds 


(2n+3) 


Pnt+1):14+2+...tnt+1< 
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15. 


16. 


17. 


18. 


Let us assume P(n) is true 
4n?+1+4n 
et 
8 
Adding (n + 1) to both sides, we get 1+2+3+... + 
A4n* +1+4n+8n+8 


By P(n):14+24+3+4+....+n 


(n+ 1)< : 
4n*+12+9 
as Ppa ee 
2n+3) 
= [4 2 at (nbd) < 
(2(n +1) +1) 


=> 1424+..4(n+)I< : 


Hence P((n) => P(n + 1), the assumption is correct. 


P(n): 10" + 3.4"7+ 5 = 9m 
PQ): L.H.S. = 10+ 3.47 +5=10+48+5=63=9-x 7, 
which is divisible by 9, hence P(1) holds 

Pin +1): 10"*1 + 3.4"3 + 5 = 9k 
Let us assume P(7) is true = 10.10" + 3.43 . 4" + 5, which can 
be written as 10.10” + 3.43.4" + 9m — 10" — 3.4"? 
= 10".9 + 4"°(9) + 9m = 9(10" + 4"*? + m), which is divis- 
ible by 9 
P(n) > P(n + 1), hence the assumption 1s correct. 


P(n): n° + (n+ 1)*+ (n+ 2) is divisible by 9 

P(1): 1 + 2? + 3° = 36 which is divisible by 9. 

Hence P(1) holds 

Pin+1):(n+ 1)? + (n+ 2) + (n + 3) is divisible by 9 
Let us assume P(n) is true, then (n + 1)? +(n+ 2) + (n+ 3) 
can be written as 9m — n> + (n + 3)° 

=9m —n? +n? +9 + 9n? + 27n = 9m + n? + 1 + 3n) 
Which is also divisible by 9; where P(n) > P(r + 1) 
Hence the assumption 1s correct. 


Pn) : 4” + 15n — 1 18 divisible by 9 
P(1) = 4' + 15 — 1 = 18; which 1s divisible by 9. 
Hence P(1) holds 
Let as assume it is true for same k. (k € N) 
=> 4*+15k-1=9m 
Let us test this for (k + 1) 
AP + 15k + 1)-—1= 4.48 + 15k + 15 —1=3.4* + 4*& + 15k 
+ 15-1 
=3.4'+15+ (44 +15k-1) 
ae eae es 


is assumed to be divisible 
by 9 


Also = 3(4* — 1) + 18 + (4* + 15k - 1) 
Both 18 and 4* + 15k — 1 are divisible by 9. 
We are left with 3(4* — 1) to prove that 3(4* — 1) is divisible 
by 9, it is sufficient to prove 4* — 1 is divisible by 3. 
4* — "is divisible by (4—1=3) Vk € N. Hence 3(4*— 1) 
is divisible by 9 
Hence, 3(4* — 1) + 18 + (4* + 15k 1) is divisible by 9. 
Hence P(n) > P(n + 1), hence the assumption 1s true. 


i Pete ease 
(i) pon)= (147 \{142}..f142) 


P(2):L.H.S.= @{>)= 3;RHS.=2+1=3 


Let as assume P(m) is true 


P(n+1)= Pon) 14—) 


n+1 
l 
By theassumption nn 14+—— |- (nt+l)+l=n+2 
n+ 


Hence P(n) > P(n + 1), hence the assumption 1s cor- 
rect. 


(ii) P(n)= (+> | +3 {1 m athe }- (n+1) 
l 4 n 


5 9 
P(2)= ai a =|- 47= (LHS) 


R.H.S. = 2 + 1)? = 9, hence P(2) holds 


( a >) ( ntl | 
P(n4+1):| 1+— | 1+— |... 1+—— || 1+—; 
l 4 n (n+1) 


Let us assume P(n) to be true, then we can write 


2n+3 
ina [4 : 


(n+1) 
2n + 2n+ 3) 
=(n’? + 4n+4)=(n+2/ 
Hence P(n) > P(n + 1). Hence are assumption is cor- 
rect. 


J= + + Qn t3y= cr +18 


TEXTUAL EXERCISE-12: (SUBJECTIVE) 


1. (a) (332); units place of the base is 2 and 4024 = 4k. 


Hence it ends with 6. 

(b) (123)7'*; unit place of the base is 3 and 216 = 4k. Hence 
it ends with 1. 

(c) (5244)'*; unit place of the base is 4 and 122 = 2k. 
Hence it ends with 6. 

(d) (4127)*; unit place of the base 1s 7 and 85 = 4k + 1. 
Hence it ends with 7. 

(e) (3285)**; unit place of the base is 5. Hence it ends with 
5: 

(f) (1579); unit place of the base is 9 and 2019 = 2k + 1. 
Hence it ends with 9. 

(g) (1989); units place of base = 9 and 2009 = 2k + 1. 
Hence the number ends with 9. 

(h) 27°"; units place of the base is 2 and 2010 = 4k + 2. 
Hence the number ends with 4. 

(i) (7777)'”; units place of base is 7 and 777 = 4k + 1. 
Hence it ends with 7. 


> Last digits:of 33°"" + 337°°-+--33"" + 33°". 


Last digits of 33'%' : 7; Last digits of 33''*' : 3; Last digits 
of 33"! : 7; Last digits of 33° : 3 
Their summation would end with 0. 


. Clearly 2’ end with 6. Hence it leaves remainder 1 on 


divisible by 5 and 6 on division by 10. 


4. (a) 763"; unit digit of base 3. 


1995 = 4k + 3, hence it ends with 7 on division by 2 it 
leaves remainder 1, on division by 5 is leaves 2 and 7 
on division by 10. 


(b) 


(c) 


(d) 


(e) 


(f) 


. (a) 


=> 


(g) 


2222555 + 55552222 

2222>>° end with 8; 55557? ends with 5 

Their summation ends with 3. 

On division by 1 it gives 1; On division by 5 it gives 3; 
On division by 10 it gives 3. 

Tide Togo" => 777°’ ends with 7 

9997 ends with 1 

Their sum would end with 6. 

On division by 2 = 0; on division by 5 = 3; on division 
by 10=8 

T77"7 + 1177” 
117”” ends with 7 
Their sum would end with 4. 

On division by 2 = 0; On division by 5 = 4; On division 
by 10=4 

319? > VI => 319° ends with = 9 
(1111)°” ends with = 1 

Hence their sum would end with 0 

On division by 2 > 0; On division by 5 — 0; On divi- 
sion by 10 > 0 
32331 + (5284)88° 
(5284)** ends with 4 
Their sum would end with 5. 

On division by 2 > 1; On division by 5 — 0; On divi- 
sion by 10 > 5 


=> 777" ends with 7 


=> (3233)! ends with 1 


A number is divisible by 2, if its units place is even 
c € [0, 2, 4, 6, 8] 


A number ts divisible by 3, if sum of the digits is divis- 
ible by 3. 

3|2+8+0+¢ = 3/10 

c € [2, 5, 8] 

A number ts divisible by 4 

4|2xO+c => Alc 

c € [8, 0, 4] 

Clearly c € [5, 0] 


A number ts divisible by 6 if sum of the digits 1s divis- 
ible by 3 and unit digit is even. 

3|2+8+0+¢e 

3|0 + cand c is even, hence c € [2, 8] 

N is divisible by 9 if9|2+8+0+c 

9|10+¢ => ce [8] 

Clearly, N is divisible by 0 if there is a zero at its unit 
place c € [0]. 


. (a) Be [0, 2, 4, 6, 8]; 4 € [0, 9] 


(b) 


Total number = 10 x 5 = 50 


3/1+2+3+A+B => 3A4+B 

A€(0,9);B € (0,9) 

IfA = 0; B=0, 3, 6,9 (4) 
A=1; B=8,2,5 (3) 
A=2; B=1,4,7 (3) 
A=3; B=0, 3, 6,9 (4) 
A=A4; B=2,5,8 (3) 
A=5; B>1;4,7 (3) 
A=6; B=0,3,6,9 (4) 
A=T, B=2,5,8 (3) 


(c) 


(ii) 
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A=8; B=1,4,7 (3) 
A=9; B=0, 3, 6,9 (4) 


Total = 34 possibilities 

N is divisible by 4 if 4/24 +B 

B=0; A = 0, 2, 4, 6,8 

B=1;A=A has no possibilities 

D2, A= 13255929 

B=3;A=A has no possibilities 

B=A4; A = (0, 2, 4, 6, 8] 

B=5;A=A has no possibilities 

B=6;,A = [1, 3, 5, 7, 9] 

B=7;,A=A has no possibilities 

B= 8; A = [0, 2, 4, 6, 8] 

B=9;,A=A has no possibilities 

Hence 5 x 5 = 25 possibilities 

N is divisible by 5 iff its last digits is 0 or 5. 

B=0,5 

A= 0,1; 2532.9 

Number of natural number = 20 

N is divisible by 6 if and only if units place digit 1s even 
and sum of digits is divisible by 3. 

B=0, 2, 4, 6, 8 (units digits is even) and 3|1 +2 +3 + 


A+B 

3| A+B 

B=0; A = 0,3, 6,9 
B=2: A=1,4,7 
B=4; A=2,5,8 
B=6; A =0,3, 6,9 
B=8, A=1,4,7 
Total number of natural number = 17. 


. (i) Let as consider the number N = AB = (10x A+B) 


Sum of digits = (4 + B) 

By the question, (10 x A + B) (4 + B) = 10A? + 10AB + 
BA + B? 

= 10A?+ B? + 114B = 405 (1) 
Similarly (10 x B + A) (A + B) = 486 

= 10BA + 10B? + A* + AB = 486 

= 11AB + A? + 10B? = 486 (11) 
Subtracting (1) from (i1), we get 9B? — 9A? = 81 
B?-A’=9 

B=3,A=-OorB=5,A=4 

B=3,A =O it not valid 

Hence B = 5, A = 4 thus, the number is 45. 


Let the number by N,, N,, N, say N, > N,>N, 
By the question NV, —N, = N, —N, (1) 
And N, N, = 85 (11) 
N, N, = 115 (111) 
By N,-N,=N,-N, 
ZN SN aN. 
Adding (11) and (111), we get V,(N, + N,) = 200 
2N,” = 200 => N,=10 
gs 

N, 2 aa” 

I. 23 


Hence the three number are eo: 
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8. 


10. 


11. 


| aes 


N = abcd + bcda + cdab + dabc 

N can be written in expanded form as 

= 1000(a+ b+ce+d)+100(a+b+ce+da)+10(a+b+c+d) 
+l(a+b+e+ad) 

Which can further be written as = (a + b+ c¢ +d) (1111); 
which is clearly divisible by 11 


(a) True; It is divisible by 2 as the number is even. It is 
divisible by 3 as 3/2 +2+2+2+2+2 or 3{12. 
Hence it divided 2 x 3 =6 

(b) True; For whatever permutation of 1, 2,3,4, 5; 1+2+ 
3+4+5= 151s divisible by 3. 

Hence the number is also divisible by 3. 

(c) True; It is divisible by 2 (even) 
3(2+2+24+24+2+2+2+2+2 (3[18) hence divis- 
ible by 3. 

=> 9|18 hence divisible by 9 

(d) True; p | ¢’ =>Plaxa 
Since p is a prime number => p | a 

(e) True; Let us consider two numbers a and b (EN) 
a= 3k © RR, € {0,1, 2} 

’= 3k,+ R, R, € {0, 1, 2} 

Where R,, R, are remainders 

Sum of there natural numbers is given by a + b = 3(k, + 
k,) = R, - R, 

Product of these natural numbers a.b = 9k,k, + 3k,.R, + 
3.Rjk, + RR, = 3(3k,k, + h,R, + RA) + RR, 

(a) For even number, b € {0, 2, 4, 6, 8}, a € {0, 1, 2, 3, 
Pe , 93 

=> 50 numbers 

(b) For even number, b € {0, 2, 4, 6, 83}, a € {0, 1, 2, 3, 
stag D4 S40, N26 Bec, OF 

=> 450 possibilities 

(c) For odd number, b € {1, 3,5, 7, 9} 

= hence there are 5 such numbers. 

(d) For divisibility by 3,3|4+3+2+x 

=> 3\|x => xe {0,3,6, 9} 

=> 4 numbers. 

(e) For divisibility by 3,3|x+4+3+2 

=> 3\x 

=> xe {3, 6, 9} as 1* digit is non zero. 

=> 3 such number 

(f) For divisibility by 3,3|5+x+0+1+2;3|x+2 

=> xe {1,4,7} 

Clearly 10'* = 1 followed by 13 zeroes 

Sum of the digits = 1+0+0+....+0+5 =6 which 1s divis- 

a RA 
ible by 3. 
Hence 10’? + 5 1s divisible by 3. 


= 3 such numbers 


13 zeros 


2 SAD B52 = 10, hast a 

=> 2’ 1s of type 4k for n = 2; k is a positive integer cor- 
responding to n. 
(2)? —3=(2)" —3 for n > 2 = (number ending at 
6) — 3 = number ending at 3 

=> (2) —3alwayshas unit place3 digit3 Vn =>2andnEN 


13. 


14. 


(a) N=34A5B 
N 1s divisible by 24 iff N is divisible by 8 and 3. 
=8|B+2x5+4xA=8|B+44+10 

=> 8|44+B+2 and 3|A+B; from there two conditions A 
= {0, 1, 6, 7}; B= {2, 6} 
Thus possible numbers are 34056, 34152, 34656, 
34752. 

(b) N is divisible by 36 if divisible by 9 and 4. 
913+4+A+5+B > 9|3+At+B 
4|10+B => 4|B+2;Be [2,6] 

=> Ae [4, 0,9] 
Hence the possible numbers are 34452, 34056 and 34956. 


If x is divisible by 22, then x is divisible by 11 and 2. 

x 1s already divisible by 2 for divisible by 11 

11] ((44+2+A+2)-(B+4+1)] 

11/8+A-B-5 => 11|3+A-B 

Ordered pairs possible are (0, 3); (1, 4); (2, 5); (3, 6); (8, 0); 
(9, 1); 4, 7); G, 8); (©, 9) 

Thus in total 9 pairs. 


TEXTUAL EXERCISE—13: (SUBJECTIVE) 


. 2(7y* — x*) = 3xy, dividing throughout by xy, we get 


BY a tet Sa 
es 7 14 
Substituting “=a => —-2a=3 


y a 

= 2a? —-3a+ 14=0= 2a*+ 3a—14=0 

= 2a* + Ta —-4a-14=0=a(Q2a+7)—-2(Qa+7)=0 

=(a-—2)Qa+7)=0> a=2 

x:yis2:1 or-7: 2. 
x -4 
x +4 
=> xy-x=4-4y 


y => xryt4y=x-4 


—4(1+ A(1+ ee 
ay pS UD) a 
ya (l- y) l= ¥ 
a b Cc 
> = (820 =k 
Vase: ea ey Aaa ae Ort) 
pat ere 
KP PAZ 


Multiplying the denominator and numerator by (b? + c’), 
(a* + c”), (a* +b’) respectively, we get 
a(b’ +c’) 2 b(a’ +c’) = c(a’ +b’) 
(b° +c’? \(y+z-x) : (a +c°)\(z+x-y) 7 (a? +b’)\(x+ y-z) 


= a(b’ +c’)+b(a’ +c*)+c(a’ +b’) 


2(a°x + b°y+c’z) 
x _ y 2 2 _xtyt+z 
at+tb-c b+c-a cta-b atb+t+ec 
LY. VEZ... KE aaa 


2a-2c 2b-2a 2b-2c 
(a—b)x+(b—c)y+ c(c—a)z=ax—bx+ by—cy+ cz—az 


= a(x—z)+ by —x) + c(z—y) = a(2bd — 2ch) + D(2ch — 
2axr) + c(2aXr — 2b)) 
= 2abr, — 2ach + 2bch — 2abi. + Zach — 2bch = 0 


5. (b+ c)x =a, (c+ a)y= band (a+ b)z=c 


a b Cc 
—> x= . y — : — 
b+c cta a+b 
ab be 
MMe Ee a 
(b+c)(c+a) (at+c)(a+b) 
ac abc 
£5 on EE EE oDLh EE 
(b6+c)(at+b) (a+ b)(b+c)(c+a) 
=>. XV Ve Xe 
_ ab i be 
(b+c)(cta) (at+c)(at+b) 
ac 2abc 


. (b+c)(at+b) : (a+b)\(b+c)(c+a) 
_ (a+b)ab+(b+c)bce+(a+c)ac+ 2abe 
- (a + b)(b+ c)(atc) 
— a@bht+ab’>+b’c+be’ +a°ct+ac’ + 2abe 
- (a+ by(b + c)(ct+a) 
7 b(a* +c? +2ac)+ ab? +b’c+a’ctac’ 
(at+b)(b+c)(c+a) 
_ b(at c) +b’(a+c)+ac(atc) 
(a+b)(b+c)(c+a) 
_ (a+c)(ba+be+b’ +c) _ (a+ byb+ci(cet+a) _ 
(a+by(b+c)(cta) (a+b)(b+ c)(cta) — 
. Ix-—4y-8z=0 
12x + lly-—3z=0 
Coefficients may be written as 


4 —8 7 4 

—]] —3 12 11 

ee => was a say k 
100-75 125 4 -3 5 


(x, y, z) = (4k, -3k, 5K) = 4 if k € (-1, 0, 1, 2) 


s fxyax tax + bere 


K3) = 27+ 9a + 3b +c = 0 (by the question) (1) 
f-1) =-1+a—b+c=0 (by the question) (11) 
K-3) = -27 + 9a — 3b + c = -60 (by the question) (111) 
fO)=1+at+b+c=4 = (by the question) (iv) 


Adding (1) and (11) = 2(9a + c) = -60 
Adding (11) and (iv) = 2a + 2c =4 

=> 9a+c=-30 = E77 eH2 

=> 92-c)+c=-30 => 18-8c=-30 


=> c= =6 => a=2-c=-4andb=1 
Hence, the polynomial comes out to be x* — 4x? +x + 6. 

. ab+c)=44 (i) ab + be = 44 
b(c + a) = 50 (11) be + ab = 50 
c(at+ b)=54 (iii) ca + ch = 54 
(1) — (1) => a(b-c)=-4 
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Adding this to (1), we get 2ab = 40 
ab = 20 


(1) — (1) => c(a— b)=-6 
Adding it to (111), we get 2ca = 48 

ca = 24 

Similarly bc = 30 

(a) _ b _ 5 => b= de 

(b) c 6 6 

5c’ 

By (c) bc = 36 — 3 -— 30 
c=+6 


Similarly a=+4,b+5,c=+6 


9 2 ypr2=3 
xr yryvea1 
x+zt+v=4 
pre wa2 
Adding (111) and (iv), we getx +y+z+z+2v=6 


10. 


=> 


Yu y 


SZ 2v=6 = Z2rlv=3 

By @i),x+v=l-y > 1l-yt+z=4 
=> z-y=3 

yroaryry=z2 => 2yt+v=-l 


(a) — (b), we get 2v+ y=0 


1.171 


(a) 


(b) 
(c) 


y=-2v 

Putting y = —2v in (c), we get 

2(-2v) +v=—- 1 => 4vt+v=-l 

y=1)3 

y=-2v; => y=-2/3 

zZ=y+3= 7/3 => Me S-p—7— 3 42/3: = 7/3 


Hence, x = 4/3; y = -2/3; z = 7/3; v = 1/3 is the correct 


set of solution. 


ay + bx=c (1) 
cx +az=b (11) 
bz=cy=a (111) 
By (1), we get x= ae 
Putting this value of x in (11), we get ce) =az+b 
i = c(c— 2 
b 
— i 
a 
, , ee b* — c(c—ay) 
Putting this value in (111), we get ———————_+ cy=a 
a 
=> acy-Ct+acy+b=a@ 
=> 2acy=a?—-b?+e¢ o—(a? +c? —b?) 
a’ +c’ —b’ 2 
> y= ——— — a c 
2ac b 
+b -a’ 
=> x=— 
2be 
6-[e -(£ +c —b° } 
Similarly, 7 = a ee 
b 
je. ce —a’ +b? 
2a a+bh’—¢ 
Te 
b 2ab 
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11. 


12. 


Vix? +14 el 2) 
Vx°+1-yx’?-1 2 


Applying componendo 
2Vx° +1 2x7 +1 
Ne a1 2a = 3 


and dividendo, we get 


xt+1 2x? +1 
x—-] 2x°-3 
x +1 4x44+14 4x? 
x -1  4x*+9-12x? 
Again applying componendo and dividendo, we get 


2x’ _ 8x* +10— 8x? 


Squaring both sides, we get 


2 ~—s« 16x? —8 
=> 16x*— 8x? = 8x*— 8x? + 10 
=> 8&x*-10=0 
5 
=> x=5/4 = f° 


x- 2x? +x4+1 _ 2x+x°+3x-2 
x —-2x°-—x-1 2x° +2x7?-3x4+2 
Applying componendo and dividendo, we get 


2(x° — 2x’) 7 2(2x° + x’) 


(a) 


2(x +1) 2(3x — 2) 
x? — 2x? - 2x7 + x? 
x+1 3x-—2 


3x4 — 2x3 — 6x3 + 4x? = 2x4 + 2x3 + x3 + x? 
x* — 11x° + 3x7 =0 

x(x? — llx + 3)=0 

Either x = 0 or x? - 11x +3 =0 


~~ lt vi109 
2 114 J109 
2 


YUY Y 


y 


Hence x = 0, 
(a+b)x-(m-—n)_ (at+b)x+m+p 
(a—b)x-—(m+n) 7 
Applying componendo and dividendo, we get 
2(ax-—m)  2(ax+m) 
2(bx + n) 7 2(bx + p) 
ax-—m_axtm 
bxtn  bxt Dp 
abx* + axp — bmx — mp = abx? + anx + mbx + mn 


() (a—b)x+m-— p 


axp — bmx — anx — mbx = mn + mp 
x(a? — bm — an — mb) = m(n + p) 

m(n+ p) m(n+ p) 
ap — bm-—an-mb 7 a(p—n)—2mb 


Y UUY JY 


X= 


TEXTUAL EXERCISE—14 (SUBJECTIVE) 


(a) Let us assume that V2 is rational 
=> /2= = (p, g are co-prime ) 
q 


Squaring, we get p? = 2@? 
2|p>p=2m => g?=2m 


=> 
=> 2\4q 


Hence 2 is the common factor of p and g which were 
initially assumed to be co-prime 
Hence our assumption is wrong > V2 is irrational 


(b) Let us assume that V3 —J2 is rational 
=> V3-J2=m 


Squaring both sides, we get 5- 2V6 =m 


5-—m* 
- 6 


=> 5-m =2J6 => ; 
Which is a contradiction as a rational number cannot be 


equal to an irrational number. 
Our assumption is wrong 


=> 
=> a mri) is irrational 


(c) Let us assume 3/2 to be a rational 


=> 3/2=p => 225 


But we have already proved that V2 is irrational 
=> 3/2 cannot be rational 


=> 3/2 is irrational 3J2 is irrational 

(d) Let us assume that 2—- V3 is rational 

= 5-V3=p => 5-p=v3 
But f3 is irrational 


=> el is irrational 


. (a) yes, the statement is true. The statement goes with the 


fact: all terminating decimals are rational. 


5 
=> cara 
125 125 
b) yes, it is true => 1.25=——e= 
aa 100 57.27 


(c) True, x= == 0.427571 


= Which is non-terminating repeating 
(d) True by (6 and c) 


375 
50 
= Denominator 50 can be written as 50 = 5? x 2, which 
has only 2 or 5 as its factors. 
=> Hence the fraction terminates 


76 teal ; 
(b) S00 = Non-terminating repeating 
54 Ba ie 
(c) — => non-terminating repeating 
280 
. (a) x= 12.475 => 100x = 12475 
we 12475 499 
100 4 


(b) x = 3.25 (1) and 100x = 325.25 (11) 
(11) — (1), we get 99x = 322 


322 
>. 7S — 
99 
(c) x =6.425 => 10x = 64.25 
= 100x = 6425.25 => 90x = 6361 
6361 
. = —$£_ 
90 


5. (a) True; the set of integer is a subset of rational numbers 


(b) True; — is rational only when g # 0 


=> ab = cd (on cross-multiplication) 
(d) True 
(e) True 


. (a) True; (as z is defined as the ratio of circumference to 
diameter) 

(b) True 

(c) True; e.g., 2+ 3 is irrational 

(d) True; e.g., 2/3 is irrational 


(e) True; Nee (-/2) is rational 
. (i) Multiplying the denominator and numerator by 3+ V5 
2 (3+V5)_ 23+V5) _ | 3, V5 
ee —+— 
(3-5) 34+V5 4 aD 


(ii) Multiplying the numerator and denominator by 


23-7 
iF [8 _ V7 
5 | 5 5 
iti 2 (2 +413 =/5) 
V5+ 342 ~ (243+ J5)2+ 3-5) 
2(2+V3-V5) _ 2(2+V3- V5) 
44+3+4 3-5 24+4V3 
_ 2(2+V3-V5) | (4v3 = 2) _ 2(2+V3 - V5)(4v3 - 2) 
“(ANB £2) “(a3 —2) 2) 46 
12 
(iv) Which can be written as ———————_— 
_ 34+¥5+2V2 Oras 2N2) 
(3+ V5 +22) 
1234+ V¥54+2V2) 123454242) 
94+54+6V5-8 — 6(1+ V5) 
: 2(3+V5+2V2) 2734+ V¥5 +2V2)(V5-1) 
(+V5) 4 


1+-V5+J10- V2 
(v) Which can be written as 
(x+ y) _ ( (Wx +Jy-yx+y) Vxty) 
Wx+JytJxty) Wx+Jy-Jxty) 
_ (xt yx ty -Vx+y) 
xt y—x—yt2Jxy 
_ (xt yivx+y— fet y) 
2./xy 


Which can be further rationalized as 


(x+ y\vx +a/y —Jx+ v/v) 


2xy 


8. (i) 


9. 


10. 


11. 
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(V3 + ¥5)(V5 + V2) 
(V2 + V3 +5) 


_ 34 V5)5 + V2) x (2 + V3 - V5) 

(V2 + V3 + V5) x (V2 + V3 - V5) 
_ W384 V5)(N5 + V2 2 + V3 +.V5) 

5+2/6-5 
_— V63 + V5)\(V5 + V¥2)(V2 + V3 - V5) 
12 
313+ 22 = L.C.M of the indices = 6 
=a = 2 Yaz Ss 

x5 — yf = (x3 +: A3) (x3 —) 
(x + y) GQ? + y? + xy) —y’) 
Rationalizing factor of ai ig/D) 1s /o +2+ 342) 
(3-4/2) 
(ii) /5+¥2 
Sx = Sy =4 
=> P-~H@S ty) @-y)=@&+t DE +y¥ +) -yY) 

Thus, the rationalizing factor for x + y is = 

(V2 +44 V5.4/2)(V5 - 2) 
(iii) 2+ 7 => L.C.M of indices 4 
= x= 16 => y7T 
=> P-Y~rxtya-y@+y’) 

The rationalizing factor would be = (x — y) (x? + y”) = 


(2-4/7)(4+7) 


(iv) 


W UNY 


=> L.C.M of the indices = 6 


5$++11 34+ 211 
Which can be written as (5+Vi1) = (3+ 2v11) 
G=211). G+2y11) 
_15+10V11+3V11+22 _ 37+13V11)__37_ 13 
9— 44 —35 35 35 
a eee 
35° 35 
5+1 ims ses a, he 
v= 5 ; On rationalizing the individual factors, we 
Wee V5-1" 


ap SSD WS-) , WS4) W540 
"O51 C5-) W5-) 5+) 


_ 6+2V5  6+2V5 


4 4 


=3 >a=3,b=0 


(i) Let J16- 220 -2V28+2v35 = Vx -.J/y-Vz 
Squaring both sides, we get 16-— 220 — 2/28 + 235 
= x+y+z—2 xy —2Vxz +2 yz 

Kary 2 = LO; xy =.20, 24225; z= 5D 

£24 ypousts,z—+7 andx+y+7= Io 

Taking positive sign > x=4,;y=5,;z2=7 

Square root is HO2A5 47) 


(ii) Similarly assume 6+ J12 24 = <8 


= le-y+ve 


=> 
=> 
=> 
=> 
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On squaring both sides, 6+ /12 — /24— 8 On oo we sae 21 
=> x = j= 
= xt yt+z—2xy — 2 yz + 2Vxz aa Se eae 


=. Xo yr 2 = 6. ey — 6 2-2. x7 3 


=> x=3,y=2;z=1 Hence the square root is +(/5 — 2— 2V3) 


=> Square root is +V3 — V2 +1 12. 40/2 + 57 —./| 402 —57| 
(iii) b+ z+ V2bz4+ 2° Let (40/2 +57 = Ja+vVb 
et (b+ z+ 2bz+z’) = Jpt+ Ja Squaring both sides, we get 40/2 +57 = a+b+2Vab 
Squaring both sides, we get b+z+~vV2bz+z = => a+ b= 5ST, ab= 800 
pt+qt2./ pq => a=25;b=32 
Square root is +(5+ /32) 

=> bt g=bTrz => 2Jpq=V2bz+2° 
=> (p —qY =(p + g —4pq =(b +z)? — (2b? + 2?) = Simply 40/2 —57<0 
=> p-qzb = 40/2 -57|=57-40V2 


=> pi nar 
et ¥57- 402 = Va -Vb 


2 Squaring both sides, we get 57- 40/2 =at+b-2VJab 
a+b=57; ab = 400 


= Square root is Mire +E 
a= 32:;b=25 = Square root is (j32 = 5) 


(iv) 2x—./3x? —2xy- y’ Since the difference is an integer 
= (S+V32)— (V32 -5)=10 
Whichcanbewrittenas= 2 xX 2x — 2,/3x" — 2xy- y| 
7 Last y)+(-y)-2 Get ey] 13. 2+ V34+V7+4V3 = /24+V5+ (2+ V3) 
: : = 4442V3 = J+ v3) =14+v3 
| Be+y] 4] zx] 2 ee |e) 
2 2 2 2 14, N5t4N3 
a os eas” 
ace ee | V5 +305 + V3) 
2 2 ee 
(/5 - V3 (5 + V3) 


Square root is = 4] /=* 4 = 


=> p=b+> 


YJ 


‘ which can be written as 


(v) 1+24+(1tx2 +24) 5-3 (5+ V3) 
Solving similarly as done in (iv), we get (SHA 43 15/3 (5+ V3) 
, Sy NEN NS 
3l2+ 2x? +2V1+ x? + x4] 22 


_ 25+ 53 +10V75 +5V3 +34 2y15V3 
= Fld + x? + x) + 4x? — x) + 2142? + xt x? —x)] yy 


1] fitx?+x  fl¢x?-x ; — 284+10V3 +1075 + 2V15V3 
— ———— 4+ (s-- a = FF 
2 2 2 22 
l+4x° +x [l4+x?-x 144+5V3 +575 + V15V3 
Square root of is = + =o — a = = 


Leen een es (expression as rational denominator). 
vi) 21-4V5+8 V3 -4vV15 
Sl 15. x= 3.145 


Assuming /21- 4/5 + 8/3 — AJ15 = ee @) 


=> 1000 x = 3145.45 (11) 
= (Wx - Jy - Vz) (ii) — @), we get 990x = 3114 
Squaring both sides, we get 21- 4/5 +83 - 415 314 157 


=> 
= x+y+z—-2,/xy +2./yz -—2Vxz * 900 495 


TEXTUAL EXERCISE—15 (SUBJECTIVE) 


1. (a) x>4 => xe (4,0) 
(b) x<-—2 => xeE(-~,-2) 
(c) 2<x<5 => xe(-2,-5) 
(d) x>3 => xe [3,0) 
(e) x>-5 => xe[-5, 0) 
(f) -7<x<2 => xe [-7,2) 
(g) -3<x<6 => xe(3,6] 
(h) -l<x<4 => xe[-l,4] 

~ i) CB, 3] => 3<x<3 


(ii) [6, 12) => 6<x<12 
—$£_ _———_— 


10123456789 104 12 
(iii) [0, 5] > 0<x<5 


o—_____—__# 
—<——_——_ + —_ + —_ + —_ + —_ + —_ 


101234567? 


1 l 
iv —, 00 => —-<x<oco 
( »(5 5 


ee“) 
—_— OO Os — 


2-1 01212345 67 


(v) [-l, «) => -l<x<o 
—— 


-2-10123 45 6 


(vi) (©, 4] => -0<x<4 


O———_—_——————_-8 
a ae a a a a 


—3-2-10123 4 


(i) {x: xe Randx>3 S/ 6:30) 
(ii) {x : x € Rand x <0} => xe(~,0] 
(iii) {x : x € Rand —2<x< 5} => xe(-2,5) 
(iv) {x: x € Rand 3 <x<7} => xe(3,7] 
(v) {x: xe Rand4<x<9} => xe [4,9] 
(vi) {x: x € Randx <7} => xeEe(-~,7] 


TEXTUAL EXERCISE 16 (SUBJECTIVE) 


. (a) 30x < 200 


(i) Dividing by 30 both sides 


20 
=> x<— 
3 


Since x is a natural no. x = 1 or 2 or 3 or 4 or 5 or 6 


(ii) if x is an integer infinitely many solution. 
(b) 5x-—3<3x+1 => 2x<4 

= X= 2 

(i) xis an integer x € [-o9,.....1,0,1] 

(ii) x is a real number x € (—0, 2) 
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. (a) 3x-7>x4+1 5 2x>8 3x>4 


=> xe (4,~a) 

(b) Hx-3)+4<5-2x > (3-x)+4<5-2x 
=> (7/-x)<5-2x — eS 

=> xe (-,-2) 


(c) 3x-8<xt+4 = 25512 
=> x<6 => xe (0, 6) 
(d) 2x+ 725-2x => 4x25-7 
=> 4x2-2 > a 
ew 
=> xE|—-—,00 
Z 
(ey f= es => §-2x<—-15 
3 6 2 
=> 10-4x*<x-30 => 10-5x<-30 
=> 5x240 => 423 
=> xe [8, 0) 
x 3x-2 {(5x-3 x 15x-10-20x+12 
(f) -—< — => = < —__ 
5 4 5 20 
=> 4x<-5x+2 => 9x<2 
C5) 
=> x<- => xE|-“,— 
9 9 
. (a) l<x<9 > -1>-x>-9 
=> -l>y>-9 => ye(9,-l) 
(b) -9<x<5 => -9<x<0,x<5 
=> 9>x>0,0>-%>-5 
=> 9>y>0,0>y>5 > yeC6s,9) 
(c) -9<x<-6 => 9>-x>6 
=> 3>-2>2 => 3>y>2 
= ye, 3) 
(d) -9<x<5 => 9>-x>-5 
=> 27>-3x>-15 => 27>y>-I15 


=> ye (15,27) 


.(@) 2<x<5 > 46¥2<25 Sr =[4,25] 


1 5 1 25 
(ii) —<x<- => —<x<— 
2 3 4 
: (2 = 
=> €}| —,— 
4 9 
l 3 
iii) —-—<x<— 
(iii) a ; 
l 3 
=> --<x<0 => O0<x<- 
x 2 
l ‘5 , 9 
=> -—>x'>0 => O0K<x <- 
4 4 
‘<(03] 
=> x €/0,-— 
4 
(iv) 2<x<3 


=> 2<x<0;0<x<3 
=> 4>x>0;0<¥ <9 
=> x’e (0,9) 
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(iv) 3 <x<2 

=> -3<x<0;0<x<2 
> 9>x>0;0<x<4 
=> xe (0,9) 

(vi) 4<x<4 

=> 4<x<0;0<x<4 
=> 162x20;0<2x<16 


=> x e [0, 16] 
1 1 1 l 
5. (a) 1<x<5 => 1l2-2- => eal 
x: 5 x 5 
Dee ue oh 1 1 1 
(b) 2<x<7 > —2>-2-— => tel2.2] 
a ae | x doo 
1 l 
(c) 0O<x<a@ => cor>—>OQ0 => — € (0,00) 
x x 
1 1 1 1 
(d) 0<x<3 => wr>—>- => Le| 2 | 
x 3 x 3 
1_ 1 1 1 
(e) -S<x<-l => --2-2-]1 => te|-1-4 
5 x ie 5 
1_ 1.1 1 
(f) 2<x<4 => —-2-2- > re[t4 
2x 4 2 
(g) -3<x<5;xF0 => -3<x<0Oor0<x<5 
l 
=> ——2—>-00; o> > 
x x 5 


6. (a) (i) -8x + 3(x-2)>-x+2 


=> -8x+3x-6>-x*1+2 =>-5S5xt+x>8 


=> 4x>8 >x<-2 

=> xeE(-o,-2) 

(ii) 3x+2<x-4 => 2x <-—6 

=> x<-3 => x € (-, -3) 
(iii) 2x+5>3-2x => 4x >-2 


1 | 
> x>-= >xeE >=] 
2 2 


(iv) 2x+5>x+4>x-1 S257 3x74 
=> x>-l =>x+4>x-1 
=> 0>-5 which 1s always true 


=> 225 >x=1 >x>-6 

=> xeC¢l,) 

(vy) 3x>6x+9 =>-3x>9 

— a =>x € (-o, -3) 
(vi) -—3x+6<12x-9 => 15x> 15 

=> . £21 >xe(l1,0) 


(b) (i)1 <x <6 >-1>x>-6 


=> -l>y>-6 =>ye(-6,-1) 

(ii) -1<x<5 =>-l<x<s0or0<sx<5 
=> 12-*200r02-~2-5 

=> yef[-5,]] 

(iii) -S<x<-—2 =>52-x22 

=> S2ye22 =>ye [2, 5] 

(iv) —2<x<5 => 2<x<0Oor0<x<5 


=> 42x200r0<x<25 >ye [0,25] 


~ (a) x°-3x+2<0 


(v) -5<x<-l 
=> x =ye [I1,25) 
(vi) —2<x<1] 


1 1 1 
= —-—>—>-co or eo >— >] 
2. 2% x 


Slax 25 


> 2<x<0Oor0<x<l1 


(vii) -6 <x z u 
6 x 
=> -+¢-1-4] 
4 x " 6 
(viii) 2<x<3 
=> x =y e(8,27) 


(ix) -3<x<-S 
=> y= x e[-125,-27] 


>8<x<27 


=> -125 <x <-27 


1 
x —<x<s3 
(x) 5 


I: 2,24 
Squaring, we get a <x° <9 


be 


=> (x-1)(*-2)<0 
=> xe (li, 2) 

(b) x —5x+420 

=> xe(o,1)U(4, 0) 
(c) x(x-3)<0 

(d) xx-1)(x-2)>0 


It is positive when x € (0, 1) U (2, ©) 


=> (x-4)(*-1)20 
=> xe [0,3] 
x 1 


>— => 2x>x-5(x*25) 
L=D- 2 


=> xe (5,0) 
Ifx<5,then2x<x-5 > x<-5 
=> xe (-o,-5) => xeE(—o, —5) U (5, 0) 


(f) Eei-oy OMe s => xe[l1,) 
x 


Ifx<0,;12x => xe(-~o,0) 
Overall x € [-co, 0) U [1, «) 
—5 
(g) ~—<0;x>9, x-5<x-9 
x-9 


=> -5 <-9, which is not possible 
5<x<9;x-S52x-9 

=> -5 2-9, which is always true 
x <5; both x — 5 and x — 9 are negative 


—5 
Bs, eh ; Hence not possible 
w=9 
=> xe [5,9) 


5 
5x 3 
(h) SO a 
i oe | Period 
1 3 
x>-; 
3 
1 2X 1 
=> —-xSx-- > —<-- 
3 3 3 
=> x<--—; which is not possible 
O<x<_-,; 
1 2 1 
> -x2x-- => Bees 
3 3 3 
l | 
> x2-- => xeE/0,— 
2 3 
x<0; 
=> 5x and 3x — 1 are both negative, Deer poe 
x 


Hence not possible 


3x—-3-1 
<= = ge oo 


Pa | x- 
=> x-x<3x-4 => x-4%+4<0 
=> x= 218 the only solution 

Ifx <1, then x*-x>3x-4 
=> x’*-4x+4>0 
Hence the solution x € (—00, 1) U {2} 


. (a) (i) If2x+3<3x-4 = —xX <—7 
=> x>7 => xe(7,o0) 
(ii) 3x -2>x+2 => 2x>4 
S422 => xeée(2,0) 
(1) x + 8>3x+1 => 2s 7 
=> Soe => xeE(-%, 3.5) 
(iv) 5x-1<4x+6 => 7<7 


=> xeE(-~o,7) 
=> x=(7,0) (2, ©) A (-2, 3.5) AN (0, 7) = 0 


(b) x—1<11-—3x => 4x<12 
=> x= 3 => xe (-o, 3) 
x (x—4) <0 => xe(0,4) 
=> x=(-0,3)N(0,4) > xe€ (0,3) 

x Xx 


x Xx X xX 
———t—>x4+5 DD =—--—4t+—--x>5 
4 2 8 4 2 


8 
X= ext 4N— BX — _5x>40 

=> x<-8 => x € (-0, -8) 
scape => Ix-14<16-8x 

8 —7 
=> 15x<30 = wa? 
=> xeE(~o, 2) => x=(-0,0) Mm (-,2) 
=> (-0, -8) => -9 


10. (a) 2 —6x<0=5 x(x+J6)(x—- V6) <0 


=> XE (—c0,-/6] U [0, 6] 


11. 


12. 


13. 


14. 
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(b) x*4+x-x-1>0 
=> -lD«+)])>0 
=> («-1]l(@+1)0?’+1-x)>0 

> «-l@+)>0 => xeEeCo,-l)vU (1) 
(c) (x? -—5x+ 6) @’-3x+4)<0 

=> (x-2)%-3)(’-3x+4) <0 

=> x*-3x+4>0 

=> (x-2)@-3)<0 => xe (2,3) 


(x + 3) (x-— 3) (x -— 5) (x — 4)‘ (x - 6) <0 
=> xe(-o,-3)U(6,6) => Largest integer = 4 


=> xx%-1)+(3-1)>0 


(a) 9<x<-5 => 25<x<81 

=> ye (25,81) 

(b) 3<x<5 => “Om x25 

=> ye (9,25) 

(c) 9<x<5 => x’ e [0, 81) 

(d) 4<x<9 => 2<x<3o0r-3<x<—2 
=> ye (2, 3) U(-3, -2) 

(e) -9<x<5 => 0<Vx<J5 

= x= ye[0,V5) 

(f) 9<x*<25 => 3<x<Sor—-5<x<-3 


=> xe (-5,-3)U(3, 5) 


(a) 9<x<5 5 -729<x3< 125 
=> y=x' e [-729, 125] 
(b) 27 <x < 125 
=> y=xe (3,5) 
(c) 32 <x < 243 (Taking fifth roots) 

= 2a%=3 => y=xe (2,3) 


=> 3=x%=5 


(b) 6 <x<6;-6<x<O0Oor0<x<6 
1 1 1 1 

=> -—>—>-0o or eo >—>— 
6 x x 6 


—] 
(c) 2<x<-l => |l<-<— 
x 322 
=> e( 1] 
y "% 
1 
(dq) 2<x<2, y=zZ D> -8<x <8 
x 
=> -8<x<0ord0<x<8 
l 1 1 1 
=> --—>z>>-0© or e<—<— 
8 x x 8 


l ] 
> --S> yro-C Or~ryro- 
8 4 4 8 
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15. (a) 2<x<4 > -6<3x<12 > -8<3x-2<10 


16. 


17. 


ae(rs lio 
=> E| -co,-— |U| —,° 
3x—8 8 


(b) 


Given -1<x<3 


=> bax <5 


l 3 
=. i> >— => 3> >— 
x+2 x+2 5 
ee Bee ale 
5 x+2 
y 3 
=> —>l- 2-2, = ye(-2) 
5 x+ 
l 
(c) y=>5 Given 2<x<3 
x 


1 1 


> —< aes 
13 x°4+4 8 
2 2 
x°-l x°+4+1-2 
d = 
(dy x +1 x +1 
=> 0<x <9 — 
1 l 
=> a l — 
10 x +1 
2 4 
=> -l<l- ; <— 
x'+1 5 


1 F q 
e]/—,— 
x+4 |13'8 


1<x?+1< 10 
2 —] 


=2'< 


x-1 ( 4 
€}-l1,— 
x +1 5 


Let us assume that one of the integers in 2n + 1. The other 


integer would be (2n + 3) 

By the question, 
2n+1<10 
2n+3<10 

and 4n+4> ] 


eee 9 
By equation (1) n< a = 4.5 
ones 7 
Equation (11) n< 5 = 3.5 


Equation (111) 1 < - = 1.75 


Obviously v is a an integer 
If n=2 


(1) 
(11) 
(iii) 


=> 1.75 <n<3.5 


=>n=2or3 


Zn l=5 = 2h 3 = 2 
(5, 7) 
Ifn=3> 2n+1=7 
=> 2n+3=9 => (7,9) 


= Possible pairs (5, 7); (7, 9) 


Let one of the integers be 2n, the other would be (2n + 2). 


By the question 2n>5 (1) 
2n+2>5 ... (i) and 

4n+2<23 ... (111) 

By equation (1) n> 2.5 

Equation (11) n>15>5n<2.5 


Equation (111) 
Obviously n is an integer 
=> n=3,4,5 


n<5.2552.5<n<5.25 


18. 


n=3 => (6,8) 
n=4 => (8,10) 
n=5 => (10, 12) 


Assuming without the loss of any generality a < b<c. 
By the question c = 2a, b=c-—2=3a-—2 


=> 


=> 
=> 
=> 


- (a) 


(b) 


(d) 


(a) 


(b) 


yy 


YUY 


at+b+c<6l 
Ja-2<61 
a<9 
Minimum length of shortest side = 9 cm. 


=> at+3a-—-2+3a<6l 
=> TJa<63 


TEXTUAL EXERCISE—17: (SUBJECTIVE) 


(a—-4)x+5=a+l1 
eee ee, => = 1 

a-4 
Ifa=4 => 0x%4+5—5 
0.x = 0, which is true Vx e R 
2a(a—5)x=a-—5 
a#5,a#0 => -Zax= 

l 
i a 

2a 
a=5 => 10.0.x=0 
x € R (true always) 
a=0 => 2.0.(-5).x=-5 
No solution 
ax+2x-6=2a-x => axt+2x+x=2a+6 
x(a+3)=2a+6 
a#3 — ee ae 
a=-3 = x.0 =0, which 1s true 
xeR 
ax + 2x+3=5--x, x(a #3)=2 
ifa#-—3 r= : 

a+3 

If a=-3 > x0=8 


Which not possible, hence no solution 


x= 2text2 _, 


We can be written as, ———————— = 
(x+1)(x- 2) 


3X 4 
(x+1)(x-2)_ 


Ifx#-landx4#2 > 3x=x*?-x-2 


x? —4x-2=0 
+ 
xe CENIOTS cath = (24 V6) 
ie ee eee ee ee 
XBox 2 (x+2)(x+1) 
=x*-4=0 = (e+ 2) er 1)=0 
x =-2,2 but x +2 
2 ie 
x°+3x+2 x? +3x+2 
> = 0 OF = 0 5 x 4-3, x # = 1 
x +4x+3 (x+3)(x+4+1) 


x + 3x 2=—0 =>(x+2)\(x+1)=0 
x =—2 orx =—1 butx#-1 
x=2 


(a) x7 4+5x4+6 _0- x°+5x+6 = 
43x27 +2x x(x° +x +2) 
(x #0,x #-2,x#-1) 
(x+3)(x+2) ie eo 
x(x + 2)(x +1) x(x +1) 
=> x—-3 
x 4 x +x+4x+12 
(b) + —=2 = ———_ = 
x+3 x+1 (x+3)(x+1) 
>+5x+12 
ee => (x#-3 andx#-1) 
(x+3)(x+1) 
Se hoe 12 = 2 hae 3) 
=> xox + 12 = 2+ 8x +6 
es eee sly Da NT 
2 2 
x- x-x°- x- x +6x- 
(c) 2x3 ,_ 6 *-6_3x-4 x +6 6 tee) 
bia x-] x-1 x-1 


=> x-3x+2=0 
=> xs=Z2evs)) 


=> (x-2)(*-1)=0 


- (a) P-yrT7 => (xty)@-y)=7 
Natural solution => x-4,y=3 
Integral solutions => «= 14, y— 23 

(b) x°-y’? = 21 => (xty)@-y)=21 
Integral solution => #£=45,y =22 
Natural solution => x=+]1,y= 410 


5. P(x) =px+qxt+r,p,g,reR 


P(5) = 25p + 5qt+r 
P(2)=4p+2qt+r 

By the question; P(5) = —3P(2) 

=> 25p+5q+r=-—-l2p -6q -3r 


=> 37p+1lq+4r=0 (1) 
Also P(3) = 0 

=> 9p +3qt+r=0 (11) 

=> 36p+ 12q+4r=0 (111) 
(1) — (11), we get p-q=09 

=> P~q 


Thus 48p + 4r=O > 12p=-r 


=> -12=—= product of roots 
P 
One root = 3 and other = -4 
=> r=48 
If p = gq = 0 equation becomes an identity. 


TEXTUAL EXERCISE—18: (SUBJECTIVE) 


- (a) 


l ; 1 
ae ; which can be written as 5) 
x=) 3 x-5 3 
3x—x+5 
= x-Xx (2x+5) 9 
3(x— 5) x5 


Which can be written as (2x + 5) (x — 5) >0 
—5 
=> xE [=.= Ju (5,00) 


. (a) *-16>0 
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Also 225 => 3 _yn<¢ 
Xx Xx 
3-2 
> “<0 > x3-2x)<0 
x 


=> xE(-- oul > ~ | 
, >” 


Taking ~ we get x€ [a Ju (5,00) 


x+2 


eo NGS same as (x + 2) (x - 6) <0 
ie 


=> xe (2,6) 
3x 
5x-4 
(x # 4/5) 
=> x5x-4)20 


> 0; which can also be written as 3x(5x — 4) > 0 


=> xx-4/5)20 => recoau|s—) 


Remember there is an open inequality at 4/5 as the 
denominator becomes undefined. 


(d) x+ <3 => xt —3<0 
x-1 x- 
a c= = 2 = 
me x-xt+l1 3%-) 24 = x -xt+l1 3x+3 - 4 
x-1 x-1 
2 
cia aie 
x-1 


Which can also be written as (x? — 4x + 4) (x-— 1) <0 
=> (*-2Y(@-1)<0 
=> xeE(-0,1)vU {2} 


=> (x -4) +4) 
=> (x+ 2) (x-2)(’+4)>0 
Let x? + 4 is always positive 
=> (*+2)(*-2)>0 > x€ Co, -2)U(2, 0) 
(b) x — 4x < 0; x(x’ — 4) <0 
=> xx+2)(*-2)<0 D> xe Co, -2)U (0, 2) 
(ec) x©- x t+x4-x4+x?-x+1>0 
P(X) = x8 - x +x4-x + x7- x4 1 
This can be written as x(x — 1) + *(x-1) + x(x-1)+1>0 
=> («*-l]l@txet+xt+1>0 
=> xx-1)(0?+x4+1)+1>0 
=> xmx-1)20;x € Co, 0] U[I1, ©) 
Also x* + x+ 1> 0 (same sign as the leading coefficient) 
Hence this expression is always greater that 1. 
The only case which remains is when x € (0, 1) in this case 
what we can write is x° <x <xt<x<x<x<1 
Also x—1<0 
Hence x e R 


. (2 — 16) (x2 + 5x + 4) (x2 — 9) (2 — Tx + 12) <0 


=> («+ 4) (x-4) («+ 4) (e+ 1) («+ 3) &-3) &-4) (e-3) 
<0 

=> («t+ 4) (*-4) («+ 1) @+3)@-3/ <0 
By wavy curve method 


The expression gets negative when x € [-3, -1] U {4, 
3, 43 
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4. (a) As done in previous question the given inequality can 


7. 


8. 


be re-written as (x + 1) (x— 1) («+ 4)? &@— 3) & + 8) 
(2x — 3) <0 
By wave curve method 


The solution region comes out to be (-8, -4) U (+4, -1) 


U [15 
2 

(b) Similarly as done above (x + 1) (x — 1) («- 8) (x - 6) 
(x — 5)* <0 
By wavy curve method 
Thus expression is negative in the region x € (—o0, —1) 
U (1, 8) -G, 5, 6) 
(x- 1) (x +1) 2% 

x*(x— 2) 
This equation can be written as (x — 1)? (x — 2) (x + 1)3 
< 0(x# 0) 
By wavy curve method x € (—1, 0) U (0, 2) 
(b) x? + 3x+2=(*+2)x+1)>0 
=> xe (-, -2) U(-l, ©) (1) 


Also 


(a) 


Xx 


<0; which can be written as x(x + 1) < 0 


(il) 


x+1 
=> xe€(-l,0] 
In (1) and (a1) taking intersection x € (-1, 0] 


(a) x*-4x-1220 > (x — 6) (x+2)20 
=> xe (-0, -2] U [6, ~) 
Largest negative integer: —2 
Smallest positive integer: 6 
(b) 3x7+5x+2 <0 = 32° +3x 2x 42=0 
3x(x + 1) + 2(x+1) <0 
(x + 1)+ (Bx+2)<0 
Largest negative integer = —1. Smallest positive integer 
= no positive integer. 


(c) ees, 


This can be written as x # 1, —1 


Pes — 
ee ore aG 

bee | xoS1 
Ss 661) 1)<0S GAYE) s0 
=> (x+1)20 => x2-l,butx#lor-l 


Hence no negative integer comes in the range. 
Smallest positive integer = 2. 


x-x-620 => x-3x+2x-620 

=> x(x-—3)+2(x-3)20 

=> (x+2)(x-3)20 

=> xe (-~0,-2] U [3, 0)...... (1) and 
Ix] < 10 

=> -10<x<10 

Intersection of (1) and (11), we get [-10, —2] v [3, 10] 

(a) x44+ 5x° 4+ 5x?+ 5x+420 
DX) a xe Ox ox 5S 
p(-1)=1-5+5-5+4=5-5+5-5=0 
Hence x + 1 1s a factor of p(x) 


10. 


Thus x3(x + 1) + 4x°04 + 1) + x(% +1) 441) 

=(«+ 1) 0° + 4 4+%4+4)=0?4+1D)@+1D04+420 

Also x7 +1>0 => (x+1)(«+4)20 

By wavy curve method, we get x € (—o, —-4] u [—1, ©) 
(b) x*-—2x° —x+2> 0; which can written as x°(x — 2) -—(« 
—2)>0 
8-1)@-2)>0 > @&-1)¥?4+x+1)@-2)>0 
vr+x+1>0 => (x-1)(«-2)>0 
By wavy curve method, x € (—c, 1] U [2, ©) 


y=(%-2) (6 -—x) = 6x-x - 12+ 2x = + 8x- 12 
D = 64 — 4-1) (-1) (-2) = 64 — 48 = 16 


2 -P )= |S =) - 14.4 
2a 4a —2 -4 


Maximum value of expression = 4 
Minimum value = —9o 
Graph of the expression is as following 


=> 
=> 


(a) xr —4x+6 
Consider this quadratic expression S = 16 — 24 =-8 
-b -D 
—,— }=(2,2 
=" ] ee 
eae ibe. we eee 
x°-4x+6 2 
=> 0< Se, Bs ee 
x°-4x+6 2 2 x’°-4x+6 
> 
=> —<4-— : <4 
2 x" -4x+6 


3 5 
=> 4-—~—eé 2.4) 
x°-4x+6 [2 
(b) Consider the quadratic expression (x — 2) (x — 3) = x* - 
5x +6 
—b -D 5 -l 
D=25:=24 =| Gore a 
2a 4a 


—| 
=> GS 7 5zt 6 <0 


—] 
= |G Se ~ 5x46 <0 or 0<x?-—5x+6< 0 


l 1 


=> Sn ae eer a or Se 
x° -—-5x+6 x°-5x+6 
2 w) 
=> oo or 0<— ——_ <x ~ 
x” —-5x+6 x° —-5x+6 
z 2 
= 96S OL OS 
x” —-5x+6 x” —-5x+6 


Maximum value and minimum value not specifically 


defined but ae 


GD 


11. (a) fix) = ax + bx +c,D <0, also a <0 


= It is an opening upwards parabola which has no real 
roots. 
Obviously f{1)>O > at+b+c>0 
Hence true. 

(b) f(x) = ax? + bx +0, a<0,D <0 

= Itis an opening downward parabola which has no real 
roots. 

=> f-1)<0 
Hence true 

(c) f(x) = ax’ + bx +c; a>0,D<0 

= Itis opening upward parabola with no real roots. 

=> fix)>0 
Also a> 0 
Hence true 

(d) f(x) = ax* + bx+c,a<0,D<0 

= itis opening downward parabola with no real roots 

=> fix)<Oalsoa<0 

=> aF#fix)>0 = false 


=> a-b+c<0 


=> af(x)>0 


12. fix) =x? +x4 1 


Since a > 0 it is an opening upward parabola 
D=1-4=-3<0 
Hence it has no real roots the graph of the parabola is 


By the graph, it 1s evident that f(x) never takes negative 
values 9(x) = x*-x+1 

Here also a > 0. This is also an opening upward parabola D 
=1]-4=-3<0 

Hence no real roots g(0) = 1. 

The graph of this parabola 1s 


The g(x) also never takes negative value for any real value 
of x. 


TEXTUAL EXERCISE—19: (SUBJECTIVE) 


. (a) |x =3 => x=3o0r-3 
(b) |x| =—5 = This is not possible 
=> x= 


2. (a) x— |x| =0 
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= |x 
If x > 0 => x=x, which is true V x 
Ifx<0;|x}=-x => 2x=0 
=> x=0 => xe [0, 0) 
(b) x — |x| = 2x 
Case I: x 20 => x-x=2x 
=> x= 0 
Case II: x <0 => 2x = 2x; which is true for all x. 
=> xe (-~, 0] 
(c) x+ |x| =0 
Case I: x = 0 = 2x -—0 
=> x=0 
Case II: x < 0 => x-x=0 


= 0=0, which is true for all x. 
=> xeE(-,0 
(d) 


Ne el = 2K 
Case I: x > 0 => 24 — 26 
= itis true for all x. 
Case II: x < 0 => -O= 2% 
= = 0 
=> xe [0, 0) 
(ay |*l_y 
. % 
Case I: x > 0 =>  —=1; whichis true for all x 
x 
except x = 0 
Case II: x < 0 = cd een oe et 1S 
x x 
not possible 
Hence x € (0, 0) 
(b) ——>1 
x : 
Case I: x > 0 => -21 
=> 121 ' 
Which is true always except at x = 0 
x 
Case II: x < 0 => —e21 
—x 
=> -]1 21, whichis never possible. 
Hence x € (0, ©) 
() —=-1 
| x| 
CaseI:x>0 => >= —1, which 1s not possible 
x x 
Case II:x<0 = —=—=-]1.Hence x € (-~, 0) 
|x| —x 
(d) —<1 
| x| 


Case I: x>0 = ee Sei which is true when 


boa (oe 

x € (0, 0) 

x x 
Case lI: x<0 => —=—=-1<1 which is also 

|x|). ax 

true 


Hence x € (—00, 0) — {x} 
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4. (a) x\x| +x? =0 


=> 


=> 2x7 =0 


Case I: If assume x > 0 
=> sea 
=>. £=0 

Case II: If x <0 = 


lx] = x 


lx] = —x 


x? — x? = 0, which 1s true for all x. 

x € (-, 0] 

|x| > —x 

Case I: If x >0 => x>-x 

2x > 0 => x>0 

x € (0, ce) 

Case II: If x <0 > -x>-x 

O>1 not possible => xe (0,0) 

x’ + |x| =0 

Case I: x >0 => kx 

x +x=0 => xx+1)=0 

x=0,-1 => -1] is not in domain, hence x 

Case II: x < 0 => |x|\=-x 

x -x=0 => xx-1)=0 

x=lord Hence the overall solution is 
x= 0: 

x|x| — x? = 0 

Case I: x >0 => Ix —x 

x? — x* = 0; which 1s true 

Case II: x < 0 = b= 

—2x* = 0 Sx =0 

x = 0, hence x € [0, 0) 

|x| <-—x 

Case I: x >0 => x) =X 

x<-—x => 25<0 

x<O0 

Case II: x < 0 =: x)= =x 

—x<-x => 0<0 


No solution, hence no solution. 


(f) 3xV2 = V18x? => 3xV2 = 312 |x 

=> x= x 
Case I: x >0 => x=-x whichis always true 
Case II: x < 0 > x=-x 

=> 24=—0 => x= 0 

Hence x € [0, 0) 

5. (a) x*-—3|x|-4=0 

Case I: x >0 => |x| =x 


=> 


=> 


(b) 


Equation reduces to x? — 3x -4=0 
(x-4)(*+1)=0 => x=4,-1 
Hence only solution is domain x = 4. 
Case II: x < 0 => «(2 =x 
Equation reduces to x? + 3x —4=0 
(x+4)(x-1=0 > x=1,44 
Only solution is domain x = 4 

x= {-4, 4} 

x? + 3\x,+4=0 

Case I: x >0 => |x| 2x 
Equation reduces to x? + 3x + 4 = 0, which has no solu- 
tion visibly. 


y 


— 


c) 


YY 


YW UUY 


. (a) 


Case II: x < 0 => hl -—=— 

Equation reduces to x? — 3x + 4 = 0, which also has no 
solution clearly 

xed 

x? —3\x|/+2=0 

Case I: x > 0 => 
Y= 3x 2-0 
x?-2x-x+2=-0 > 
(x—1)\(x-2)=0 
x=lor2 

Case II: x < 0 => 
x4 3e 20 

er 2x2 =: SS 
Cr 2s THO 
x=-lor—2 

Hence x € {—1, 1, —2, 2} 


x] = x 


x(x —2)-(x- 2) =0 


x] = —x 


x(x + 2)+(x+2)=0 


(d) |x) +x?+1=0 
Case I: x = 0 — Pe 
Equation reduces to x? + x + 1 = 0, which has no solu- 
tion clearly 
Case II: x <0 => |x|\=-x 
=> x*-x+1=0 
Which has no solution > xeo 
Ix—1]=3 
Case I: x > 1 => x-1=3 
=> x= 4 
Case II: x = 1 — Or 3D 
= No solution 
Case III: x < 1 => l-x=3 
=> x=-2 
Hence the solutions are x = —2, 4 
(b) |x+2)=5 
Case I: x > —2 > OX 
=> x=3 
Case II: x = —2 = 0=5, not possible 
Case III: x < —2 => -x-—2=5, not possible 
=> x=-] 
Hence x € {3, —7} 
(c) [7+ x)= 2 
Case I: x > —7 — AI haw 
=> x=-5 
Case II: x = —7 => 0-=2, not possible 
Case III: x<-7] 
= yy Z = -~=9 
=> x=-9 
=> xe {-9, -5} 
(d) |x—3)=3 
Case I: x >3 => x-3=3 
= x= 6 
Case II: x <3 => 3-x=3 
= x=0 


(e) 


Remember in this case x = 3 1s not possible, so has not 
been considered. 

x € {0, 6} 

2x —5|=3 

Case I: x > 5/2 => 
x=4 


2x—-5=3 


(h) 
=> 


=> 


Case II: x < 5/2 
x=1 


=> 5-2x=3 


To in above x = 5/2 1s not possible 


xe {1,4} 
3x — 5| =3 
Case I: x > 5/3 
x = 8/3 

Case II: x < 5/3 
x= 2/3 


2x + 5|= 3 

Case I: x < —5/2 
—2x =8 

Case II: x > —5/2 
x=-l 

2 —x| = 

Case I: x >2 

eel | 

Case II: x <2 
x=-3 


Hence x € {-3, 7} 


(i) 
=> 


=> 


(j) 


(kK) 


(I) 


|x| =2x-1 
Case I: x > 0 
x=] 
Case II: x < 0 
x= 13 


But x = 1/3 is not is the region x < 0. Hence x = {1} 


|x| = x7 - 1 


Case I: x > 0 


_1tvi44 | 
V5 


x=1+— 
2 
Case II: x < 0 


—-1tvi+4 | 


Z 


V5 


Bs hee aa tae xe 


jx? -1]=2x-4 
Case lI: x> 1 


=> 3x-5=3 


=> 5-3x=3 


—2x —5=3 
x=4 
25 =3 
xe {4,-1} 


YUUY 


=> x-2=5 
=> x=218s not possible 
=>2-x=5 


=> x=2x-1 


=> -x=2x-1 


= 2x1] 0 


=> x+x-1=0 


~1+./5 


2 


ch 


=> x-1=2x-4 


x? —2x + 3 = 0, no solution 


Case II: -1 <x< 1 


x7 +2x-5=0 


_ -24+/4+420 


2 
Case ITI: x < —1 


=> -+1=2x-4 


= No solution in the region. 


=> x-1=2x-4 


x’ — 2x + 3 = 0, again no solution 


Hence no solution 
|2x + 3| — 

Case I: x < —3/2 
—2=10 


> keo 


=> —2x-3-7=0 
=> x= 55 
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Case II: x > —3/2 => (2x+3)-7=0 
=> 2x-4=0 =. a? 
=> xe {5,2} 
(m) [5 — 3x| - 

Case I: x > 5/3 => 5-3x-4=0 
=> 1-3x=0 => «= 13 

Case II: x < 5/3 => 3x-5-4=0 

1 

=> x=3 => re{2.3| 


Vx? —2x4+1—Vx?4+2x41 = f(x-1)? —V(xtl) =|x- 1 
Case I: x <—1; expression reduces to (x -1)+x+1=-x« 
eee SZ 

Case II: x € (—1, 1); expression reduces to 1 — x — 
l1—-x-x-1=-2x 

Case III: x = 1 expression reduces to x — 1 — (x + 1) = -2 


—|xt] 


ce 


2: xs-l 
Hence Vx? - 2x+1—Vx°+2x4+1=4-2x; xe(-1,1) 
—2; x21 


- (a) aby Ba°b + aby Bab" = (" 2 a = 
a \ 


Given a> 0 and b>0 
=> a’bV2ab + ab’J2ab - | - 0 
a 
= 2ab(a°b+ ab’) — aV2ab - bV2ab 
=> V2ab(a7b + ab’ - a-b) 2ab(ab-1)(a+b) 


(b) x+y+/(x—-y) can be written asx +y+|x—y| 
nie Sie 
Ifx<y= 


(c) (2- a) | — = (2-a No 


Case I: a <2 


i a-2 21° 
Case II: a= 2 = Expression is undefined 
Case II: a>2 ae 

a-2 


(d) x-y-(x- y) can be written as x—y-—|x-y 
Ifx>y=x-y-x+y=0 
Ifx<y=x-y+x-y=2x-2y 

V9-6ata’+V9+6at+a’ = J(3-a) +,{(at+3) = 

—a\+ lat+3| 

=> at+3<0=3-’%-a-—3=-—2a (Given a <-3) 


TEXTUAL EXERCISE—20: (SUBJECTIVE) 


. (a) xj >2 


= Distance of x from 0 is greater than 2 units. 


—2 0 2 


=> xe (-0, -2) U [2, 0) 
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(b) |x-1)>3 (j) |4x-9|<7 => |x-9/4| <7/4 
= Distance of x from 1 is greater than 3 units. 7/4 units 7/4 units 
3 units 3 units ae ae 
2 1 4 
=> xeE 4 
=> xe (-w~,-2)U(4, ©) 2 
(c) |x-2|<1 (k) 3x+5|>2 => 3\x+ 5/3|/>2 
= Distance of x from 2 is less than 1 => |x + 5/3| > 2/3 
1 units 1 units 2/3 units 2/3 units 
: 2 3 —713 5/3 = 
=> xe(l,3) a 
(d) |jx+ 1/22 =? re(-= Zur.) 
= Distance of x from —1 is greater than or equal to 2. (Il) 2x +3/>0 
? units ? units Obviously, the modulus of a number is non-negative. 
a aa ae Hence it is always true. 
3 4 1 => x € (0, 0) 
(m) |4 — 3x| <-2 
=> xe (-, -3] U [I, ©) Modulus is never negative. Hence x € 9. 
(e) [x—-I[ <5 | (n) |5—3x| <0 
= Distance of x from 1 is less than 5 Modulus of a number is always non-negative. The only 
5 units 5 units possibility is |5 — 3x| = 0 at x = 5/3 
fe Hence xe ‘3 
-4 1 6 P 3 
iw 
=> xe (4,6) (0) =a 
ff2units 7/2 units x-3 a3 
>1 => -1>0 
x-—5 x-5 
—2 o 
ae => —>0 => 2(x-5)>0 
aa 


=> xe (-0, -2) U(5, 0) => 05. 


(g) [3x +5) <2 => [et 5/3) <2/3 Hence solution in this region. 
-2/3 units 2/3 units Case 2:3 <x<5 
SSS 30 => (2x—8\(5—x)>0 
7/3 5/3 —1 S— x 
=> (x-4)(5-x)>0 => (x-4)x-5)<0 
ae oh => x€ (4,5) 
= Case 3: x > 5 (inclusion of 5 is not admissible) 
3} 5 —3 
(h) |4x + 6|>5 => |x+—]> = 150 => >0 
2| 4 x=D x-5 
=> (x-5)>0 = XS 


5/4 unit 5/4 unit ion i 
nits AIS Hence the solution region is x € (4, 0) — {5} 


x+4 
—11/4 —3/2 —1/4 (p) <] 
+2 
a) ( 1 Case 1: x <—4 
=> xe] —c,— |U| ——,00 
? ° —(x+4 
4 4 ad ee + —__1<0 
(i) |2x—3|> 2 —(x+ 2) 
Clearly this is always true as the number on the left = 2 <0 => (x+2)<0 
hand side is always positive. x+2 


Hence x € (—o, 0) > x<—2 


Y Ud 


Case 2:—4<x<-2 
x+4 2x+6 26 
—(x+2) 


(2x+ 6\(x+2)>0 => x € (ce, -3] U [-2, 0) 


—-1<0 


—x-2 


Case 3: x = —2 
Obviously inclusion of —2 is not possible according to 
the domain of function. 


x+4 
—-1<0 = <=-S2 

x+2 

Hence the overall solution is x € (-~, -3] 
(q) |x* —4x| <5 

Case l:x?-4x>0 => xx-4)20 

x€E(~,0] U[4,0) > |x? - 4x] = x? - 4x 

x*-4x<5 => x-4x-5=0 

(x —5)\(x + 1) <0 => x€(-l,5) 

Case 2:x?-4x <0 => xx-4) <0 

x € (0, 4) => |x? -4x| =4x-x 

4x -—x? <5 => x’?—4x-—5>0, whichis true. 

x € (-1, 5) 

|x — 3] >-1 


(6) 


Y 


Y 


Modulus is always non-negative. Hence this is always 
true. 
x€& (—00 , 00) 


3x — 5/2| >2 => |x—5/6| > 2/3 


2/3 units 2/3 units 


Ix —2| —|x + 4| <0 
Case I: x<—4 
—x+2+x+4<0 > 6<0 (not possible) 
Case II: 4<x<2 => 2-x-x-4<0 
—2x-2<0 
x] 2S 0 
Case III: x > 0 


=> x2-]l 
=> x= 2=x%=—4=0 


—6 <0, which is always true. 
x € [-l, 0) 
|5x? — 3| =2 
3 

CaseI:5x°-320 => x - 520 

3 
2s => |5x*- 3] =5x’-3 
5x7 = 5 => ye | 
Beat) Oe | 
Case II: 5x*-3<0 > x <3/5 
3 -—5x*=2 => 5x-1 
= 5 => (Kae - 


(b) 


Y J 


Y 


— 
=> 


(d) 


=> 


(e) 


S | 


Y 


(g) 


Y yy 
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x+4 
=3 
x+2 F 
—(x+ 
Case I: x < 4 => : 7 
—(x+ 
ae ee, 
x+2 
aa Sle aks Soe a ~2x72 _ 9 
LZ x+2 
x+4=3x+6 => 2x=—2 
x=-] 
+4 
Case II: 4<x<2 > i —3 
—(x+ 2) 
x+4=>-3x-6 => 4x=-10 
x =-5/2 
x+4 
Case III: x > —2 => —3-0 
x+2 
x=-] 
Thus overall x € {—1, —5/2} 
Ix? — 4x| = 5 


CaseI:x*-4x>0 => xx-4)20 

xe (0,4]U[4,0) => |x*-4x| =2x?-4x 
x? —4x-5=0 => (x-5)(«+1=0 
x=5,-1 

Case II: x?7-4x<0 => xe(0,4) 

4x —-x*=5 


x? — 4x + 5 = 0, which has no solution. 


er Le 22 => |x+1/=0 
x==1 
l 
3x —4| = 1/2 => Ix--—|=— 
3; 2 
V/éunits 1/6 units 
—fi6 4/3 3/2 
7 3 
x= = 
6 2 
Ix + 2} = 6 —-2x 
Case I: x < —2 
—x=2=6=—2x 


x = 8, which does not lies in x < —2 
Case II: x = —2 


x+2=6-2x => 3x=-4 
x = 4/3 

Hence x = 4/3 

Ix] =—3x—5 

Case I: x 20 
x+3x=-5 => x=-5/4 
Case II: x <0 

x =-3x-5 => 2x=-5 
x=-5/2 

Hence x = —5/2 

x t+|x-1,=1 

Case I: x21 => x x= 2=0 


x7+2x-—x-2=0 
mMx+2)-@%4+2)=0> (*+2)(«%-1)=0 


x=1,-2 => v=] 


< 


1.185 
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Case II: x < 1 
=> x=Oorx=1 


(i) |x+ 1] -|2x-3]= 
=> |x+1|-2|x-3/2)=x-4 


Case I: x <—l 


=> 
=> 


=> 


x—-x+1=1 
x = 0, hence x = 0, 1 


—-x—]1+2x-3=x-4 


=> x-—4=-x-A, which is true always 


Case II: —1 <x < 3/2 
=> -x-2=x-4 
So xe= 1 

Case III: x > 3/2 

=> -x+4=x-4 
=> x=4 


3. (a) |jx- 1] + |x-3|=2 


=> 
=> 


x+1-(3-2x)=x-4 
ax 2 


eS 23 
2x=8 
x € (-o, -1] U {4} 


Case I: x <1 => l]-x+3-x=2 
=> 4-2x=2 =>. 2e=2 
a ae | 

CaseII: 1<x<3 > x-1+3-x=2 


=> 2=2, which is true always 


Case III: x > 3 => x-lt+x-3=2 
=>: 2x=6 = x= 3 
=> xe[l, 3] 
(b) |x} + [et 5) =5 

Case I: x < —5 => -x-x-5=5 
=> -—2x=10 => x=-5 


Y Uy 


(e) 


y 


Case lI: -S5<x<0 => -x+x+5=5 
5 = 5, which is always true 

Case III: x => 0 => xXx = 5 
x=0 Hence x € [-—5, 0] 
Ix— 1] + |\x-4] = 


CaselI:x< 1 => xl xe4=2 
2x =-3 => x= 3/2, no solution 
Case II: 1 <x<4 => x-l1-xt+4=2 


3 = 2, not possible 

Case III: x > 4 => 
x = 7/2 = 3.5, no solution 
Hence x € { } 

|x? — 2x| + |x —4| = |x? -3x+4| 

x(x — 2)| + |x — 4] = |x? — 3x + 4 

Clearly @? —2x-x+4)=x-3x+4 
Thus the question reduces to |x) — 2(x)| 

Kx).2(x) < 0 (x? — 2x)(x - 4) 

x(x — 2) (x — 4) <0 

x € (-0, 0] U [2, 4] 

|x? — 2x| + |x —4| < |x? -3x+4| 
x*—2x—-(x-4)=2x?-3x+4 

Hence the question reduces to |Kx)| + |g(x)| < |Ax) - 
g(x)|, which is never positive. 


2x5 =2 


= fx) + |e) 


=> xe {} 
(f) |x? -9| + |16—x7|=7 
Let f(x) = x? —9 and g(x) = 16-3 
=> f(x) + gx) =7 
The equation reduces to |f{(x)| + |g(x)| = Kx) + g(x) 
=> fix). gXx)20 => (x-9)(16-x’*)20 
=> (x+3)(«-3)4-x4+x20 
=> (x+3)(«*-3) (+4) (%-4) <0 
=> xe [H4,-3] VU [3, 4] 


4. (a) ears 

x+3|yl-6 
xl + y=4 = y-4-k 
CaseI:x>0,y>O0 > x+y=4 

=> x 3y=6 =: Vl 7 3 
Case II: x>0,y<0 > x+y=4 

=> x-3y=6 mene) is cae | 2 
Case HI: x<0,y>O0> y-x=4 

=> x+3y=6 = XS S32.y9 52 
Case IV: x<0,y<O0> y-x=4 

=> VY =-5,x%>=-9 
Hence the positive values all (x, y) = (3, 1), 
9 LT 35 
e: eG 2 2]. ie 
V(xt+4y = ae 

(b) => 
4(x— 4) =1 |x—4|=1 
Case lI: 0<y<x >. yrs 

=> x-y=]1 SS X= 3,7 = 2 
Casell:0<x<y > xt+y=5 

=> y-x=1 => Vos xaZ 
Case II: x<y<0 => -x-y=5 

=> y-x=]1 => x=-3,y=-2 
CaseIV: y<x<0 > -x-y=5 

=> x-y=l => y=--3,x=-2 
Hence the possible pairs are (x, y) = (3, 2), (2, 3), C3, 
—2), (-2, -3) 


5. (4a — 15)x? + 2a|x| + 4 =0 
Clearly there arise two possibilities, x > 0 or x < 0 (remem- 
ber x = 0 is not a solution here) 
Case I: x > 0 
The equation reduces to (4a — 15)x? + 2ax+4=0 


~2a+./4a? —16(4a—15) 


x= 
2(4a- 15) 
_ —2a+2Va*—16a+60 —l6a+60 _ ~atJ(a-6)(a—10) 6)(a—10) 
2(4a—15) (4a—15) 
Since x > 0 
—a+./(a—6)(a—10) . a 
=> Se onostive when ieee ae 
(4a—15) 
=> l6a<60 => a<15/4 
Case II: x < 0 
The equation reduces to (4a — 15)x? —-2ax + 4=0 
2at./4a° —16(4a—15) 
=> = 
2(4a—-15) 
23 _ 2at2Va*—-16a+ 60 —1l6a+60 _ at y(a- 6)(a—10) 6)(a—10) 
2(4a— 15) 4a-15 
Since x <0 
—./(a—6)(a—-10) . 
=> eet Ale) is less than zero for a < 15/4 for 
4a-15 
1S 
az2—xeE 
; p 


6. 


10. 


Ie 2x 2) (3x 2 ae et 2) Be 7 
Taking x? + 2x + 2 = f(x) and 3x? + 7 = g(x) 
The equation reduces to |f(x) + g(x)| < Ax)| + |e(x)| 


=> f(x).g(x) <0 => (x74 2x+2)(3x+7)<0 
But x7+2x+2>0 => 3x+7<0 
=> x<-7/3 


(a) |x + 3] + |x -— 3] =2x 
Case I: x < -3 
The equation reduces to —x -3 + 3 —x = 2x 
=. a 2K 
=> x= 0, which is not in this region. 
Case II: -3 <x <3 
The equation reduces tox +3 +3-—x=2x 
Or 2x 
x = 3, which is again not in the region 
Case III: x > 3 


=> 
=> 


The equation is this region reduces tox +3 + x-—3=2x 


= 2x = 2x, which is true for all x. Hence x € [3, «) 


(b) |x + 3) + |x — 3] > 2x, here again we will analyze the 


solution in three regions. 

Case I: x <-3 

Equation reduces to -x -3 —x +3 >2x 
—2x > 2x => 4x<0 

x= 0 

Hence x < —3 (intersection with the region) 
Case IT: -3 <x <3 

Equation reduces tox + 3 +3—x> 2x 
6 > 2x = x3 
—3<x<3 

Case III: x = -3 

Equation reduces tox +3 +x-—3> 2x 


Y J 


=> 
—e 


=> 2x> 2x, whichis not possible, hence overall x € (—c0, 3) 


jx + 1] + |x — 1| = |2x|; taking fx) =x + 1; ge) =x -1 
Equation can be written as |f(x)| + |g(x)| = |Kx) + 2(x)| 
=> f(x).2(x) 2 0 => (x+1)(-1)20 

=> xe (-o,-1] U[l1, 0) 


Ix + 1] + |x— 1] > [2a 

Taking f(x): x + 1; g(x): x- 1 

Inequality reduce to |Kx)| + |g(x)| > |x) + eg) 
=> fix).g(x) <0 => (x+1)@-1) 
=> xe(-l, 1) 


Ix— 1] + |x-3)=x-3 

Case I: x < 1 

Inequality reduces to 1 -x+3-—x=x-3 

=> 4-2x=x-3 = 34 = ] 

=> x= 7/3, whichis not is the region. 

Case II: 1 <x<3 

Inequality reduces tox-1+3-—x=x-3 

LoS % 

x = 5, which is not in this region. 

Case III: x > 3 

Inequality reduces tox-—1+x-3=x-3 

=> 2x—4=x-3, whichis also not in the region. 
Hence x € { }orn=0 


— 
=> 


. (a) [Vx] =3 => Vee [B,4) 
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. (xe—1])+|x-2|<x-3 


Case I: x < 1 

Inequality reduces to 1 -x+2-—x<-3 

=> 3-2x<x-3 => 3x>6 

= XZ 

Hence no solution in this region 

Case II: 1 <x<2 

Inequality reduces tox -1+2-—x<x-3 
l1<x-3 => x-4>0 

x>4 

No solution in this region 

Case III: x > 2 

Inequality reduces to x-1+x-2<x-3 
x-1l+x-2<x-3 

2x—-3<x-3 =>: £=0 

No solution in this region x = 9. 


Y 


Y J 


TEXTUAL EXERCISE—21: (SUBJECTIVE) 


(i) [x] =3.9 = itis not possible 
>x=0 

(ii) = [x] <3.9 => xe(-~,4) 

(iii) [x] > 3.9 => xe [4, 0) 

(iv) [x]>5 => xe [6, 0) 

(v) 2.1<[x]<5 =>. x (3,5) 

(vi) [x] <5 => xeE(-~, 6) 
(vii) —9 < [x] <-5.3 => xe [-9,5) 
(viii) [x] >—5.3 => xe [-5, 0) 

(ix) [x] <-—5.3 => xe (-0,-5) 


(x) {x} =0 all integers 


=> xe [9, 16) 
(b) [x] =5 => »e [5,6) 

=> xe (V6, -V5] u [V5, V6) 

(c) [x] + [-] =0 > xeZ 

(d) x—[x] =1/2 => {x} =0.5 


=> xe ars n 1S any integer. 


[x]? — 3[x] + 2 =0 

([x] — 1) [x] -2) = 0 

[x] = 1 or [x] =2 

=> xe[1,2)orxe [2, 3) 

=> xe [l1,3) 

(f) [x]? — 5[x] + 6 > 0; ([x] — 3) (x] — 2) > 0 
=> 

=> 


Ye 


[x] € (co, 2) U (3, ~) 

x € (-00, 2] U [4, 2) 
(g) [x}’-3lx4]+2<0 = ([x]-2)(x]-1) <9 
= [x] € C1, 2) > xed 
(h) [3x] =-1 = -1<-1/2;x<0 


> xE -+.0| 

3 
(i) [3x] — [-3x] = 0, which 1s true if 3x = integer = P 
=> x=P/3;PeZ 
(j) [x]}’>9 => ([x] + 3) x] -3)>0 
=> [x] € (-o, -3) U (3, 0) 
=> xe (-o,-3) U [4, 0) 
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(k) [xl] =3 => |x| © [3,4) 
=> xe (4,-3] U[3,4) 
() |[x]|=2 => [x] =2 or [x] =-2 


=> xe [2,3)orxe [-,-]) 
=> xe [-2,-1) vu [2, 3) 
(m) 4[x] —x = {x} 


Which can be written as 4[x] — x = x — [x] 


=> 5[x]-—2x=0 = ais 
5 
=> x= 0 is the only solution 
(n) [x] =n => xeEl[n,o«) 
(0) [x] <n => xeE(-~“,n) 
(p) —2.3 < [x] <3 => xe [-2,4) 
(q) —2 < [x] <5.3 => xe [-l, 6) 
3. (a), (b), (¢) [x]? = [x + 2] 
= [x] =[x] +2 = [x] - [x] - 
= [x]}’-2[x] + [x] -2=0=> [x]([x] —2) +1 ([x] -2) = 0 
=> ((x]-2)([x]+1)=0O = [x] =2 or [x] =- 
=> xe(-l1,0)U(, 3) 
4. (b) y =2[x] + 3 = 3[x-2]+5 
=> 2[x]+3=3[x-2]+5 => 2[x] + 3 =3[[x] -2]+5 
=> 2[x]+3=3[x]-6+5 => [x]= 
=> xe [4,5) = y= 2[x) 3 = 11 
=> [x+4]=15 
5. (i) Let [x] =y 
eee, Syt+4—33y— 21, 
lly+7 lly+7 7 
aj, Sees => (lly+7) (28y +17) <0 
lly+7 
7 a i = 
=> -—,-— => [x]¢|/-—.-— 
11 28 11 28 


There 1s no integer is this region 
= No solution 
(ii) [x]* — 3[x] +2 <0 
=> ([x]-2) (x]-) <9 
= [x] € [1, 2] 


=> [x]? —2[x] 


=> xe[l1,3] 


6. (d) It can be written as = 50 


200x+4 
4 


7. (b) Six} =x + [x] > Sfx} = 2[x] + {x} 
=> 4f{x} =2[x] =>. [x)= 2i} 
By equation (1), we get 2{x} — {x} = 1/2 
=> i{x}— 1/2 
=> xeEPt £ 
= w= 3/2 
8. (c) By the questions, 0 < x < 1000 


aeuguceen 


which can be written as 


re 
Nw | & 
ae 
+ 
ae 
Uo | & 
a ea 
+ 
ea, 
Un | & 
a 
I 
com) 


_ [x] +2 <0 


(1) 
(2) 


; P is an integer, which is true if P = 1 


10. 


- (©) [x+[x] +e] <3 0 = 


. By the question 3x + 2iy — 


=> x must be a multiple of 2, 3,5 
=> x must be a multiple of 30. 
". Possible number 30, 60, 90,...., 990 
Total number of possible solution = 33 


[x + [x] + [x]] <3 


=> [x+2[x]] <3 => [x] +2[x] <3 

=> 3[x] <3 => [x] <1 

=> xe (0,2) 

Let [x] =y 
AO cd = JI VS 
V=2. Ve2 y-2 V2 
+3 4 +3 4 

| Pe 2 >0 
V2. Vee y- a: (y- 3) 

gr OT INO ety Bs 

(y— 2)(y- 3) 
=> (V-2)0-3)0-4y-1) 20 


=> y=|xle(-~,2- V5 ]U[2,3]U| 2+ V5,-9) 
Clearly |x| = 2; |x| = 3 is not possible 

Ix| € (00, —0.24) U (4.24, «) 

x € (-0, 0) U [5, «) 


Y J 


TEXTUAL EXERCISE-22: (SUBJECTIVE) 


. (i) (1-7) can be written as=1+#-2i=-2i1(?7 =-1) 


(ii) a+i'x{1+2) 
= (1+i)' x(1-i)" =(1-7) 


4 


= (2)° = 16 


can be written as 


60 
ix+ 5y=7 + 5i 
=> 3x+5y+12Qy—x)=7+5i 
=> 3x+5y=7and 2y—-x=5>y=2 andx=-l 


vx Vx. ve 154+12-10) 17 f. 
- i = Vn BB= | Ma 


. By—2)+i(7 + 2x) =0 


=: 3y—2=0 and 7 = 2c =0 Sy =2/3:%= 772 


Deyo catia Ni a 2. D A es eee 
» sum= 24514 (Fi)-S-1 = (2-5 )4i(3-2-1] 
> 3 3 4 3 4 3 


TEN oe (7+iv3) +(7- 13) 
cas TER (7+ iV3)(7—iv3) 


_ 49-34+14iV3 + 49-3-14iV3 _ 2x 46 
49-173 49 +3 
_2x46 46 23 


= —= —=] whichis real. 
De 26 = 13 


10. 


11. 


12. 


- (i) Leta + ib be a complex number z, = at ib, then its con- 


jugate is given by z,=a—ib 
Sum = z,+z,=at+ib+a—ib=2a 


(ii) Product = z,z, =(a+ ib) (a —ib) = a? — 2b? = a? + B. 


. +43 )=(a+ ib? > (1+ 4v3 i) =a?— b?4+ 2b 


= g?—b?=] and 2b = 43 
=> b=2v3 => 
= @=F= 13-12-15 


a?=1+6?=14+12=13 


ab = J/13.23 = 239 


. Product of these complex numbers = (3 + 47) (5 — ki) = (15 


_ 361 + 201 + 48) = 63 — 167 
| 
16—16i 
_ 63+16i 63 +161 + 634161 63 ~——«*16 
63°+16? 39694256 4225 4225 4225 


4225 4225 
Let V3-4i=a+ib 
Squaring both sides, we get 3 — 47 = a? — b? + 2iba 
=> a’—b*=3 and ab=-2 
Also (a? + b”) = (a? — b?)? + 4a? b*=9 + 16 = 25 
at+bh=5 => a=4 
a=+2 
Similarly b = + 1 (ab = -2) 
Hence 3- 4i=+(2-2) 


(i) Let J-8-6i =a+ib 
Squaring both sides, we get —8 — 67 = a? — b* + 2abi 
=> a—b?=-8 and ab=-3 
(a? + b*)? = (a? — b*) + 4a*b? = 64 + 36 = 100 
=> a+ b?=10 => a=landb’*=9 
Since ab = —3; a + ib = +(1 — 3”) 


(ii) Let J5-12i=a+ib 
Squaring both sides, we get 5 — 127 = a* — b? + 2abi 
=> a’—b*=5 and ab=-6 
(a? + b*)? = (a* — b*)* + 4a’b? = 25 + 144 = 169 
a’ + b? = 13 
a* = 9; b? = 4 also since ab = -6 


= /5—2i=+(3-2i) 
(iii) Let \-2+2V3i =atib 


Squaring both sides, we get —2 + 2V3 i = a? — Bb? + 
2abi => a? — b? = -2 and ab = V3 
(a? + b*)? = (a? — b*) + 4a°b? = 4+ 12 = 16 
=> a+ b= 4 = a Seb =3 


Multiplication inverse of 63-—16i= 


=> 
=> 


Also ab = V3 
= -2+2,V3i= +(I + 31] 
(i) (1 +@)* 


l+@+o0?=0 > 14+07?=-0@ 
=> (1+@’)*=(-0) 
> 0.0 

Also 3 = 1 

Hence (1 + 0*)* = @ 


=> 0'0=0 


13. 
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(ii) (1 —@ + 7) (1 + © — @’) can be written as (-2@) (207) 
{using 1 + @ + @?= 0} = 4(@7) = 4 
Hence (1 — @ + 7) (1 + @ — @7) =4 

(iii) A — o) (1 — o”) 1 — @4) 1 — 0°) = (1 — ©” — © + 3) 
(1 — o*) (1 — @°) = (3)  —- 0) (1 — @&°) = 301 — &° — 
+ o°) = 301 —-@*-@ + 1)=3(3) =9 


(i) xyz =(a+t b) (aw + bw”) (aw? + bw) 
= (a+ b) (a’@? + ab@? + aba* + ba?) 
=(a+ b) (a? + abw’ + abw + b*) = (a+ b) (a* + b?- ab) 
= Qa + bh 

(ii) By the question x* = (a + b)* = a? + b? + 2ab 

=> y=(aw + bw’) = a’o? + b*a* + 2ab 

=> 2 =(aw’?+ bo) = a’o* + b’a? + 2ab 

> xrtyt2=6abt+a’?+a’o*+a’o*+ b+ b’o*+ bo? 
But 1+ @*7+@=0 

> rtyt2=6ab+a7(1+o0+0*)+ (1+0+ 0’) = 
6ab 


TEXTUAL EXERCISE—23: (SUBJECTIVE) 


100 


1. (a=) D(H)" =-14+1-14+1-.....1+1=0 
rz 
(by) Lev =Cye+ t+ Ces... FC 1+ 14+ 
ta ...ntimes =n 
(c) St a4 t+ t+ 8+... += 1-141-141-1 
: pepuost 
4ns3 
@ Deere eae 
ie, wena. 4 
2. (a) 5S§}=5x4x3x2x1= 120 


(b) 7!}=7x6x5x4x3x2x1=5040 
(c) 8! =8x 7! =8 x 5040 = 40320 


8! 8x7x6! 

(d) —=——=8x7=56 
6! 6! 
5! 

(e) Be es 


(f) 8! +7! =8.7!+7!=71(8 + 1) =9.7! =9 x 5040 = 45360 


n 
(g) []4 = aa.a....n times = a". 
k=] 


5 


(hy) [[(2k-1)= 1.8).5).(7).9) = 945 


(i) ak = a.2a.3a.4a.5a = 120a°. 


(j) | J 2! = 2.22.23.24..... 220= 2012+... = 9210 
I] 


10 
(k) ]]2k=2.4.6.8.10 .... 20 =2!(1.2.3.4.5.....10) 
k=l = 10!.21 


> 2 4 8 16 32 1 915 
(I) 1(=)- =... = os (2.4.8,16.32)= 


5 
a 
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n+l 


3. (a) [[k=1.23...n+1=(@+D! 
k=1 
=> |[[k=123...n=n! 
k=1 


=> (n+ H] [k= 1.2.3...nn+1)=(n+1)! 


n+l 


= [[k=n+1 k 
k=1 k=1 


Also (n+ 1)! =(n+ 1)! 
100! 100.99.98! 


PE art nae: eee 
es n! _ n(n—1)(n—2)! 7 ; _ 
o (n—2)! — (n—2)! n(n—1)=n2-1 
(c) pita 


P Pp 
Since p is a prime number (p — 1)! will not have any 


factor of p. Hence p 1s not divide (p — 1)! 
ae ete a 


out of these factors p can divide none. 
Hence can't divded ( p—1)! 


n!} (n—rt+ljn!) —— nl 


¢) EE) ea ei - (n—r+l)\(n—-r)! (n—-r)! 
(e) nn—1)(n—-2)....mM—rt+1)= oe 
(n—-r)! 
RUS = n!} 7 n.n—1)(n— 2)...1 i) 
~~ (n=r)to (n-r\ne- rel)... 
...(n—-reti) 
- (a) @ ¥ (2k-1)= ¥2k-¥1 = 25 k-Y1 = 2012 


+34+...+n)-(n)=n(nt+1)-n=n+n-n=n’. 


Gi) DA =1424+34+4+4+....4+n 


k=1 
It is clearly an A.P. with common difference 1, first 


term = 1 

=> S,=-(a,+ oo 
100 

(ii) Ye=1 +2434 2... + 100 - cone 
k=1 


= (101)50 = 5050 


10 
(iv) DkA= V+ 2A43N4....+ 10V=AMI42434..... 
k=1 


+10) 4MtessA 


(¥). J SPF 2 BF get WP HW F243, 


j=l 


ae “ 1) B 


2 n(n+1) 
b) Gd eS | 23 PA es Se 
(b) @ 2 5 


. (a) 


(ii) ) 2kS2 446+ ot 2n=20 F243 tn) = 


2.(n(n+1)) _ 
n 2 - n n 
(Gil) (RP? +k) = YR +YK 


n(n+1)(2n +1) > n(n+1) 


n(n+1) 


6 2 
_ n(n+1)(2n+1)+3n(n+1) 
6 
_ n(n+1)(2n+4) 7 n(n+1)(n+ 2) 
6 3 


(c) @ Ve=aPvth +e 

Gi) Y(@t+D)=PV4+ PtP tert+eta’ 
= 2G DO) 

(iii) Yi(a+b)=a-b+ b-ct+c-a=0 

(iv) Yi a(b— c) = a(b —c) + be — a) + e(a— b) = ab ac + 
be —ab + ac — be = 0 

(v) Yia(b +c) = a(b + c) + b(e + a) + a + b) = ab + ac 
+ be + ab+ac+t be = 2(ab + be + ca) 

(vi) Daath He 

(vii) S)a?(b? - c?) = a(b? — c?) + Be? — a”) + ca? — b) = 
a’b? — a’c* + b*c* — ab? + a*c? — b’c? = 0 


(viii) >) (a? - be) = a* — be + b* — ac + c*? — ab = 
1 2 
5d ((a-5y') 


TEXTUAL EXERCISE—24: (SUBJECTIVE) 


— x  _ 4A, B 
(x-1)(x-2) (x-1) (x-2) 
_ x(A+B)-2A-B 


_ A(x— 2)+ B(x-1) 
(x—1)(x—- 2) 


(x—1)(x- 2) 
=> A+B=1and-24-B=0 
=> A=] => A=-l 
=> B=2 
Hence —— = + z 
(x-1)(x-2) (x-1) (x-2) 
x1 (—x-1) 
(b) = =] ; 
xX +X x(x° +1) 
1, ARtB 6 |, A+ Bxt Cx + 
x+1 x x(x* +1) 
: 1 TAF O)F BIC 
x(x? +1) 
=> A+rC=—0;B=——1;C—-1 
=> A=l 


oa —-1] 1 
Hence 2 ES eres -— 
x +x 


3 


2. (a) 


xe —x+2 _ (?-l)- x43 


(c) —————_= 
(x+1)(x-1) x? -1 
—3 A B 
eq ++] 
x1 x+1 <x-l1 
_ Ax— A+ Bx+B = x(A+B)+B-A 
(x+1)(x-1) (x-1)(x +1) 
> A+B=1 => B-A=3 
=> =_] => A=2 
2 1 
Hence (4-4 
x+l1 x-l1 
cos’ @ cos’ @ 
(d) 2 oD = 2 2 
cos’ #+ 4sin* @ cos’ 8+ 4(1— cos’ €) 
7 cos? @ _ cos’ 
cos?6+4-—4cos*@ 4-—3cos*@ 
Let cos?0 = ¢ 
1 »\ 4 
_ tr? ee ae 4 
4-32? 4-37? 3 3(4-377) 
—] 4 —] 4 
air i ee oe 
3 12-9 3 12-—9cos*@ 
x+3x+2 —= A BxtC D 
Fo aa eae ae 
(x +1)" (x+1) xt+1 x°4+1 = (x 4+)) 


_ A(x’ +1) + (Bet C)t (x) +27 4+x41)4+ Dxt+ D 
(x + 1)(x? +1) 
A(x" +1+2x7)+ Bx’ + Bx’ + Bx’ + Bx+ Cx? +Cx’ + Cx+C+ DxtD 
(x+1)(x° +1) 


_ x°(A+B)4+x°(B+C)+x°(2A4+ B+C)+A+C+D 


(x +1)(x* +1)’ 
Comparing like coefficients 
Gaj)A+B=0 ai) B+C=1 


(@u)24+B+C=0 Gav) At+C+D=2 


—1 | 1 
On solving, we get A=—, B=—, C=—, D=2 
2 2 2 
ax —1 (x +1) ‘ 2 
2(xtl) 2(x7 +1) (x +1)’ 
| A B 
Qt a ee ae 
(f) (x? +.a’)(x? +b’) x +aq’ x2 + b? 
ane 
(x*° +a°)(x* +b’) 
Similarly A + B =0 and Ab? + Ba? = 
1 
~ al eer) Lar 
Hence eee eee — 2 | 
(x? t+a°\(x° +b?) a —b* Lx? +b’ x? +a’ 
1— 3x? A B C 
+ 


(2+ 3)'(x—2) (2) (a3) (x +3)" 
_ A(xt3)° + B(x— 2)(x+3)+ C(x- 2) 
(x—2)(x+3) 
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(x— 2)(x+3) 
(x— 2)(x+3Y 

=> A+B=-3 => 64+B+C=0 

=> 9A4-2C-6B=1 

Solving for A, B, C, we get A= eae = cai, = ee 
25 25 5 
11 64 26 
Hence ——— — —— + ———_ 
25(x-—2) 25(x+3) 5(x+4+3) 
2x—-1 A Bx+C 
(b) 


(c) 


(d) 


SS eee ee 
(x+1)(x7+2) xt] x7+2 
Ax” +2A+ Bx? + Bx+Cx+C 
(x +1)(x? + 2) 
_ x (A+ B)+x((B+C)+2A+C) 
(x+1)(x? + 2) 
Comparing like coefficients 
(i) A+B=0 (ii) B+C=2 
(iii) 24 + C =-1 
A=-1,B=1,C=1 
2x-1 _. =! x+1 
(xt1)(x7 +2) (x+1) x°+2 
3x+4 ee: es Bx+C 
(x°+2x-7)(5x-2) (5x-2) (x?+2x-7) 
_ Ax’ +2Ax—7A + B5x* — 2Bx+C5x—2C 
(x* + 2x—7)(5x— 2) 


Comparing like coefficients 


Hence 


(i) A+ 5B=0 (ii) 2A -2B+5C =3 
(iii) -7A-2C=4 
og ae pene eee 


by 


151 
130 26x +133 


= ——_ + — 
151(5x—2) 151(x*+2x+7) 


151° 15] 


x°+3x+6 A Bx+C 
x°—27 (x-—3) x°4+3x4+9 


_ Ax’ +3Ax+9A+ Bx’ —3Bx+Cx—3C 
(x— 3)(x* +3x4+9) 
_ x°(A+B)+x(3A-3B+C)+9A-3C 
(x° — 27) 
Comparing like coefficients 
(i) A+B=1 (ii) 34-3B+C=3 
(ili) 9A —3C =6 


l 
=>- pa=— 
9 


i x+6 
9(x-3) 9(x° +3x+9) 
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(e) 


2x-3 _ A Bx+C Dxt+E 
(x—1)(x7 +4)? (x-1) x? +40 (x? +49’ 
_ A(x? +4)? + (Bx + C)(x— 1)(x" + 4) + (Dx + E)(x- 1) 
(x- 1)(x? + 4)? 
A(x" +16 + 8x") +(Bx+C)(x’ +4x-x° - 4)+ Dx’ - D+ Ex-E 
(x—1)(x’ +4) 


+ 


A(x* +16 + 8x7) + Bx* +4Bx? — Bx’ — 4Bx+ Cx? + 
_ 4Cx-— Cx? — 4C + DC’ — Dx+ Ex-E 
(x- 1)(x? + 4)? 
x*(A+ B)+x°(—B+C)+x7?(84+4B-—C+D)+ 
_ x(-4B+4C+C-— D)+16A+(-4C)-E 
- (x—1)(x? +4 


Comparing like coefficients 


(i) A+B=0 


(ii) C-B=0 


aii) 84+ 4B-C+D=0 (iv) 48 +4C+C-D=2 
(v) 164 -4C-E=-3 


=> 


(f) 


y 


YUN J 


ey en ee 
25 25 5 5 
—] x+1 x+11 


Hence = ————— + —.—__ + ——_ 
25(x-1) 25(x° +4) 5(x* +4) 


x +x+1 A B C D 


—_—__ = ——_ + + + 
(x-1)" (wT) IP (eT (x1) 
_ A(x 1) + B(x-1)° + C(x+1)+D 
(x-1)* 
_ A(x? —1— 3x" +3x)+ Bx? + B-2Bx+Cx-C+D 
(x- 1)" 
Comparing like coefficients 
a) A=0 Gi) 34+B=1 
Gi) 34 —-2B+C=1 (iv) A+B-C+D=1 
B= 1).C = 3.0 = 334 = 0 


x +x+1 1 3 3 
CNC = te oe 
(x-1) (x-lo (-ly (xD 
Sx-23 — A ‘i B 
(x-—3)(x-7) (x-3) (x-7) 
Ax—7A+Bx-—3B 
(x-—3)(x-7) 
A+B)-—7A—-3B 
MEE SIA! epee aaa 9 
(x— 3)(x- 7) 
75 —-B)+3B=23 => 35-7B=23 
4B=12 
B=3 => A=2 
Hence + : 
x-3 x-7 


3x? —x° +19x-9  3x°— x? +19x-9 
x*+18x° +81 x +9 
Ax+B Cx+D 

= 2 = 2 2 
x+9  (x° +9) 


Y 


(c) 


(d) 


Y J 


(e) 


yy 


(f) 


WY UNY 


3x3 — x7 + 19x —9 = (Ax + B) (x7 +9)+Cx+D 
3x3 — x? + 19-9 = Ax’? + Bx? + (9A + C)x+ (9B + D) 
Comparing like coefficients 
A>3,B —=-1,0 ==8,)—-0 
3x°—x° +19x-9 | 3x-1 (—8x) 

x*418x74+81  x7°4+9 (x74+9)° 

xt+1 A B C 
= —+—_+ 
x(X+3)(x-2) 2% x+3 2x-2 
2 A(x? +. x— 6)+ B(x? — 2x) + C(x’ +3x) 
x(x +3)(x- 2) 

Equating like coefficients 
A+B+C=0,A —2B + 36C = 1,A==-1/6 


, | —2 3 
Solving, we get A=-—,B=—,C=— 
6 15 10 
l 2 3 
— = +. — 
6x 15(x+3) 10(x-2) 
9x Z —9/2x _ A " B 
2(2+3x)1-—3x) (3x+2)(3x-1) 3x4+2 3x-1 


_ A3x-A+B3x+2B _ x(3A+3B)+2B-A 
(3x + 2)(3x-1) (3x + 2)(3x-1) 


34+3B=9 => A+B=3and2B-A=0 
B=1,A=2 
9x 2 1 
nce ————————_ = + 
2(2+3x)U-—3x) (3x+2) (x-1) 
2x+7 _ 2x+7 _ 2x+7 
5x°+12x-32 5x°+20x-8x-32 5x(x+4)—8(x+4) 
2x+7 _ A B 


(x+4)(5x—8) (x+4) | (5x—8) 
_ 5Ax-8A+Bx+4B _ x(5A+B)-8A+4B 
(x+4)(5x—- 8) (x+4)(S5x- 8) 
54 +B=2 and 4B- 8A =7 
A = 1/28 and B = 51/28 


2x+7 TS 
5x*+12x-32 28(x+4) 28(5x-8) 
2x A B C 


———— + + 5 

(x-—2)(x+1) x-2 (x41) (x+4+)) 

_ A(x +1)? + B(x— 2)(x 41) 4 (x- 2) 

(x—2)(x+1)’ 

_ A(x’ +14 2x)+ B(x? — x— 2)+ Cx-2C€ 
(x—2)(x+1)’ 

_ x°(A+B)+x(2A—B+C)+A-2B-2C 
(x—2)(x +1)’ 

A+B=2,2A—-B+C=0,A-—-2B-2C=0 

4B+4C-B+C=0 


3B +5C=0 => 3B+5C=0 
job el pst 
9 3 


S| 
(x—2)(x+1) 9(x-2) 9(x41) | 3(e 41) 


. (ce) 2x-7<4x-2 > 


SECTION-III: OBJECTIVE-TYPE (ONLY ONE CORRECT ANSWER) 


. (a) XU {1,23 = (1,2, 3,5, 9} 


=> X= §3,5,9} or X= {1, 3,5, 9} or X= {2,3,5,9} or X 
=D 3s. OF 
= The smallest X1is {3, 5, 9} 
« (d) n(U) = 20, n(A) = 12, n(B) = 9, n(4 A B)=4 
. MAU B)=n(A)+n(B)-n(A VNB) = 12+9-4=17 
=> n(A VUB)=17; n(4A UB) =20-17=3 


4 
. (b) Case I: ——>0 >(x-1)(x+2)20 
x+2 


=> xe (-o, -2) U[1, «) 
2x= 9 


Case II: <1 => —-1<0 
x-2 x= 2 
x-3 
= ae => (x-3)(*-2)<90 
X- 


=> xe (2, 3] {21s notin domain}, common region = (2, 3] 


== 9 


=> vee and 5<2x+6 

2 11 
= 2y 211 => >—-— and2x+6<4 
=> x<-l 


; 5 
Common region to all these solution = x € (-5.-1] 


. (b) Case I: x* —-x <6 => x*-x-6<0 

=> (x-3)(*+2)<0 > xeE(2,3) 

Case II: 3x°-x-2>0 => 3x*?-3x+2x-2>0 
=> 3x(x-1)+2-1)>0 


=> (x-1)(3xt+2)>0 = re{--.-$ u(t 


=2 
= Region common to both = xe (2. }u (1,3) 


. (a) The option (a) 1s false as difference of two irrational 
numbers can be rational also as (3V2 + 1) — (3V2) = 1 


~ (ce) |x? —x| + |x + 1] =5 can be written as |x| |x — 1] + |x + 1 
Ge I: x <—1; equation reduces to —x(1 — x) -— (x + 1) 
= ee => x*-2x-6=0 
yo 2B ia =1-V7 
Case II: —1 < x < 0; equation reduces to —x(1 — x) + (x 
D'S 


= VLTe rer lS 4 
=> x=2orx=—2 = No solution is this region. 
Case III: 0 < x < 1; equation reduces to x(1 — x) + (x + 
LHS 
=> Sax Pe i> => x-2x+4=0 
=> Which is not possible. 


Case IV: x = 1; equation becomes x(x — 1)+x+1=5 
xw-xt+x+1=5 => —4 
x=2orx=-—2 — a aa 


Y 


10. 


11. 


12. 


13. 
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Hence the solution is 2, 1 — V7. Thus it has one rational 
and one irrational root. 


x=—5 
x? +5x-14 
5x —14)>0 
=>(x-5)(x+7)«%-2)>0 > xe€(-7,2) U6, 0) 
Smallest integer satisfying the inequality = -6 


>0, which can be written as (x — 5) (x7 + 


2 
(a) pg bak <0, which can be written as x* + 6x — 7 < 
|x+4| 
0 (|x + 4| is always positive) 
(x+7(x-1<0 => xeEC7,)) 
Number of integer values satisfying the inequality = 
6{-6, —5, —3, -2, -1, 0}, {x = 4 is not in domain} 


(c) |x+4|=3x-2 
Case I: x < —-4, equation can be written as —x — 4 = 3x 
—2 
4x = —2 
x = —2, which 1s not in the region 
Case II: x => —4, equation reduces to x + 4 =3x-2=2x 
=6 


=> 
=> 


=> x=3 
Hence the overall solution is x = 3 


(b) 2)x + 1] + |x-3|=4 
Case I: x <—1, equation reduces to 2(-x —- 1) + 3 —x= 
4 
=> 2x+1-x=4 => --3x=3 
=> x=-1, which is not is this region 
Case II: —1 < x <3, equation reduces to 2(x + 1)+3-—x 
=4 
2x+2+3-x=4 
x=-] 
Case III: x > 3, equation becomes: 2(x + 1)+x-—3=4 
3x-1=4 
x = 5/3, which is not in the region. 
The complete set of solution is given by {-1} 


=> - Yr o=—4 


Y 


Y 


x? +2x-3 

Cc). =, = 
x +1 

=> («*-l]l@+3)<0 => xef[3,1] 

Integer solution = —3, —2, —1, 0, 1. 


0 => »v+2x-3<0 


LCM not defined. 
|x—3| 
d) ————_ 22 
” x? —5x+6 
== 3 
Case I: x < 3; equation becomes ( 22 
x°—5x+6 
3- 3—x—2x° +10x-12 
=> ——“*_- 230 2a ast 30 
x°—-5x+6 x —-5x+6 


—2x7 +9x-9 ss 
(x—3)(x- 2) 9 


(2x2 — 9x + 9) (x — 3) (x—2) 20 
(2x — 3) (x —3) (x— 3) (x-2) <0 


Y 
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14. 


15. 


16. 


W UUY 


(b) 


(a) 


(2x — 3) (x —2) <0 


xe 3.2 ; but 2 is not in the domain 


Ey 
xeE}|—,2 
2 
t= 


Case II: x 2 3, equation becomes —————_ 2 2 


x°—5x+6 
x—3 
x’ —5x+6 
x—3-—2x? +10x-12 S 
(x-—3)(x- 2) 
=n tlle 15. 
(x-— 3)(x- 2) 
(2x? — 11x + 15) (x — 3) (x -2) 20 
(x — 3)? (2x —5) (x -2) <0 
(2x — 5) (x —2) <0 


=—220 


xe 2.3] , but 2 is not in domain 


(25 
xe} 2,— 
2 


No solution in this region, hence overall solution is 


3 
re|3.2| 
2 


1} 2 
I3x-1)=2x > esa 
3} 3 
I. -2* 
Case I: x = 1/3, equation becomes x—- ; = = 
aes => =f 
3 3 
2x 
Case II: x < — , equation becomes rears 
ae | 
-~=— => x= 1/5 
3 3 
Integral solution on is x = 1. 
Ix* + x| = 5 = ier ll = 5 
Case I: x < —1 => (-*)-(*+1)=5 
ope a saath => x+x-5=0 
—1+V1+ 20 2A ; 
= => x=-—1—— 115 the region 
2 20 
Case II: -l<x<0 > -x(x+1)=5 
—x?-x=5 => -x-x-5=0 


x? + x+ 5 =0, which has no real solution. 
Case III: x = 0 => x7 1)=5 


_-1+v1+20 


x+x-5=0 “> x= 
2 


V21 . 
x=-l+ a is the region. 
The equation has 2 real solutions 


Let |x + 1] =y => 2y-y-3=0 
2y°-3y+2y-3=0 > yQy-3)+Qy-3)=0 
y=-lory=3/2 


17. 


18. (c) 


19. (c) 


20. 


=> 
=> 


Y 


21. 


Case I: |x + 1| =—1; which is not positive as modulus is 
always positive. 


3 
Case ae 


x=1/2 
-x—]=3/2 


=> 
=> 


Sub-case I: x > —1 
Sub-case I: x < —1 


x= 5/2 
There is no negative integer which satisfies the equation. 
2 
(x—1)(x 2) oe! 3x42 50 
x+5 x+5 
x? —3x+2-—x-5 
—_—_—_——— >0 
x+5 
7 4x-3 
ae => (x—4x—3)(x+5)>0 
x+5 


x € (-5, 2-V7) U (2 + V7, «) 


x= ¥3+2V2 => x?=3+42V2 
1 1 B55), 


x (3+ 22) (3+ 2V2)(3-2v2} 
7 3-22 _4 a 


9-8 
Hence x? +—=3+ 2V2+3- 22 =6 
Xx 


; l 
y= |2x + 1| + 2|x — 2| in the interval oo 2 


(2x+1)+22-x)=y 
2x+1+4-2x=-y => y 


I 
wn 


(d) |2x + 3] -|x-1|=6 


Case I: x < —3/2 => -2x-3-(1-x)=6 

2x—-3-l+x=6 

x—4=6 => x=-10 

Case IT: -3/2<x<1> 2x+3-(1-x)=6 

3x +2=6 

x = 4/3 (not 1s the region) 

Case III: x > 1 => 2x+3-x+1=6 

x+4=6 =. KHZ 

xe€ {-10, 2} 

(x — 2)? — 3|x-—2/+2=0 

Case I: x => 2; equation reduces to (x — 2)? — 3(x — 2) + 
2.=0 

x*>+4—-4x—-3x+6+2=0 

x*—7Tx+12=0 => x—-4x-3x+12=0 


xx-—4)-3%-4)=0> («*-4)%-3) 
x=4andx=3 


Case II: x < 2; equation reduces to (x — 2)? — 3(2—x) +2 =0 


=> 
=> 
=> 
=> 


(x2) -6+3x+2=0 

(x-2)+3x-4=0 => x+4-4x+3x-4=0 
x -x=0 => xx-1)=0 

x= O..4 > 1 


Product of solution =O x1x3x4=0 


22. (b) N=abe =100xa+10xbte 


N,=cba =100xc+10xb+a 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


(a) 


(b) 


Given a> c, by the question N — Nr = 100(a—c)+c-—a 
= 99(a —c) 

Since last digitis4 => a-—c=6 

Hence N — Nr = 594 

The next two digits from right to left = 9 and 5. 


hee 3° g 
Clearly Vx? is irrational =>; 7a hoo 
= 4/9.00256 = Cee = 3-8 is not real 
Vio’ 10410 
100 10 


— =—=5 js rational. 
4 2 


Out of these only the fourth is rational. 
x=3.145: 10 31.45 => 11x = 34.59 


55x = 172.999... .5 
55x = 173 (nearest whole) 


26a oS nee ae 


x 3-/8 9-8 

a+ b> =(a+b)-— 3ab(a+t bd) 
a=x,b=I1/x 
, 1 iy I 
x+— =| x+—| =3] x+— | =(6?-3(6) = 216-18 

x Xx Xx 
= 198 
3442/2 (3+ 2V2)(3+ V2] 
SS ab). > 
3-2 (3- /2)(3+ v2) 
9+3/2+6V24+4 13+9V2 

7 7 

SHV? a+ bV2 = a=—and b= = 


(b) S, =(a,, a, a, ...., a,) 


(b) 


(a) 


S, = Ga, + 80, 5a, + 80,...., 5a, + 80) 
Sum of numbers is the new set S, = 5(a, + a, + a,+... 
n) + 80 x n=5s + 80n 


1 
e= TE 5D  ——— which can be written as 


x = y-—-3x => x +3x=y-— 
y y 
x°+3x-14= y-—-14 
y 
1 
7 +52 -————_- 14 = 7+ 5V2+7-5v2-14= 
(7+ 5 2) 
14-14=0 
x + 3x—14=0. 


6x+2a+3b+ce  2x+6at+b+3c 
6x+2a-3b-c 2x+6a-—b-3c 


30. 


31. 


32. 


33. 
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12x+4a = 4x+12a 


6b+2c 2b+6b 
=> 24bx+ 72cx+ 8ab + 24ac = 24bx + 72ab + 8cx + 24ac 


By componendo and dividendo 


b 
> 64x = 64ab > x= £0) 
Cc 


(b) 774958A96B Number is divisible by 8 and 9 
(i) 8|B+12+36 


Now 8|B + 48 => 8B 
=> B=8, also 
(ii) 955+A+B => 9/63+A 


=> (A, B)= (0, 8) or (9, 8) 
Hence (A, B) = (9, 8) {non-zero} 


x’ (3x — 4)°(x- 2)? 
(x-—5)°(2x-7)° 

2)* (x — 5) 3x - 4)? <0 

=> (x-—5)(3x-4) <0 

=> (*-5)@-43)<0 => xe (43,5) 

Integral (positive solution) = 2, 3, 4 = 3 


<0 which can be written as x*(x — 


(d) |x—1| + |x-—2| + |x-3| 26 
Case I: x < 1; equation reduces to (1 — x) + (2 — x) + 
(3 —x)26 

=> 6-3x26 => O02 3% 

=> x<0 

Case II: 1 < x < 2; equation reduces to (x — 1) + (2—x) 
+(3-—x)26 

4-x26 => x52 

No solution in this region 

Case III: 2 <x <3; equation reduces to (1 — x) + (x— 2) 
+(3-x)2>6 

2—-x26 => -42>x 

No solution in this region. 

Case IV: x > 3; equation reduces tox—1+x-2+x-3 
>6 

=> 3x-626 = 3212 

=> x24, hence overall solution is (—0, 0] U [4, 0) 


YU 


Y ¥ 


(c) |x? + 8x4 7) =)?4+4x+ 4+ [4x+3)xeER 
=> |xt 1] |x+7) =(w+ 2) + [4x4 3] 
Case I: x < —7; equation reduces to x7 + 8x + 7 = x? + 
4x+4-—3-4x 

=> x¢ Ber THax |] => 8x==6 

=> x=-3/4 

= No solution in the region 

Case II: —7 < x <-—1; equation reduces to (x + 7) (x + 1) 
= (x + 2)? + 4(-3/4 -x) 

x’? — 8x —7=3x°+4+4x-3-4x 

x’? — 8x —7=x°+1 

2x? + 8x+8=0 => 2x(x+2)+4(~x+2)=0 

(x + 2) Qx+4)=0 

(x +2 =0 => x=-2 

Case III: —1 <x<-—3/4; equation reduces to (x+ 7) (x+ 1) 
—(x + 2)? — 4(3/4 + x) 

x*4+8x+7=x7+4+4x-4x—-3 

8x+7= 1] => x=-3/4 not in the region 


YYUUNY 


yy 
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34. 


35. 


36. 


Y J 


(d) 


YUU J yy 


y 


Y ¥ 


Case IV: x > —3/4; equation reduces to (x + 7) (x + 1) = 
(x + 2)? + 4(3/4 + x) 

e+ 8x+7=9°+4+4x+4x4+3 

8x + 7 = 8x +7, which is always true, hence the overall 


noe 3 
solution is {-2}U 3, oo 


1 +1) 
fees (open pesca a 
x |x| 
+1 +1) 
a ee 
|x| |x| 


clearly x #0 
Case I: x < —1; equation becomes 
-(x+1 +1) 
HD yy Gen 


(x +1)? 


+] 
SG 20 
Xx 


x+1+x7+1+2x 
—————= x+l 

Xx 
4+ 3x4+2=x4+x =D 2x+2=0 


x = —1 which is not is the region. 


Case II: x > —1 and x < 0 equation reduces to 
x+1 (x+1)° 
+x ——— 


=i 


+1= 


—X 


(tl? eh 


—(x+D 
x x 
x?+14+2x-x-1=-x-x 
=> 2efx)=0 
=> x=-l 


vrt+x=-x-—x 
x=Oorx=-l 
Case III: x = 0; equation reduces to 


a eee mm Car 
Xx X 
+1)? -(x+1 
(x+'-@+)_ 


x 
xet+1+2x-x-l=x+x 

x? + x= x? + x which is true always, hence the overall 
solution is {-1} U (0, 0) 


(d) x*+x+|x}+1<0 


Case I: x => 0; equation reduces to x7 +.x+x+1<0 
ot 2 10 => (x+1)/<0 


= whichis not possible. 


WV YUNINS J 


y 


Case II: x < 0; equation reduces to x7 +x-x+1<0 
x? + 1 <0 which 1s also not possible. 
Hence x = o 


|2x” — 5x + 3] + (x— 1) = 0; |2x* —- 3x-2x + 3) +(x- 1) =0 
jn(2x — 3) — (2x — 3)| + (x- 1) =0 

\(x — 1) (2x — 3)| + |x -— 1] =0 

Ix — 1] [2x — 3] + |x - 1] =0 


|x—-1]2 


2|x-11] 


+|x-1]/=0 


3 
+1]=0 
2 


3 
xs 
2 


KS 


37. 


38. 


39. 


40. 


Case I: x < 1 
20-2 3-x+1]=0 
2 
5 
2(1-—x)|—-x|=0 
( | | 


x= 1 or x = 5/2 which are not region 


3 
Case II: l<x< a equation becomes 


2(x-]3-x+1]=0 
2-0] 3-x]=0 => reLx=2 


x=] 


3 3 
Case IIT: rs => 20-D]x-3+1] 


l 
=> 2-0{x-2]=0 


x = 1,x= 1/2 which are not in the region 
Hence the only solution is x = 1. 


(b) |x? + 4|x| + 3) = 11 — 2x. This can be written as x? + 4\x| 


Wud 


(b) 4x2 + 12x + 21=0 


=> 


+3=11-2x 
Ifx>0 => x°+4x+3=11-2x 
x? + 6x-—18=0 


—6+ 
6+ wore 3417 


x= 17 -3in this region 
Ifx <0 => »x-—4%+3=11-2x 
*_2x—-8=0 => x*—-4x+2x-8=0 


xx—-4)+2@-4)=0 > (*«+2)(x-4)=0 
x = —2 since x = 4 1s not in this region. 
Hence overall x =17- 2 ,-2 number of solution = 2 
=> D=b2-4ac 
= (12)? —- 4-4) (21) = 144 + 16.21 = 336 + 144 = 480 
= =] = a ; | 

=e (| ee —,30 

2a 4a -8§ -16 2 


On comparison with ax’? + bx + ca <0 


parabola is opening downward 

Highest value that the parabola takes = 30 

4 2 4-—4x+2+2x 

——_+——-< => — <I] 

I+x I1-x l-x 

6—2x 6-2x+x°-1 
saz <0 => ——,— <9 

l-x l=x 

2 

<> 0 ss (P20 sy (eH 10 

(x?-1)>0 => (x+1)(x-1)>0 


x € (-0,-1) UCI, &) 

|x — 1] + 2} <2 this can be written as |x -— 1] +2 <2 
Case I: x > 1; equation reduces to x-1+2<2 
x+1<2 = <=] 

x = 11s the only solution on the region. 


41. 


42. 


43. 


44. 


45. 


VUUUYeE VY YY | 


—_~ 
=~) 
— 


y 


y 


YUY 


(c) 


YuUY Y ¥ 


yy 


Case IT: x < 1; equation reduces to 1 -x +2 <2 
= No solution in this region 


(x-1),/(x-2)(x+1) 20 
x-120 

x € [1, 0) 

x — 5x*+ 4x <0 
2-49? - x7 +4x%<0 > x(x-4)-x(x-4) <0 
(x-4)(0?-x)<0 D> xx-1)(*-4) <0 

x € (-o, 0] U [1,4] @ + 1) (&—- 1)2 («-3) <0 
x e [-1, 3] 

Overall solution is x € [—1, 0] U [1, 3] 


(3x — 4) (x-7) <0 => [x- 3 \s-7) <0 


37] 
xe|—,7 
3 


5) _ 1 
3x — 5] > 1 => |x--2- 
3) 3 
CaseI:x >= 5/3, hence the equation reduces to 
ee | 
i= 2 
x2 
5 . 
Case II: x< a hence the equation reduces to 
aces 
3 3 


xs- 
3 


Hence the overall solution is x € [2,7] U {4/3} 


Dea 1) a2 d= 2 

Let 2*=y 

ly — 1| + [y+ 1| = 2; which can be compared with |fx)| 
+ |g) = IPG) — 8) 

Kx) . 2%) <0 => vtlivy-1)<0 

ye [-l, 1] => 2*e [-l, 1] 

Infinity many solutions 


|x| + 2|x -— 1] —3|x-2|=4 
Case I: x <0 
—x+2(1—-x)-32-x)=4 
2—2x—-x-6+3x=4 

—4 = 4, which 1s not possible. 
Case II: 0<x< 1 
x+2(1-x)-3Q-x=4 
x+2-2x-6+3x=4 
2x—-4=4 

x = 4, which is not in the region. 
Case III: 1 <x<2 
x+2(x-1)-3Q-x=4 
x+2x-2-6+3x=4 
6x-—8=4 

= x= 2, which is not is the region 


46. 


47. 


48. 


Y ¥ 


(d) 


y 


y 


WY YVYUUY 


(a) 
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Case IV: x > 2 
x+2(x-1)-3(«-2)=4 
x+2x-2-3x+6=4 
4 = 4, which 1s always true 
Hence the overall region is [2, 0) 
8x" +16x—51 8x° +16x-51_ 
(2x —3)(x+ 4) (2x —3)(x+ 4) 
8x* + 16x —51—3(2x* +8x—-3x-12) og 
(2x— 3)(x+ 4) 
8x? +16x—51— 6x? —15x +36 
(2x-— 3)(x+ 4) 
2x*+x-15 
(2x — 3)(x+ 4) 
(2x? + 6x — 5x — 15) (2x —-3) (x + 4) <0 
(2x (x + 3) — 5(x + 3)) (2x —3) (x + 4) <0 
(x + 3) (2x — 5) (2x —- 3) (x + 4) <0 
(x + 3) (x — 5/2) (x — 3/2) (x + 4) <0 
xE {-4,-3} U — ; Largest integer which satisfies 


the inequality = 2 


y-3| 5 
ytl 
y—3 
Case I: y < —1, inequation reduces to <2 
ytl 
25 —s=27=2 
23920 > - 26 
ytl ytl 
<0 > Vt5Qvt+1)>0 
ytl 


VE (—00, =) U (-l, 00) 
In the region, the solution is y € (—o, —5) 


Case II: —1 < y <3 {-1 is not in domain} inequation 


reduces to _Y <2 
ytl 
ea ee ee 
ea AI ee 22 ey =e 24, 
yt+l ytl 
—3y+1 l 
i ay => -(»-5 |v4n)<o 
yl 3 


[y-2\+n>0 => ye (oo, -1)U (1/3, «) 


y € (1/3, 0) 

Case III: y > 3 

In equation is same as 1n case | 

In this region y € [3, «) 

Overall solution is y € (—o, —5) U (1/3, 0) 


2 
ec ia >0 inequality reduces to x? + x+ 1) (x 
(x-1)(x +1) 
-1)(x+1)20 
(x—1) («+ 1) 20 {x? + x+ 1 18s always positive} 
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49. 


50. 


31. 


52. 


53. 


34. 


=> 


(b) 


(d) 


YuUY 


YUUY 


(c) 


(b) 


(—co, -1) U (1, ©) {-1, 1 are not in domain} 


sxP 2 
2245.2 => [-2,-1 VU, 2] 
ES Sor. Gees 
x+2 
(—00, —2) U [1, 00) 
= ky ee eG 
x-2 x-2 
2x7 S-xt2 . 4 - x-3 24 
v= 2 x= 2 
(x — 3) (x-2)<0 
x € [2, 3] common region (2, 3] 
Vx? 44x <0 => x -— |x| +4x<0 
Ifx>0 
It reduces to x» —x + 4x <0 
x + 3x <0 => xx+3)<0 
Ifx<0O 
It reduces to x* +x + 4x <0 
x+ 5x<0 => x+5x<0 
x(x + 5) <0 
y € [-5, 0] => Overall solution [—5, 0] 


(x+ 1) (-1)2 &-3) <0 

y € [-1, 3] overall solution for both the equations 
ye [l, 0] 

(3x — 4) @-7) <0 


re|7 
3 


=> [x3 e—7) <0 


3x — 5] > 1 => pees 
3) 3 
If go2 => Coe 
3 3 
x22 => xe [2,0) 
5 l 
If os — —-x2- 
peas 
3 
4 
xe [=| => xE [3 WU [ 2,00) 
. . 14 
Overall solution is ‘ste [2,7] 
2x—71<4x—-2 => 2x>-5 
x > 5/2 => x>--2.5 
—5<2x+6<4 => -l]1<2x<-2 
—-11/2 <x<-l => -5.5<x<-l 
x € (2.5, -1] 


|x —4| = max {(x—4), —(x-—4)} + min {@-—4),-@-4)} 
which can be written as |x — 4| =x-4-x+4=0. 
which is possible, when x = 4 


shi" — 125 Sy 5M 2495 
5* —125 = 5-3 
x2 =3 => x=V3 or -V3 


=> 


55. (c) Clearly6<y<1l1 => 4<y-10<4 
lvy— 10| <4 
(0,14) 
4 units 
(0,10) mean position 
4 units 


(0,6) 


56. (d) Let us assume q, is number which when divides 1245 


=> 
=> 


57. (a) 


and 920 leaves the same remainder r. 

By division algorithm 1245 = k,.g, +r 

920 =k,q, +r 

Subtracting the two, we get 325 = ¢(k, — k,) 

Thus gq, must divide 325 is order to leave the same 
remainder on division by 1245, 920. 

325 = 5” x 13 which has total number of divisors = 6 
Hence thus are 6 such numbers. 


Ix +2| + |x-3]=5 
This equation can be interpreted as the sum of distances 
from (—2) and (3) is constant and is equal to 5. 


5 units 


Clearly the point lies on the line joining (—2, 0) and (3, 0) 


58. (c) Clearly x coordinate varies from 2 to 4 


= 
— 


(2.0) (3,0) (4,0) 


lx — 2| + |x — 4| = 2 and the ordinate varies from 3 to 6 
ly — 3| + |ly—6| =3 


59. (a) In the region bounded by the rectangle, the abscissa var- 


ies from 2 to 6. 


60. 


61. 


62. 


63. 


64. 


=> |x-2|/+ |x-6|=4 
Similarly the ordinate varies from 1 to 4 

=> ly-l1|/+p-4|=3 
Putting them together |x — 2| + |x — 6| = 4 and ly — 1| + 
y—-4|=3 

(d) LCM of 2, 3, 4,5, ..., 10 = 2520 
This means that all these numbers can divide 2520. 
Now, 2520 — 1 = 2519 will give remainder 1 on division 
by 2, 2 on division by 3 and so on. 

= The required number is 2519. 


(c) Ix-6|<8 > -8<(x-6)<8 
> 2<x<14 
=> A={2,-1,0,1,2,3....,143 


(2x —1)(x—1)°(x- 2)? 
(x- 4)" 
as (x — 1)? (x- 2) 2x-1)>0 
= (x-—2)(2x-1)>0 


> ret )oa)-9 


Also > 0Owhich we can written 


Out of these the odd integer values which lies in A are {-1, 
3, 5,9, 11, 13} 


(b) Vx? +12y +4/y? +12x =33 andx+y=23 


=> x=23-y => 12x = 12.23 - 12y 
Similarly 12y = 12.23 — 12x 


=> x? -12%+4+12.23 + fy? —12x+12.23 = 33 


Which we can write as 


(x — 6) + 240 + /(y— 6)? + 240 = 33 
=> Both x? —- 12x + 12.23 and y — 12y + 12.23 are perfect 
squares. 


Clearly by observation x = 10; y= 13 and x = 13; y= 10 
are two possible ordered pairs. 


(x —5)°(x+ 2) (x-4) 
(S32): 

(x — 5)* (x + 2) (x - 4) <0 

=> xe [2,3)UGB,4] vu £5} 

Integers which satisfy the inequality —2, -1, 0,2, 1,4, 5 

=r 

(x — 2)(x + 2)°(x- 4)’ a 
x(x+1)(x- 3) 

=> x(x+ 1) (*-3)(*-2) («+ 2)? «- 4) <0 
Obviously x # 0 or —1 or 3 

=> x€(-l,0]vU [2, 3] 

= Natural numbers = 2, 3 


<Owhich can be written as 


(b) 


SECTION-IV: (MORE THAN ONE CORRECT) 


(a), (c) | x- 1|+2| <4; clearly the in-equation reduces to 
Ix—-1]+2<4 > |[x-1|/<2 

Case I: x > 1 => x-1<2 
=> x<3 = 2-12 2.3 


. (a), (c) |-—— 
x +x 
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Case II: x < 1 => 1-x<2 
=> x2-] => x-=-l1,0 
Hence solutions of x are —1, 0, 1, 2, 3 


| 
<1; which can be reduces to 


+1 
2 
a +1| 2 
x°+xt+l1 
=> ete] eal | aa ee 
CaseI:x>1 => x —-1l<x4+2%471 
=> x> 2 x>1 


=> 
Case lI: -l<x<1 > (l-x»(4+1)<x+x+1 
leer reel) SS 2eree 0 


=> 
=> x2x+1)>0 


> xe =, Js (0,5) 
=> x= (1. Ju(o 


Case III: x < —1 => vr -1l<x 4x11 
=> x >-2, which means x € (-2, -1) 


=> xe ast U (0,2) 


. (c), (d) In a triangle sum of any two sides is greater than the 


third side. 
=> 3a°+2a-—3>5a’?-3a-2 


ow Spay 


, . Also 7a* —2a—3>a*+a-—2 
4 4 


=> 6a*-3a-—1>0 

32433. 1. 1 S4A33 
XE] “OS, WU 

12 12 
>2a*+a-—1 
=> 4a*-—3a-—3>0 
cere 
8 b) 


8 


=> 


=]. Als 6a* —2a—4 


= re(-~ 


Taking the region common to all of then 


ve? ad 


9 


8 4 


- (a), ©, @ 


(a) Vx? =| x| Vx e R; which is true as V is the positive 
square root. 

(b) |x"| 4 |x|"; x € R which is false |—2*| = |-2)* 

(c) (x-—a)(x-—b)>0 => x e€(-o,a)U(b, «) 

= Statement ts true. 

(d) True, we have expressed for example V2 geometrically. 


5. (b), (c) n(A x B) =n(A). n(B)=5x2= 10 


Number of elements in power set of (A x B) = 2'° = 1024. 
Which is same as 1 + (2°+ 2! +....+2%)= 
2°-1 


I+ = 1024 


6. (b), (c) By AM-GM inequality AM > GM 


= Option (b) is true 
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10. 


If a =", then obviously AM = GM 
= Option (c) is true 


(a), (b), (d) 

B: circle of radius R 

A: circle of radius r 

Ar(B — A) 1s basically the area of a circular ring without loss 
of generality let R>r 


Hence (a) r=2,R=3 
=> Ar é [5z, 97] 
(b) r=R=2 => Are (0, 97] 


(d) Ar € [0, 0) if r < R equality holds then area 

reduces to zero. 

2x? -—3x? +x4+1 = 3x° — x? +5x-13 

2x°-3x?-x-1 3x°- x? -—5x413 

Ax? — 6x? _ 6x° — 2x’ 
2x+2  10x—26 

x?(4x — 6) (10x — 26) = 2(x + 1) (6x3 — 2x’) 

4x*(2x — 3) (5x — 13) = 4(x + 1) 2 — x’) 

4x*( 10x? — 26x — 15x + 39) = 4(x4 — x3 + x3 — x’) 

4x*(10x? — 41x + 39) = 4(2x4 — x’) 

40x* — 164x° + 156x? = 4x* — 4x 

36x* — 164x° + 160x? = 0 

x?(36x’ — 164x + 160) = 0 

4x°(9x* — 41x + 40) =0 

Clearly one solution is x = 0 others are = 


(a), (b) 


By componendo and dividendo 


VUUYUUUYY 


—41+ 241 


it has 3 real solution ee 


y 


(a), (c) This curve is simply a parabola which would touch 
X-axis 18 both is roots coincides 


= Discriminate = 0 => k-16=0 
=> k=+4o0r-4 
(b), (c) 
ae oh. “ll | en as 
(a) if —>- => 1>— if bis positive 


la| 5b 
=> b> |a| else b <a 
Hence the statement is not true 


1 1 b 
(b) —>— => [>| >1 
a |b| a 
Ifa>0 = |b|> a else obviously |b| >a 
= The statement is true 
1 l 1 
(c) ———;+ = 
(x- yy (y-zy (zZ-x) 
2 
1 1 1 
R.H.S. = + + 


LV SZ 2x 
tg 
(x-y) (y-z)y (z-x) (x— yy - z)(z- x) 
1 1 1 

Rl ya a 
(x-y) (y-zy (Z-x) 


. Hence it is true. 


- (ce) A: If2<x<2 


. (a) Ary 


SECTION—V: (ASSERTION & REASON) 


1. (a) A:x<Oandxe R 


Vx’; which is positive square root of x* will be 
Vx’ =|x|=—x, hence assertion is true 
R: Vx? =|x| 
Case I: x > 0 
=> x’ =|x| (positive square root of x?) 


=> Vx? =-x=|x| 


Hence in either case x? =| x | 


= Hence both reason and assertion are correct and reason 
correctly explains assertion. 


Case II: x < 0 


. (a) A: A(a + b, a) and Bia — b, a), these points are on the 


same horizontal level. 

= Distance between A and B = |(a + b) — (a — b)| = |25| = 
2|b| 

= Assertion is correct 


R: Vx? =| x| and [xy = [x]. 


Vx? =|x|; Already proved in the previous question 
lx.y| = |x| . |v] = |x|.[v] => Reason is correct 

= Hence both reason and assertion are correct and reason 
correctly explains assertion. 


. (d) A: LCM of V2 and 3 does not exist as V2 is an irrational 


number and 3 is not. 
= Assertion is incorrect 
R: If x and y are co-prime, then we can visualize the 
multiples of x and y as x = x. 2x, 3x, .... xy and y=y, 
LV SV cues RY 
Hence their least common multiple = x.y 
Reason 1s correct. 
— 
oe 
=> -E/-,- = Assertion 1s correct 
Cs 2 
1 11 | : 
R: Ifa<x<b, then —€]|—,—| 1s true only when a and 
b are positive x |ba 
= Reason 1s incorrect 
_ (x-3)(x+ 4) 
(x+5 
(x + 4). 
Thus, this expression changes sign at 3, —4, —5. 
= Assertion is correct 
R: If you look carefully at assertion the points of change 
of sign 3, —-4, —5 are also the zeroes of the expression. 
Thus an expression changes sign at its zero depending 
on whether the power of monomial 1s even or odd. 
= Reason is correct and is also a correct explanation of 
assertion 


has the same sign as (x + 5) (x — 3) 


. (a) A: 0<a<b 


=> Va <b (law of square roots since a and b are both posi- 
tive) 


YUUS UY 


=> 


=> 
=> 


Assertion 1s correct 

R: |x| < |; since both sides of inequality are positive, 
squaring both sides, we get x” <y” and other way given 
x*<y’, taking root of both sides, we get |x| < |y]. 
Hence |x| < ly] @& x <y 

Reason is correct 

Reason is a correct explanation of assertion 


A:x<x =. xX=27 <0 

x(1 —x) <0 => xx-1)>0 

x €(-0,0)U[1,0©) > x>dandx<0 

Assertion is correct. 

R: Square of a real number is never negative. 

Case I: Number is positive 

Pp X p = p’ is obviously positive 

Case II: Number is negative 

—px — p = p’ is also position, hence reason is true. 

Both reason and assertion are true but reason is not a 


correct explanation to the assertion. 


. (a) 


=> 
=> 


. (a) 


=> 


> 
=> 


Y y 


Y ¥ 


A: |x| <6 

|x| < 5 V positive and represent the interior of these 
concentric circles. 

x=0 


Assertion 1s correct 

R: |x| <6 clearly implies —6<x<6 

Since 6 can be any positive number on real axis 

5 — 0 and -5 — 0 

Reason 1s correct and also is a correct explanation of 
assertion 


A: |x—1|+ |3—x|=2 
Case I: x > 3 
2x—-4=2 

Case II: 1 <x <3 


=> x-lt+x-3=2 
=— Y= 3 
=~ 2H) 3=8= 2 


2 = 2; which 1s always true 

x € [1, 3) 

Case III: x< 1 => |l-x+3-x=2 
Pipe: = 21 

No solution is this region 


Overall solution 
Assertion is correct 
R: |x| + || > |x + y|; Assuming y > x 

Case lI: 0<x<y => x+y=x+y which is true 
CaselI:x<O<y > 
x <Q which is true. 
Case III: x<y<0O 

—x —y =-—(x + y) which is also true 
Reason is correct 


=> xe[1,3] 


xty>ytx 


10. 


11. 


12. 


13. 
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It is the same way in which we have analyzed assertion. 
Hence reason is a correct explanation of the assertion. 

(a) A: |x—3]/+ |4—x > 1. 

Let f(x) =x -—3 and g(x) =4-x 


Y Ud 


=> 
=> 


The inequality becomes |f(x)| + |g(x)| > f(x) + g(x) 

Kx) . x) <0 => (x-3)(4-x <0 

(x — 3) (x-4)>0 

x € (-o,3)U (4,0) => Assertion is correct 

R: |x + y| < |x| + |y|. Without the loss of any generality y 
>xX 
CaseI:0<x<y 
Hence no solution 
Case II: x<O<y 
x>x 

Case III: x<y <0 
—x —y >-x- y, which is also not true 

Hence |x + y| < |x| + |y| holds when x and y are of oppo- 
site signs. 

Reason is correct 

Also reason is a correct explanation of assertion 


=> xtyrxty 


= yrx<xty 
=> x <0 whichis true 


(a) A: x = {a, b, c} 


=> 
=> 


=> 
=> 


Number of elements in the power set of x = 2° = 8 
Number of subsets of the power set = 2° = 256 
Assertion 1s correct 

R: Suppose x = {a, b, c} 

Its subsets are {a}, {b}, {c}, {a, b}, {b, c}, {a, c}, 0, 
{a, b, c} which is 8 = 23 

Power set is the set of all possible subsets of x. 
Number of elements is power set = 8 

Number of subsets of power set = 2° = 256 

Reason is correct 

Both reason and assertion are correct and reason 1s a 


correct explanation of the assertion. 


(a) A: A set_X is called a countable set if its element can be 


=> 


(a) A: A= 


Yu y 


y 


listed by counting or labeling with the help of natural 
number. 

Clearly set of prim numbers 1s a countable set 
Assertion 1s correct 

R: Every subset of a countable set is also countable. 


B 


A is a subset of B. 

Now, if B is countable it clearly shows that A is also 
countable. 

Both reason and assertion are true 


2p+1; where p is a prime number. 
A contains irrational numbers. 


R: Set of irrational number is uncountable as we cannot 
list all irrational numbers by counting. 
Reason is correct 
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= Both reason and assertion are correct and reason is a 
correct explanation of the assertion. 


SECTION—VI: (PARAGRAPHS) 


Passage A: 


1,.-(0) = 27.37 

= Number of even divisors = 3 . (5) (3) = 45 
2. (d) x=2°. 34. 5° 

= Number of odd divisors = (4 + 1) (5 + 1) = 30 

= Number of odd proper divisor = 30 — 1 = 29 
3. (b) x=2°. 37. 6° 

= Which can be written as x = 2° . 3’ 

= Number of even divisor 8.(8) = 64 

= Even proper divisors = 63 
4. (ec) 223? - >? 

= Odd divisors of x = 6 x 4=24 

= Odd proper divisors = 24 — 1 = 23 


Passage B: 


5. (b) By the question, [6(x) — 6@)]’ + [6@) — g@)]? = 
Sum of two squares cannot be zero until (x) Sie 0 


ey ae 


And o(x)—- 9%) =0 => (x) = g(x) 

Since x > 0 => o(%) = |x| 

6. (a) d(x-2) <2 => |x-2|<2 
= 24a? 22 > 0<x<4 


=> xe [0,4] 
7. (c) O4%-—2)+ 0+ 2) <4 
=> |x-2|+|x+2/<4 
Let f(x) =x—2 and g(x) =x+2 


= fx) + lg@)| S$ le) — A» 
> x.y<0 => (x*-2)(*+2)<0 
=> x € [-2, 2] but o(x) 1s defined for x > 0 
=> xe [0,2] 
Passage C: 
8. (a) [x+2/<4 => 4<x+2<4 
= <6 <7 = 2 => xe (-6, 2) 


9. (b) |x—- 1]>|x-3] 
Squaring both sides, we get (x — 1)? > (x - 3)’ 
=> x+1-2x>x*°+9-6x 
=> 4x>8 => Xe 2 
10. (d) *-1<0 > &+1)(«-1)<0 
=> xe[-l, 1] 
x’ -—x-2=x°-2x+x-2>0 
=> xx-2)+(%-2)2>0> (*-2)(«+1)20 
> xe(o,-1] U[2,0)> Overall {x} = {-1} 


Passage D: 
11. (b) V¥x4+14 <(x%4+2) 


It is equivalent to 


Ga)x+14>0 => x>-l14 
(ijxt+2>0 => x>2 
(ii) x + 14 <(x++2/) => x+14<+4*+4 


YUU 


x? +3x-10>0 

x*+5x-2x-10>0 > xx%+5)—-2(¢+ 5)=0 
(x + 5) (x-2)>0 

x € (-~, -5) U (2, 0) 


Intersection of all three = (2, 00) 


12. (b) Vxt+7 <V2x+3 


Squaring both sides, we get x + 7<2x+3 
=> x>4 => xe 4, ~) 


13. (a) V-x?+4x-3 >6-2x 


Which is equivalent to 


(i)6—2x>0 => *¢53 
(ii) x? + 4x-3>0 => xe [1,3] 
(ii) —x* + 4x — 3 > (6 — 2x)’ 


WY YUUYNY 


x? + 4x — 3 > (36 + 4x* — 24x) 
5x? — 28x + 39 <0 

5x? — 15x - 13x + 39 <0 

5x (x — 3) - 13(x- 3) <0 

(x — 3) (5x — 13) <0 


13 
ve(2 3) 
5 


Overall intersection of all there regions [2.3] 


Passage E: 


14. (d) N=774958 p96O 
Ifp=2 


=> 


N = 7749582960 


3 Ja 
= 3 51+ OQ => 3|QO 
=> Qcan be 3, 6, 9,0 
= Number of values = 4 


15. (c) If Nis divisible by 4 


Y v 


Q + 121s divisible by 4 
4|°% => Q0=0,4,8 


16. (b) O+ 12 + 36 + 8P 1s divisible by 8 


=> 8|0+8P => 8le 
For divisibility by 9 
=| eo => 9(P+rOr! 


= Possible order pair are P O = (8, 0) = (0, 8) 
= Possible pair = 2 


Passage F: 


17. (c) 


3x+4 A B C 


Gal Gad) sol 26) Gey: 


_ A(x +1) + B(x? -1)+ C(x-1) 


(x+ 1) (x-1) 


_ AG? + 2x41) + Bro + B+Cx-C 


(x+1)?(x-1) 


_x°(A+ B)+x(A2+C)+A-C-B 


(x+1)?(x-1) 


18. 


19. 


> A+B= > 2APe=3 
=> C-2B=3 => -2B-C=4 
=> p= af => AS 
4 
3x+7 13x-13+ Bx-—2B 
(a) = a a 
x —-3x+2 (x-— 2)(x-1) 
= 1I3-8=3 => B=-10 
3x 2 1 
(c) ——————_ = + 
(x-6)(x+a) (x-6) (x+a) 
_ 2xt2at+x-6 _ 3x+2a—6 
(x-6)(x+a) (x-— 6)(x+ a) 
By comparison of like terms 2a -6 =0 >a=3 
SECTION—VII: (COLUMN MATCHING) 
(D(a, b); (ii) >(b, ¢); (iii)—>(a, b); (iv), ¢) 


(i) {2,3, 4,5, 7,11, 13, 17, 19, 23, 29, 31, 37} 

= Cardinal number of set = 12 

= Obviously is a finite set 

(ii) {x x =4n—-1;n € N,x € Zandx<7l1} 

=> £{1,3,7, 11, 15, 19, 23, 27, 31, 39, 43, 47, 51, 55, 59, 
63, 71} 

= Cardinal no = 18 

= Obviously the set is finite 

(iii) The set is {21, 42, 63, 84, 105, 126, 147, 168, 189, 210, 
231, 252} 

= Cardinal no = 12 

= Obviously the set is finite 

(iv) {12, 24, 36, 48, 60, 72, 84, 96, 108, 120, 132, 
144,156,168,180,192, 204, 216} 

= Cardinal no= 18 

= Obviously it is finite 


(D)—(b); (ii) >(d); (ili) (a); (iv) > (©) 
(i) Proper division of the pg = 2 = the lowest prime number 
(ii) Number of divisors = p2g2 = (2 + 1)(2 + 1) = 9, which 
is the square of prime number 3. 
(iii) Number of even proper division of 108 = 2? x 3° 
Even divisors = 2 x 4= 8 
Even proper divisors = 8 — 1 =7 
HCF of (91, 119) =7 
(iv) Odd divisors of 180 = 2? x 33x 5=3 x 2 = 6; whichis 
the lowest composite division of n(n + 1)(n + 2) 


(> (©); (iil) > (a); GiD>(d); (iv) (a) 
(i) [x+2|/-x<2 


Ifx>-—2 

=> xtl2=7<2 => 2 <2; no solution 
Ifx<-—2 

=> 2-x-x<2 => -2x<0 


=> x>0; no solution 


(ii) Vxt+1l—-vVx-l=v4x-1 


Squaring both sides, we get 2x —2 ¥x°-1 =4x-1= 


1 
=) ia aad le i ara 


=> x= 5/4; only one solution. 
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(iii) This has two solutions 1.e., x” — 5x + 6 and no positive 
solutions for x? + 5x + 6 


(iv) Vx-5-—V9-—x>1 has only one solution x = 9 


- ()>(@); Gi) >©); Gil)>(b, ©); (iv) (a, d) 


(x+3)(2x+1)* 
(2x —1)(3-—x) 
(3 —x) (x + 3? (2x+ 1)>0 

=> (2x-1)(3-x)>0 => (2x-1)(*-3)<0 


=> re(>.3] 
3 2 
(ii) (x-—5)(x° — 4x° -— 4x—-5) 


(2x? + 2x+1) 
(x — 5) 0? — 4x7 — 4x — 5) <0 


= 0; which can be written as (2x — 1) 


(i) 


<0; which can be written as 


=> x=5 

(iii) x? — 2x > 0 => xx-2)>0 
=> xe (-0,0] U [2, 0) and x? -6x+5<0 
=> (x-5)(*-1)<90 => xe([l,5] 


=> xe [2,5] 
: 2x-1 
iv) ————_—_ 
~ 2x°+3x° +x 
2x-1 a 2x-1 e 
x(2x°+3x4+1) 9 x(2x*°+2x4+x41)_ 


2x—1 
—_—_—_—__—_— > 0 
x(2x + 1)(x +1) 
=> x2x+1)2x-1)(«+1)>0 


=> xeEl[-~,-lU [2.0 ]u == | 
2 2 


- (©); Gi) >a, ©)3 (ilil)>(b, d); (iv) >{a, b, ¢, d) 


(i) Even Number is 0 
(ii) Rational numbers are a (0) 


(iii) Irrational numbers 7, J2 


(iv) Real numbers =,7,0,N2 


SECTION—VIII: (INTEGER-TYPE QUESTIONS) 


Vx? +x—-S54Vx74+8x-4=5 


=> Vx°4+x-5=5-Vx74+8x-4 


Squaring both sides, we get x7 +x-—5=25+x7+ 8x- 
4-10 Vx°+8x-4 


=> 7x+26=10Vx’ +8x-4 
Squaring both sides, we get 49 x? + 676 + 364x = 100x’ 
+ 800x — 400 

=> 51x* + 436x — 1076 =0 

= XZ 

(/3 +1) + (V3 -1)* = 2°*; which can be written as 


(4+ 23) + (4-23) = 8" 
Now, since the surds under the same exponent x are conju- 
gates there is only one solutionx=1>x=1 
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. Let a, b be two such natural numbers 
By the question a? — b* = 45 

=> (a+ b)(a-—b)=5x3x3 
There arise following possibilities. 


(i) a+ b=9 (ii) a+b=15 
(iii)a + b=45 
a—b=5 a—-b=3 
a—b=] 
= a= 1b +2 > a=9,b=6 


= 23-022 
Hence in all are there are 3 possible pairs > Ans. = 3 


. 497A 1s divisible by 3 
= J4-Osr 7 +A 
=> 32+A => A={14,73 

Also 4/2 x2+B => B= {0,4, 8} 
Total possible ordered pairs = {(1, 0), (1, 4), C1, 8), (4, 0), 
(4, 4), (4, 8), (7, 0), (7, 4), (7, 8)} = 9 


=> 3/20+A 


. By the question (2x — 1) is a factor of 4x” — (a — 1) x° + ax’ 
—6x+ 1 = p(x) 
=> x= 1/2 must be a root of p(x) => p (1/2) = 0 
Baie" 32120: ees 
4 8 4 

\x— 3 3x7 -10x+3 = Ix — 3 
Following are the possible cases 

=> |x-3|/=1 => x=4,2 and 

=> 3x-1=0 = = 1/3 

Note that case x = 3 have not been included as it would 
reduce base to 0 

= Numbers of real solution = 3. 
. |2x—4| + |x-4|=1 
Here sum of two integers is equal to one, hence there arise 
four possibilities 


(3x-1)(x-3) = 


Case 1l:2x-y=0;x-y=1 > x=-l,y=-2 
Case 2: 2x -y=0;x-y=-1> x=l1,y=2 
Case 3: 2x-y=1,x-y=0 > x=l1,y=1 
Case 4: 2x-y=-l;x-y=0 => x=-l,y=-l 


Hence there are in all four possible solutions. 


~ 8&(x) = [x’] — [x]*; since x € [0, 2] 


Ifx=0 => g2(x)=0 
IfO0<x<1 => g(x)=0 
Iix= 1 => g2(x)=0 
Ifl<x<2 


The possible values of g(x) are 0, 1, 2. 

Ifx=2 => (x)=-4-2-=2 
Sum of the possible value of g(x) =0+1+2=3 
. 11<f(10) < 14 => -—11>-/f(10)>-14 
=> —1>10-f(10)>-4 


=> -1>§]2|-s| 0), 
8 5 
=> -1>8-5 a >-4 => 5 209 |_-2 


| 5 


: => f(10)=12, 13 


10. 


11. 


12. 


13. 


14. 


15. 


Checking it for x — f(x) = s|=]-s| 2 |- 10-5 

=> f10)=12 
Geis | x?-15 
(a+ vb) (| = 2a 
Let (a+b) - =y 


=> y=atvb; using a—b=] 

=> x-15=lorr-15=-l 
Possible values of x = +4,+,/14 
Sum of magnitudes of all values = 8+ 2V14 
Comparing it p+ 2Jq =8+2/14=14 


1 
=> yt—=2a 


PD, g, r are all primes 

=> P+goe-gq=r 
Since r is a prime, it must have no factor then 1, r. 
p+4q# 1 (sum of no two primes is one) 


=> p-q-=l => r=5 
xty=1,xe+yP=19 Satye+y—xy)=19 
xrye'l 
een 
=>. (ey a ep = 1 => i= 5 
3(x* + y?)- 
=> (x+4) ao a js 
=> (x*+ 47) =39 => 2 by HAs 


7A2-48B=C73 => last digit operation 12 —B =3 
=> B=9 2 

= Second last digit operation A —8 = 7 

=> A=6 

= Third last digit6-4=C 

=> C-2 

=> ArTrB+CatT7 


m? = n* + 2002 => m*—n? = 2002 

=> (m+n)(m—n)=2 x 1001 =2 x 13x 7x 11 
As done 1s question (3) section (vi11) no possible nature 
numbers m and exist. 


pte =Oe ry re = 

a+ hb? +c*+2 (ab+ be+ ca)=0 

1+2(ab+ be+ca)=0 

ab + be +ca=— 1/2 (1) 
CerbreH 1 

Squaring both sides, we get a* + b* + c+ +2 (ab? + B’c? 
ea y=) 

Squaring equation (1), we get a7b* + b’c? + c’a? +2 (ab’c 


1 
+ be?a + a*bc) = ai 


g 


YUd 


ab* + bc? + ca? + 2 (abe (b + c) + a*bc) = 1/4 
ab*+ be? + c’a?+2(-—abe + abc) = 1/4 
ab? + cb? + ca’? = 1/4 

Putting this, we get a* + b* + c++ 2(1/4) = 1 

= 2h roi => l6(a*+b*+c)=8 


YuUY 
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ex FUNCTION 


A relation 'f' through which each element of set_X is related 
with exactly one element of set Y. Then the rule fis called 
the function from_X to Y and denoted as f: X > Y. 
e.g., If X= {1, 2,3, 4} and Y= {y:y EN andy < 10} 
and f: X — Y is described as y = fx) = 2x + 1. 

f: f(x) = 2x +1 


Images or 


Pre-images 
(inputs) 


(Domain) lesen 

FIGURE 2.1 
Thus, relation to be a function, it must satisfy the 
following two conditions: 


aa) VxeX danelement ye Y: y= f(x) 
(11) Notwoelementin Y should have same pre-image in_X. 


Domain: Set of independent variable x for which f(x) is de- 
fined. e.g., X is called domain 


Co-domain: Set Y is called co-domain of function f 


CHAPTER 


Range: Set of images (output) generated corresponding to 
input x € D, is called range of function. e.g., £3, 5, 7 9} is 
the range of function f(x) defined above. 


Machine model of function 


is called as function of x and abbreviated as y is fof x. 
If a pre-image is denoted by x and image is denoted by y 
then we can write: 


y=fx) 
Image € Y 
Notations: f:X —Y or X—“»Y Which reads as ‘f 
is a function from_X to Y’ or ‘f maps. X to Y. If x € X 1s as- 
sociated with y € Y 
= yisfimage of x or ‘image of x under f or ‘the value of 


the function fat x’. Also x is called the pre-image of y 
or argument of y under the function f 


Pre-image € X 


y= f(x)(explicit function) or 


Expression: a 
F(x, y) = O(implicit function) 
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To find domain of function mM It takes indeterminate form 
We need to know for what inputs expression of f 1s defined. 0 x eek 

are —,—,1",0 ,0 ,0-0, efc 
Hence it is equally necessary to learn. a a 


When does a function become undefined? e.g. y= at ; at x =—1 takes , forms 
xX — 
A function is said to be undefined when 1 


M@ Its value tends to infinity (00) =, OE gra e at x =1 takes 0 —0oo forms 


e.g., y= Z at x=+1 ‘ “ais : 
sie (l+x)* at x=0 : at x = 0 takes 1” forms 


@ It takes imaginary value. 
e.g., y=vVx-1 at xe (-~,1) sinx'* at x =0 takes 0° forms 
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TEXTUAL EXERCISE-1 (SUBJECTIVE) 


1. Find the set of all values of x for which following 
functions (expressions) are defined. 
x°-x 
(b) ——— 
X +X 
(d) i 
x? +x+l1 VJ x-—3 

(e) V¥x-4 (f) Vx-24+Vx+2 

. Find the set of all values of x for which following 

functions om are defined. 


(a) — (b) (vx -1)(6-Vx) 
©) (vx-1)/(6-x) @ f@= a 


ha.) He 
6-x 


ltt 


(©) f(x)= 


Answer Keys 


1. (a) R—-{0,1,2} 
2. (a) R-{-4,0,4} 
3. (a) [4,7] 

4. (a) [1, 6] 


(b) R—-{0,-}} 
(b) [0, 2) 
(b) [4,6] {5} 
(b) [I, 6] 


(c) R 
(c) [0, 6] 
(c) > 
(c) [0, 1] 


3. Find the set of all values of x for which following func- 
tions (expressions) are defined. 


(a) Vx-44+V7-x (©) ae 


(c) ¥x-7-V3-x (da) Jx(x-2)(x-4) 
(e) Vx -—4x f) Vx°-9x 
4. Find the domain of definition of the function. 
(a) fe) = Vx-1V6—x (b) fox) = (x-1)(6—x) 
(c) fix) =Vx-x? (d) fx) = Vx-14+VJ6-x 
Vx-1+V6-x 
ao = 

(e) fx) =Jx-1(6-x) () fox) = —= 
(d) G, «) (e) [4, ~) (f) [2, «) 
(d) [1, 6) (e) [7/2, 6) (f) [1,6)VU (6,0) 
(d) [0,2] U[4,0) (e) [-2,0]U[2,0) @) R 
(d) [1, 6] (e) [I, «) (f) xe@ 
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mg BOUNDED AND UNBOUNDED FUNCTIONS 


A function f(x) whose values lie between two real and 
finite numbers for all possible inputs that can be given 
to it is called bounded function. e.g., fix) = sinx, cosx, 
l 2x xl 
P41 x? 41 x? 41 
An expression of x say f(x) 1s said to be bounded if we 
can find two real and finite numbers m and M. such that 
all the possible values of function satisfy m < f(x) < M 
Vx € D, (domain of f(x)). The m is called lower bound of 
the expression where as / is called upper bound of the ex- 
pression. The least such number M(sayM_), is called maxi- 
mum value of the function and greatest value of m (say m.). 
is called minimum value of the function. Following are the 
properties of lower and upper bound. 


Upper bound 


lower bound 


FIGURE 2.2 


Existence of one lower bound (m) mean existence of in- 
finitely many lower bounds m, where k = I, 2, 3,.... 1.e., thus 
if ....<m,<m,<m<....<m,< f(x), theny =m, is greatest 
of all lower bounds and if for some x, € D pe K(x,) =m, » then 


m, is called GLB or minimum value of f(x). 

Existence of one upper bound mean existence of in- 
ifinitly many upper bounds, so if fix) <M, <M <M, <M,< 
M,<....8o, y = M, 1s least upper bound and if M, = f(x,) for 
some x, € D. then M, is called maximum value of f(x) 


Greatest lower bound 

The greatest of all lower bounds 1s called G.L.B. (m,) and 
if f(x) = m, for some x, € D, then f(x,) is called minimum 
value of f(x). 


Lowest upper bound 

The smallest of all upper bounds is called L.U.B. (A/,) and 
if f(x) = M, for some x, € D, then f(x,) 1s called maximum 
value of f(x). 

E.g., —3, -2, -3/2, ...., -l etc., are lower bound for the func- 
tion f(x) = sinx and the greatest of these is —1 (1.e., m, =—l), 
because no value of sinx can be smaller than —1 and 
no such number m larger than —1 posses this property 


(i.e., sinx>mVxe R) therefore —1 is known as greatest 
lower bound (GLB) for sinx. Also any real number larger 
than | is upper bound for sinx and | is the smallest such 
number called as least upper bound (LUB (AZ) = 1) because 
no value of sinx can exceed | and no number (4) smaller 
than 1 has this property (ie., sinx<M VxeR). 

Since sinx assumes the above two values, —1 at x = 


( 44-1) 7 and at x= ( 4k+1) 5 where keZ therefore 


—1 is called minimum value and | is called maximum value 
of function sinx. 


Intermediate/extream value theorem 
If a function is continuous in its domain and f= g.l.b 
=mand f_,, = l.u.b= M then f(x) must take up all real 


values between m and M. 1.e., 5 at least one a € D : where 


fay=kV ke [m,M] 


FIGURE 2.3 
=> Range of f(x) = [ m, M] = [ Fomin 9 Tice 


If fix) is throughout increasing or decreasing then it 
takes up all values between m and M exactly once. 


FIGURE 2.4 


Range of functions 

Range of a function f(x): The range of a function f(x): 
A — B 1s defined as the set of all images corresponding to 
elements of domain of function 1.e., Range of f(x) = {f(x): x 
€ domain of f(x) } 


Method to find range of functions 


Method to find range of f(x): Let us consider a function 
y = f(x) (say y = x’), to find out range we follow the given 
steps. 


Step 1: Find the domain of the function say @ < x < Pf. 
e.g.,xe€R when f(x) is x’. 


Step 2: Express x in terms of y using given equation of 
function i.e. x =f'(y) eg. =y, x=t Jy 
Step 3: Apply the domain restriction to find the set of all 


possible values of y for which x belongs to the domain of 
the function. i.e.,a<x<B => a< f'(y) < B 


For instance, if f(x) = x? then x= +Jy x to be real y should 
be non-negative 1.e., y > 0 
=> ye[0,o) This 1s range of f(x) 
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Aliter: —0<x<0>-w<x<0o0r0<x<a 
> Q>x*>0 oe x’e[0, 00) 


LU) Maximum and minimum value, therefore the range of 
quadratic equation can be obtained by completing the 
square. 


OU Maximum and minimum value of any rational expres- 
sion can be obtained by equating the expression to y 
and solving the equation obtained for x and applying 
the condition that x to be real and finite number, find 
the possible set of values of y. 
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(b) 


ILLUSTRATION 7: 


SOLUTION: 


> yx-x=yt3ie,xy—-—l)=yt3 

_ +3) 

(y-1) 

1.e., ye R ~ {1}; notice that range of g(x) contains its value at x = 3 that 1s g(3) and f(x) and g(x) 


being equivalent functions R,and R_are same except 2(3) = 3 which 1s an element of R, but not 
of R , becomes fix) 1s not defined at x = 3 


=> R,=R,~ {g3)} =R~ {13} 


Clearly, fis a bounded as it neither has lower bound nor upper bound. 


x to be real and finite y # 1 


—5x+4 . (x-1)(x-4) 
Consider fx) = —————_ ie., f(x) = ——— 
ee x’-7x+12 (x—3)(x—4) ; 
Domain of fix) = R ~ {3,4} its equivalent function is g(x) = 7 : 
xXx— 
D Pe R~ {3} it is important to observe that R,= R, ~ {g(4)} 
—] 
For domain R ~ {3, 4} Now, to find range of g(x) let y= ad = 
xXx— 
xy —3y =x—-1, thusxQV-1)=3y-1 
3y-1 
> x= ae therefore x to be real and finite y # 1 
=> R= R~ th => R,=R,~ {g(4)} =R, ~ (3}= R~ {1,3} 


f(x) 1s unbounded function as neither has lower bound nor upper bound. 


Find the range of following functions for described domain and hence its LUB and GLB. Also 
find the maximum/minimum value of f(x). 


() f(y= OOF vxe[-36) ©) SO)- 


. .Uree 3,3] 


. 


3x7 +2 


40(3 — 4 19-—4x* -16 
() fo) = ME) - aa pa 16 eae), f(x)= a0 


Now consider the given domain -3 <x <6 
=> 0<x’* <36, thus 4<x*? +4<40 
Now apply reciprocal property, we get i < =e < i 


ee 19 19 —19 
Now multiplying by 19, we get mn < rai < re 
—14] see 4x’ ze 3 

40 x+4 4 
Therefore multiplying by 40, we obtain f(x) e (—141,30] 
Clearly, Ax) 1s bounded function GLB = —141 and LUB = 30 
But Ax) cannot take the value —141 for any x 
=> f 7 30 but f does not exist. 


Adding -4, we get ———— 


x’ -16 
(b) Consider y= a >for the domain —3<x<3 


_1f 3x’ +2-50 =$(1- 50 er 
a eo 38 ee) 


Squaring both side and multiplying by 3, we get 0 < 3x? < 27 
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Increasing and decreasing functions If f(x) is decreasing function, then by increasing the input 


a . output decreases 
If f(x) is increasing function, then by increasing the input 


output also increases. cones ae S Ae) <f%) 
1€.,x,>x, & f(x,)>fx,) = a Bye a 0 
2 < — = = = < 
=> Ax=x,-x,>0 - iy ae IX) =rV.— Y; 
Ay = fix,) —fx,) =¥,-— ¥, > 0 => rate of change (dy/dx) negative. 


=> 
=> Ay>0 
= rate of change (dy/dx) positive. 


FIGURE 2.6 


E.g., x=2-5x,y=1l/e,x>0,y=2*;y=2--x etc 

By application of increasing function, the sign of 
inequality does not change whereas by applying a decreasing 
E.g., x=2x+3,y=x°, y= 2x etc. function the inequality reverses its sign. 


FIGURE 2.5 
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Inverse of a function 


If a function fis defined from a non empty set A to a non 
empty set B, then a function from set B to A is called inverse 
function of fiff it converts the images produced by fback to 
pre-images. It is denoted as f". 


E.g., If f(x) =2x+3 then f-'(x)= a 


f gst 
\ aa. 
Ld a 
foe 4 ae | 
f(x) = 2x +3 g(x) =%¥53 


FIGURE 2.7 


A function to be invertible it must be one-one (injective) 
as well as onto (surjective). In the inverse function inputs 
and outputs interchange their roles, provided the function 
is bijective. 


Method of find inverse of a function 


If fix) is a byective function then follow the steps given 

below to write f". 

Step I: Express x in terms of y using y = f(x). 

Step Il: Replace x by y and y by x. As input f! 1s output of 
f. Output of £7 is input of x. 

For example, given f R ~ {0} — R ~ {0} such that f(x) = l/x 

>y=I|l/e>x= 1/4. Now replacing x by y and y by x, we 

get y = l/x. Thus f(x) = 1/x, hence it is inverse of itself. 
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ILLUSTRATION 10: If Co oe then find f '(x). 
2x+3 


, x1 
SOLUTION: Consider y= ae => 3y+l=x2(1-—2y) 
x 


+3 


Expressing x in terms of y, we get x= ; 


Now interchanging x and y, we get y= 


TEXTUAL EXERCISE-2 (SUBJECTIVE) 


1. Find the domain of following rational functions and (a) x7-4x +3 (b) x?-6x+ 12 
find the maximum/minimum value and range of these (c) —x?+4x+4+5 
functions. Also mention which of these are bounded (ii) Find the set of all values of parameter k for which 
functions by mentioning there LUB and GLB. the quadratic expression x? — kx + 4 is always 
(a) x-1 (b) 2x+ 1 positive. 
x+] 5x 3 5. (a) If |x — 3] < 5, find the range of values of the 
x°-2 following: 
(C) > ; m | 
x'+4 (i) x2 +4 (ii) — 
2. Find the domain of following rational functions and am 
find the maximum/minimum value and range of these (iii) 2x +3 (iv) | 
functions. Also mention which of these are bounded 2x+1 
functions by mentioning there LUB and GLB. (b) Find LUB and GLB of s in the following cases. 
x x°-9 See 2 
(@) x°+4 (0) x? 4x+3 ae 34x es 
(c) x? +1 (11) s= pas-3s182 
2x oan 
| | | (ii) s=2—™. ¢>0 
3. Find the domain of following rational functions and 2+x° 
find the maximum/minimum value and range of these jt 
functions. Also mention which of these are bounded (iv) s= Ss x> 
functions by mentioning there LUB and GLB. l+x 
2 
(a) eB Eass (b) Vx-1 (v) p= 1-553 


x°- 4x43 


| 
(c) ¥x*°+4 (d) (x—1)(x—5) (v1) p= Vina xis 
(e) V¥x+8 (f) 


e|- 


] ie x 
(g) Pa (V111) Sper aad a 
ee aed 7 . : | 9 
4. (1) Find the minimum/maximum value of the follow is se x ieee 


ing quadratic expressions. X42 
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6. If f(x) = 3x —2. Find out f(x) and hence or otherwise 
(a) f'(1) 
(b) #4) 
(c) f"(5) 
(d) f"(-2) 


7. Read the following arrow diagram of a function care- 


A B 
1 
>8 
> 27 
> 64 
8. Find the value of ‘x’ for which f(x) = f~'(x) where f(x) 


fully and draw the arrow diagram of f'(x) = 10° + 3. 
Answer Keys 
3. (a) D,:R-{1,3} (b) D,:[1,0) (c) D,:R  (d)D,:R~ {1,5} (ec) D,:R 
R, > R-{1,3/2} R, :[0,00) R, :[2,00) R, :(-0,-1/4]U (0,0) R,:R 
(f) D, +R ~ {0} (g) D,:R 
R,:R ~ {0} R, :(0,1/4] 
4.) (a) -l; (b) 3; « (c) — 0; 9 (i) k € (4, 4) 


3 


5. (a) (1) [4, 68] (11) Fa (ii) [-1, 19] (iv) (2, }] 5) 


(b) (4) [0, «) (11) (00, -2 U [1/4, «) 


, : pe | " E = 
(vi) [0,1] (wii) “Te (Vilt)- || —s= 


79 
6. (a) 1b) 2 @& -l (d) 0 


m EXPONENTIAL FUNCTION 


There are certain processes in nature where growth/decay 
of some quantity has very peculiar property e.g., rate of 
growth of some bacteria, rate of decay of radioactive mate- 
rials etc. These processes own a typical characteristic which 
is known as exponential growth/decay and the functions 
representing them are called exponential functions, denoted 
by f(x) = a* where 'a' is known as 'base' and x is called expo- 
nent, a€ R,a>0 butaezl. 


Properties 


(i) As we know that po ee ee where a 


n times 


is called base and n is index or exponent. Exponential 
function f(x) = a* is generalisation of this law to fa- 
cilitate some useful applications with some imposed 
functional restrictions 1.e., a>0O anda l. 
(11) Domain of f(x) is set of real numbers and range of f(x) 
is (0, o)1e., V xe R f/f) = a associates x to some 
positive real number, uniquely 1.e., exponential func- 
tion f(x) is defined such that it is invertible. 
For a < 0 and a = 0 the function f(x) = a* looses its 
meaning for some values of xe R. 


(iii) 


(iii) (-1, 3/2] 


(iv) 1,0] (v) [17/25, 5/7) 


For instance for a = —1, —1/2, —3 etc. f(x) = a* becomes 


non real ¥ x =/2 where p and g are co-prime and g 


is even integer a (-3)°?, (-1)“ etc. 

Similarly, when base a = 0 then f(x) = 0* does not 
remain one-to-one function which 1s required for in- 
evitability, same restriction also holds for a = 1. 
Since then f(x) = 1* again becomes many one function 
as all inputs x get associated to single output |. 
Therefore we conclude that for f(x) = a’*, the base a > 
Oanda#1and xeR, thusy € (0, 0) 

If the base a 1s Euler number e, then the exponential 
function e* is known as natural exponential function. 


(iv) 


Laws of indices 


1) a*is defined anda*>OVxeER 


(1) a® = 1. We can observe that */a +1 as n assumes 
very large value (n — o) and it is true for both cas- 
esi.e.,a>  1orae (0, 1), therefore when n > o~, 


(iii) 
(iv) 
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(v) (ay = a? = (ay oy 
(V1) g?/4 = Ua? ; where gEN andg #1. (ix) a*.b* = (aby and = — (= 


x>y ifa>l 
x<y ifae(0,l) 


ee 2 = 
(vil) a&=@>x=yora=1 (x) wa | 


(vill) a® = b* > eitherx =OQora=b 


REMARKS 


1. a, where a > 1 behaves as an increasing nature function. 


e.g., when a = 2 the value of function 2* increases as the input x increases. It can be seen from the table given 
below. 


FIGURE 2.8 


2. a, where 0 <a<1 behaves like a decreasing nature function. 


e.g. when a= 1/2 the value of function 2~* decreases as the input x increases which can be seen from the table 
given below. 


SE Je EI ORIERLE 
ja s2}i6 |e 4] 2] t [rai [re 


FIGURE 2.9 


3. Ifthe basea> 1, thena*>1 forallx>Oand a“ < 1whenx <0,if0<a<1,then0 <a*<1 forx>Oanda*> 1 for 
x < 0. The above fact as well as the relative position of graphs of exponential functions with different bases can 
be understood with the help of following figure. 


FIGURE 2.10 
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Composite exponential function 


A composite exponential function is a function in which 
both the base and the exponent are functions of x, for 
instance, (sinx)* , x", x*, (Inx)*. 

Generally, any function of the form y = [u(x)]’® = uw’ is 
a composite exponential function. 
This function is also called an exponential power func- 
tion or a power-exponential function. In calculus, the do- 
main consists of such values of x for which u(x) and v(x) 
are defined and u(x) > 0. e.g., the domain of the function 


y= (x + 2)x-3 is obtained by the conditions: 


x+2>0 
Le3 


| => xE(-2,3)U(3,0) 


Note that the function g(x) = */ f(x) has the same meaning as 
h(x) = (f(x))!*, but their domains are different g(x) is defined 
under the conditions. 

fix) > O and x € £2, 3, 4, ...... }, while A(x) is defined 
under the conditions fix) > 0 and x # 0. E.g., to write the 
domain of y=V4-—x, we have 4-—x>0 

=>x<A4andx eé £2, 3,....}. 

Hence ,the domain is {2, 3}, while the domain of 
y =(4-x)» is Co, 4) — {0}. 


Method of solving exponential equation 


To solve an exponential equation, we make use of the fol- 
lowing facts. 


(1) Ifthe equation is of the form a* = @’(a > 0) 
=> x=y or a=1 

If the equation is of the form a* = b* (a,b > 0) 
=> eitherx =O or a=b 


(11) 


(ii) If the equation 1s of the form a* = k (a > 0), then 


Case !: Ifk<0 = xe et 
Caselli: Ifk>0,k#1 => x=logk 
Caselll: Ifa=1,k#1 => vet > 
CaselV: Ifa=1,k=1 > xeER 


If the equation is of the form a” = a%”, where a > 0 
and a # |, then the equation will be equivalent to the 


equation f(x) = g(x) 


(iii) 
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ILLUSTRATION 14: Solve the following equations for x. 


3 2x7 +4x-6 5 3-2x-x" 
of) -@) () Pe = (343) 


2x7+4x-6 5 3-2x-x” 
SOLUTION: (a) Given equation can be re-written as 2) = 3) 


=> 2x*+4x-6=x?+2x—-3 => x?+2x-3=0 
> («+3)@-1=0 = x=-3 or 1 are two solutions. 
(b) Consider the equation 77-1 78 
=> x -—6x’+ llx=6 
=> x-—6x?+ llx-6=0 => x=1, 2,3 are solution. 
ILLUSTRATION 15: Solve the equation 9% — 37*!-— 54=0 


SOLUTION: Consider the equation 9* — 37*'- 54 =0 
Now let us introduce new variable y for 3* ° OF = (37 = (3%) and 377! =3 x 37, 
therefore the original equation reduces to (37)? — 3 x 3*- 54 =0 
> y-3y-54=0 > 0-9 V1+6=0 => y=9 and y =-6 are roots 
Re-substituting the values of y, we get, 3* = 9; 3*=-6 

=9=> x=2 is root 


= x=213s the only real root. 
3* = -6 has no roots as 3* >0 Vxe R 


ILLUSTRATION 16: Solve 2.("¥16] -5(*/4)+ 2=0 


SOLUTION: Consider the equation 2.(*¥16} = 5(*~/4) +2=0 


Let *V4 =z 
=> 2z*-5z+2=0 => z=2or 1/2 

1 1 
= Va =2 or Wa == > 4 4 or 471 =42 


>x=3,x=-l 


But since x is a natural number greater than 1. Therefore x can’t be equal to — 1 
Hence, x = 3 1s the only solution. 


ILLUSTRATION 17: Solve the equation 3(16) — 7 (12)' + 4(9)* = 0 


SOLUTION: Given equation is 3(16)*— 7 (12) + 4(9)* = 0 Se . 
Dividing the equation by 9%, we get the equivalent equation as, (=) — ($) +4=0 


Now let (=) =t, clearly t>0 => 3f-71+4=0> t=1,48 
=> (*) =1 or (*) => = x=0 or 1 are the only solution. 


ILLUSTRATION 18: Find the real roots of equations ,v=1! _ 4, / yr 


SOLUTION: Given equation is x**! = Ad x7! (1) 
¥x-—1 to be real x > 1 and reducing both sides to equal base i.e., x 
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TEXTUAL EXERCISE-3 (SUBJECTIVE) 


1. Simplify and compute the following expressions: 3. Perform the indicated operations and simplify the 
153.21) ay given expressions: 
@ EY cay (35 ] 
(35)*(3) 7 a 
4 3-1 a aot Ve 
o (0 © |[Pr Jerk 
Va—“/ab 


2. Find the number of real values of x satisfying the 


equation | x—1|" >*=1. 


4. Solve the following exponential equation for x. 
(a) 3*¢= 10727 5°". (bo) 51 + 5! = 250. 
(c) 9+ 6 = 2.4" 


5. Solve the following exponential equation for x. 


(a) 4.2% — 6 = 18.3% 
(b) J sin’x oh 4 Je0s"x = 6. 


1 
(c) 7*? — a —14,77*' + 2.7% +48 =0 


Answer Keys 


1. (a) 315 (b) -125 (©) 2. 0,2,3 3. (a) x" 


5. (a) 2 (b) {m7 (2k + 1)/2/kKe Z} (c) 0 


—9 


4 
6. (a) tl, 
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6. Solve the following exponential equation for x. 
(a) 64.9% — 84.12* + 27.16" = 0. 
3 
b) 2'°* =—. 
©) 64 
7. Solve for equation for x. 


(a) (x-3)" ** =(x-3)” 
(b) (3-2V2) +(3+2V2) =6 


(b) Gi 4.(a)-2 (b)2 (0 
2 (b) {2° 7. (a) -2,6 (b) +1 


TEXTUAL EXERCISE-1 (OBJECTIVE) 


5(2)"" +10(2)" 


1. The value of expression is 


10**? 
(a) (5)/8 (b) (5/8 
(c) 5*/16 (d) None of these 


The solution of the exponential equation 6* + 6**!= 
ox ite Qxtl As Dxt2 is 


(a) | (b) 0 
(Cc) 2 (d) 3 
3. The solution of the exponential equation 9°*"! = 3% is 
(a) 2 (b) 1/7 
(c) O (d) 2/7 
4. The solution set of the exponential equation 


3 |sinx| + 4.(3)%* = 7 is 
(a) {nm, ne Z} (b) {2nm, nEz} 
(c) {(2n + 1)n/2:ne Z} (d) None of these 


Answer Keys 


1. (c) 2. (b) 3. (d) 4. (c) 5. (a) 


m@ SOLVING EXPONENTIAL INEQUALITY 


To solve an exponential inequality we use following prop- 
erty of exponential function 


(i) The value of a* increases as the value of x increases 
when base a € (1, «) but the value of a* decreases as 
the value of x increases when base a € (0, 1). 


5. The solution set of the exponential equa- 
tion 2lsmll + 5 6 is; where |.| is modules 


and [.] is gint function 
(a) R-{ (2m) Zsnz} 


(b) R 
(c) R-{na,ne Z} 
(d) None of these 


6. The solution of equation 9* — 4 (3*) + 3 = 0 are 
(a) 0,2 (b) 1,2 
(c) 0,1 (d) 2,3 


7. If (2° = 3)" = 16; then the value of 4*is 


(a) 16 (b) 64 
(c) 49 (d) None of these 
6. (Cc) 7. (Cc) 
. ore ifa>| 
a>za> 
x<y if ae(0,1) 


(ii) The elementary exponential inequalities are inequali- 
ties of form a* > k, a* < k, where a and & are certain 
numbers (a > 0, a 41). Depending on the values of 
the parameters a and k, the set of solutions of the 
inequality a* > k can be dealt in the following forms: 
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(b) x € (-«, log k) for0<a<1,k>0; (ili) 


(a) x € (log,k, 2) for a> 1, k>0 ? ee eR 


w f(x=y)= f(x) 1 f(y) 


(c) xe R fora>0,k <0; 


Depending on the values of a and k, the set of solutions 


where f(x) = a*;a>0,a# 1. 


of the inequality a* < k can be in the following forms: 


ILLUSTRATION 20: 


SOLUTION: 


ILLUSTRATION 21: 


SOLUTION: 


ILLUSTRATION 22: 


SOLUTION: 


ILLUSTRATION 23: 


SOLUTION: 


Solve the following exponential inequalities for x. 
(a) 9° >6561 (b) 7***1 > 343 
(a) The inequality 9” > (3) 

— g2x 2 > 3° 

base 3 > 1 hence functions 37 1s increasing function 

> 2x*-2>6 > *>4> («-2)(%+2)>0 > xe (~, -2) VU (2, &) 
(b) The inequality 73%" > 343 

> pret > 7 

Functions 7* 1s increasing function *." base 7 > 1 

=> 3x—-x*?+123 > x-3x+2<0 > -1)-2)<0 

= x [1], 2] 1s the solution set. 
Solve the exponential inequalities for x: (121)* — 132 (117) + 1331 =0 
Consider the inequality (121)* — 132 (11%) + 1331 =0 
Put 11*=t 
=> f-132t+ 133120 => f-121t- 1114+ 133120 
=> (t- 121) (@-11)20 => te (¢-, 11] U [121, «) 
Substituting the value of t = 11* and keeping in mind that 11% is positive 
=> 0< 11*< 11 or 121 < 11% <oo (Since 11* 1s increasing function) 
> x E(-0, 1] u [2, «) 
Solve the exponential inequalities for x: ee S 

4” —24.(2") +128 
Given 1 78 +8. 
4* —24,(2*)+128 
Let 2% = y; substituting 1n the above inequality, we get, Bae ee < 
y —24y+128 

(y=2)(9-4) <0 ory=2,4 

(y-8)(y—16) 7 ny a a 
Applying method of interval 
=> ye(2, 4) U (8, 16) u {2, 4} > y €[2, 4] U (8, 16) eas 
Now since y = 2*. >2<27<4 > 1sx<2 
and 8 < 2* < 16 >3<x<4 ad x €[1,2]VGB,4 
Solve the inequality for 3vs*-24 5 32-1 
Consider xt —2x? +1 >2x-1 


> (x? -1) > 2x-1 = |? 1] 22-1 (i) 
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Casel: If o<x< 1/2 


L.H.S. 1s non-negative where as R.H.S. has -ve values 


1). 
so xE oar is solution 


Case li: 1/2<x<1 

2x-12>0;x?-1<0 => |?-1l/=-’+1 => -x?+12>2x—-1 (using (1) 
=> x?+2x-2<0 => xe|-1-v3,-1+43 | => re| 305-1 

Case Ill: x > 1 

=> 2x-1>0;x*7-120 => |xXP*-1l]/=x-1 => x*-12>2x—-1 (using ()) 

=> x*-2x2>0 => x(x-2)2>0 > x<Oorx2>2 

'. Finally x € [2, 0) 

. Over all xe (-, 3 -1|U[2,00) 


ILLUSTRATION 24: Solve the inequality for | x pet 
SOLUTION: |x/* *?>|x/° 


Casel: 0 <|x|<1 

> -l<x<1,x#40 > (@-2)@1+1)<0 2&> xe [-l,2] 

Under the given conditions —]1 <x <1, x #0, solution set 1s (—1, 1) ~ {0} 
Case Il: |x|> 1 

> x<-landx>1 => xX-x-22>0>x<-l1,x>2 


Under the given conditions x <—-1,x > 1, x € (-oe, -1) u [2, &) 
Case Ili: |x| = 1 > x =+1, the inequation holds true. 


Finally, x € (—oo, 1] u [2, 0) — {0} 


3x-1 x—3 


ILLUSTRATION 25: Solve the inequality for 3 (8 yea) 2 297 


SOLUTION: Considering the given inequality Hane é ons) >) 


1 Gx-l) 3(x—3) 
2(3x-1) 3(x-3) 3x-1 3x-9 
=> ‘ = oe — A pee a oo a < 
Bes eet 3(x-1) 3x-7 
3x-1 (3x-9) 9x” — 3x—21x+7—-9x? +27x+9x—-27 
-———= <0 DEO. ¥¢ 
3x-3 3x-7 (3x — 3)(3x—- 7) 
12x-— 20 
(3x-— 3)3x-7) 
Using Wavy Curve Method, we get, xe (—c0,1)U E z) 


0 


<0 => (3x—5) (3x—3) (3x—7)<0 


ILLUSTRATION 26: Solve the inequality for 3* + 6.3%" <5. 


SOLUTION: Considering the inequality 3* + 6.3%" <5 as we know Vx? =|x| 
So, problem becomes 37 + 6.37! <5 
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TEXTUAL EXERCISE-4 (SUBJECTIVE) 


1. Solve the following exponential inequalities for x. 5. Solve the following exponential inequalities for x. 
(ay 2h, (a) 6*— 2(3*) -—3(2) +6>0 
(b) 16*> 0.125. 1\: i 
(c) (0.3)"3"6 < 0.00243. (b) 2** > = | or 2°47 > (27):. 


2. Which of the given numbers 1s greaters? 
(a) 23° or 370° (b) 54‘ or 21” 
(c) (0.4)‘ or (0.8) (d) 10*° and 40'° 


(c) 2° +2" > 242 


6. Solve the inequality for 3¥°-2*"+1 5 3h 
3. Solve the following exponential inequalities for x. 


(a) x+1V3 >9. (b) 2° +2" -3<0 7. Solve the exponential inequality V9" + 3*-2 > 9-3* 
(c) 5? 57 = 0 for x. 
4. Solve the following exponential inequalities for x. 8. Solve the following exponential inequalities for x. 
(a) cael (b) 272-241 4 2x1_9*2.<9 (a) 4*-2** -6*+4.3* <0 
a" . | x? 5x49 
©) 24> 2 © (eae 
Answer Keys 


1. (a) ( «, 3/8) (b) (3/44, 0) (c) ~~, 1/2) U C1, ©) 

2. (a) 32° (b) 212 (c) (0.8) (d) 10” 

3.(a)xed, (6) 0,1) © 5,5) 

4.(a)xeR (b) © ~,2] (c) © ~, - 3/2) U (3/2, «) 

5. (a)xe R~ {1} (b) x € x) (©) (-~,log,(V2-DJULI/2, +2) 


6. R~(-1,0) 7 10g, $5 = 8. (a) (-2, 0] U [2, 0) (b) R— (0, 1) U Q, 3)) 
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TEXTUAL EXERCISE-2 (OBJECTIVE) 


1. Which of the following is/are correct? 
(a) (0.2)’> (0.8)* (b) (0.2)’< (0.8)* 
(c) (LOy"°< 00)" = (d) (10)*"> (500)" 


Vx+2 
2. Solution of the exponential inequality (= >3-* is 
(a) (00, 2) (b) (2, &) 
(c) (2, 2) (d) None of these 
6—-Sx 


2+5x 
3. Solution of the exponential inequality 2 < 


2) 


(a) (<0 , — 2) (b) (-2/5, «) 
(c) (-2, — 2/5) (d) (-c, — 2) U (2/5, «) 

4. Solution set of the exponential inequality 
22" tl og i 

2*-1 
(a) (0,0) U[]l,%) (©) [0, 1] v [1, ») 
(c) (-, 0) (d) [1, ~) 
Answer Keys 
1. (b,d) = 2. (b) 3. (d) 4. (a,c,d) 5. (b) 


m@ LOGARITHMIC FUNCTION 


“Logarithmic function is defined as inverse function of 
exponential function”. All the properties of logarithms are 
consequences of the corresponding properties of the expo- 
nential function, 1.e., “Principles of Indices”. 


NOTES 


5. Solution set of the exponential inequality 12*— 2 (3%) 


— 3(4") +6 <Ois 
1 1 ] 
ae b) |} —,1 
@ ($5| ) (Fa 
(c) (1, 3/2) (d) (1/2, 2) 
6. Solution set of the exponential inequality (1.25)'*< 
(0.64)20+) ig 
(a) (QO, 25) (b) ©, 1) 
(c) (25, «) (d) None of these 


1 2 
7. Solution set of the exponential inequality (1/3) 7 * > 
| 


J27 
(a) (-0,-1)U (0,2) (b) CL, 2) 
(c) (2, 3) (d) (2, 0) 


iS 


8. Solution set of the exponential inequality gy 4096 
1S 
(a) (1/3, 0) 
(c) (1/3, 4/3) 


(b) (473, 0) 
(d) None of these 


6. (c) 7. (a) 8. (b) 


Definition 


The logarithm of any number N to the given base a is the 
exponent or index or the power to which the base must be 
raised to obtain the number N. Thus if a* = N, x is called the 
logarithm of N to the base a. It is denoted by log N. 


“log N=x@Qa=N,a>0,a#1 andN>0 


(a) The logarithm of a number is unique i.e., no number can have two different logarithms to a given base. 


(b) The base 'a' is positive real number, but excluding 1, i.e., a > 0, a # 1. As a consequence of the definition of 


exponential function, we exclude a= 1, 


Since fora= 1, log x=y = x=a"= 1’ which has no relevance to the cases of log x when x# 1i.e., for all values 


of exponent, the value of x remains 1. 


(c) The number 'x' represents result of exponentiation i.e., a’, therefore it is also a positive real number i.e., xX = a’ > O 
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(d) The exponent''y', i.e., logarithm of 'x'is a real number and neither a nor x equals to zero. 

(d) Domain of function y = log x is (0, 0) and the range (—~, «). 
when x > 0, then log_x —+ —o (fora>1) and log x —+ 0 (for0<a< 1) 
because y=log x = x=a’ which approaches to zero iffy >-woasa”’=0 Va>TI 
and when a é (0, 1), x =a’ approaches to zero iffy>a0 °:a°=O0if0<a< 1. 

(e) Common Logarithms and Natural Logarithms: The base of logarithm 
can be any positive number other than 1, but basically two bases are 
mostly used. They are 10 and e (= 2.718 approximately). Logarithm of 
numbers to the base 10 are named as common logarithms; whereas 
the logarithms of the numbers to the base e are called as natural or 
Napierian logarithms. 

If a= 10, then we write log b instead of log, ,6. 


lf a=e, then we write {nb instead of log,. 


log,a 
‘. we find log.a = log,.a.log,10 or log,.a = — = 0,434 log (this 
9g. IJ 10 g. Ii log, 10 9. ( 
transformation is used to convert natural logarithm to common FIGURE 2.13 


logarithm) 


ILLUSTRATION 27: Find the log of 81 to the base 3. 
SOLUTION: Let the logarithm of 81 to the base 3 1s x > log,81 =x 


Ss F7=831S>3*=CGySox=—4 


ILLUSTRATION 28: Find the logarithm of 32 ‘/4 to base 2 V2. 


SOLUTION: Let x be the required logarithm; then by definition, 2/2)" = 3) 3/4 


(2.21)* = 25, 275 = 262) = 7542/5 = He aie 18 oy 


ILLUSTRATION 29: Evaluate the following: : ; 
id) log 236 eG) Oe 
SOLUTION: (a) Letlog,256=x = 4*=256=4' => x=4 
(b) Since g’®" — N ; taking N=625 anda=5 = 5/0865 _ 695 
(c) Similarly, 9% = (37) =(3°™ )’ =(625) = 390625 
ILLUSTRATION 30: Express log of x to the base 5 in each of the following cases: 
(a) (25) 3 =125% (b) (625)° = 25x 


Gy 
35 


Bee 
5 


SOLUTION: (a) «° 125x=(25)'* => x =) 


Now applying definition of logarithm 1.e., a” =x & log x = y, we get log. x = -17 
5 


(b)' Given (625) = 25x 


16/9 16 2 


16_, 2 p: 
=x 9 = 9 — lo ae 
25 => 5 x => 5 x — 108, 9 


ILLUSTRATION 31: If log,x= a, log, y= b and log, z= c, then find the value of 


and z. 
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(27)* +(343)’ 


in terms of x, y 
(512) 


SOLUTION: Given log,x = a; log.y = b and log,z =c 


> x=3%, P=yand2=z => = (39 =274 ¥ = (753 = (73) = (343) and (512)° = 2? 


Replacing these value in the expression 


TEXTUAL EXERCISE-5 (SUBJECTIVE) 


1. Find the domain of the following functions: 
(a) y=log,(9-x*) (b)_ y=log,(x* -4) 

2. Let a = a™*?, then evaluate log,a. 

3. Evaluate the following: 
(a) log, <5 (b) log 5 343./7 
(c) log, 1024 


l 
4. If log,x=a then evaluate 7(2401) * in terms 
of x 


Answer Keys 
1. (a) x € (-3, 3) (ti) x € (0, -2) U (2, «) 
3. (a) 2/3 (b)7 (c) 10/3 
5. (a) x € (0, 1)UGB,0) (6b) xe -2,-1) UC, 2) 
6. (1, 3) U (7, @) 


m@ PROPERTIES OF LOGARITHM 


Let a and 6 be arbitrary positive numbers such that a > 0, 
a#1,5>0,b6#1, then 


1. log, | = 0 because 0 is the power to which a must be 
raised to obtain |. 


Proof: Letlog |l=x>a‘=1=a>x=0ie., log 1=0 


2. log a = | since | is the power to which a must be 
raised to obtain a. 


Proof: Letloga=x>a‘=a=a'>x=lie,loga=1 


3. a.’ = N and log a’ = N, as N is the power to which a 
must be raised to obtain a”. 


Proof: Letlog N=x>a*=Nor, a =N [. x = log N] 


(27)* +(343)? _ ety” 
(512)° a 


5. Find the domain of the following functions: 
(a) f(x) =log,(x* —4x+3) 
(b) f(x) = log, (4 = x*) oF log, (x° a I) 
t+5t+9 
C t) = log ———_—— 
OU AO aoe teas 
6. Solve the equation |x — 5| > 2 for which log(x — 1) is 
defined. 


7. Solve the equation x* + | = 2x” for which log(x + x) 
as a real value. 


2. 0 
4. 49(x'’) 

(c) x € (0,2) U (, @w) 
Te.1 


4. log (a.b) = log 


mR m 


la|+ log |b|; a.b > 0) 


Logarithm of the product of two numbers to a certain 
base 1s equal to the sum of the logarithms of the num- 
bers to the same base. 


Proof: Letlog, |a| =x => m*=|aland log |b|=y> m’ = |b. 
la|.|b] = mm = mY => a.b=m* (1) 
Also let log, (4.6) =z => m’=a.b=|ab| (41) 

From (1) and (11), we have m° = m*%>z=xt+y 
[m1] 


16%; log (a.b) = log Jal + log Jd]. 


mM m 


Note that for a, b > 0, log (ab) = log a+ log b 


3. log, (a/b) = log lal — log, |b|; where (a/b) > 0.1.e., loga- 
rithm of the quotient of two numbers of same signs 1s 
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equal to the difference of their magnitudes logarithms, sas te NA | al ie 
base remaining the same throughout. From (1) and (1), — = |—)= = —_= m*” 

b |b] |b] m’ 

Proof: Let log |a| =x => m* = |a| (1) Now, from (iii) and (iv), we have m* = m*-¥ >z=x-y 
mF | 
log, [0] = y => m’ = [0 ay | ™*? 
i 1.¢., log (a/b) = log lal — log |d| 

and log (a/b) =z > m® = a/b. (11) | Note that for a, b > 0, log (a/b) = log a-— log b 


6. log N*=klog IN (V k € R for N> 0 or kis such that “ @ =N = |NKF=(@) = a® 


M'> 0 if N< 0) => y=kv.ie., log (N4 = klog |N 

1.e., Logarithm of the permissible (power of a number) 

is equal to the product of the power and logarithm of the 7. log» N = (1/k).log,, N, a*> 0 

magnitude of the number (base remaining the same). 
Proof: Let log |N| = x > @=|M peck. top ve oe ee ee = Hiog N 
Also let log (V4) = y ° loga’ logijal & loga k ™ 


ILLUSTRATION 36: 


SOLUTION: 


ILLUSTRATION 37: 


SOLUTION: 


ILLUSTRATION 38: 


SOLUTION: 


ILLUSTRATION 39: 
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Find x from the equation a* c* = b*"!. 
Taking log on both sides, x loga — 2x loge = (3x + 1) logh 


logb 
x(loga — 2loge — 3logh) = logh 


Va 
Solve log, —= if log a = 4. 
vb . 


a1 1 4 1 
log., 9 = 73 Bas a- 7 08a b= 3 7 08 0 


It remains to find the quantity log , b. Since 
1 = log ,ab = log ,a + log ,b = 4 + log ,b 
7 4 1 17 
It follows that log ,b = —3 and so log va = —-——,(—3)=— 
vb 
Solve log.16 if log,,27 = a. 


The chain of transformations log.16 = 4 log,2 = log, 6 = 1+log, 3 
2 2 


shows us that we have to know log,3 in order to find log,16. 


We find it from the condition log,,27 = a (given) 


=> a@=log27 =3 log 3 = —>—=—_>* _ => __ = 98s 
log,12 1+2log,2 ,, 2 2+log, 3 
log, 3 
, _ 2a _ 4(3-a) 
which means that log,3 = ——— (a # 3), we finally have log.16 = ———— 
“ 3-a ° 3+a 


Solve x + log,, (1 + 2*) =x log,5 + log,,6. 


ee loga— 2logc—3logb 


SOLUTION: ‘Transposing x log, ,5 to the left member of the equation and utilizing the laws of logarithms, we 
get, x + log,,(1 + 2%) — x log,,5 = x log,,10 —x log,,5 + log,,(1 + 2%) = log,,2* (1 + 2%) 
The equation can thus be rewritten as log,,2* (1 + 2%) = log,,6, hence 
(27)? + 2*-6=0 
Denoting z = 2*, we arrive at the quadratic eqution z* + z — 6 = O which has the roots 
z, = —3, z, = 2. Since the equation 2* = —3 is impossible (because 2* 1s positive for all values 
of x), it remains to solve the equation 2* = 2. It has the root x = 1, which 1s the sole root of the 
original equation. 

8. log,a = log_a log,c and log,c =z => b=c 
Proof: Let log,a =x — b*¥ =a Now Bh =a=cC=(6Y=b¥ > x=yz, [. b41] 
log a=y > C=a 1.e., log.a = log a.log,c. 
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loga Proof: Cross-multiplying, we get log,a. log b = log.a 


- a eT (base remaining the same in | (which is true by property 8) 


numerator and denominator) 


10. log,a.log b = | Proof: Let log.a=x 
=> *=aand log b=y>a’=b 


=> log,a= 
Es log, 5 Now a=b*=(@)=a’>xy=1 
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log,,168 xy+l1 


= (8— 5y) . Hence log,, 168 = log, 54 x(8—5y) 


ILLUSTRATION 44: Solve the system of equations 5 (log, x + log y) = 26 and xy = 64. 


SOLUTION: It is clear that it must be true that x > 0, y> 0, x #1, y # 1. Denoting z = log_y, we find that the 
first equation of the system can be rewritten as 5(z + 1/z) = 26, whence z, = 5, z, = 1/5. This 
means that the solutions of the original system must be sought among the solutions of the sys- 
tem log y = 5 and xy = 64 and of the system log y = 1/5 and xy = 64. 

Solving these systems and choosing those solutions which satisfy the conditions x > 0, 
x #1, y > 0, y #1, we obtain the answer. The original system has two solutions: x, = 2, 
y, = 32, x, = 32, y, = 2 


ILLUSTRATION 45: If x=log,, (2 y =log,, (=) z=log,. (set = log, ; (2) , then 


eee : ae = log .gV¥ + 1, then evaluate N. 


xt+1] y+l z+1 w+l 


2abcd 


SOLUTION: x= a x+1=log,, ( = log,, (abcd) 
=> 


acd 3abcd 
aed y+1=log,, (set) = log,, (abcd ) 
=> 


Similarly z + 1 = log, (abcd) and w + 1 = log, {abcd) 
] 1 l 1 
—— +—— =lo 2ax3bx4cex5 
A po er es no) 


= log... {120 abed) = log,,(120) + 1 = log, N+ 1 (given ) => N=120 


11. D8? = b}°8,,.4 | 
oa p 7 Bnd 
Proof: Let a%.° = y. Taking log to the base m, O8 m 


log y = log b log a = logy =log,a 


m 


=> y= b!°8,,2 


ILLUSTRATION 46: Evaluate (1) 8'°%° (11) evaluate (81)? — ii) (49)! 25/49) 
SOLUTION: (i) 8&3 = (3)%%8 = (3)? = 27 "7 qlety > = flosy a] 


(ii) a ele ks (sie 3) re (ely (81) | = 22" _- (2)' 


(iii) agai) =i 49)198725-l087 49) — ( Ag)" = ( 49)" (49) ° 


| 2 
= (95)""" =(9 a(S) _ 625, 
) (49)° (74) "(49 \49) 2401 
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ILLUSTRATION 47: Solve the following: 
(a) log, ; 27 (b) 5 {!82y2!5) (c) log,5.log,.27 


SOLUTION: (a) Let log, ,27 =x = (3V3)* =27 


3 
> 3)? =3 >x=2 


(b) log, gs = Wen = = log, 15, Applying the fundamental logarithmic identity, we get 


qieeaals = 7 2/3log, 15 = (pre = 1523 = 3/225 
(c) log, 5.log,, 27 = log, 5.log., 3° = = log, 5.log, 3 


but log,5.log.3 = 1, it follows that log,5 log,.27 = 3/2 


TEXTUAL EXERCISE-6 (SUBJECTIVE) 


1. Express log of x to the base 2 in each of the following 6. Prove that 
cases: (a) log (1 +2 + 3) = log! + log2 + log3 
(a) 323 —4x (b) ae By (b) log360 = 3log2 + 2log3 + log5 


2. Evaluate the following logarithms: as eevee : : ; 
(a) log, 512 (b) log, 5 (32) (a) log (=) +log (=) + log (=) =0 
(c) log,128 v2 oe “y 


log, 24 log, 192 
3. Evaluate the following logarithms: ae ee 


b 
~ log,,2  log,,2 
(a) log, 8.log, 2.log, 5.log, 4log, 2.log, 3.log, 3 


log, N 
(b) log, 48, where log, 3 = A 8. Prove that ar 1 + log 6 and indicate the per- 
(c) log, 27 — log,, 9 missible values of the letters. 
4. Evaluate the following logarithms: 9, Let A denotes the value of 
log,12 log, 4 4/25 ab+1(ab)* - 4(a +5) 
Oa ay pis ag l | ae ea ee 
©) Jog,3 log,3 185 655 “lO 2 
(c) log, log, log, 81 5 
woe ab — (ab) —4(a+b) 
5. Evaluate the following logarithms: log ig aa aad | 
(125)(625) 
(a) log; 15 When a = pee b= 4 and B denotes the value of the 
08618 0863 _. 
) (logioo 10) (log, (log, 2)) (log, (log, (256) )) expression (2 ).(3 ). Find the value of (A. B). 
log, 8+ log, 4 10. (a) If x = log,4 and y = log.3, find the value of log,10 
( ae and log,(1.2) in terms of x and y. 
(C) BI 7 oe ere (b) If K 98° =16, find the value of K (logy : 
Answer Keys 
1. (a) -1/3 (b) -3/2) 2. (a)3 (b) 10/3: (ec) 7/3. 3. (a)1l (b) 4+A (c) 5/6 


4. (a)2 (b)-7/2 (c)1 5. (a)5 (b) -< (c) 890 9,12 10. (a) ~< 13 (b) 625 
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TEXTUAL EXERCISE-3 (OBJECTIVE) 


1. The logarithmic representation of equation (256)!!°= (a) 4 (b) -4 
8x 1S (c) 2 (d) Not defined 
(a) log,x = 2/5 (b) log, x = 8/5 ; 
(c) log, x =-11/5 (d) log, x = 3/5 6. The value of (log,24 )(log,.2)* — (log, 192 )(log,, 2)” 
7 ” 1S 
log, 32. 
2. The value of —=2~~is (a) 2 (b) 3 
log .,8 (c) 4 (d) 5 
(a) 5/6 (b) 10/3 ; 
(c) 6/5 (d) 2/5 Pa lig log—+ Slog——+ 3log—= log A; then the value 
3. The value of log, 625 where A = log, (125)(625) of log, ,A 1s 
(a) 0 (b) | 
(a) 2 (b) 3 (c) 2 (d) -1 
(c) 4 (d) 5 
4. The value of log, log, log, 256 is ai 
(a) 0 ame ef ; 8. The value of a °*“ is equal to 
a 
() 2 a) 3 (a) log,N 
(b) log NV 
5. If the value of log,,, 10000 is A then the value of (c) log,a 
log, ,, A*1s (d) None of these 
Answer Keys 


1. (c) 2. (b) 3. (c) 4. (a) 5. (b) 6. (b) 7. (d) 8. (a) 


SOCARITHMIC EQUATIONS 


if we have an equation of the form log f(x) = b, (a> 0), a # 1 1s equivalence to the equation f (x) = a’; f(x) > 0. 


Some standard forms to solve logarithmic (b) Any positive root different from unity if a = | and 
equations b=0 
Type 1: An equation of the form log.a = 6, a > 0 has (c) No roots ifa = 1,5 #0 


(a) only root x = a, ifa#1andb#0 (d) Norootsifa#1,b5=0 
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Type 2: Equations of the form 
a) fdogx)=0,a>0,a¥1 
(i) g(log.a)=0,a>0 


=> x=a",a”",......,a* and equation (ii) is equivalent 
to g(v) = 0; where y = log.a 


If Vy, Vo Vy +, are the roots of g(y) = 0, then 
Then equation (1) is equivalent to ft) = 0 where t = log x : 7 - 
Ift,, t, t, ...t, are the roots of ft) = 0, then log x = ¢,, log, a = y,, log.a = y,, ..., loga =y, 


_ _ _ ly l/y l/y 
log x =t,,..., log x =t, = a0 0 eo 


Type 3: Equation of the form (11) log,.A = log... A, A > 0 is equivalent to the systems of 
(i) log fix) = log, g(x); a > 0, a# 1 is equivalent to sys- simultaneous equations and inequations as given below: 
tems of simultaneous equations and inequations as &(x) > 0, 
given below: System 1: g(x)#1 and 
> 0 and = 
System 1: pe — I)= 8) 
f(x) = g(x) f(x) >0, 
: (x) > 0 and System 2: f(x) #1 and 
System 2: 
F(x) = g(x) F(x) = g(x) 


(Any one of the two systems can be used) (Any one of the two systems can be used) 
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Type 4: Equation of the form (11) log aay ©) = 108 6) f(x) is equivalent to two systems of 


(i) lo Sey g(x) = lo Sis h(x) is equivalent to two systems of simultaneous equations and inequations. 


simultaneous equations and inequations. I(x) > 9, 
g(x) > 90, 
g(x) #1 and 
&(x) = A(x) 
F(x) > 9, 
h(x) > 0, 
h(x) #1 and 


g(x) >9, System 1: 
System 1: f(x) >0 and 

g(x) = A(x) 

h(x) > 0, 
System 2: f(x) > 0 and System 2: 


ae g(x) = h(x) 


(Any one of the two systems can be used) (Any one of the two systems can be used) 


2.30 >» Fundamentals of Mathematics—Algebra | 


h(x) > 0, 

h(x) 41, 
Type 5: An equation of the form log,,,. [log a Ff (x)] = 0 is equivalent to the system 4 g(x) >0, 

g(x) #1 and 


F(X) = g(x) 


f(x) > 0 and 


Type6: Anequation of the form 2m log f(x) = log g(x), a > 0;a#1,m € Nis equivalent to the system { SOOP" = 2(x) 
x)" = g(x 


Type 7: An equation of the form (2m + 1) log f (x) = log g (x), a > 0 a #1,m é€ N is equivalent to the system 
| f(x)>0 and 


[fr = g(x). 
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I(x) > 9, 
Type8: Anequation of the form log f(x) + log g(x) = log m (x),a>0a# 1 isequivalentto the system 4 g(x) >0 and 
F(x) 8(X) = m(x) 


Type 9: An equation of the form log f (x) —log.g (x) f(x) >9, 
= logh (x) — log t(x), a > 0, a # 1 is equivalent t(x) > 0, 
to the equation log, f (x) + log (x) = logg () + | which is equivalent to the system 4 2(x)>0, 
log A (x) h(x)> 0 and 
I (x).4(X) = &(X).A(x) 
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TEXTUAL EXERCISE-7 (SUBJECTIVE) 


1. Solve the following equations for x: 5. Solve the following equations for x: 
(a) log, «- 1) =3 (b) log -(x —2x)=2 (a) logig(x—3)_ 1 
(c) log, (x* — 3) = 2? log, .(x-l) 2 


(b) logdog x) + log (log x? — 2) = 0; (where base of 
log is 10 everywhere. ) 
(Cc) log (cogs) > = 2 


2. Solve the following equations for x: 
(a) log (x + 1)-log @- 1l)=1 


0.25 
0.125) 47% = | —= log(v¥x+2+1 
©) - ( WO) 6. Solve the equation for x: log( Vx+2 +1) =5 
(c) a*b* = ¢° logV¥x-2 
3. Solve the following equations for x: 7. Solve the following equation /{ 3+ log, 9) log, x 
(a) Qllcex — 3! Hoax _ 210 = 0; (where base of log is 3) +1=0 
(b) log,, (@° —12x + 36) = 2 8. Find the ordered pairs (u, v) satisfying the equations 
4. Solve the following equations for x: 3(log, utlog,v)=10 and uv = 81 
(a) log,3. log, 3 + log,..3 = 0 9. Solving graphically, find the number of solutions of 
(b) log.x = (1/3). log,8 — 2log, 3 equation x” In|x| -— 1 =0 
Answer Keys 
1. (a)9 (b)-1,3 (© x=4V19 2 (a) 4/9 (b) 258 (©) x =log, 0° 3. (a)x=5 (b) x= 16,-4 
4. (a) x =9, 1/9 (b) 2/3 5. (a) 5 (b) 10 (c)x= 5% 6, 7421 
2 
7. x=2.83 8. (27,3);(3,27) 9.2 


TEXTUAL EXERCISE-4 (OBJECTIVE) 


5. The solution of logarithmic equation 5! + 5 x!°s° = 3 


1. The solution of logarithmic equation log ,(2x* — 4)=1 ae 
‘ (a > 0) [Base of log 1s a] is 


1S 


(a) 2 (b) -2 (a) 2hs (b) 27h 
(c) 3 (d) 4 (c) a'®? (d) None of these 
2. The solution of logarithmic equation log, log, log,x = 0 
is 6. Solution of the logarithmic equation log,,,.\7= 
(a) 4 (b) 6 log 2) | 
(c) 8 (d) None of se (a) , = (b) -2 
3. The solution of logarithmic equation i — ¢** 18 (c) 4 (d) 3 
_logab_ log, ,., ab 7. Solution of the logarithrmic equation 2 log 2x = log 
(a) oe cb | (b) [<2] (Tx — 2 -— 2x?) is 
a (a) | (b) 1/2 
(c) log. ab (d) None of these (c) 2/3 (d) 2 


log, (I-2x) 


4, The solution of logarithmic equation log 2.log, 2 =log, 2 8. The value x in the equation 9 = 5x* —5 is equal to 


(a) 2” (b) V2 (a) 2-10 (b) 1-2V10 
(c) 2 (d) None of these (c) -2- V10 (d) None of these 
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9. The number of solutions of log,(x — 1) = log,(x — 3) log 5 + log(x? +1) | 
is 10. The number of solutions of ——————— = 2 1s 
log(x — 2) 
(a) 3 (b) 5 (a) | (b) 2 
(c) 2 (d) 0 (c) 3 (d) None of these 
Answer Keys 


l(a,b) 2.(c) 3. (a,b) 4. (ac) 5 (b) 6. (d) 7. (b,c) & (c) 9. (b) 10. (d) 


Logarithmic inequality 


When base a > 1, then log x is an increasing function, 
whereas when 0 < a < |, then log x is decreasing nature 
function 

We can observe this by simply taking log.x and log, ,x 
and evaluating their values for various positive inputs and 
thus plotting the approximate graph of both functions. 


x [wish [aia [1 [2 [4 [8 


FIGURE 2.15 
To solve a logarithmic inequality, following facts must be 
kept in mind: 
Given a be any positive real number, then 


iex[+ [3 [2fa opr f(s 
jel P22 Tf | 
r 


(a) For a > I, the inequality log x> log y>x>y 
(Since, for a > 1, log x is an increasing function) 
=> Ifa>1,thenlogx<a =>0<x<a’* 
and logx>a >x>a* 
(b) For 0 <a< 1, the inequality 0<x<y= log x> log y 
( for 0 <a <1; log x is a decreasing function) 
=> IfO0<a<l,thenlogx<a > x>a’* 
FIGURE 2.14 and logx>a > 0<x<a’* 
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TEXTUAL EXERCISE-8 (SUBJECTIVE) 


1. Solve the following inequalities for x: 4. Solve the following inequalities for x: 
(a) log x2>0;a>1 (b) log x>0wherea< 1 (a) log, (?-2x)>1 (b) log,, 4x+6 50 
: x 


2. Solve the following inequalities for x: 
(a) log, x?-1<0 (b) log (2-1) <0if0<a<! . Solve the following inequalities for x: 
° ’ (a) log. (5x-1)>0 (b) log. (x?— 4x +3) <1 
3. Solve the following inequalities for x: is Ee 
(a) log, (x— 7) >0 where a > | . What can be said about the number x if it 1s known 
(b) log, @-1)>0 that for every real a #0; log (a’ + 1) <0? 
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7. Which 1s greater of the following? 9. Solve the following inequalities for x: 
(a) log,3 and log, ,5 (b) log,7 and log,3 (a) log. (3x-—1)<1 (db) log, 24-6 >0 
(c) 2 and (log 2 + log.) (d) log,2 and log, 3 1—-2x a 
(C) log, <0 
8. Solve the following inequalities for x: 
logy; (3.(1/2)* +5) oe - 4x-S_ 1 
logx+2 — glogx?+5 _ I ee 10. Solve the following inequalities for x: log , ——— > — 
(a) 3 <3 2 (b) q < 2’ Bimed Es x-2| 2 


Answer Keys 


1. (a)xef[l,o) (b)xe(,1) 2. (a) xe|-V2,¥2 | (b) x € (-0,-V2) (V2, 08) 
3. (a)x € (8,0) (b) xe (1,2) 4 (a) (-~,1-V3)U(1+V3,0) (b) x © [-2, -3/2) 


5. (a) (1/5, 2/5) (b) x € [-1, 1) UG, 5] 6. 0O<x< 1. 
7. (a) log,3 (b) log,7 (c) dog 2 + log,z) (d) log,3 8. (a) (10°, 0) (b) (log, 3, «) 


9, (a) (1/3, 2) (b) (—00, 1/2) (c) [1/3, 1/2) 10. (a) | v6 -1,5]~{2} 


TEXTUAL EXERCISE-5 (OBJECTIVE) 


1. 


The solution set of logarithmic inequality log, (x?— 2x) 
<0 is ; 

(a) (1—V2,1+V2) (b) (1-V2,0)U(Q, 14-2) 
(c) (0 ,0)U (2,0) (d) None of these 


The solution set of the logarithmic inequality log (x* — 
1)>0;a< lis 

(a) (V2, 0) (b) (20, — V2) U (V2, «) 

(c) (-V2, -1) u (1, ¥2) (d) None of these 


The solution set of the logarithmic inequality log, 


Bo 
2 og. 1s 


(a) (0 , 2-V7) U(2 + V7, «) 
(b) (2-V7,2+V7) 

(c) (00 , 0) U , «) 

(d) None of these 


Which of the following is/are correct? 
(a) log,5 > log, 1/25 (b) log,5 < log, 1/25 
(c) log,5 = log ,,,1/25(d) log,5 > log,5 


log, (x*—1) 


Solution set of the logarithmic inequality =| >] 


(a) (-V2,-1) U (1, V2) 
(b) (-V2, V2) 


(c) (~0 , — V2) U (V2, «) 
(d) None of these 


- Solution set of the logarithmic inequality log, , (x’— 4x 


+ 3)< lis 
(a) (0, 1)U G, w) 


(b) CL, 3) 


(Cc) ee 2-43 2+ 5 | 


(d) None of these 


- Solution set of the logarithmic inequality log,, 


2-—3x 
x 


(a) [1/3, 2/3] 


>-—1] are contained in the set 


- Solution set of the logarithmic inequality log, 


1+2x . 
<1 is 
l+x 
—| 
(a) -2.5 (b) G02) 
(c) (2, 0) (d) (-co, —2) U (1/2, «) 
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9. Solution set of logarithmic inequality log,, (x’— x — 2) 
> log,, x" + 2x + 3) is 


(a) (2, 5/2) (b) (5/2, 0) 
(c) (co, 2) (d) None of these 
Answer Keys 
1. (b) 2. (c) 3. (a) 4. (c,d) 5. (a) 


m@ IMPORTANT DISCUSSION 


Characteristic and Mantissa 


Generally, the logarithm of a number is partially integral 
and partially fractional. The integral part to the logarithm 
of a number 1s called characteristic and the decimal part is 
known as mantissa. 


Characteristic and mantissa 


(a) Given a number N, Logarithms can be expressed as 


log, NV 

=Integer + fraction (+ ve) 
1 
Characteristics Mantissa 


(1) The mantissa part of log of a number is always 
kept positive, the characteristic may be positive or 


ILLUSTRATION 64: 
log 3 = 477. 


SOLUTION: 


. =I ; 
10. Solution of set of inequality log ,,. og, = > 0 is 
—= xX — 
3 


(2) (0; =3) (b) (6, - 5) 
(c) (-6,-5) U (3, —2) (d) None of these 


6. (c) 7. (a,d) 8 (d) 9. (a) 10. (d) 


negative. e.g., if log. x = —1.4=—2 + 0.6 written as 
2.6. 
(11) If the characteristics of log,, N be n, then the 
number of digits in N before decimal is (” + 1). 
(iii) If the characteristics of log,, N be (—n) then there 
exists (7 —1) number of zeros after decimal point 
of N and before first significant digit. 

(b) The number of positive integers having base a and 
characteristic n = a" — a". 

(c) If the number and base are on the same side of the 
unity, then the logarithm is positive; and if the number 
and the base are on opposite sides of unity, then the 
logarithm is negative. 


(d) Characteristic of the common logarithm of 


(1) any number greater than | is positive. 


(11) any positive number less than | is negative. 


Find the number of digits in 12'*, without actual computation, where log 2 = .301 and 


We will make use of the result that, if 7, where 7 is positive be the characteristic of log y , then 


number of digits iny =n + 1. Lety = 12” 
logy = 12 log12 = 12 log (2? x 3) = 12 [2 log2 + log3] = 12 2 x .301 + .477) 
= 12)* 1.08 (approx.) = 12.96 = 12 + 0.96 
= Characteristic of log y = 12. Hence number of digits in y = 13. 


ILLUSTRATION 65: 


log (x*— 4x — 32) =6 


SOLUTION: 


log (x de — 32) Sa’ = 4 — 32 = (2) 


If log 2 = .301 and log 3 = .477, then find the value of logx, where x satisfies the equation 


=> x?-— 4x — 32 = 64 


>x*-4x- 96 =0> (x—- 12) (x + 8) =0 > x= 12 orx=-8 
but for logx ;x > 0 => logx = log12 = log(2)*(3) 
= 2log2 + log3 = 2(.301) + (.477) = .602 + .477 = 1.0798. 


ILLUSTRATION 66: 
integer divisors of x and y. 


If log 2 = .301 and log 3 = .477, logx = 20.301, logy = 15.477, then find the number of positive 
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TEXTUAL EXERCISE-9 (SUBJECTIVE) 


1. Prove the following results: 4. 
(a) 8 log x* logy’. log. z = 27 where a = yy’, b = 2’, 
c= x’. 
loga_logb _ loge 5, 


(b) a*.b’.c° = 1 where 
—c c-a a-b 


(Cc) xyz = xy + yz + zx. where x = | + log be, y 6. 


= 1 + log,ca, z= 1 + log ab 
2. Show the following: 


(a) pgar=p+qt+r+ 2 where p = log be, q = log,ca, 
r = log.ab 


l 
(b) log “= 7 5 logat logb) where a? + b? = 23 ab 


(c) xyz + 1 = 2yz. where x = log, a, y = log, 2a and z 
= log, 3a 


3. If log.a. log.a + log b.log 6 + log c.log.c = 3 (where 


a, b, c are different positive real numbers # 1) then | 10. 


find the value of abc. 


Answer Keys 


3. abe =1 5.x = l/zyy = l/b Ae 


an 1) log. 2 


. Find the sum of the series 


Given a? +B =c’anda>0;b>0;c>0,c-b£1, 
c+ bl. 


Prove that log a + log. , a = 2.log_,.a.log, ,a. 


ctb 
Solve the system of the equations (ax)'°8¢= (by)!*8; b's 
= a'*’ wherea > 0,b>0 anda#b,ab #1. 
If 0 <x <1, prove that log(] + x) + log (1 + x?) + 
log(1 + x*) +... to oo = —log(1 — x) 
] ] 

+ 

og,a log,a log,a 


up to n terms. 


. Prove that log,5 and log,7 are both irrational numbers. 


. Evaluate the value of x in the following: 


(i) log_log, ( x+5 +x] =0 
(11) log, log.(x? + 7) + log, log, @° + 7)" =-2 


Determine the value of k in log, 2. log,625 = log, ,16. 
log 10. 


9.4) 4 Gi) B 10. 5 
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TEXTUAL EXERCISE-6 (OBJECTIVE) 


1. The number of digits in (81)”*is (given log, 3 = 0.477) 5. If log,, abc . pgrst has mantissa 0.4971, then the 


as oer value of log,, a. bcpqrst will be (where a, 5, c, p, q, 
(c) 46 (d) None of these —— 
r, 8, t are digits and a # 0) 
2. The value of log,, (36) is (Given log, ,2 = 0.301 and (a) 2.4791 (b) 1.4971 
log,,3 = 0.477) (c) 0.4971 (d) None of these 
(a) 1.256 (b) 1.556 . 
(c) 2.566 (d) None of these 6. The characterstic of mare — logy log zlog , pis 
(a) —2 (b) - 
3. If ‘a’ is the characterstic of logarithm of number (c) 0 (d) 1 
0.0005798 and ‘b’ is the characterstic of logarithm of 
number. 352.526, then the value of a + b is 7. If log,,3 = 0.477 and and log,,2 = 0.301; then which 
(a) —2 (b) 2 of the following is true? 
(c) 3 (d) None of these (a) (3)7!> (2)*8 
4. The characterstic of log,, log, log, log, 19683 is (b) G)""< @)" 
(a) -1 (b) 0 (ec) Gy= 2)" 
(c) 1 (d) 2 (d) None of these 
Answer Keys 


1. (c) 2. (b) 3. (a) 4. (b) 5. (c) 6. (c) 7. (b) 
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MULTIPLE-CHOICE QUESTIONS 


SECTION-I 


OBJECTIVE-TYPE SOLVED EXAMPLES 


4 — Blog 5 NY 
1. The value of (a) ¢% is equal to 
_opy ali 
(a) N ° (b) N° 


(c) phy (d) None of these 


. F —Blog , N’ 
Sol. (a) Given expression = (a*) é 


log, N 
- SEF ee = 
-(*)™" (4 


—apy —apy 


ae > NS 


. The value of log,, ¥V729.V9''27*” is equal to 


(a) 4 (b) 1/4 
(c) -1/4 (d) None of these 


Sol. (c) The expression = log, , * 729 3/9°197-43 
= log, V 7292 91(27)*”” 


= log, ,, en (3° a) 
1/4 l 


i 6/8-1/2\) 2/8) et ranges 
=log,,; (3 ) = log). 3 4 log; 3 4 


- Complete set of solution of the inequality (log 2) 
(log ,,2)(log,4x) >1 is given as 
(a) 4 (b) 1/4 
(c) -1/4 (d) None of these 
Sol. (c) Consider the inequality log 2 log, 2 log,4x > 1 
clearly, x >0Oandx41,41/2 
l 
(log, x)(log, 2x) , 
2-y?- 
2+y 130 Ee ALD oes AE LT 
yi y+l) y(ytl) 
yi-2 J2)(y+V2 
<0 >(y- yt+v2)y(yt1)<0 
Pea Wavy Curve Method 


= 


eit 


+ 
~V2 -1 0 V2 

= ye(-v2,-1)U(0,v2) 

=> -v2 <log,x<-—l or 0<log, x< V2 


= VB crc or l<x<2” 


(log, Vx7- 4) log, Vx’ -4 
log ,.Vx —4 log, Vx°-4 


of x satisfying the equation 1s 


=1, then the value 


(a) us (b) = 
(c) as (d) None of these 


Sol. (a) Given equation 1s 
(log, Vx? -4) log. Vx" - 
log . Vx°-4 log Vx" = 


Domain of the expression on LHS 1s x € (2, 0) ~ {V5} 


(log, Vx" — 4) log, Vx" -4 
* 108, Vx°-4 Flog, Vx°-4 


2 
(using property log , x=alog,, x) 
l 
=> log, vx’- 7. => Vx?-4=Jx 
+ 
=> x’-x-4=0 _1tvi7 


but x can’t be negative so rejecting the negative 
value of x. 


Pie 


oe.) 


—- 


. The value of expression 


2 2 
pees ay y 
(a) xy(xtyy 
(c) xy(x ty) 


log, y+1 log, x+1 


ee 
+x.y"” is given by 


(b) xy @-y)’ 
(d) None of these 
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Sol. (c) Given expression 1s 
2 2 


x. yx Pe $218” yy yh 4 xy, ples 
= xy(x) + 2(xy) + xy(x) 
=xy(y’ +2xy +x") = xy(ytx) 
. The number of solution of the equation log 3. log_,,3 
+ log... 3= 0 is given by 
(a) x = 8, 2/8 (b) x =5, 1/9 
(c) x=9, 1/9 (d) None of these 
Sol. (c) Let log.x = y; substituting in the equation 
] ] 


1 
Sal ‘log 1” x a 
og, logx—l 8 
83 8] 


give 


~ JO-) 4) 
=> y=2,-2 


> y-yty-4=0 
=> log, x =2, log, x =—2 
=> pave: 

9 


. The number of solution of the equation 

ee Bh OS O10 = 0; (where base of log is 3) 1s 
(a) 1 (b) 5 

(c) 4 (d) None of these 


Sol. (b) 97° — 3°7"°8*_ 210 =0 


=> 9(3”) -3(3')-210=0; Let 3°" =2 
=> 92?-3z-210=0 > 327*-z-70=0 
14 


=> @-5)Gz414)=0 => 2=5 or —— 


But z can't be negative, as z = 3’ > 0. Soz= Sis 
only solution 1.e., 3! = 5 
=> logx=log 55> x=5 


. The number of solution of the equation log(log x) + 
log (log x* — 2) = 0; (where base of log is 10 every- 
where.) 1s given as 
(a) 10 
(c) ll 


(b) 12 
(d) None of these 


Sol. (a) Substituting log x = z in the equation, the 
equation reduces to log,,z + log, ,(3z — 2) = 0 notice 
that z > 2/3 


= log3z?-2z)=0 => 327-2z=1 


=> 37-2z7-1=0 => 32-3z+z-1=0 
=> 3z+1)@-1) 

> z=lor-1 [= = - is rejected 

=> log, x= 1 => x= 101s only solution. 


10. 


11. 


The number of solution of the equation 5!og* + 5x logs 
= 3(a> 0) ; (base of log = a) is given as 


(b) x=—a'! 


(d) none 


(a) x= 08s? 


(c) x= q 08? 


Sol. (c) Given 5'°%* +5.x'%° =3;a>0 
Applying the property a'°®*’ = b'**“, we get 
log, x = 2 = I 
6 2 
Taking log on both sides to the base 5, we have 


— 5loga* +5(5'%%*) me 


(log x) log.5 =-log.2 => log x =—log,2 
> y=q ? 
The inequality x2" > 9 is satisfied by 
(a) only one value of x (b) xe (0.4 


(c) x> 1/4 
Sol. (b) LHS > 0 


(d) l< x<2 


Squaring we get, x°@“" >4 

Clearly, x > 0 for log to be defined. 
Casel: x e€(0,1) 

Taking log,, on both sides, we get 

log, Vx x log,, x 2 log,, 4 

=> (log,, x) > (log,, 4)’ ; But logx < 0 


=> log, x<-—log,4 2 x< 1/4 


> xe (0, 1/4] 


Case ll x «€[1,«) 
taking log,, on both sides; we get 


= log, Vx x log,. x 2 log,, 4 
=> (log,,x) = (log,, 4). log, x 2 0 
= log, x 2 log,,4 > x24 


=> xe (0, 1/4] vu [4, ~) 
So option (b) 1s correct. 


Find the solution of the inequality: 


(2(log, x) —3log, x— 8)(2(log, x) —3log, x— 6} >3 


(a) Cee 5128 [URI 


(b) (0, | U Ee 283 U[27,0) 


1 1 
(c) (0, |u| iz Jura.) 


(d) None of these 


12. 


13. 


Sol. (a) Put log,x = y and 2y’ — 3y =z 

=> (z-8) (2-6) 23 

=> (z-9)(z-5)20 

> ze (0, 5) U [9, «) 

Casel: ze (-«, 5] 

=> 2y-3y<5 > Qyv-S5)v+)<0 
=> y>-landy<5/2 

= log,x 2-1 and log,x < 5/2 


=> x> 1/3 andx < 9V3 (i) 
Case ll: ze [9, 0) 
=> 2y-3y2>9 => Qy+3)~V-3)20 


=> y<-3/2 andy > 3 
= log,x < —3/2 and log,x = 3 


or x > 27 (11) 


taking the union of (1) and (1); we get 


l l 
xe (ou; 93 [L127 
The solution set of the equation, (x + 1)(log, x)’ + 4x 
log, x — 16 = Ois 

(a) an empty set 

(b) a singleton 

(c) a set consisting of exactly two elements 

(d) a set consisting of more than two elements. 


Sol.(c) (x + 1) log, x)’ + 4x log, x - 16 =0 
= x (log, x) + 4x log,x + (log, x)’ - 16 =0 
=> (x log, x + log,x — 4) dog, x + 4) =0 
either log.x +4=0 => x= 1/81 is one of the solu- 
tion or xlog,x + log.x — 4 =0 
Now y = x log,x + log,x — 4 1s an increasing function 
and it will have atmost one solution. And x = 3 is a 
solution to this equation 
The solution set of the given equation is a set con- 
tianing exactly two element {3, 1/81}. 


Find out the values of ‘a’ for which any solution of 
log, (x? —3x+ 7) 
log, (3x +2) 
tion of the inequality, x? + (5 — 2a)x < 10a 

(a) a< 3/2 (b) a= 1/3 
(c) a= 5/2 (d) None of these 


the inequality, <1 is also a solu- 


Sol. (c) x? — 3x + 7 > 01s satisfied Vxe R 
3x +2>0 => x>-2/3 


Casel: when log,(3x + 2)<0 > 3x+2<1 
> x<-1/ 
=> log,(x* — 3x + 7) > log,(3x + 2) 
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S = 3n 7 > 3x42 

=> x -6xt+5 >0 

> («-1l@-5)>0 > xE-~,1)U6,) 
=> xe (2/3, -1/3) 

Case Il: when log,(3x + 2)>0 => 3x+2>1 
=> x>-l1/3 

=> log,(x* — 3x + 7) < log,(3x + 2) 

=> a3 73 3x2 

=> @«-)Dew-5<0 > xe(l,5) 

Now x? + 5x — 2ax < 10a 

=> x?+5x-(10+2x)a < 0 


2 sh 
For re(-2,-3] (45) -10+2x>0 


45x _ x(x+5) x 
~~ 104+2x = 2(5+x) 


> a> 2 (maximum value that x can have 1s 5) 
2 


. The number of solution of the equation, log(—2x) = 2 


log (x +1) 1s 

(a) zero (b) 1 

(c) 2 (d) none of these 

Sol. (b) log(—2x) = 2log(x + 1) 

=> x<Oandx+1>0> x>-l 

=> xe(-l,0) 

Now —2x = (x + 1) (by taking antilog on both sides) 


=> -2x=x7?+1+2x 
~4+,/12 


=> Fae P10 — 7S 

=> x=2+%3 2 
Clearly x =-2- V3 ¢(-1,0) .. rejected 
but x = —2 + V3 ¢ (-1, 0) *. accepted 


Therefore the above equation has only one root. 


Linked Comprehension type 
Part ‘A’ For log y > 0, the necessary and sufficient con- 


ditions are 
a) x>landy> 1 
or 
(i) O<x<landO<y<1 


Part ‘B’ For log, y < 0, the necessary and sufficient 


conditions are 
a)x>landO0<y<1 
or 
(i) O<x<landy> 1 


15. Which of the following comes under the Part 'A"? 


(a) logs <0; <1t<0.8 
(b) log, 0.6 <0, 1<t<5 
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16. 


17. 


18. 


16. 


17. y= 


18. 


(c) log >0,1<t<2 

l l 
d) log 7 <0; —<t< — 
(d) log, i 5 


Which of the following comes under the part ‘B’? 
(a) Inz >0 
(b) log. e>0O 
(c) log, V2 <0;0<t<1 
(d) log 0.2>0,0<a<1 
Let y = log, 2.log, 3........ log,, 9.log,, 10.log,, 11; then 
(a) y will be less than 1 
(b) y = log,, 2 
(Cc) y>2 
(d) y lies between | and 2 
The set of real values of x satisfying log, (x* — 6x + 
6) > O1is 
(a) (-c0,3- v3) (b) (1, 3-3) U G +3, 5) 
(c) (1, 3-3) (d) None of these 
Solution 15. From part (c) log, ¢> 0 for 1<1t<2 
It comes under part(A) as base = 3 and ¢ lies on same 
side of 1 1.e., greater than 1 
From part (c), log, ¥ 2 <0 for0<1r< 
It comes under part (B) as ¢ and V2 lie on opposite side 
of lie.,t<1 and V2>1 
log,2 log,3 ..... log 9 log, 10. log,,11 
= log,,2 > 0 [as 12, 2 >1] 
Now for a> 1; log x is an increasing function 
=> log,,2 <log,,12 = 1 
log,,2 € (0, 1) > y € (0, 1) => options (a) and (b) 
are correct 
log, , («*— 6x + 6) > 0 
of part (A); x*- 6x + 6 € (0, 1) 


=> 0<x-6x+6<1>x-6x+5<0 (1) 
and x?— 6x + 6>0 (11) 
For sol. of inequality G): ( — 1) (@@—5) <0 

> xe(l,5) (111) 


For sol. of inequality 

i x € (00,3 - 73) (3+ V3, 0) (iv) 
Sol. of given inequation will be intersection of 
(a1) and (iv) 
ie., (1, 3 - V3) U GB + V3, 5) 
(b) and (c) are correct options 


Assertion and Reason type 


19. A: If In (& + z), In ( —z) and In (« — 2y + z) are in 


A.P., then x, y, z are in H.P 


20. 


R: Ink + In p = In (4p) fork, p> 0 and 2b=a+ec 
if a, b, c arein A.P 


Sol: *. In (« + z), In & —2), In (& — 2y + z) are n AP 
2In (x —z) = In (x +: z) + In(@e—2y + 2) 

In (x-—z’=In@w+z)(«-2y+z>(x«-zyv=(& 
+2) (x +z—2y) 


YU 


> 4+ 277-2xz =x? + 2? + 2xz- Qxy — 2yz 
=> 4xz = 2xy + 2yz > 2xz = xy + yz 
2XZ ; 
=> y= — >x, y, z are in H.P 
X+Z 
= Assertion 1s correct 
Clearly, the reason is correct and well defining the 
assertion. 
Ans (a) 


A: If p, q satisfy the equation x* = (Vx), then log, Dp 
defined > log 4 is not defined 


R: Base of a logarithmic function is always positive 


Sol: x= (vx) (i) 
Clearly, x = 1 satisfy the given equation (1) 

Let x # 1 and x> O(as for x < 0; L.H.S and R.HLS. are 
not defined) 


=! x =(x y’ => x 
> *-4%=0Dx@0-4=09x%=4(. 
x=l,orx=4 p.geé€ {1,4} 
= p, q are relatively prime and if log, 1 is defined 

then log,4 is not defined 


ee = (x)? > ve =x/2 > x =x7/4 


x #Q) 


Assertion is correct. Also reason 1s correct, but not 
a proper reason for assertion. 
Ans (b) 


Column Matching 


21. 


Column I 

(A) If x, and x, satisfy the equation x'®0*=100x , then 
the value of x,x, equals 

(B) Sum of the squares of the roots of equation log, 
(9-2*)=3-xis ; 

(C) If log, , log, ,, dog,,,x)) = 1/3, then x 1s 

(D) If log,a = 3, log,e = —4 and if the value of x sat- 
isfying the equation a** = c*™' is expressed in the 
form p/q, where p and q are relatively prime, then 
ptd@d iS 
Column II 

(P) irrational 

(Q) rational 

(R) prime 

(S) Composite 


Ans. (A) > Q, 8S (B) > Q,S (C) > PCD) ~ Q, R 


Sol. (A) x'%"* = 100x 

=> log,(x%°*) = log,, (100x) => (log,,x)? = 2 + 
log, 5 

=> (log x)’ — dog,,x) -2 =0 = [log, x — 2][log x + 
l]= 

=> log, x = 2 or log, x =-l1 >x = 100 orx = 1/10 


x,.x, = (100) ra =10 which is rational and 


composite > A > Q,S 


(B) Given equation is log, (9 — 2*) = 3 —x 


=> 9 —2* = (2)* => 9- Da 
=> 9.(2%) - (2 = 8 = (2")? 
=> (2*-1) (2*- 


> x=0;x=3 


~9(2) +8 =0 
8)=0>52"=1,2"=8 


Exponential Logarithm < 2.43 


Sum of square of roots = 9 which is rational as 
well as composite. 
> B-oQ,Ss 


(C) log, ,, log, ,, (log, ,,x)) = 1/3 


=> log,, [log, x] = (1/8)? = log, , [log, x] = 1/2 
=> log, ,x = 1/4)” = log, x = 1/2 
=> x = (1/2)? = 1/VN2 which is an irrational number. 
> (C\)->P 
(D) log,a = 3, log,c = 4 
=> a=b*;,c = 5b“, Given equation is a* = c*! 
=> (b)* = (b“! = b* = be 
=> 9x =-4xr +4 > x = 4/13 = p/q 
=> p=4,q=13 
‘. p +q=17 which 1s rational and prime 
=> (D)-Q,R 


SECTION—II 


SUBJECTIVE-TYPE SOLVED EXAMPLES 


ez " y= I = 
“oy ° Gy) 


Then log A = log(zx). " log(an) " oats) 


logA = log — log(vz) + log = — log(zx) + log — — . log(xy) 
y 


= (log ie log z) (log y : log z) + (log z — log x) 
(log z + log x ) + (log x — log y) (log x + log y) 
= (log y)’ — (og z)’ + (log z)’ — (log x)* + (log x)’ 
— (log y)’ = 0 
. log A =0;soA=1 


lo 
. Prove that (zx) ; 


Sol. Let A = (zx) 


1.e., L.H.S. =R.H.S. 


. Solve the following: 
(a) Jloes5 
(b) log,, tan 1° + log,, tan2° + ..... + log,, tan89° 
Sol. (a) qlee: 5 = “ez 910852 = (ims) 2" 
o J lees = 50832 = 508s 2 de 508s 2 = 0 
(b) log,, tan 1° + log,, tan2° + ..... + log,, tan89° 

= log,, (tan 1° tan2° ..... tan 44° tan 45° tan 46° 

mee tan89°) 
= log,, [(tan 1° tan 89°) (tan2° tan 88°) ..... (tan 44° 


tan 46°) tan 45°] 
= log,, [(tan 1° cot 1°) (tan2° cot 2°) ..... (tan 44° 


= 508s 2 


= 508s 2 


3. 


. Solve the equation log . 


cot 44° ) tan 45°] = log,, 1 =0 


logx _ logy _ logz 

y-z eS x-y 
also prove that »* + y** + 2*9 > 3 
Sol. For log x, log y, log z to be defined x > 0, y > 0, 
z>0 
ge aero OE ees 

y=zZ. Z=xX 2-yY 

=> x= 10%, y = 10", z = 10" 
=> (xj (vy tx (zy =1 10°" m2 427x247 —y?) =10°=] 
1¢., Py? 2ry = | (1) 


Again take the positive number x ””, y*** and z * 


A.M2G.M 
> 3/747 yee tty — | 


xr? Z+Xx x+y 
xv + y2* + z*Y > 3 hence proved. 


If , prove that w= y**z*7 = 1] 


+y "+z 


log... .(x°—2x)=0 


+6x4+8 2x°+2x4+3 


Sol. Base of logarithm > 0 , #1 

x Ox 8 and 2x? + 2e + 30 

(«+ 4) + 2)>0 and (x + 1/2) + 5/4 >0 
>xe(- 


00, —4) U (—2, 0) (1) 
and x? — 2x > 0, then x (x — 2) > 0 
x € (-0,0)UQ, «) (11) 


Then the given equation reduced in the form 


log (x? — 2x) = (x? + 6x + 8)° 


2x7 42x43 
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=> log,.,,, 0 -2x)=1 

= 2 = Qe 2 td ae ae 3 = 0 

. x=-1,-3 
x = —3 1s not satisfying (1) 
x = —3 is not a solution of the given equation 
But x = —1 1s satisfying both conditions (1) and (11) 
x = —1 1s the only solution of the given equation. 


. How many positive integers have characteristic 2 
when base is 3? 
Sol. Here, we use the result that the number of positive 
integers having base a and characteristic nis a”! — a”. 
In this problem a = 3 and n = 2. 
number of positive integers having base 3 and 
characteristic 2 = 37*! — 3° = 18 


. Ifmisanaturalnumbersuchthatn= p,".p,”.D3;°...--D; 
and p,, P»» Py»---> P, are distinct primes, then show that 
log n= k log?. 

Sol. Since 7 is a natural number and p,, p,, Pp, .--P, 

are prime numbers, therefore A, Ay Ay ..,a, are also 

natural numbers. 

Now, *.. 2 = De Py PD, 222, 
log n = a, log p, + a, log p, + 
log2 + a, log2 + .... + a, log2 

[".. smallest (+) ve prime number is 2] 

> log 2 + log2 + log2 + ... up to to & terms 

Dea eee Ve. ea er: See Were a,> 1] =k log2 


gy ad 


. ta, log p, 2a 


2 3 = 
. Prove that log, 18 1s an irrational number. 


Sol. Log,18 = log, (3° x 2) = 2 log,3 + log,2 = 

log,3 

It is sufficient to prove that log,3 is an irrational number. 

Suppose if possible that log,3 is a rational number. Let 

log,3 = p/q where p and q are integers 

=> 2°9=3 => 2? = 39 

Since log,3 > 0 

‘. p and q may be regarded as positive integers. 
Clearly, 2? is an even number where as 371s an odd 
number. Hence 2? = 37 is never satisfied. 

Hence our supposition that log,3 1s a rational number 

is wrong 


1/2 + 


= log,3 1s an irrational number 
=> 1/2 + log,3 is an irrational number. 
= log,18 is an irrational number. 


. Solve the inequality log ,, (x — 16) < log,, (4x — 11) 
Sol. log ,, (x * — 16) < log,, (4x — 11) 


= x*-16<4x-ll > x?-4x%-5<0 


10. 


11. 


=> -l<x<5 (1) 
Also log,,(x * — 16) is defined if and only if x’ — 16 
>0 


Nowx?-16>0 > x<-4orx>4 (11) 
Again for log, , (4x — 11) to be defined 4x — 11 > 0 

> x>Il1l/4 (111) 
(i), (41) and (ai) will simultaneously hold if 
4<x<5 


solution set = (4, 5] 


. Prove that from the equalities A EZ) = 
log x 
EAE), Oia aes 
logy logz 
Sol. Put 7Y+2—4) _ | 
log x t 


=> logx=tx(yvtz-x)>y logx=txy(vtz—-x) 

Similarly, x. log y=tyx (z+x-—-y) 
=> ylogxt+xlogy=txyQz)=2xyzt 
=> loge. vw=2xzt 

Similarly, for others. 
(x-0.5)(3-x) 

log, |x—1| 

Sol. Let x > 1 and x #2 

(x - 1/2) G- x) 

log, (x — 1) 


For 1 <x <2, log, (x — 1) is negative 


Solve the inequality; > 0 


Case I: 
(number and base on different sides of unity) 


=> c — .) (3-x)<O >No solution 


Case Il: For x > 2, log, (x — 1) 1s positive 
= c -3) 3-x)>O>xe (1/2, 3) > xE(2, 3) 
(x-1/2)(3-x) = 


log, (1x) 
Casel: for 0 <x <1, log, (1 — x) is negative 


=> (x-3| (3-x)<O >xeE (0) 

Case Il: for x <0, log, (1 — x) is positive 

=> [x-3| (3 -—x)>0 
; 

Hence final solution is (0 , aS (2,3) 


Again let x < 1, x #0 we have 


=> No solution. 


Solve the inequation (x? +x+1)*<1. 

Sol. Taking logarithm both sides with base 10, then x 
log(x? + x + 1) < 0 which is equivalent to the col- 
lection of systems 


12. 


13. 


log(x* +x+1)<0 ms 
log(x* +x+1l)>0 


x +x41<1 
or 
x +x+1>1 
x(x +1)< 0 
x(x+1)>0 


x>0, -l<x<0 
& 
x>0 or x<-l 


Consequently, the interval x €(— 0, — 1) is the set 
of all solutions of the original inequation. 


iyi 
Solve the inequation 3” G = >I 
Sol. The given inequation is valid only when x = 0 
(1) 
The given inequation can be written in the form 
= ae > 72-x-Vx>0 (-3>1) 
=> x+Jx-72<0 —) (Vx +9\(Vx -8) <0 
But (Vx +9) >0 for allx >0 
(Vx -8) <0 > 
O<x<64 from (1) 
Thus the interval x € [0, 64] is the set of all solu- 
tions of the given inequation. 


>1 


x <8 


log >.,,(2—y) > 0 


Solve the system of inequations 
log .4.,)(2x-2) > 0 


Sol. If the numbers x and y satisfy this system, then 

they also satisfy the conditions 2 -—x>0,2-—x #1, 

2x-2>0,4-y>0,4-y#1,2-y>0 

1.e.,x € (1, 2) and y € (—o0, 2) 

For the bases of the logarithms of the initial system we 

have 0<2-—x<1,;0<2-y<1 (buty <2) 

© 1<x<2,2<4-y<3. Thus the original system 
is equivalent to the system 


I<x<2 I<x<2 

va y<2 3/2<x<2 
peaaye3. l<y<2 hens 
X= 2> 1 x > 3/2 


Consequently, the set of all solutions of the origi- 
nal system is the set of pairs (x, y), when 
x € (3/2, 2) andy e€ (1, 2) 


14. 


15. 


16. 


17. 


Exponential Logarithm < 2.45 


Find the values of ‘p' for which the inequality: 


PN) cs 
(2-108, (524 baa Ee 1+ log, S57 — 2 


Dp ; : 
(1 + log, oa 1 > 0 is valid for all real x. 


Sol (2-Ox?+2(+)x-2(1+H>0 

when t = 2,6 x —6>0 which 1s not true V x € R. 
Lett 7 2*t<2 (1) 
and 4(1+4#?+8(1+ 2 2-92 <0 (for given inequal- 
ity to be valid) 

> (¢-5)(t+1)>0 


=> t>S5ort<-l (11) 
From (i) and (11); t<-— 1 
=> log, fe) SS. = 2k 
> Dt p+l 2 
—] 
2 <0 => -lep=l 
pti 
but P > 0 => p>Oorp<-l. 
pti 


Common solution is p € (0, 1) 
Determine all positive integers n for which 2” + 1 is 
divisible by 3. 
Sol. 2” + 1 can be written as (3 -1)" + 1 

= [3” + 1)” + a multiple of 3] + 1 

= (-1)” + 1 + a multiple of 3. 
Therefore 2” + 1 is divisible by 3 if and only if (-1)" 
+ | divisible by 3. 
If nis even (-1)” + 1 = 2 which is not divisible by 3 
If n is odd (—1)” + 1 = 0 which 1s divisible by 3. 
Therefore 2” + | is divisible by 3 if and only if n 1s odd. 


Prove that the function f(x) = 3 sinx — 4cosx + 5 1s a 
bounded function and hence find its range. 


Sol. f(x) = 3 sinx — 4cosx + 5 
We know that asinx + bcosx + ¢ 


= | c—afa? +B? c+ la? +0" | 
3 sinx — Acosx + 5 € | 5— /9+16, 5+ /9+16 | 


= [0, 10] => f(x) is bounded function 
with glbf ()=O0andlub=f/_ (x) =0 
and range of f(x) = [0, 10] 
y= 2 


—== _§1s bounded and 
x-4 


Show that the function f(x) = 
hence find its l.u.b and g.1.b. 
joe — 
ol. f(x) = 
vx-4 
Domain of fix) = R~{x:x-4<0} =R~ {x:x<4} 
= 4, «) 
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18. 


19. 


Let ees x>4 

et y= 

é Vx-4 

2 
oe +4~ 2x => xy?- 4 =x7- 2x +4 


X—- 
> x-(7?t+2)x+4’+4=0 
forx € R;0’°+2)-4 (1) (47+ 4) 20 
=> y+47+4- 16-1620 > y'- 12-1220 


=> y< 6-43 or >6+4 V3 
But y?> 0 and 6 — 4V3 <0 > y?>64+4 V3 


i ys —y6+4v3 ory2 6 +43 


x-2 50 forx>4 


*: 2 AG AS 
-. [f@d]_,, =v6+4V3; but [Ax)]_ > 00 


 [fO)],,, = gb = V6+4v3 
and [f(x)]__ and 1.u.b does not exit 


max 


and Range of f(x) = [6443.0] 


Find the g.1.b, l.u.b, of function f(x) = J/x-2+4+V5-x 
and hence find its range. 


Domain of function fx) = [2, 5] 

Let y= Jx-2+VJ5—x => Y-Vx-2=V5-x 
Squaring, we get, y+ (x-2)-2y Jx-2 =5-x 
=> ywt2x-—7=2y vVx-2 


Squaring: y= 


But y = 


: 


Squaring again, (y? +2x-7) = 4y?(x-2) 

=> yit 4x?+ 49 + Axy’— 28x - 4xy’? + 8y*- 14y7= 0 
=> 4x*- 28x + (4 - 6y* + 49) =O forxe R ;D20 
=> (-28)- (4)(4)0% — 6y + 49) = 0 

=> 49-('-6y+ 49) =0 

=> -y'+ 620 > y*- 6y’*< 0 
>y(y-6)<0> ye [0, 6] 

> VE [6,6 | 
Buty>0=> ye (0, V6] 

[Ax)]_, = does not exist 

But g.1-b = 0 and [f(x)]__ = Lu.b = V6 

.. Range of f(x) = (0, V6] 


1 


logas| stay tas+ sited ~ | 
Evaluate (0.16) ‘°% 3 


1 1 1 
Sol. (0.164 siete) 


. (0.16) *lia5 a (0.16) 13 - (0.16)°*"(2] 


20. 


21. 


22s 


23. 


24. 


log 94 2) 


(0.16)"*12} = (0.16)? =  (0.4)° | 
= (0.4) =4 


If the solution of equation a”? b**= a®* bis given by 
k log _,,a; then evaluate k 


Sol. Given equation is a”? b* = a®* b**. Taking log on 

both sides, we get 

(2x — 3) log a + 2x log b = (6—x) loga+ 5x log b 

=> (loga) [2x —3 -—6 + x] = dogb) [5x — 2x] = (loga) 
(3x — 9) = (logb) (3x) 

=> 3x log a—9 log a = 3x log b => 3x [ log a— logb] 


=9loga 
l /b) = 31 ives 
=> x log(a/b) = Saale 7: 
> x=3log a =>k=3 


If the solutions of logarithmic inequality log, ,,, («— 1) 
. k 

>21S [ = 2. then evaluate k 

Sol. log, y, (¢-1)>2 => (e-1) <(IV2P > x-1<1/2 

x < 3/2; But x >1 (for validity of given inequation) 


> xe(1,3/2)= (3-2-7 | >k=3 
Find the solution of logarithmic equation (log,x) 


xX 
log, —)+4=0. 
( 82 16> 


Sol. (log,x) [log, x 4] + 4 =0. let log.x =1 
=> P-4t+4=0 > (¢-2y=0 
=> log,x=2 =. =A 


0.25log 4-{ x?-x log, 2 
Solution of the equation x eal = (3) . 


. ‘ : 0.251 — log. 2 
Sol. Given equation is x a (3)°" 


= (thar? 
4.clog,(x?-2) 

= x =2>%x =2>x-x=2 
>x-x-2=0>5(«-2)(x+1)=0 
>x=2,x=-]l 


But x = —1 rejected > x = 2 


= a x] 


log,(x?-x} 


If the solution of inequality log, 


[— aA jut then luat % 
oie ra evaluate 2. 


x? -— 4x|+3 
ee 


ei pr ax]+3 
ol. lo ________ > 

es x? +|x-5 x +|x-5| 
=> |e?- 4x| +3 227+ |x-5] 


=> xl x4) 3S |e — 5] (1) 


Case (i) forx<0O 
(1) gives x) Hx + 4) +3 2x7-x +5 
=> 7-44 +32x-x+5 
3x <-2 
>x<-2/3>x € (oo, - 2/3] 
Case (ii) O<x<4 
(1) gives (x) (4 + 4)+32x°-x +5 
=> —x7+4%+32x7-x+5> 2x?-5x+2<0 
> Qx-1)(«-2)<0>xe [1/2 2] 


Exponential Logarithm < 2.47 


Case (iii) 4<x<5 

(1) givesx (x—4)+32>x?-x+5 

=> P-4¢ +32 =e 75 S 3x52 > 75-23 

which is not in the domain of this case 

Case (iv) x>5 

x(x-4)+32x7+x-5 

Se S40 3. Sx xe 5S be 8S xe 8/5 
which is not in the domain of this case 


; ae: —2 1 
Final solution is x € ar U ai — sy 


SECTION—III 
logy, 729 | 
OBJECTIVE-TYPE (ONLY ONE CORRECT ANSWER) Ao tne WeeOnrons 2 . 
| (a) | (b) 3 

. The value of log, Bi 27 ns to (c) 2 (d) None of these 

(a) 3 (0) 10. The value of 

(c) 2 (d) None of these 1 1 1 l 

7 + + +....+———— 18; 

. The value of — log, log, log,16 is equal to log, N log,N log, N lO jo8s NV 


(a) —1 (b) 0 
(c) | (d) None of these 


. The value of log ,2. log,3...log,,9.log,,10.log,11 is 
equal to 


(a) | 
(c) logiy 


(b) O 
(d) log,,2 


. The value of (3/9)*8° is equal to 


(a) */25 (b) */25 
(c) */25 (a) 1925 
> logs 13 
. The value of las 185° is equal to 
J27 
(a) 13/3V3 (b) 393 


(¢). 347, 13" (d) None of these 


Ae Tee = (x—1), then x may have value(s) 


(a) 2,3 (b) 7 

ce) =2,—3 (d) 2,-3 
. The equation 5°" = 2.5 has 
(a) no solution (b) one solution 


(c) two solutions (d) infinite solutions 


. Number of digits in the number (243)'° is 


(a) 23 (b) 24 
(c) 25 (d) None of these 


11. 


12. 


13. 


14. 


15. 


(N > 0 and N # 0) 


| 
(a) ————__—_ (b) log, (1988)! 
108 rose (1/N) 


(c) log, 1988 (d) None of these 


The value of log,, tan 1° + log,, tan 2° + ... 
1ptan89° is equal to 


+ log- 


(a) 1 (b) 0 

(Cc) (d) None of these 
If 4'°%? +.9'°824 — 19%" then x is equal to 
(a) 3 (b) 4 

(c) 2 (d) 10 

If x! toe)" ye | then x = 

(a) 3 (b) 9 

(c) 27 (d) 81 


The number of real solutions of the equation log(—x) = 
2 log(x + 1) is 
(a) none 


(c) 2 


(b) 1 
(d) 3 
Va 
Let log . a = 4 then the value of !08,,| 7=| is equal 
to ‘ vb 


6 13 
(a) ia (b) ia 


(c) — (d) None of these 
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16. 


17. 


18. 


19. 


20. 


21. 


ZZ: 


23. 


24. 


Zo: 


26. 


If log,, 27 = a then log, 16 has a value 
4-a 
(a) 3|7— (b) 


3-a 
(c) (4) 


If a = log, 12 and b = log,, 24 than the value of 
l+ab 

a(8— 5b) is equal to 

(a) log, 168 

(c) log, 54 


(d) None of these 


(b) log., 168 
(d) None of these 


The value of 
l 3 
G1 !89 4 3!8ve3 


2 : 
a {( V7) loess? — (12 syne is equal to 


(a) 1 (b) 409 

(c) 2 (d) None of these 
The value of (81)? + (27)°!** + 34°87? is 
(a) 860 (b) 870 

(c) 880 (d) 890 


For x > 0, the smallest possible value of the expression, 
log, (x? — 4x? + x + 26) — log, (x + 2)is 


(a) 1 (b) 2 

(c) 5 (d) None of these 
The value of 4a Eee is equal to 
(a) 3 (b) 6 

(c) 9 (d) None of these 


The value of 7'°%° + 3'°%7 — 5'°%7 — 7's? is equal to 


(a) l (b) Ps Ola Hs 3/857) 
(c) O (d) None of these 
If 2 log, (x° + x) — log, (« + 1) = 2, then x = 


(a) — 1 (b) 16 
(c) 2 (d) None of these 


One of the roots of the equation 9° "%”) = log, x- 
(log,x)’ + 1 is equal to 
(a) 2 
(c) 6 


(b) 4 

(d) 8 

The value of x satisfying the equation 
| x- l foes x" 2log, 9 (x- 1)’ is 


(a) 3 (b) 9 
(c) 27 (d) 81 


If we have x = ,/log, b and y=,/log, a then the value 


of a‘ — b’ 1s equal to 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


(a) ba 
(c) 0 


(b) a 
(d) None of these 


LOS 335 (6x? + 23x + 21)=4- 1OB (4x? + 12x + 9), 
then x = 
(a) —4 

(c) -1/4 


(b) -2 
(d) -4 


Let [x] denote the greatest integer function. The num- 
ber of solution of the equation x* — 3x + [x] = 0 in 
[ 0, 3] is 
(a) 4 
(c) 2 


(b) 3 
(d) 1 


The number of solutions of the equation 
Di OK 55 

(a) 1 (b) 2 

(c) 3 (d) None of these 


calla aia logion log, ; then x is equal 


to 
(a) 10° (b) 10! 
(c) 10° (d) None of these 

l— pq 
If p = log,,, 175 and q = log,,,, 875, then er = 
(a) | (b) 2 
(c) 3 (d) 5 


The solution set of the equation log, (2x + 5) + 
log.(16 — x’) < lis 


(a) (-$.1) (b) [-1, 4) 
() (1,41 (d) 5.4] 
If log,a = s, log,b = s° and log .8= then 


s+ 
ab” . 
log, —— 1s equal to (a, b, c >0, c # 1) 
C 


(a) s— 10s*— 4(s° + 1) 
(b) 2s + 10s?— 2 (s? + 1) 
(c) 2s + 10s?— 3(8° + 1) 
(d) None of these 


A4+h4 444 64646464646 


a 3° +3°+3° 242 
then the value of log,N = 

(a) 10 (b) 11 

(c) 12 (d) 14 


35. 


36. 


1s 


2000 


If x=[]|x. 
n=] 


then the value of expression, 


l 
I I ;; °° 
=e Toss te 
log, x log; x 108 »000 * 
(a) 2 (b) 3 
(c) | (d) none of these 


If log (x — 1° — 3log, (x — 
has the value equal to 


3) = log,,8, then log 625 


(a) 5 (b) 4 
(c) 3 (d) 2 
The expression [ fa? [ ty | is simplified to 
(a) alé (b) a’? 
(c) a (d) a’ 


38. 


39. 


40. 
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The number of solutions of log,(x + 5) =6—x 1s 

(a) 2 (b) 0 

(c) 3 (d) none of these 

If log é = a and log.6 = b, then log,2 1s equal to 
l 

a 

®) 2a+l ©) 2b+1 
l 

2ab +1 d 
ae CY oa 
If x, y, z are real numbers greater than | and ‘w’ 1s a 


positive real number. If log w = 24, log w = 40 and 


log... w = 12 then log z has the value equal to 
| 2 
ae 5). .—_— 
100 ) 130 
3 5 
c) — d) — 
to) 120 © 120 


SECTION-IV 


OBJECTIVE-TYPE (MORE THAN ONE CORRECT ANSWER) 


[d )°-61 +11] _ -_ 
If 082%? ee" = 64, then x = 


(a) 2 (b) 4 
(c) 8 (d) 16 


(3/4)(log, x) +log, x-5/4 


= /2 has 


The equations x 
(a) at least one real solution 

(b) exactly three real solutions 
(c) exactly one irrational solution 
(d) complex roots 


[(log, x)?-(9/2)log, x+5] 


= 363 has 


The equation x 
(a) at least one real solution 

(b) exactly three real solutions 
(c) exactly one irrational solution 
(d) None of these 


The solution of the equation 5'°%* + 5x'°8° = 3, (a> 0) 
1S 


(a) ges? (b) g'8s? 
(c) 7 logs (d) alos 

If log, xy = 5, log, ,, @/y) = 1, then the values of x, y 
are 

(a) 4, 8) (b) (+4, 8) 

(c) (4, — 8) (d) (-4, - 8) 


6. 


10. 


. Iflog, x. log, & 


. The solution of the logarithmic inequality log 


For a> 0 #1, the roots of the equation log a+ log a’ 
+ log ., @ = 0 are given by 

(a) qg!4 (b) qt 

(c) a? (d) None of these 


= |log, |, & # 1, k> 0, then x is equal 


to 
(a) k (b) 1/5 
(c) 5 (d) None of these 


. If > < log, , x < 2 then 


. 1 
(a) the maximum value of x 1s —— 
aoe 


iz 


l l 
(c) x does not lie between —— and 


100s 10. 


(d) the minimum value of x is = 
100 


(b) x lies between — an 


x43 © x? 
< 1 are contained in the set 


(a) (co, — 3/2) (b) (—3/2, - 1) 
(c) (I, 0) (d) (0, 3) 
Solution of equation x =x" are 
(a) | (b) 2 

(c) 3 (d) 4 
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11. Solution of equation log, , x’ — 14 log, x°+ 40 log, 


Vx = 0 are 
(a) -1/V2 (b) 1 
(c) 4 (d) 1/V2 


12. Which of the following when simplified reduces to 


unity? 
2 
(a) log,; log, log ; 81 (b) log, V6 +log, 2 


l 64 
(Cc) -Ziog 5 ($] (d) log,;(1+2+3+6) 
2 


13. Which of the following statement(s) is/are incorrect? 


(a) log, eisee + log, see =2 
6 ; 3 


1 1 
b) —<lo 4<— 
(b) 4 £100 3 


(c) the maximum value of log,(sin*x — 4 sin x + 1) 


is 4 
(d) the equation logv¥x—1++vl-—x =1 has only one 
solution 


SECTION-V 


ASSERTION AND REASON TYPE 


The questions given below consist of an assersion (A) 
and the reason (R). Use the following key to choose the 
appropriate answer. 


(a) If both assertion and reason are correct and reason is 
the correct explanation of the assertion. 


(b) If both assertion and reason are correct but reason is 
not correct explanation of the assertion. 


(c) If assertion is correct, but reason 1s incorrect 


(d) If assertion is incorrect, but reason is correct 


Now consider the following statements: 


1. A: ioe (2x — 3) is real and finite number if 
2 


re([3.2| 

2 

R: log x is defined only if x > 0 anda>0O,# 1 and 
log, x>log yox<yitae (0, 1) 


2. A: If log, dog,,, dog, x)) > 0 then x € (0, 2) 


R: log x 1s defined for x>0,a>0 anda 1 and log, 
x>yif a>l 


RIOR St Nee aA) 


3. A: The equation 3log, (x? + 2x + 1) + Tlog, (x + 4) = 
5 — log, (4x — x’ — 4) has no real solution 


R: log x is defined iff a > 0, a # 1 and x > 0 and 
solution of any equation must confirm the domain 
restriction conditions of equation. 


4. A: Iflog,a=s, log, b =s° and log ,8= Z where 
- - St 
a’b 
a,b,c >0 and c # 1 then log, —— = 10s’ — 3s° 
C 


+ 2s —3 


l 
R: log x* = alog, |x| and HOB gs X= OB and 


log, a= (a#1,a>Oandb>0,b#1) 
log, b 
5. A: The square of the sum of the roots of the equation 
log, x log, x log, x = log, xlog, x + log, xlog, x + 
log, x . log, x is 3721 


l 
R: aa 3x >Oanda>0, 


x 


6. A: 2°") = 8 has two real solutions. 


R: a‘ and log x are inverse operator of each other. 


SECTION-VI 


LINKED COMPREHENSION TYPE 


A: An eq’of the form 2nlog fix) = log g(x); a>0,a#1, 
n & N is equivalent to the system f(x) > 0 and f(x)?” = 
g(x). With the above information, answer the following 
questions: 


1. The solution of the equation log x = 5 log(x+ 1) is 
l 
(a) 5W5-) 6) SWS5+) 


(d) +5 +7) 
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2. The number of real solutions of log, , (x — 1) = log,,, | C: If logx + logy + log,z = 2; logy + log.x + logz = 2 


(x — 2) 1s and log,z + log, x + log, y = 2. With this information 
(a) | (b) 2 answer the following problems: 
(c) 3 (d) None of these Xx 
3. The solution of the equation log, log.(Wx+5+ Vx )=0 eC en ome 
is (a) Aperfect square (b) An irrational number 
(a) 4 (b) 5 (c) Areal number (d) None of these 
(c) 7 (d) None of these 9, The ratio of the number ~ will be 
5S. Which is/are true in the following? 8] - 8] 
(a) log (1/) = —log x Vx>0;a>0;a=1 (a) ae (b) ey 
(b) It O< x <y then log x < log yi.e., log x is an 16 
increasing function) (Cc) 81 (d) None of these 
(c) IfO< @&) <1; log 4 Ax) 2 log, .g) => 0 | | 
< f(x) < g(x) 10. Which of the following is correct regarding the above 
(d) None of these. informations? 


ltiple of Itiple of 
B: Let a and 6 real number greater than 1 for which J 2s Aaa Oe de a ee 


a positive real number. c; different from 1. Such that 
2(log c + log, c) = 9 log .c 


(b) z1s a sixteen times multiple of x 

(c) x, y, Z maintain the sum ratio in cyclic order 
. . = (d) None of these 

5. The quadratic equation whose two roots have positive 


value of log,a and log, 6 respectively has the follow- | ; Consider the equation gM a DF 2" = l +1 With this 


ing characterstics: information answer the following problems: 


(a) roots of equation are reciprocal to each other 
11. The least value of x satisfying the equation 1s 


(a) 0 (b) 2 
(c) 4 (d) None of these 


(b) equation has atleast one imaginary root 


(c) Sum of roots of the equation is - 


(d) None of these 


. 12. Number of integers less than 15 satisfying the equa- 
6. The possible relation between a and 5b are as under. 


tion are 
(a) a=b (b) b= Ja (a) 14 (b) 15 
(c)a=b (d) None of these (c) 16 (d) None of these 
7. Largest possible value of log, 5 is equal to 
3 13. Number of composite numbers less than 20 which are 
(a) 2 (b) > co-prime with 4 satisfying the given equation is/are 
2 b) 3 
() 2 (a) = = 
2 2 (c) 4 (d) 5 
SECTION-VII 
(iv) The expression A has a 
1. Column - I value 


(i) In the equation log, xlog. 2xlog, y = log. x’, Column - I 
then y is (a) 10 
(b) 1s a perfect square 


(c) is a multiple of 3 
Aiesioxtt _ Gfosiox _ 9 3!80x +? _ ) is (d) 6 


(11) The value of square root of inverse of x in 
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2. Column - I 


log, x? See 


(i) In the expression — ° * <1 , the value of 


x belongs to 
(ui) The 
log, (x? - 6x+12)>-2, is a subset of 


2 
(iii) If log,, @? + 1) <log,, 2x; x > 0, then values of 


x (with x # 1) belong to 


(iv) Let f(x) = ,/log,, x then set of all values of x for 
which f(x) 1s real is 

Column - II 

(a) (—00, _ 1] U [ l, 0) 

(b) the set of non-negative real numbers. 


(c) an uncountable set 
(d) [0, 4] 


set of real values of x _ satisfying 


- Column - I 


(1) log 5 1024 
(11) log, 2+log,15—log, 6 
(iii) log, , ,(3+2V2) 
(iv) log,;(1+2+3) 
(v) —log, log, log, 16 


Column - II 
(a) | 

(b) -1 

(c) 20 

(d) 0 


- Column - I 


(i) If log,(x + 1) + log,(x + 8) = =. then value(s) of 


+3) 
x+—| 1s 
2 


_ 81 25 16 
11) The value of 4| 3log, —+5log, —+/7log, — 
(111) | ( £> 80 £> AA £> S| 


x 1S (are) 


(1) If |x| + jx — 5] = 6 and x < 0, then 
equal to 


1S 


(iv) The remainder when 2x° —x*+x?+ 1 is divided 


by (2x + 1)isk. Then esa 


is equal to 


Column - IT 
(a) | 
(b) 4 
(c) 0 
(d) 2 


SECTION-VIII 


INTEGER-TYPE QUESTIONS 


. Find the solution of equation log, (x* — 3x — 5) = log, 
(7 — 2x). 


. Find the solution of the equation log (x + 4) + log 
(2x + 3) = log (1 - 2x). 


. If a, B are the roots of equation log, (S'* + 125) = 


log.6 + 1 + 1/2x then evaluate the sum (+. 5) , 
a 


. Find the number of solutions of the equation 


1 
1 ae 
x80 + 6x eB) = 5 


. If the values of x for which 1, log, V3'* 42, log, (4.3* 
— 1) are in A.P is given by (1 — log,X) then evaluate k. 


10. 


11. 


12. 


. The expression (0.05) ° O) isa perfect square of 


the natural number 


. Find the total number of digits in the number 6'°° 


(given log, ,2 = 0.3010 ; log, 3 = 0.4771) 


. Find the total number of zero immediately after the 


decimal in 6-2 


. Find the value of log tan 1° + log tan2° + log tan3° + 


.... + log tan 89°. 
l l 


Find the value of + 
log, N 


+ 


ene 
log, N 108 5997 NV 


where N = 1.2.3..... 2007. 


Find the solution of the following equation |2 — log, ,, x 
l=3 log. v=) 


Find the value of 2'°8° — 5'%%7 


Answer Keys 


SECTION-III 


1. (c) 2. (b) 3. 
1. (b) 12.) 13. 
21.(c) 22.(c) 23. 
31. (a)  32.(b) «33. 

SECTION-IV 


1. (a, b,c) 2.(a, b,c) 3. 


10. (a,d) 11. (b, c, d)12. 
SECTION-V 
1. (a) 2. (a) 3. 
SECTION-VI 
1. (b) 2. (d) 3. 
11. (d) 12. (c) 13. 
SECTION-VII 
1.a)7 b,c (ll) > a 
2.(1) > b, c,d i)7c¢ 
3.) > c¢ (1) > a 
4.(i)> ¢ (11) > a 
SECTION-VIII 
1. -3 2. -1 3. 
11. 2 12.0 


(a) 4. (d) 
(b) 14. (b) 
(b) 24. (a) 
(c) 34. (c) 


(a, b, ) 4. (a, C) 
(a,b, c,d) 13. 


(a) 4. (a) 
(a) 4. (b,c) 
(a) 
(ii) > c, d 
(111) > b,c 
(11) > b 
(11) > b 
6 4. 4 


(a, b) 


5. (c) 6. (a) 7. (d) 
15. (c) 16. (c) 17. (b) 
25. (d) 26. (c) 27. (c) 
35. (c) 36. (b) 37. (d) 
5. (a,d) 6. (b,c) 7. (b,c) 
3. (C) 6. (a) 

5. (a,c) 6. (a,b) 7. (a) 

(iv) > b,c 

(iv) > a,c 

(iv) > a (v) >d 

(av) > d 

.4 6. 9 7. 78 


Exponential Logarithm < 2.53 


8. (b) 9. (c) 10. (b) 
18. (a) 19 (d) 20. (b) 
28. (c) 29. (c) 30. () 
38. (d) 39. (d) 40. (b) 


8. (a, b, d) 9. (b, c, d) 


8 (a,c) 9% (a) 10. (b) 


8. 155 9. 0 10. 1 
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1. (a) 


(b) 


(c) 


(d 


. 


(e) 


(b) 


HINTS AND SOLUTIONS 


TEXTUAL EXERCISE—1: (SUBJECTIVE) 


1 
x(x -1)(x- 2) 
can not be equal to zero, so x #0,x-1 #0 and x-2 40 
Hence, x can not have values 0, 1 or 2. So the function 
is defined when x € (-c0, 0) U(0, 1) U(1 U2) U2, &) 
or R-{0,1,2} 


Given f(x)= . Since the denominator 


2 2 
= ior, & 


x 

Given x)=——_ = . 
IO) x +x x(x+1) 

becomes undefined, when x = —1 and 0. 

So the values of x for which function is defined. 


R — {0, -1} 
, +1 
Given f(x) =——— 
x +xt+1 


The function 


. To find the points where the 


function is not defined, we can solve the following 

equation x*+.x+1=0 

-1+V1-4 _ -1+ia3 
2 2 


Both the roots are imaginary. Hence the function is 
defined for all real values of x. 


1 
Given /{(x)=—— 
defined. a 


Since the roots can not have negative values inside and 
x — 3 = 01s not possible because the denominator can 
not be zero. 

Hence x > 3 => xe(3,0) 


Given f(x)=~Vx-4. The value inside the under root 
sign can not be negative. 


; x — 3 > 0, for all function to 


Hence x —-4 20 => x24 

x € [4, 0) 

Given f(x)=Vx-2+~vVx4+2 
Domain for ¥x-2 > x-220 
x22 => xe [2, 0) 
Domain for Vx+2 => x+220 
x22 => xe [-2, 0) 


So, the entire function will be valid only for [2, «) 


Given f(x)= 


l a 1 z 
V1l6x—x° — 3/x(16— x’) 


1 , 
. The cube roots can be negative, so 


3/x(4— x)(44 x) 
we only need to check for the 

value of x for which denominator becomes zero 
x4-x(4+x=0 DS x=0,x=4,x=-4 

xe R- {-4, 0, 4} 

Given f (x)= (Vx - 1)(6- Vx] ; x = 0 (as the only con- 
straint is Vx) 


The range for x for function to be defined is [0, 00). 


— 
=> 


(b) 


y 


YUUY 


-_-_ 


c) 


Y 


(d) 


Given f(x) = (vx -1),/(6- x) >x>Oand6-x2>0 


6>x => xe [0,0)andx e€ (oo, 6] 
So the valid value of x are [0, 6] 

Vx-1 

V6—x 

x—120 and 6-—x> 0 (denominator can not be zero) 
=> x>land6>x 

Hence, the values of x are [1, 6] 


| —1 —1-6+ [2 — 
Given f(x) = ee eS ee u 
6-—x 6-x 6-—x 


2x — 7 =0 and 6 — x > 0 (denominator can not be zero) 
2x >7and6>x 

x2 7/2 

Hence the values of x are [7/2, 6) 


V¥x-1 

6-—x 
=> x>landx+#6 
Hence, the value of x are [1, 6) U (6, 0) 


Given f(x)= 


Given f(x)= => x-12>0and6-x#0 


. (a) Given f(x)=Vx-4+V7-x 


x-42>0and7-x20 
x<4andx<7 
The values of x for function to be defined are x € [4, 7] 


1 
Given {(x) = ——_—— 
Vx-4-~V6-x 
V¥x-4-~6-—x #0[Since denominator can not be 


Zero) 
Vx-44J6-x 
2x #6+4 
x#5andalsox—42>0and6-x20 
x>4and62>x 

So, the values of x are [4, 6] ~ {5} 


Given f(x)=Vx-7-wv3-x 


x—72>0Oand3-x20 

x>7andx<3 

There is no possible value of x, which is greater than 7 
and smaller than 3. 

Hence, no possible value of x for function to be defined. 


The desired range for which the function 


f(x) =.f{x(x— 2)(x-7) has positive values is [0, 2] 


U (21, 0) (By Wavy curve method) 

Given f(x)= V8 — 4x 

x(x? - 4) => x(x 2)(x+2) 

Hence the required values of x are [—2, 0] U [2, «) 
Given f(x)= x3 — 9x = x(x? — 9) 

= §fx(x—3)(x+3) 


=> x-476-x 


YUE 


(f) 


YU 


. (a) 


(b) 


The cube root can be negative or positive or even zero, 
so any value of x can make the function defined. 
xR 


Given f(x)=./(x-1) /(6- x) 

x—20 => vo 0 

6—-x20 

6 > 0 [values inside roots sign must be greater than 
equal to zero| 

The required values of x are [1, 6] 


Given f(x) =.4/(x-1)(6- x) 

f(x) = VOr-Dy(6- x) 

The function is similar to question 4(a) 
The required values of x are [1, 6] 


Given f(x)=Vx-x? => Vx-x 
x—-x2>0 => x1-x20 
x2>Oandl<x 

The domain of the function is [0, 1] 


Given f(x)= Vx-1+V6—-x 

x-120 => x>1and 

6-x20 > 62x 

The domain for the function is [1, 6] 

Given f(x)=./(x-1)(6- x) 

x-120 =. F271 

The domain for the function is [1, 0) 
Vx-14+J6-x 

Vl-x +V¥x—-6 
x—-1>0Oand6—x2>0Oand1-—x>Oandx-6>0 
x2>land6>xand1>xandx>6 

There 1s not value satisfying all the above inequities 
The domainisnl. > x€&o@. 


Given f(x)= 


TEXTUAL EXERCISE—2: (SUBJECTIVE) 


; -1 
Given f(x) = 3 x4+1¥40;x4-1 
x+1 


The domain of the function is x € R— {-1} 


Now for range y= = 
x+1 
yx ty=x-] => yt1=x0 -y) 
+1 
“=x - ay) 
I-y 
The domain for g will be the range for = 


For g, domain is R — {1} oe 


Hence, the range of the function is R — {1} 

From the range, we can see the minimum value for the 
function 1s —co and the maximum 1s + ©, the function is 
not bounded. 


Given f(x) = —— . 5x—3 40; Sx #3; 6x # 3/5 
xX 
The domain of the function is R — {3/5} 
2x+1 2x+1 
=> ys 
5x-3 sx=3 


=> 


— 


(c) 


WY UY Y 


(b) 


Exponential Logarithm < 2.55 


Syx — 3y =2x+ 1 => Syx-2x=1+ 3y 
i y=1ssy: a ee 
Sy—2 


+3y 
y-2 
the given function. 
The maximum value is + 00 

Minimum value is — 0 

There is no LUB or GUB, as the function is not 
bounded 


. 1 eas 
The domain for is R — {2/5}, which is range for 


2 


Given f(x)= ase ihe domain of the function is R 
x*+4+40 => xr#-4 
Whose R is the domain 
2 
y= => yx*+dy=-x-2 
x +4 
x*(y-1)=—-4y-2 
Peas Sy shale 
I-y Ly 
Rangeisl-y>O => 1>yand 
4y—-1220 => 4y>-2 
y2-1/2 => y& [-1/2, 1) 


The range is [—1/2, 1) 
LUB = 1, GLB = -1/2 
Maximum 1s not there and minimum is —1/2 


Given f(x)= a . The domain for the function is R, 
Xb 


since x? # 4 1s always true 


x 
= => yx*+4y=x 
xr +4 ? Z 
yx? + 4y—x=0 => yx-xt+4y=0 
1+ VJ1-16y?  14,/1-16y? 
SS Fe 
2y 2y 

2y #0 => yF0 
1-16y>0 > 1216 
a & => bes ae 
ior A A 


The function is bounded between —1/4 and 1/4. 
LUB = 1/4 and GLB = -1/4; maximum = 1/4 and GLB 
=_—1/4 


a 1 1 
The range for the function is [-+.0| U (o,1| 


x’? -9 
Given ea EE 
x’ -9 x°-9 
x? —3x-—x+3 x(x — 3)-1(x- 3) 
x°-9 
(x- 3)(x- 3) 


The domain the function the function is R —{1, 3} 
The equivalent function for the above function Le., 


oe [but x #3] 


eS 


=> yxr-y=xt+3 
x=] 
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_yt3 
y-l 


; +3 
y #1 and since x # 3, so oe au 


=> xy-l)=yt+3 > x 


=> 3y-34y+3,2y46,y4#3 
Soy#landy#3 
The range of the function is R — {1, 3} 


2 


janes 


(c 52x #0;x #0 
The domain of the function is R — {0} 
x +1 
=. ye 5 => 2s rd 
x 
2y+/4y?-4 
=> x*-2xy+1=0 => x= = 
=> ytly-1 > y-120 
=> yol => -l2yandy21 
=> ye (-,-1] U[], ~) 
, x’? —5x+4 
. (a) Given f(x) =——————_ 
(a) fe) x? -—4x+3 
x°-4x-x+4 (x—1)(x- 4) 
x? —3x-x+4+3 (x-3)(x-1) 


The domain of the function is R — {1, 3} 
The equivalent function for the above function is 


x-4 mee 
> y=— 3;yx-3y=x-4 
x-3 
=> (v-0)x=3y-4 
3y— 
> x= and also x #3 
yes 
=> i aa 
y-l 
=> 3y-3 4 3y—4 always true x # 1 
3 4 
> ¢# 
=> y-1#3y-4 => y#3/2 
=> yeR- {1, 3/2} 


The range is R — {1, 3/2} 
The function is not bounded no LUB, no GLB 


(b) Given f(x)= Vx—1.The domain of the function is x — 
1>0;x21 

=> D,1s [1, 20) 
For range y=vVvx-1 > y=x-l 

i a ae 
The domain for y* + 1 is R but y can not be negative 
since y=avVx-1 
So R,is [0, 00) 
The function has lower bound GLB = 0, minimum 
value = 0, no LUB 


(c) Given f(x)=~Vx°+4 


=> 7+42>0 
The D,is R 


=> x’>-A4 [always true] 


> y= x +4 = yuxt+4 


=> 
=> 


(d) 


(e) 


(f) 


(g) 


4. (i) 


tJy?-4=x 

yoda => ys-2ory22 

ye (0, -2] VU [2, ~) 

But y=vVx°+4 

So, y can only have positive values 

The R,1s [2, 00) 

The function has lower bound. GLB = 2 and minimum 
value of 2, not LUB. 


l 
Given = —______ 
IO)= 7 G5) 
Sox#Landx#5 
The Dis R— £1, 5} 
l 


-(x— 1) (x—5) #0 


Paces 
yx’? — oxy + Sy -1=0 
7 6y+./36y? — 4y(5y-1) 
ne, 
_ 6yt36y" — 20y? + 4y _ 6yt24y’ + y 
a 


_3yt4y ty 


yy 
So, vy # 0 and 4)? + y>0 
w4Ay + 1) 20 > ye [= JU.) 


So, the function is (—00, —1/4] U (0, 00). There is no GLB 
or LUB 


Given f(x) = ¥x+8 . The domain is R 
yH=Vxt+8 
y—-8=x 

The R,1s R. Function is unbounded, no GLB or LUB. 


1 od 
Given f(x) ===. The domain is R — {0} 
Vx a 1 
=— x= — 
he y 
The rang is R — {0}. Function 1s unbounded, no GLB or 
LUB. 


=> ypuxt8 


1 , 
Given f(x)=— . The D, is R, since x+4#0i1s 
x +4 
always true . 
1 ; 1 
yas => x +4=-— 
x +4 y 
| 1 
x7 =-—-4 => x=1 j/-—-4 
y B 4 
1-4 
x=+ |——~ => y>Oand1—4y>0 
y 
1 >4y => 1/42y 


The R, 1s (O, 1/4]. 

There is no GLB but LUB = 1/4 

Maximum value is 1/4 

(a) x —4x+3 

y=ax’ + bx+ c attained its minimum value at x = —b/2a 


; —D 
and is equal to —— 
4a 


_-C4)?-4()G)_ 16-12 __, 
F(X) sin ~ Ax] 4 


The minimum value is —1 and maximum 1s ©. 


(b) x2—6x+ 12 r 6) 402) 
—-D —|(-9) - —|36-—48 
Again f(x)... = — IE ees 3 
The minimum value is 3 and maximum value is 00 
(c) x? +4x+5 


. -D a ; 
Here the maximum value is aa and minimum value is 
a 


~~ _ (4-4-1) _ 16+ 20) _ 
IO nar a a 4 9 


The minimum value is —o% and maximum value is 9 
(ii) x*-—kx + 4 
For x? — kx + 4 to be always positive, D should be less 


than 0 
=> D=(#)-4x1x4<0 
=> k-16<0 > k<16 
=> 4<k<4 => ke (4,4) 


. (a) jx-3)55>5-5<x-3<5 
=> -5+3<x<5+3 2<x<8 
=> xe[-2,8] 
(i) x? + 4-2 <x < 8 (squaring each term) 
O <x’ < 64 (adding 4) 
0+4<x+4<64+4 
4<x*+4<68 
Range is [4, 68] 

l 


x +1 

—2 <x < 8 (squaring each term) 

0 <x’ < 64 (adding 1) 

1 <x’?+1<65 (Taking reciprocal) 


1 
< 


—< < 
65 x’ <1 
1 

Range 1s 2] 
(iii) 2x+3 > 2 <x <8 (multiplying by 2)) 
4 < 2x < 16 (Adding 3) 
4+3<2x+3<16+3-1<2x+3<19 
The range is [—1, 19] 

1 


2x+1 
=> 2<x<-l/2 and -1/2 <x <8 [multiplying 2] 
=> -4<2x<-] and -1 <2x< 16 [adding 1] 
=> -3<2x+1<0Oand0<2x+ 1 < 17 [inverse] 
> -ofS ae —< < 09 
2x+1 3 17) 2x+1 
Range is (—e°,-1/3] U[1/17,) 


2- 
(b) (i) S=2*;-3<x<2 
3+x 
__[x-2]_ _ [¥+3-2-3] --[1- 5 | 
3+x 3+x 3+x 


= -3<x<2 (Adding 3) 
=> 34+3<x+3<5 


y 


iii) S= 
DS = 


(iv) 


Exponential Logarithm < 2.57 


O<x+3 <5 (Taking inverse) 
l 1 or 

— < ——<oco (Multiplying —5) 

5 x+3 


—oo < 


; <-1 (Adding 1) 


Xo 


—co < ]— 


: <0 (Multiplying —1) 
x+3 


el ar 
3+x 
The GLB is 0 and no LUB 


S= 


2 
x - 


—3 <x < 2 (squaring) 
0 < x’ < 9 (adding -1) 


; 38x52 


-l<x-1<8 
-l<x’-1<Oand0<x’-1<8 
ee 1 
Taking inverse —co <—>—— <-1 and —<——_ <x 
x -1 8 x -l 
2 a 
a als pag ee aD ney) 


x 
l 

The range is (oo , —-2] U +=] 

There is no GLB or LUB. 


3-x 


;x20 
+X 


0 < x < 0 (adding 2) 

2SX425.0 ; ; 

Taking reciprocal 0 <—— < — (Multiplying —5) 
Xe2 2 


= = — <0 (Adding 1) 


5 ee 
—<l- <1 (Multiplying — 1) 
+2 


2 
3 
The range is [-1.5 
The GLB is —1 and LUB 1s 3/2 


1 < x < © (squaring) 
1 < x* < o (adding) 


2<1lix<o 
1 


Taking inverse 0< les 
sex, 2 
— 2_ 
cee lie = -1f1- - | tttiptying —2) 
I+x +x 
-1<— <0 (Adding 1) 
+x 
-l+1<1- > <1 
, l+x 
O0<1- > <1 (Multiplying — 1) 
l+x 
1— x? 
-l< 7 <0 
l+x 


The GLB 1s —-1 & LUB 1s 0 
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(v) _ 2x41. aa = es 
Aaa => 7 44. 9 (Adding 1) 
= tas <3 => 3<x-5<3 3 P ae 
=> rt cs 
=> 3455x5315 => 2<x<8 Tie <4 “oe 
2x+1 
= = 
3x+1 “. Range vi(2 zi GLB = 3/4; LUB = 5/9 
2[3x+3/2] 2[3x+1+1/2] 2 1 1 
>. (22 is 
3 3x+1 3 3x4] 3). 23x41) a eee - 
ix = < 
= 2axres x+2- 
=> 6<3x< 24 (multiplying by 3) In —3| <2 
=> 7<3x+1<25 (adding 1) => 2<x-—3<2 (adding 3) 
=> ee asi (Multiplying 2) re ee 
> —<————.-< x-2 4 ‘ 
50. 2(3x+1) 14 = =l- => -l1<x<5 (adding 2) 
x+2 x42 
= {142 }s2 me 1 <3 -| => 3<x+2<7 (Taking inverse) 
3, 50) 3 2(3x+1)) 3 14 1 1 oe 
> —-< <— (Multiplying — 4) 
aes, 7. a2 eae 
Range 1s 5) . The function is bounded. A -4 
25-74 = Pape aes (Adding 1) 
A 
(vi) S=-V1-2x?;|x|< V3 /2 1 y-2 3 
3 3 ) er 
= Bes (Squaring 3 x42 7 
nl ie Gare. 
=> 0<x < 3/4 (multiplying 2) -. Range | >|. GLB 1s —1/3; LUB 1s 3/7 
=> 0<2x’< 3/2 (multiplying —1) 
> 3/2 <-2x <0 (adding 1) 6. fix) = 3x—2 = aaa 
=> —-]/2 <1-—2x’< 1 (taking square roots) => y+2=3x = a 
=> 0<vVi-2x <1 => fix) = — 
Range is [0, 1]; The GLB is 0; The LUB 1s 1 1+2 
(a) fC) > 2 -=1 
(vii) S=V4-x’; 3 
- i (b) 14) => 32 
=> -1/2<x< 1/2 (Squaring) 3 
=> 0<x < 1/4 (Multiplying —1) 549 
ol, 236 | (c) f'(-5) > SG 
=> Fae <0 (Adding 4) 3 
—2+2 
4 Wo eA eA (d) f°) oe = 0 
= avis rooting) & 
Ss, 0 24a? = vis and YS < Jams 
, 15 ; ; 
Range is B. ; GLB is ¥15/2; LUB is 2. 
(viii) S-—_; <1 
pas 8. fx) = 10x +3 =10x+3 
Ix- 4] <1 => -l<x-4<] ae a ea 
=> 3<x<5 => y-3=10x => a —x 
x-3 _ 
s=— a. fe => = f(x) 
x+4 x+4 10 ee 
~f- = —— 
=> 3<x<5 (Adding 4) Kx) =f") (given) => 10x+3= is 
=> 7<x+4<9 (Taking inverse) => 100x+30=x-3 > 99x=-33 
fy 22 (Nliplyine —4) => pepe => ieseee 
9 x+4 7 99 3 


1. (a) 


TEXTUAL EXERCISE—3: (SUBJECTIVE) 


(isy(21 3x Sx x7 


See 82 5K T3815 
(35)°.(5) > x7" x3 
fee Vas MAE) (25) = ay loo 
(b) (— 14y.(32 ] =( Tal are 
=—-125 
() (se-8 | fb| Va - | _ (2y" . 
Va —4/ab fal sa - 1b | a 
2] a 
=> |-| >— 
a b 
lx-if" * = 


= a’=1 isthe case when either b = 0 or a = 1, when either 
b=Oora=1 
Case 1: x? — 3x =0 
=> x(x-3)=0 
Case 2: |x —-1| = 1 
=> x-1=-lorx-l=l 
=> x=Oorx=2 
So the roots are 0, 2, 3. Hence there are three roots 


. (a) ((22yY(x2r)" (9"Y") = (ye ey). 


6 6 
== 4/3+1 —5/24+1\ > _ 7/3 —3/2 _ 7/3)x6 —3/2)x6 
= (x Pay is ae Ly pare ae ana 


=> x=-Oorx=3 


= ey 


(b) (2 x (ay? x (b)"” 


x (ay? Y (b)' 


GS)" 


. (a) 5*-1= 10°. 2% 54 


5*.5*7! 
=> SHAQ => 1 er 
l 
=> XS = (= (5) 
25 
> 6) =o Se2 
2x 
(b) 5*7? + 5**! = 250 = F + 5.5*° = 250 
2x 


=> : +5.5*-250=0 => 5% 425.5% — 1250 =0 
sa 5* — 25+ V625 + 5000 
2 
—25+ 45625 —25+75 

<< —> —— 

2 2 

50 ~ 7100 
SS = or SS 


2 
=> SX =25 or 5‘ =—SO (not possible) > x = 2 


- (a) 


(b) 


Exponential Logarithm < 2.59 


2x x 
x x 3 3 
9.46 =24:- ? x8 -2- (3 +(3] —-2-=0 


47 4 2 2 
-(3)- 1tV1+8  -14V9 _ 13 (3) oy 
7 2 2 2 2 a 
Ly. 
or =) = —2 (not possible) 
x=0 
2x x 
4.2” — 6° = 18.32= ae 22 fee 
; ns 
2, 
og) 5) 
3 3 
(2) = Levande _ 1tv1+288 _ 14289 
3 8 8 8 
_ 1417 
8 
x x x —2 
2 ONO: 9 2 
— | =-2(Notpossible) or | — | =— =|—] =|— 
) ie i a 4 a =) 
x =--—2 


asin? x 44.2% * = 6 = asin’? x 4 4gicsin’ x = 6 
sin? x 4.2 
giv 4  @ 6 


asin’ x 


Cal ~ 6x 2% 48=0 


aint: _ 6 -V36— 32 _ 64V4 _ 642 
7 a 2 2 
oC *=4dor2™ *=93 
sin’x = 2 (not possible) or sin’x = 1 
2n+1 
sinx=+1]1 panes Lee 
Tt? — 7 2.7? 42.7% +48 =0 
48 
Th? 47 +48=0 => -7°+14+—=0 
48 f, 
—48 +—-_—0 => )_=7 
de 
x=0 
64.9* — 84.12* + 27.16" = 0 


27.16* — 84.12* + 64.9% = 0 


2x x 
27( = -sa{3 | +64=0 
3 3 


(4) 84+ ,|(84)°— 4x 27 x 64 


3 54 
_ 844,/7056- 6912 _ 844/144 _ 84412 
54 54 59 


(=) 16 (=) 4 
3 9 3 3 


x=2andx=1 


3 | ee 
a => lee x (2)° 
log,x 64 
3 1 
==2 => -—=log,x 
log, x 2 
D2 = x 
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y 


y 


2. (b) 


YUNY 


3. (d) 


YUU VY 


(x-3)" = (x-3)” 
x*?-—4x=12 
x*-—6x+2x-12=0 
x(x — 6) + 2( x -— 6) = 0 
(x+2)(x-6)=O > x=-2orx=6 


(3-2V2) +(3+2V2) = 6 
| 
3-2 =e 


1 

—+y=6;where y=(3+2V2)* 
y 
y—6y+1=0 


= 2» =4y-l2 =0 


ree ey 
py cei acd ~ 4 = 3422 


G42427 =6422)"" 


ee] 


TEXTUAL EXERCISE—1: (OBJECTIVE) 


5(2)** +10(2)*" | «142? | 1S? 
10**? - 5.2 gite ahr? - 3 arte 
= Ly sy 


16 
6* + 611 — 2% + Det + 2x2 
2° [3° + 2.31] = 21 +2 +27] 


P2377 

3° 2.(3),3* = 7 => 735) =7 

37 =] => £0 

QI3x-1| = 38x -2 — (3231 = 38-2 
8x-—2 

\3x —1| = => (|3x-l|=4x-l 

3x —-1 =-4x+ 1 or 3x -1 = 4-1 

Tx=2 or0=x 

x = 2/7 or O 


Although we are getting x = 0, as solution, but it is not 
acceptable as it does not satisfy the equation. 


3|sinx| + 4 .3608* = 7 
In the given equation |sinx| = 1 and cosx = 0 will sat- 


isfy the equation as it will leave 3! + 4.3° = 7 cosx = 0 
ae (2n +1) 


z,Vn € Z. This also satisfies |sin x| = 1 


Alsi] + 5 = 6 = Jllsinsi] = 1 
Jie = 28 =>  [|sinx|] = 0 
1 
0 < |sinx| < 1 => xe R- (2n+1) VneZ 
9 4AB)+3=0 => 3*-43)+3=0 
z= 4+ 16-12 _ 442 
2, 2 


3*=30r3*=1lx=lorx=0 


(2% -3)* =16 
(2' 3) = 4? => 
4* = 49 


2*-3=+4 


=> 
=> 


(b) 


TEXTUAL EXERCISE—4: (SUBJECTIVE) 


1. (a) 2° > 1=23-8>2° 3-8x>0 

3 > 8x => 3/8>x 
x € (-00, 3/8) 
16* > 0.125 = 4% aaa 4?* = 

1000 8 
4* > (4)3” => 2x>-3/2 
x > -3/4 => xe (3/4, ~) 
(0.3)"" **** < 0.00243 =(0.3)" *** > (0.3) 
W?-3xt6>5 => 2-3x+1>0 
2x*-2x-x+1>0 => 2x@-)D-1@-]1) 
(2x-1D)e-D>0 3 xeCo,12)U0,~) 


(a) 300 or 3200 —_ (2°) or (377° 


ee Se ee .. 37 is greater 
544 or 21!” => (54) 
20 x2 => 32x 24 
2) => us oT 
312712 > 312 4 2432 > 544 
(0.4)* or (0.8) => (0.4) 

(4)" a 

10° 10* 

g? 

(0.8)? > =, 

10 

10° 

2 Di 

— 0.8)° > (0.4)* 
10° 10° i 
107° and 40?° = 10” 
2 => 40! 
Q10 x 510 => 230 x §10 
510 > 10 


Multiplying 2” .5*° both sides, we gets 27° .57° > 2°°.51° 
107° > 40! 


gee ~ 9 => yer > 9 = (3) 


2 C. a >a>x>ytora> 1) 

x+1 

l _2>0 lv 2x72 9 
x+1 x+1 
~2e-1 og 2x-1 6 

x+1 x+l1 

1 

(Q2x+1)«%+1)<0 => ve(-1-3] 


Butx+1>landx+1EN 
x>0 > xed 


2 
Pia se) => ate ee 


2*3.2°42<0 = 2*-22*-24+2<0 
2*(2* — 2) — 1(2* -2) <0 

(2*—1)(2*-2)<0 => 2 €(1,2) 

xe (0,1) 

x2, 5*— 5%** <0) 
5* (x2 25) <0 


Ss wx 22 0 
5*is always greater than 0 


x? 25 <0 => (x+5)(x—5)<0 
=> xe (-5,5) 

aes | 
(a) <2 = 2-1] <2 24142 


eager oe | 
— De-1_] << 9xt249 = 3x-1_9x2- 3 
=> 2°11 -8)<3-2*!x7<3 
a ae) 
This is always true 
Since 2*'>0 for VxeR 
. xeER 
(b) 2**2 — 2°41 4+ 2e1_9*2 <9 
= 24 (2'-224+2=1)59 
=> 2*-4716-8+2-1]<9 


=> 2[9] <9 => 2°<] 

= 25? => x-2<0 

= 7s 2 => xe (-~“,2] 

(ce) 2*°-% > 2? > 47-6>3 

= 4y>9 => x>9/4 

=> |x| > 3/2 => re{-~-> }u(3.-] 
2 2 

a) 6*— 2(3*) —3(2) +6 >0 


e 
-~_ 


3*.2* — 2(3*) — 3(2") + 3.2 > 0 

3° (2° =2)=—30=2)>2 

(3* — 3) (2-2) >0 

For the satisfaction of above inequality, any value 
except x = 1 will work. 

=> xeR- {1} 


Y Ud 


I/x 
(b) gene > (=) Or rn > le as 


= 2 SO) => 22> (2) 
SS. pt 2x => C1 2SG 
x +2x+2 = 

=> ——— >I 
Xx 
=> [x+]?+l]l]}x>0 > x>0 
=> x& (0,0) 
(c) 2°+ 2" > 2v2 => 2*+2" > (2)? 
Case 1: ifx>0 
2* + 2* > (293? => 2.2*>(2)3? 
=> 21> (2)3 => x+1>3/2 
=> x21/2 => xe [l1/2, 0) 


Case 2: if x <0 
1 
2x+ Be > (2)? => 241 > (2)? 2° 
=> 2%_(2) 24120 > Y—-2vV2y+120 


PENA), oF a), 
= 


y 


SS 


2 
[y-(v2+1))(»-v2-1) 20 
y= 241 or y= 2-1 


2*= V2+1 or 2*= 2-1 
V2 +1 >2 (not possible because x < 0) or 


i log, (V2 - 1 


YUN Y 


YuUY 


Exponential Logarithm < 2.61 


=> y €(-2,/2 -1)U| V2 +1,| 


=> x €(--,log,(V2-1)) U [1/2,.0) 


6. 3Vx°-2x°4+12>3'" 


=> Vx°-2x°+121-x; clearly x> 1 is satisfies 

Now for x < 1; x® —-2x° + 12>(1 - x) 
G-1P>@-12 > @&-1)[C?+x4+1P-1]20 
(x — 1)*[x4* + x? + 2x3 + 2x7 + 2x] > 0 

x(x — 1)[x* + 2x7 + 3x +2] 20 

ax —1P(«+ IG ?+x+2)20 

x? +x +2 has real roots. 

(x — 1)? is always positive or zero. 

x? +x +2 is always positive. 

x € (-«w, -1) U (0, «) 
x € R~(-1, 0) 

V9" 437-239-37 = V343%-259-37 


343° 29 SR o S183" 
19.3*>81+2 => 193*>83 
3* > 83/19 


x = log, (83/19) 


VUUCYUYNUYY 


WY UNY 


=> € | lo = 
x — oo 
$3 19 


4*—2**7_-6*+43* <0 

2* — 4.2% —2°3*+43*<0 

2* [2* — 4] — 3* [2*-4] <0 

[2*— 3*] [2*-4] <0 

Case 1: 2* < 3* V x € [0, 0) 
2°>4VxeE[2,0) => xe [2,0) 
Case 2: 2*> 3* and 2x < 4 
223*VxeE(-~, 0] 
2*°<4VxeE(-0,2] > xe(co,)0] 
The range of x 1s (—0, 0] U [2, 0) 


(b) (Ve) ax 


2 
x” -—5x+9 3 


> x (1) 


Case 1: For x < 0, L.H.S. > 0, whereas R.H.S. <0 
Inequality (1) holds. 


—_~ 
& 
— 


y 


“YY 


= |-» 


Case 2: For x > 0, Inequality (1) 
becomes (x)* ~**? > (xy (2) 


Sub case 1: x © (0, 1) 

x —5x+9<3 => x-5x+6<0 

(x —2)(x —- 3) <0 

x © [2, 3] but it is out of sub-case restriction. 

Sub case 2: x © [1, «) 

x*-5x+92>3 => x—-5x+620 

(x —2)\(x -3)20 

x €E(-0, 2] U[3,0) > x e(1,2] U [3, 0) 

Sub case 2: x= 1 orx=0 

Obviously, L.H.S. = R.H.S. = 1 for x = 1 and L.H.S. = 
R.H.S. = 0 for x = 0 

Concluding from above case analysis, we have solution 
set R — (0, 1) U Q, 3)) 


Y UY 


Y 
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TEXTUAL EXERCISE—2: (OBJECTIVE) 


- (b), @ 


(a) (0.2)’ > (0.8)% 

=> (0.2)’ > 256 x (0.2)' 
=> False 

(b) (0.2)’ . (0.8)*as shown above it is correct 
=> True 


=> (02)'>(4x 0.2) 
(0.8) > (0.2)’ 


(c) (10)° < (500)!° => 230 530 

me Oe DIO 510 te SHO S10 

= 9 5? (500)'° < 10°° 
= False 


(d) (10)*° > (500)'°as shown above is correct option 
=> True 


' Vx+2 Ka 
. (b) =| 3° => (3) >3" 
—~ Vx+2>-x => x+2<x 


=> 
Set 250 
(. ifx <0, then inequality does not hold, > x > 0) 
=> x-x-2>0 => xe(-o,1) Ve (2, 0) 
=> xe(2,0) 

6-5x 

2 \2+5x D5 
. (d) (2) < i 


6-Sx 3 
=> (2) “ < (2) where x 4 —2/5 


6—5x 

> 
BOK 
[2/5 lies between 0 and 1 .. greater the power of 2/5 
smaller is the number] 


6-5x+4+10x 10+5x 
=> ———" > 0 >0 
24+5x 243% 
=> 5(2+x\(2+5x)>0 
=> xe (-~, -2)U {-2/5, 0} 
Demy Lege | 
. (a), (©), (4) ————— < 0; Put2*=y>0VxER 
: = 
Syl pat 
Yigg ~Y FV <¢ 
y-l yy-) 
2 
ae a W- 29+) , 4 


~ yo=) yw(y-l) 
=> wWy-)v-20+ 120; yF9, 1 

=> (v—-)lDw-2)>0,v41C-. y,y+1>0) 
=> 2 =y € (-o, 1) U [2, ©) but y> 0 

=> 


27> € (0,1)U[2,0) > x € -o, 0) VU [I], «) 


. (b) 12*- 2073) -3 (4) +6 <0 

=> 3*4*—2(3*)-3(4)+6<0 

=> 3*(4*—-2)-3(4*-2)<0 

=> (3*-3)(4-2)<0 
For the above inequality so hold true one item must be 
positive and other should be negative 


Z 


Case: (i) 3* — 3 < 0 and 4* -2>0 


=> 3°<3! = A= 2>0 
x<l =; 4D 
=> 4*> (4)? => x>1/2 


The range for x is = 


Case: (ii) 3* —3 > 0 and 4* -2 <0 


=> 3*-3>0 => 4-2<0 
=> 3>3 => 4<2 
=> x>1 => 4x%< 4!" 
= = 172 


No x possible satisfying both inequality. 
(c) (1.5)'* < (0.6420 


= ( 64 _— 
ee. Pl ae 
100 100 
-x +x x- 2(1+-Vx) 
sy ie) aN (Pay 
= |) ee => |—| <||-— 
4 25 5 5 
(4) (sy 
= Il 3|| ae] 
5 5 


=> (vx+I(Vx-1) > 4(1+ Vx) 


=> x-1>4(1+Vx 


=> (vx-l)>4 => Jx>5 
= YS Z5 => xe (25,0) 
ie 2x7? 4+x-4 
(a) (| ieee => (= = > 
3 [57 3 (3)°" 
2x +x-4 3 2x? +x-4 
| <— => 3 
2x 2 x 
2x? +x-4-3x 2x*-2x-4 
>_< 0 DO — <I 
x x 
x°-x-2 
=> ————<0 => x(x-2)\(x+1)<0 


x 
=> xe(-co,-1)U(0, 2) 


(by 8%" > 4096 — gr 59 
=> /3* | = 23v2> 92 

=> 3x/2>2 => 3x>4 

=> xe 4/3 => xe (4/3, 0) 


TEXTUAL EXERCISE—5 (SUBJECTIVE) 


(a) y= log, (9 — x’) 
In any logarithm log y;, x # 1 or negative and y > 0. So, 
in the given logarithm 


=> 9=7°>0 = OS x 

=> 3<x<3 => xe (-3,3) 
(b) y = log, (x — 4) => x-4>0 

=> x>4 => x<-—-2orx>2 


=> xe (-0, -2) U(2, 0) 
git = ql +2 
Taking logarithm on base a on both sides 
=> sinx log a= (|x| +2) log a [*.” log m" =n log m] 
=> sinx = |x| +2 [log a= 1] 


3. (a) log. 5 


= The above equation can be solved graphically. 


Since there is no intersection point between the two 
curves, hence sinx # |x} +2 VER 
So a™ = a*!*?2can be equal in case only when a = 0 
or 1. log, a will be undefined if a = 0 

=> log,1=0 


=> log, ;5=x 


=> sV5log, -5=(SV5)'=> 5=(5V5) 


= §i= ((5)32)* Si= (5)3/* 

=> = 3/2% x= 2/3 

(b) log 343./7 log 7) 1/2(7)° (7)? 
=> log... 1/2 Cy log, 1/2 (7)? 


: 
=> log. yy ((7)'”] 
(c) log, 1024 


= log. Ola i 
=> 10/3 


V2: 
Tlog 4,12 Oy =4 
log, 2"° 
10/3log,,(2)° 


YU Yu YUU YY 


I 1 
. log, x= a= 7(2401)* = 1(7*) 4 = 7 x 79 x(74)"4= 
72 x (7)%4= 7? ea = 7 x (7)'°8 gle) 49 = x2 


» (a) f(%) =log, @’-4x+3) => x -4x+3> 
=> x*-3x-x+3>0 => xx-3)-1@-3)>0 
=> (x-1l(x-3)>0x<lorx>3 
=> xe(w,1)U(G, 0) 
(b) f(x) = log, (4 — #) + log, (= 1) 
(4-x)>04>x, => 2<x<2 and 
x*7-1>0 =| x21 
=> x<-lorx>l 
The common range for 4 — x? and x” —1 is (-2,-1) U (1, 2) 


t?+5t+9 tr? +5t+9 
c Xx =lo = ———————_ > 
I) oP 5146 t?-—5t+6 
?P+5t+9>0 


t+ 5t+9>0 has no real roots hence it is always posi- 
tive for any t € R and # — 5¢+ 6 can not be negative in 
order to make whole expression positive as ? + 5t+ 9 
is always positive. 

?—3t-2t+6>0 => «t-3)2(t-3)>0 


=> 
=> (t-2\t-3)>0 => tEe(-,2)UG,) 


. x10 —— ee eon | 


x € (1, «) and |x — 5| > 2\ 

—2<x-5 = Loo 72 

—2 oe => Ye 2S 

3=% — eed 

Hence, the range for x is x € (1, 3) U(7, ») 


=> 
=> 
=> 
=> 


1. SP LH 2 


Exponential Logarithm < 2.63 


SS = 28 PF LH 0 
=> (-1)/=0 > x= 
=> x=+1 log(x+ x") should be defined 


l 
=> x+x'!=0 => x+-—>0 


x +1 ig 
=> >0 => + 1)@)>0 
x 
=> x>0 => x& (0,0) 


So, the value that can satisfy x* + 1 = 2x’ is 1. 


TEXTUAL EXERCISE—6: (SUBJECTIVE) 


. (a) 32'3 = 4x, Taking log both sides, we get 


log, 32'” = log, 4x 


1 
=> 3 18 32 = log, 4x [*-- log mn = log m + log n] 


l 
=> 7 1082 2° = log, 4+ log, x 
5 
=> 7 0822 = log, 2° + log, x 
5 5 
=> qo se EDS => ao eermoere 
5 


I 
=> oo ee => =a ee 


(b) 64'* = 8x, Taking log both sides, we get log, 641 = 
log, 8x 


=> aloe, 2°=log,8x => “log, 2 = log, 8+ log, x 
3 3 
=> ee => im ee Sd 


—3 
=> > log, x 


. (a) log, 512 = log.(8)° (Using property log a* = n log a) = 


3log,8 [log,8 =1] =3 x 1=3 


2 

5x— 

(b) log,,, (32) = log, .(2)°= log. .u(27) 
10 

sn 2 3/2 ai 
(2) : 


= io " (292) 


_ 10, 
(2) 3 08 


(2) 


ie ~ 1084 ~ 108,, = -log,,(2°.)= = 
(c) log, 128 =log,, 2’= log,,(2°)”” = (2°) . 


. (a) log,8. log,2 . log,5. log,4 . log,2. log.3. log,3 


= log8 log2 logS log4 log2 log3 log3 
log2 log3 log4 log3 log8 log5 log2 


using properly log m” = ee =>] 
logm 


(b) log,48 where log,3 = A 
= log, 3x 2’ => log,3 + log,2* 
=> i+ Alog,2 => iA+4 


l 
(c) log, 27 — log, 9 E log m" = og n | 


log. m 
log,27__ log,9 _ log,3° _ log,3° 


log,9 log,27 —_log,3”_—log, 3° 
3log,3 2log,3 3 2 =5 


2log,3 3log,3 2 3 6 


4. (a) 


. (a 


a 
& 
— 


2.64 >» Fundamentals of Mathematics—Algebra | 


log,4 _ log 108 


log3 


log, 12 logi2_ log36 

_——S ee eae x (es 

log353 — logigg 3 3 log3 

= log,12 x log,36 — log,4 x log, 108 

= log,(3x4) x log, 3’ x 4) — log, 4 x log, 3° x 4 

= [1 + log,4] [2 + log,4] — log,4 [3 + log,4] 

= 2 + 3log,4 + (log,4)’ — 3log,4 — (log,4)’ = 2 
4/95 (5 2 

= log. — 


625 54 
= -7/2 log.5 =-7/2 


l 
og9 . 
log3 


(b) log, = log, (5) * = log. 57” 


(c) log, log, log, 81 = log, log, log, 3* 
=> log, log, 4log, 3 => log, log,4 
= log, log, 2’ => log, 2log,2 
=> log, 2 => 1 
16: na as figes 5° xs 
= log, 5° => 5log,5 
=> 5 


(logo, 10)(log, (log, 2))(log, (log, (256)° )) 
log,8+ log, 4 


_ (log,,.(100)'”) (log, log,(4)"’ (log, 2 x log, 2°) 
log,(4)°” + log, (8) 


(b) 


I 1 
(5 Pe (to8 5 Hees 16) —x-1x2_¢ 
“3 2)””:*«SASSB 
2. 3 ; 6 
(c) (81) 3 | 4 a7bes pe 4 310879 
i085. log, 36 4x log; 7 
= (3 a +(3 9 + (3) log; 9 


3) 


ss 
= (3 sy oes 5 +(3 yea 
-(3 gloss 5 )' +(3 a). we 3) e837 i 


2) 
= (5)° +(3°)2"" + (7)? = 625 + (6)3 + 49 
= 625 + 216 + 49 = 890 
log(1 + 2 + 3) = log] + log2 + log3 = 
log (6) = log(2 x 3) = log2 + log3 
[log 1 = 0] 
log(360) = 3log2 + 2log3 + log5 
log2 x2x2x3x3x 5) 
log(2°) + log(3’) + log5 +3 log2 + 2 log3 + log 5 


2 2 2 
oe( =} oe( 2} oe( = ]- 0 
yz zx xy 
x? y? 2? 
4 oe }rtoe{=}=0 
(yz)(zx) xy 


we’ 


log (1+2+3)= 
= log 1 + log2 + log3 


wus 


x? y 2? xyz? 
=> log} ————— = -Jog|—_——— 
; ( (y2)(2x)(39) | : ( eye 
=> log(1)=0 
(b) log, 24 log, 192 af 
log,,2 log, 2 


= log, 24 x log,96 — log, 192 log,12 


8. 


10. 


=> log,(2x2x2x3)xlog,(2x2x2x2x2x3)-log(2 
x2x2x2x2x2x 2x 3) x log, (2 x2 x 3) 


=> [3 + log,3] x [5 + log,3] — [6 + log,3] [2 + log,3] = 


log, N log, N 
log, N _ \ log,a 1 log, N_ log, ab 
= =_ = x pee a 
log,,N _log,N log, N I log, N : 
(log, ab) log, ab 
ab = log a+ log b=1+ log b 


. A=log,, 


eas —4(a+b) | 168 | 


2 


Sie See ~4(a +b) | 


2 


ab —.{(aby —4(a+ b) 


ab — (aby? — 4(a +b) | 


7 2 2 


(ab)’ —((aby — 4(a+b)) 4(a+b) 

a log, we sete = log, 
4 4 

= log,, (a + b) = log, (43 + 57) =log,, 100=2=A=2 
B = (on jo > Je Pt a lose 
= 2.(2.3)'%8°° 
A.B 
12 
(a) x= 
x = log,4,y = 


=> 
log,10 => 
=> 
=> 


= 2.(6)'°*** = 2(3) = 6 
> 2x6 


Y J 


log,4 and y = log.3; log,10 "7 log, (1.2) 


log.3 


=r 
log, (2 x 5) 


log,2 + log,5 = log, 4+ log,5 


Y Uv Jy 


1 
eee log, 10 log, (1.2) 
x 


2 
=> oe, (=) => 
10 
=> log,3 + log,4 — Gard 
2 sy 


log, (12) — log,10 


x | 


=> 14+x---—- ie a Si 1.2 
7 os g,(1.2) 


(b) &'°° =16 => 
= (log, 5) (log, k) 
Multiplying log,5 both sides, we get 
(log, 5)’ (log, k) = (log, 16] (log, 5) 
=> (log, 5)’ (log, k) = 4log, 5 
=> (log, 5 5) (los, k) = log, 5* 
> log,()"?" S108;625: “Sk S625 


log, (k)'*?° = log, 16 


= log, 2° 


TEXTUAL EXERCISE—3 (OBJECTIVE) 


(c) (256)! = 8x 
> 20 x2 =x 


=> Aya = 23x 
=> (2)*” 3 


=> (2)-MS=x ee eae 


- (b) 


- (b) 


- (d) 


- (a) 
=> 
= 


weB 522 => log,32 x log, 64 
log,,8 
log,(8 x 4) x log, (8) => 2 x[log, 8 + log, 4] 
2 
ee = 2x] 142 
2x- => 10/3 
3 
125)(625 Die ous 
pezigg AOE) => Aimee eae 
A = log, 5° => A=5 
log 625 => log,625 
log 54 => 4 
log, log, log, 256 = log,log,log, 4’ 
log, log, 4 => log,1=0 
log 10000 
log,» 10000 = A > (2s 
log0.01 
4 
ee 2 es ce 4 
log10 —2 
—2=iK 
log, , (2) => log, 16 
1 -4 
log,,, =) a 
log,24 log,192 
52 A _ OE2 "= log 24 log, 96 — log, 192 log, 12 
log,,2 log,,2 


= log, (2° x 3) log, (2° x 3) — log, (2° x 3) log, (2? x 3} 
| 3+ log; || 5+ log; |-[ 6 + log || 2+ log} | 
15+ 8log, 3+ (log, 3)’ —12-8log, 3-(log, 3)’ =3 


Tlo EO si Coane Sloe A 
215 oy 530 
lo (#8) 1 (25) 1 (=) 
S 15 S 24 S 80 

(#8) (3) (=) 
log} — |} x| — | x|— 
15 24 8 

3 


4l4 §!° 12 p's x 5° x ait 
= log 2 
log 2= loga = 2 
log, 2 => log, ,(/2)t=- 
log, log, N 
log, a an layer? log, N)(log, 6) 

[a b \ log, N) =n (b)'* (log, NV) 
log, N 

TEXTUAL EXERCISE-—7: (SUBJECTIVE) 
log,(x-l)=3 a 
x-1=8 > x=8+1 
x= 9 


(b) 


(b) 


Exponential Logarithm < 2.65 


log ,(x° — 2x) =2 => f3 meee? 27 (YB) 
eee =3 => x?-—2x-—3=0 
x*-3x+x-3=0 => x(-3)+1@-3)=0 
(x+1)(x-3)=O > x=-lorx=3 
log,(x7-3)=27 > log, (x? -3)=4 

7 Mate => ~_3=16 

x= 19 => x=+V19 

log(x + 1) — log(x — 1) =1 => log((x+1)/(x-1))=1 


oy a 


=10 => x+1=10x-10 
x= 1 
11 — 9x => x=11/9 
0.25 
(0.125) 4°*° = oe | 
2 
(0.125) A2x-6 9-2 48 — 91/2 
(0.25) 2 
2a De => 4x-13=-1/2 
8x — 26 = -1 => x=25/8 
(a? b?>)k = 0° = log(a? b*)* = loge? 
x log(a? b*)=loge® => _joee =log ,,.¢° 
log(a*b’) ee) 


Qitloes _ 31408 _ 210 = 0 


=> 99's — 3,3! _210 =0 


UNUUNVSUUY 


—_~ 
& 
— 


Yu vy 


=> 


9,(3° )? — 3.3" —210=0 
Of? — 3t — 210 = 0; where t = 3'° 
(t—5)(9t+42)=0 => t=Sort=—-42/9 
3° * — 5 or — 42/9(impossible) 
x3 
log,, @ — 12 + 36) =2 
x’? — 12x + 36 = 10? = 100 
x’ — 12x-64=0 
x’ -l6x + 4x —- 64 =0 
x(x -16) + 4 (x- 16) =0 
(x + 6) (x +4) =0 
x=16,x=-4 
x/3 3 7 log 81 3 _ 0 
log3 log3 Fe log3 
logx logx/3 logx/81 

log 3 é es 
logx.logx/3 logx/81 


log 3 . log 


log3 . log x/81 + logx . log x/3 = 0 

log3(logx — log81) + logy. log— = 0 

log3(logx) — log3.log81 + logx (log x -log3) = 0 
logx log3 — 4log’3 + log’x — logxlog3 = 0 


log’x = 4log’3 => A eh 


| 
(b) log, x= Pas: 8— 2log, V3 


=> 
=> 
=> 


log.x = 1 — log,3 => log.x + log,3 =1 
log, 3x = 1 =: Bx=Z2 
R= 2/3 
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>: 


YUYUY 


ne 


loglX— 3) bs tog. (x— 3) = log, (x— 1) 
log,,(x-l) 2 

log,,(x — 3)’ = log,,(x—-1) 

(x-1)=(-3/) => x -6x+9=x-1 
C7kIO=0- <5 as\@a2=—0 

0 eee ee 


x can not take the value 2 as it is not included in the 
domain of log,, (x — 3) 
x=5 


b) log (log x) + log (log x* — 2) = 0 
= log(log x Glogx — 2) =0 
=> 3logx. logx — 2logx = 1 
=> 3(logx) — 2logx—1=0 
Let log x=4 
=> 3y-2y-1=0 => 3y-3y+y-1=0 
> 3vQv-1+0-1=0 
=> y=lory=-l/3 => x=10aslogx 4-1/3 
(c) logy.,, (5) = 2 S(log.x)? 
=> V5 = log, x => x=5% 
logivxt+2+1 
nes log(Vx+2+1)=Slog/x-2 
= log| (x- eal = log(x — 2) 
=> Vx+24+1l=x-2 => x4+2=x-3 
> x+2=4+9-6x => x’-7x+7=0 
Si gee ee 
p 2 
Pen 
2 


(3+ log, 9) log, x+1=0 


=> 
=> 
=> 


3(log, x)” + 2log x’ (log, x) +1=0 


/3(log, x)” + 2log,x+1=0 
3(log,x)’ + 2 log,x = 1 
Let log,.x=y 


=. 37 t2y—1—0 => 3y+3y-y-1=0 
> 3(y+1)-(tl=0 
=> y=-lory=1/3 => =O)? 
or x = (1/3) = #= 4/3; 345 
3(log, ut log, v} = 10 log u = =y 
log, v 
1 
a[y++}-10 
y 
=> 3v+3-10y=0 => 3y-9y-yt3=0 
=> 3(v-3)v-3)=0 > 0 -3)Gy-1=0 
= y= 3: y= Ws 
=> log u=3or— => u=vorv'3 (Given uv = 81) 
=. Su 
= Y= ou 27 => (u,v) = (27, 3) 
=> U3 21 => (u,v) = (3, 27) 


9. xln|x|-—1=0 


=> 
=> 


=> xén|x|= 1 
=> lnix| =x? 


én|x| = 1/x* 


e*? = |x 


Clearly there will be two points of intersection and 
hence two solutions. 


TEXTUAL EXERCISE—4: (OBJECTIVE) 


1. (a), (b) log ,(2x°-4)=1 > x =2x°-4 


=>. 7—4 => x=2,-2 
2. (c) log, log, log.x = 0 => log,(log,x) = 1 
=> log,x=3 => X= 2725 
x+l 
3. (a), (b) oe c**; Taking log of both sides, we get 


ie 


x+l 
oe( S]- logc** 


Y UYUYUY 


log a**' —logb*' = loge” 

x +1(log a) — (x -1) log b = 2x log c 
x(loga — logb) + loga + logb = 2x log c 
x(2loge — loga + logb) = log (ab) 

x (2loge + log b/a) = log(ab) 


| b 
ae?) — log, 2 (ab) 


logo? 


a 


slog( = |= logab> x= 
a 


4. (a), (c) log 2. log, 2 =log, 2 


=> 
=> 
=> 
=> 
=> 
=> 


! Us 


6. (d) 


(1) 


(11) 


log2 log2 _ log2 
logx log2x log4x 


log2 (log4x) = log x.(log2x) 

log2 (log4 + logx) = logx (log2 + logx) 

log2. log4 + log2. logx = log2. logx + (logx)” 
(logx)? = 2(2log2)” 

108x = V2 log 2 or logx = —V2 log2 

x= 2 9-2 

508. x 4 5x25 = 3 => x !8e 5 ue 5x08 5 = 3 
62°".=3 => 22607) 
co 


OB ars \' = me ee i . The selection are subject to fol- 
1 x+1 


lowing constrains 


2 
—->0 => (x+1)>0 
xt+l1 
| 

Z 
—#] =. I 
x+l1 


10. 


Gee ee 
10 x+1 
=> x*7+3x-18=0 => x?+6x-3x-18=0 
x(x + 6) -3 (x + 6) =0 
=> (x-3)+6)=0 => x=3 


(b), (c) Z2log2x = log (7x —2 — 2x’) 

= log(2x)? = log (7x — 2 — 2x”) 

=> 7Tx-—2-—2x* = 4x => 6x°-7x+2=0 

=> 6x°?-4x-3x+2=0 > 2x (3x-2)-(G3x-2)=0 
=> (3x-2)Q2x-]l=0> x=2/3,x= 1/2 


(c) giegs (I-2x) = 5x? => 5 
Taking log both sides, we get log, (1 — 2x) log 9 = log 
(5x? — 5) 


=> 2x+24+2x4+%x=20 


log(5x° — 5) 


log, 
log, (1 — 2x)’ = log, (5x? — 5) 
(5x? — 5) = (1 — 2x) 
5x? —5 =(1 - 2x) 
x? + 4x-6=0 


44+ J16+24 -44+/40 | 
2 


=> 2log,d-2x)= 


=> 5x*-5=1+4+4x-4x 


WY YVYUY 


2+V10 


2 
Options (c) is correct *.. x < 1/2 
log(x—-1) _ log(x- 3) 


b) | —1)=1 3) => “= 
(b) log, — 1) = log,(x — 3) iced log2 


y 


= log(x— 1) =2 log(x — 3) 

(x-3yY=x-1 

4+9-6x=x-1 > x-7x+10=0 
(x-5)(x-2)=O > x=5,x=2 

But x # 2 as log, (x — 3) does not have 2 in its domain 
=> x=) 


YUd 


log5 + log(x* +1 

(a) 22 g(x +1) _ 
log(x — 2) 

= logS + log(x* + 1) = log(x — 2) 

=> log(x’?+ 1)- log(x — 2)? = — logS 


2 


| 
a -=2 > £444" = 5x45 
(x-2)° 5 
> 42+4x¢+1=0 => (2x+1P=0 
=> x=-1/2 


TEXTUAL EXERCISE—8: (SUBJECTIVE) 


(a) log x 2 a; givena> 1 
=> 420° 

=> xe[l, «) 

(b) log, x> 0; givena<1 


=x 2 


=> x<a => x<l 

=> x>0 => xe (0,1) 

(a) log, x*-1<0 => log, x’ <log,2 

=> x<2 => (x-V2}(x+V2) <0 
> re[-V207) 


» (a) log,,, Gx—-1)>0 


- log. (a+ 1) => 


. (a) log,3 and log, ,5 => 


Exponential Logarithm < 2.67 


(b) log (@’—1) <0; givenO<a<1 
=> log @-1)<log 1 @-1)>1 


=> x-2>0 => (--,-V/2)} U (V2, %) 


. (a) log, (x—7)>0; givena> 1 


=> (x-7)>a => x>at7 
=> x>8 x € (8, «) 
(b) log, @-1)>0 => log,, @-1)>log,, 1 
=>. x=) 1 = 472 
But x -1 >0 
=: 421 = xe 132) 


» (a) log, ’—2x)>1 => log, @’ — 2x) <log,2 


=> x-2x>2, also x*-2x>2 
=> x _2x-2>0 => (-0,1- V3) U (1+ V3.0] 
4x+6 


4x+6 
(b) log,,; - a 20 log,,s 


2 log, 1 


The selection is rejected to the following equations 


(i) BOO 2, 4x+6 <9 
Xx XxX 

=> (3x+6)<0 => (x+2)x<0 

=> xe [-2,0] 

eee) = x(4x+6)>0 
Xx 


=> x2x+3)>0 => xe +3/2)>0 
=> => (¢«, -3/2) U (0, 0) 

Taking intersection above two sets 
=> xe [-2, -3/2] 


=> log,, Gx—-1)>log,, 1 
=> 5x-1<l = 7/5 
Also 5x -1> 0 
x5 


=> x € (1/5, 2/5) 
(b) log, @’ —4x+3)<1 


= 
=> log, &’—4x + 3) < logs® 
= 
=> 


=> x-4x+3<8 x*-4x-5<0 
=> x-5xt+x-5<0 x(x —5)+(x-5) <0 
=> (*-5@+1)<0 => xef[-l,5] (1) 


Also x*-4x+3>0 > xe(-,1)U(3, 0) (11) 
Taking intersection of above two, we get [—1, 1) U G, 5] 


=> log, x<0 => log, x<log, 1 
Obviously a7 + 1>0 
=> x<landalsox>O0 > xe(0,1) 


log3 na log 5 
log2 log 1/4 


l 
og3 oe log5 
log 2 —2log2 


Clearly log3 _ —log5 = log,3 is greater 
log2 2log2 
(b) log, 7 and log, 3 = log? ‘na log3 
log5 logs 
l log3 
= log7 > log3 > og7 ,, log 
log5 log8 


= log,7 is greater 
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(c) 


(d) 


+ log, z 


2and log 2+logx = 2and 


log, z 
log2zx is a positive number, let us call it y 


1 : 
—+y is always greater than or equal to 2 
y 


2 ye => y_y+1=(y-1)20 
y 
Hence clearly, log, 2+log, z is greater 
log,2 and log,3 = See log3 
: log3 log2 


log3 > log2 pees >1 => log,3 1s greater 
log 2 a 


8. (a) gleex+2 — glogx?+5 _ 5 
If 3! = y 
The equation reduces to 9y < 3°y?- 2 
2 1 
=> y3°-9y-2>0 => +— || y-— |>0 
y y y =I» 5 | 
Note that y is always positive 
> ye Ze) => Ee ee 
9 9 
=> —2<logxr<o => 10°<x<o 
=> xe (107, 0) 
1yY 
l vol (3] | l+x | ; I+x 
(b) | — <2° > 3)—|+4+5<2 
3 2 
=> 32° 4+5<2™ 
=> 32°32" +550. 2 °3.2"-22'+5=0 
Let 2*=y 
=> Soy se6 => 3y-2y +5’ <0 
x 
=> -2y+ 5y + 3y<0 
=> wey + 5yt3)<0 > y2y’ + by—yt 3) <0 
=> yv-2y Y— 3)y — 3)) < 0 
=> wy-3)2y-1)<90 
=> wy—3)(t 1/2)>0 
=> (v—-3)Qt1/2)>0  [2x>0] 
=> ye (-%, -1/2)U(G, «) 
But 2* > 0 => 2* € (3,0) 
=> me (log,3, 0) 
9. (a) log, (3x—-1)<1 => log, (3x —1)<log,5 
=> 3x-1<5 = 42 
Also 3x -—1>0 =: x lis 
=> xe (1/3, 2) 
2x-6 2x- 
(b) log, ~~ 0 => log, ai > log, 1 
241 2x 
an 2x-6 | a 2x-6 156 
2x-1 2x - 
2G => 5(2x-1)<0x<1/2 
2x-1 
Also ane >0 
2x= 


10. 


(x—3)(x-1/2)>0 = 


=> x € (-o, 1/2) U(3, 0) 
=> xe (-o, 1/2) 


(c) eer, => ope Siege 
Sy ee ay, Se eG 
x x 
=> (1-3x)x <0 => xx- 1/3)20 

=> xe (-o,0] U[1/3, «) 
Ai "56 => x(x—1/2)<0 
bs 
=> Xx (0,- => xe [1/3, 1/2] 
4x-—5 
log 12 
| eee 
Ax —5 
For log to be defined acaeioed E 
x2 


=> 4x—-5>0 => x>5/4 (i) 


: 4x-—5 
The inequality reduces to [a= ls x 
xX — 


=. 4y—5 > x* = 2x 
> xeé[l,5] (i1) 


Case 1: x € [2, «) 
=> x -6x+5<0 
Case 1: x <2 

= Inequality becomes x? + 2x-—5>0 


= xe(V6-1,2] (iii) 
The taking intersection of (1), (41), (111) (v6 — 1,5) met} 


TEXTUAL EXERCISE-5: (OBJECTIVE) 


(b) log, x’ — 2x) <0 

=> x -2x<1 

— xe (1- ¥2,1+ V2] 
But x? — 2x <0 

=> xe(o,0)U(2, 0) 

=> xe(1-V2,0)U(, 1+ V2) 

(c) log (x’-— 1) >0; givena<0,a<1 

log (’-—1)<log] => x-1<1 

x -1>0 = [age 2 


xe (-V2,1)U(Lv2) 


= log, (x — 2x) < log, (1) 
=> x-2x-1<0 


=> x(x-2)>0 


Y Ud 


2 
x’ —4x 


7-4 
(a) oe (° *), log,1 > >1 


=> x-4x-3>0 
x €(-0,2-V7 }U(2+7,0) 


2 
x” —4x 


y 


But 
=> (,0)U (, «) 
Making intersection, we getx € (-c0, 2— V7) U(2+ V7, 0) 


(c), (d) 
(a) log,5>-log,,,25 


>0 => x(x-4)>0 


=> log,5 >-2 log, 5 


log5  2.log5 
ee gee => log6 > log8 (False) 


log4 log6 


=> 


ee ee ve log5 . log 25 
84 < 0081115 log4 logl6 
log5 - 2 log 25 Serr 


log4 2log16 


As proved in the above questions log 5 = log, ,, 1/25 
True 


log,5 > log,5 BOEP as WES 
log4 log6 

log, < log6 = True 
(! — 1 

— >1 => ——>l 

2 ploes (x -1) 
1 > (@’-1) => x-2<0 

(x+V2}(x- V2) <0 
xe (-V2,V2) 
But x -1>0 
(x+ Ie-1)>0 (1) 
x € (-, -1) U1, «) (11) 


Making intersections of both (-v2 -1) U (1,./2 


WY YU 


y 


8. (d) 


log,s(x°-4x+3) <1 
log, ;(x° — 4x +3) < log,, 0.5 
x —4x+321/2 => 2x°-8x+621 
2x? —-6x-—2x+520 2x? -8x+520 
xE 2-3 U 2+ fix 
2 2 
But x*-4x+3>0 > (*-3)(x-1)>0 
x € (-0, 1)U (G, «) 
Hence the solutions set is taking intersection of above 


[3 [3 
two intervals | —9,2—,/— JU] 2+,/—,° 
2 2 


(a), (d) log, (F=*) >] 
XxX 


2=3 
which can be written as login ad Je log,,; (3) 
2= 3X 
0< <3 
x 
DINK 
x(2 — 3x) > 0 and ————— <0;x #0 


Xx 


2 
xe (0.5 Janc (2—6x)x <0;x #0 
ve (0,2 Jand xe (-=,0)4] >. 
3 3 
Salsiis) 
OS |e Cl 5 | ee 
3 3 3° 3.) 23:3 
1+ 2x 
oe, Jx1 
x 


; 1+2 
Which ca be written as oe, = 
1+x 


}: log,3 


10. 


=> 
=> 


Exponential Logarithm < 2.69 


[== | 1+2x 

—— |<3 > —3<0 

l+x l+x 

I+ 2x-3-3x _ =, oie eS0 
Il+x 

(+x)(x+2)>0 > xeE(-o,-2)U@C€I1,0) 

But meee, 
+x 


(d+x(1+2x>0 > («+1)(«+1/2)>0 
x € (0, -1) U (1/2, «) 


Solution set (—co, —2) U (—1/2, «) 


(a) 


YU UUUUIUY 


Y UNY 


(d) 


(a) 


log,, ix =—x- 2) > log,» (-x’ +2x+ 3) 

Case 1: x*-—x-2<-—x*°+2x+3 
—2x*+2x+x+5>0 

—2x*+ 3x+5>0 

—2x* + 5x -2x+5>0 

—x (2x — 5)-— (2x —5)>0 

(2x —5)(x+ 1) <0 

x € (-1, 5/2) 

Case 2: x*-x-2>0 

xv —-2x+x-2>0 => x(x-2)+(x-2)>0 
(x-2)(x+1>O0 D> xe (-~,-1)U (2, 0) 
Case 3: —x7 + 2x +3>0 

x*—2x-3<0 => x-3x+x-3<0 
xx —3)+ 1(-3)<0 

(x-3)(+1)<0 => xeC€I,3) 


Overall solution x € 2.5 


—] ; 
log 15 oe, —)> 0 (1) 
a x-—2 
x= 1 ye 
Clearly, log, (==* > 0 ane >0 
D Somer = 2 
x-1 x1 x42 
>1 >0 
x= 2 Pie 
1 2s 
>0 = XeZ (11) 
ee x+6 8 
Now, for x > 2, ——->-—>1 
3 3 F 
—1 +6 
Again from (1), log, (=")>(7 =] 
x= 2 3 
[==> 2 x-l- 2x44 9 
x= 2 Fee 
Gg => (x-3\(x-2)<0 
eZ 
x € (2, 3) (111) 


From (11) and (iii), x € (2, 3) 
TEXTUAL EXERCISE—9: (SUBJECTIVE) 


Slog, x log, y log, z° 

8 .27. log x . log, y . log, z 
8.27 

log, y’.log, z*.log, x” 
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27 27 log x.log y.logz 
= log, y.log, z.log, x log y logz logx 
= 2) => L.HS.=R.HS. 


(b) a%.b’.c’; given nee = nee 
b-c ca 


b-c 
=> log,a= aa = leelag 
c-a 
Similarly BORD nat 
c-a a- 
=> log, b= = pacer 
we 
Also ORE = Ga =>. CS Ale 
loga b-c 
Similarly b= Aes 
> abc= oe Pee ee ee =q°=] 


Hence a*.b’.c* = 
C) xyvz=xy+zyt+ zx 
x=1+log be=log b+ log ct 1 
y=1+log,ca=log,c+log,a+ 1 
z=1+ log ab—log.a+ log b+ 1 
loga loga 


_ loge " loga 
7 logb logb 


a 


Y YYUY 


+1] 


y 


logb Z loga ~ 
loge loge 


> Z= 


x, y, z can be re-written as x = logo + loge + loga 
loga 
_ loge +loga+logb 
~  dogh 
_ loga+logh+ loge 
= 
To prove: xyz = xy + yz + zx 
Which is true iff xy (z — 1) = yz + zx 
Za] x+y 
2 oy 


Which is true iff 


Lock Al 
=> —+-+-=1 
x yz 


Ne, ss ote 1 1 1 
By (i), (11), (111), we get —+—+—=1 
x y Zz 
=> xXyZ-—xXytyzt+ ZX 


2. (a) pie eee ee Ee q = log, ca= 
loga logb 


peijeup= loga+logb 
loge 


=> ptaqtr 
logb | l l 
_ log OBO 5 Ree 4 oga 


+ 
loga logb loga loge logb loge 


l logb 
, loge , log 


(1) 
(i) 


(iii) 


loge+loga 


(1) 


logb loge |= te loga | logb | 


+ + 
loga loga j\logb logb )\ loge loge 


c loge ) logc.loge i loge (ee cee 
loga 


+ 
loga.logb logb 
mn ee see loge a loga i logb a loge age set 


=> par| 


loge loge 
loge logb logb loge loga loga 


Now pgqr can be written as 


l 
_ loga loge _ loga log | loge , , 
loge logb logb loge loga 


ppr 


By () > par=ptqtr+2 


(b) log = (Joga + log); where a? + b? = 23ab = 
2 
log =" = loga+logb 


2 
Which is true if oe = | —loga=logb 


2 
L.HS. = loe( = | —loga=logb 


> + 2ab+b* 
= log sae Bm (.. a’ + b? = 23at (given)) 
25a 
25ab 
= log] —— |= logb 
o( 25a 
=> LHS=R.HS 
(c) xyvz+1=2yz => x=log,,a, y=log,, 2a, 


z= log, 3a 


2log2a log3 
2yz = 2log,, 2a.log,, 3a = eee 
log3a_ log4a 


2log2a , 
-—== (i 
log 4a 
eee loga log2a log3a _ loga 
log2a log3a log4a _  log4a 
2 
Be pepe logat+log4a _ log4a eS 2 log 2a (ii) 


log 4a log 4a log 4a 


By (1) and (11), we get xyz + 1 = 2yz 


. log,a. log.a + log b log b + log c . log,c = 3 


(loga) , (logb) (loge) _ 
logb.loge loga.loge loga.logb — 


(log a) + (log) + (loge)’ _ s 
loga.logb.loge 7 

=> (log a)’ + (log 5b) + (log c)’ = 3loga.logb.loge 
We know that a? + b+ Ce=-(atbt+ec)@V@t+hPt+ec? 
— ab — be — ca) — 3abc 
a+b+ce=3abcifat+b+c=0 
log a+log b+ logc=0 
log (abc) = 0 => abc=1 


YUY 


4.@+Bh =e 


| 1 
log, c+b : log, c—b 
loga(c’ _ b*) 
log (c+b)log (c— 6) 
2 
log (c+5)log, (c— b) 


Now log, ,,a+ log, ,a= 


Using c? — b? = a’, we get 


=> 2log ,,alog,_,a 


(ax)"*" = (by) (i) 
b!os* = qloav (11) 
Taking log on both sides in equation (11), we get logx logb 
= logy. loga 
=> logx = logy log,a (111) 
By taking log on both sides in equation (1), we get log a. | 
logax = log b . logby 
loga 


=> oga{ loge + og y 22 | log b.log by 
logb 


log y(loga)* 


=> (loga) + = (logb)’ + logb.log y 
logb 


y 


| 2 
{Cabal —logb | (logb)” — (loga)’ 
logb 


loga)’ —(logb)’ 
=> ogy Hote te og” ~ (oe) 
= logy =-logb => y= 
Similarly x = 1/z 
. x € (0, 1) log(1 + x) + log(1 + x’) + log (1+ x‘) + ... 2 
=> log((1 +x +x’) (1+‘).......) =log(1 + 2?+x + x’) 
CLF )an = loo Cl rat aes eee ae Ee) = 


l 
log(l 4x ba xt +x +2) = log J==togct -» 
—x 


Note that the infinite G.P. coverage only because x € 
(0, 1) otherwise at would have not converged. 


l 1 l 
+ 


log,a log,a_ log,a 
This can written as log 2 + log 4 + log 8+ .... 


n(n+l1) 


=> log. (Qe) _ log, e) 2 


=> log (2.4.8...2") 


mT log 2 


a 


8. Let log,5= vis ;where p,g € Z s.t. g.c.d (p,q) =1 
q 
= 5=(3)' = 57 =3? 


Which is impossible as unit digit of 51s 5 V g € Z and 3? 
has its unit digit € {3, 9,7,1} 


log, 5 is an irrational number 
Now, let log, 7 = = ;p,qeNand g.c.d (p,q) =1 
q 


=> 7=(2p" => (27= (7)! 


10. 


Exponential Logarithm < 2.71 


Which is impossible as L.H.S. is an even natural num- 
ber, whereas R.H.S. is an odd natural number. 


(i) log, log,(Vx+5 +x) =0 
=> log,(Vx+5+Vx)=1 
=> Vxt54+Vx=5 


(ii) log, log, (x° +7)+log, log, (x7 +7)'=-2 


=.= 4 


= log, : log, (x7 +7)+ log, - log, (x? +7)=-2 
=> log, log, (x +7)+1+ log, log,(x7 +7) =-2 
= log, log, (x? +7)+ log, log, (x°+7)=-2 

=> log, 7+ log, k=— 2; where k = log,(x’ +7) 

=> log, K+ log, k=— 2+ log, 4 


3 3 
=> log,k+log, ea Sarr = —2+log, 4=- z108 5 log, 4 


3 9 4x16 
=> log, k|1+log, — |= log, 4-log, —= log, 
83 ( £5] 82 8276 83 9 
3 64 8 3 
=> flog, k]| log, — = log,| — |=2log, —=-— 2log, — 
( B3 I 2; | (=) B33 B28 
3 3 3 
=> log,klog,—.log, —=- 2 log,— 
83 B28 Bia B28 


Sig el 
a 


=> log@’+t+7)=4 
=> x23 


=> log, k=—2 log, 
4 

=> k=4 

=> 7x =9 


log, 2 . log, 625= log, , 16. log,10 
=> log,2 . 4log,5 = 4log,, 2. log,10 
= log,2. log5 = log, 2. log,10 

=> log,,2 = log,,2. log. k 

=> k=5 


TEXTUAL EXERCISE—6 (OBJECTIVE) 


(c) .. If the characteristic of log,, N is n, then the number 
of digits in Nis (n + 1) 

=> log,,(81)% = 24 log, 3* = 96 log,,3 (Given log,,3 = 
0.477) 

=> log,,(81)*= 96 x 0.477 = 45.792 
Characteristic = 45 = Number of digits = 46 


(b) log, 36 = log, 9 + log,, 4 = 2log,,3 + 2 log,,2=2 x 0 
A77 + 2 x 0.301 = 1.556 


(a) By the question, char [log (0.0005798)] = a and char 
[log (352.526] = b; where char [] means characteristic 
of the number 

log (0.0005798) =-4 + 0.8 

log (352.526) = 2 + 0.54 

a+b=4+2=2 


YW Ud 
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- (b) log,, log, log, 19683 = log,, log, log, .9 = log,, log,2 = 


log ,1 =0 
log,, abc. pqrst has mantissa 0.4971 
=> log,, abc. pqrst = log,, abcpqrst 
Similarly log, abcpgqrst 
=  log,, abcpgrst —7 

Clearly mantissa for log,, a bcpqrst = 0.4971 


Now characteristic for log,, abc pqrst =2 


=> log, abcpqrst=0 => log,,@ bcpqrst = 0.4971 


- (c) log, x log, y log, z log . p 


= pOBY 108) 2082. OE: = zt 0.5 having 
logy logz logp 2logx 2 
characteristic = —1 
. (b) Given log,,3=0.477 and log,, 2= 0.301 
(a) 37 =x 
= logx = 21 log3 = 21 x 0.477 = 10.017 


(b) 2%=y => 108y = 48 x log2 = 14.448 
Now Base > 1 = logx is increasing function 
logy > logx > yx 

— 248 > 321 


SECTION-III: OBJECTIVE-TYPE (ONLY ONE CORRECT ANSWER) 


- (c) log, ,27=x — (3V3) =3 
3 
ee i a => 2x33 
> x= 2 


. (b) —log, log, log, 16 = -log, log,4 
=> log,(1)" => 0 
. (a) log, 2.log,3..log,,9.log,, 10.log, 11 


=> log,2. log 3. log.4 log Slog 6.log,7log,10...... log? 


07° 


log ,,10 log, 11 
log,2.log,3 ...... log, ,9- log,10 
log,,9 
= log,2. log,3.... 210" 
log, 2 


= log,2. log,3...... log,8 . log,9 
log,2. log,3.....log,7 .log,8 
= log,2. log,3 .... log.6 . log,7 
log,2. log,3... ..log.5 log,6 
=> log,2. log,3 log.4 log,5 
=> log,2.log3.log4 = log,2 log3=1 
1 log; 5 


. (d) (2/9) sles . This can be re-written as (Sf 5 


= gireSS = 15./5? = 25 


10. 


11. 


12. 


13. 


1 2-logg)!? =x 
> Lal 
J27 


Taking log both sides, we get 
3/2 
2- logs 13 os + = 2logx 
log. 81 5 


1 1 3/2 
=> Slog log| >) log81"* = 2log x 


=> lo ig 3+ a log13 
x=— __ 
aed ee 
=> log x = log3-*7.13°"* => pag He 4auis 


(a) 7'87(*"-4**5) — (y—1). Which reduces to x2 — 4x + 5 = 
x-1 

=> x—5x+6=0 

=> 7-2.3 


=> (x—-3)(x-2)=0 


> 


5 
(d) 5! + logs cosx __ 5 = 5 58s cosx _ ~ 


a == => cos=1/2 
Which has infinitely many solution. 
(b) (243)" 


Characteristic of log,, (243)'°= 10 log,, (3) = 10 x 5 
log10°= 50 log, 3 

log, 3 = 0.477 

50 x 0.477 = 2389 

Number of digits in (243)!®= 23 + 1 = 24 


log. -3° log _,, 3° 
(c) og] be = | 


6log_,, 3 
= ie = be = log,9 = 2 
2 2 
1 | 1 1 
(b) + + tot 
log, N log,N_ log,N 1Og,9, V 


= log, (2.3.4.5....19998) 
Which can also be written as log, [(1998)(1997)... ... 
(2)(1)] = log, (1998)! 
(b) log,, tan'’+ log,, tan*’+....+ log,, tan89° 
Which can be rewritten as log,,(tan1°. tan 2°....tan 89°) 
= log,, (tan 1°.tan 89°. tan 2°. tan 88°...) 
= log,, (tan1°.cot1°.tan 2°.cot 2°....tan 45) 
= log, ,(tan45°) = log, (1) = 0 


(d) 4'es 3 a gle. 4 = 10'°2 83 


log, 3 = 1/2 log,4 = 2 
=— q4I249Q= 10'°2 83 = 948) = 10": 83 
=> 83 a 10'°2 2 => 190 °2 83 = 1o!°2: 83 
S F110 
(b) x  +(logs x)-10 _ 2 
Let log,x =t 


=> 2t+f-10=-2 => t+2t-8-=0 
=> «t+4)-2¢+4=-0>5 (t+4)(t-2)=0 
=> t=-4, which 1s not possible 
=> 


t=2log,x=2 > x=37=9 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


(b) log(—x) = 2 log(1 + x) => log(-—x) 


=> 


=> 


= log (1 + x? 
—x=(1+xy => Dae xe 

x lax 0 

Discriminate for the above quadratic equation = 


V9-4= V5 means that this has two real relation. 


34/5 


2 
For log(—x) to be defined x <0 similarly 1 + x > 0 


=> x>-l => xe(-l,0) 
: a3 4/5 
= only one solution x= oe 
(c) log ,a=4 = (ab)t=a 
= ab" >a => abh=1 
=> bt=a- = pl2= 938 
fq 
lo = log,,(Va)—log,, (vb 
eal E]- £,,(Va)— log,,(vb) 
4 4 (-3) 17 
=> —-log,(a°® = s-4(=) pes 
3 eu 3 8 - 
(c) log,,27 =a => 12a=27 (Given log,,27 =a) 


=> 


log27 _ 3log3 | 
log12 2log 2+ log3 
log16 4log2 
log, 16= 08 Se EEE: 
log6 log2+log8 
4 __log2 -4(3= 
log 2+ log3 3+a 
log12 log 24 
(b) a=log.12; b=log,,24 => ae. a Sa 
log7 log12 
log12 log24 
l+ab _ log7 log12 
a(8—5b) log12 g_ rlog24 
log7 log12 
14 10824 
log 7 log 7 + log 24 
g logl2  5log24 8log12 —5log 24 
‘log7 log 7 
log168 _ log168 | 
128 eed log., 168 
log —— 
245 


(d) (81)""° 
+ 3632 + 72 = 54+ 216 + 49 = 890 


ww + as) (V7 yr * = (125)! ‘| 


ae —_{ (oy 25 us (3) (v6)? }|7 To87 25 _(5)2" &s 6 


= — {25+ 66}. {25- 6/6} = 


625— 216 _ 
409 


logy 36 é ° Og 7 
+ (27) 89 Toe a Bo 7 = 54 4 93/2! 836 | gl! Bo 7 — 54 


(b) log, (x° — 4x’ + 26) — log, (x + 2); which can be written as 


x +4x? + x+ 26 (x? — 6x +13)(x + 2) 
log, | ————————_ |= log, }| -—_—_——_ | . 
x+2 (x+ 2) 


Yu y 


21. (c) 


22. (c) 


23. (b) 2log (2° + x) - 


24. (a) 


25. (d) |x-1 


Y y 


YUU) J 


26. (c) 


Exponential Logarithm < 2.73 


Since x = 20 
log (x? — 6x + 13) 
Minimum value at x = 3[-b/2a] 
log, (x?-6x+1)=2 
4 

_ (ayaa (3-6) 

(3) steel) (v3 a 2) 

3-V6 (V3 +2) 

(V3 - /2)(V/3 + V2) 


(3V3 +32 -3V2 - 2v3a) = 


hag ge a a is Bs 
Toes 5 oa 3!08s 7 
On further simplification = 7°” 


a 3 
logg (/3-~v2) 


* Which can be written as 
_ z)o8s 7 708s 5 
5 = qlee: 5 _ 0 


= 5 oes 7 == 5086 7 


log, (hl =2= log, . (x? + xy — log, 


(eT aH2 
2 2 
pig = log, 25° 
(x+1 

x*(x+1)° 

(x41) 
Butx+1>0 
x = 16 (-16 is not permissible) 
—(log, x)’ +1 
— (log, x) +1 
(log, x) +] 


= 256 => x=16,-16 


gles (log, x) 


= log, x 
ghee: ( log, x) = log, x 


(log, x)” = log, x- 
Let log.x =t 

2? —t-1=0 
2t(t—1)+(@-1)=0 
@-1)2t+1)=O => t=1,-1/2 
Clearly —1/2 1s not permissible 

t=.) => logx=1 
YZ 


=> 2f-2t+t-1=90 


log; x72 log x? log; x? —log, 9? 


=(x- 1)’ 


= (x-1)’= jx-1 


Case I: x > 1 

(x— i x? —log, 97 = (x- 1)’ 
log, x* —logx9*=7 > 
Let log 3 =a 


coe —4log 3=7 


She a9 => —-4da?-7Ja+2=0 


a 

—4a’?-8at+ta+2=0 
—4a(a+2)+(a+2)=0 
(a+2)(1-4a)=0 => a=1/4 
Gy ='3 a a ees 


x=/log,b; y=./log,a 


Let x=vVk > y= , 
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27. 


28. 


29. 


(c) 


Y 


YUU UYY 


Now log b=k => a=b 
Also a = bi* (i) 
> @—p= ak — py 

1 1 
By equation (i), we get a* —b” = (b) vk —(b) vk = 0 
a*—b*=0 


log. .+3 (6x7 + 23x +21) =4—-log,., (4x? +12x +9) 


ee 
= log,.,,(2x+3)(3x+7)=4-log, .,(2x+3)° 


= log, ..,(3x+7)+2log, .,(2x+3) =3 
2 
= log,..,(3x4+7)=Y= i 3 


Ye +2—3Y=0 
= 1,2 
log .43) 3X +7=1 


PSs = 3x] 

x = — 4; which is not permissible or Y = 2 
log rs33Xt7=2 = (2x t+3YP=3xt7 
Ax? +9 + 12% = 3x +7 

4x? +9x+2=0 => 4+8x+2x+2=0 
4x (x+ 2)+ (x +2)=0 

(x+2)(4x+1)=0 => x=-2,x=-1/4 
Only permissible value of x = —1/4 


=> (y°-2}(y-1)=0 


(c) x° — 3x + [x] =0,x € [0, 3] 


=> 


x — 3x = — [x] => xv’-3)=-f] (i) 


Let us draw the graph of y = x (x* — 3) and y = — [x] on same 
frame of reference as shown below. 


Clearly in [0, 3]; y =x° — 3x and y = — [x] intersect each other 
only at two points 1.e., O (0, 0) and P (x,, —1). 


1 
log) | — ; 
(c) 2x'8* 43x io =5; Can be written as 


YUU J 


logig x 
2xlog,,+3{~ | =5 


x 
Let x* =y 

eis =>. Jy is Sy =O 

y 

2y’ —-2y —-3y +3 =0 

2W(y — 1) 3Q—7- 1) =0 
Vv-)DQyvy-3)=0 > y=lory=3/2 
xlog,,x=1 => log... log x=0 


30. 


31. 


32. 


33. 


(c) 


=> 


=> 


Da | 
age => 
=> x=10,/log*” 


| 3 
log,, x =,/log— 
2 1 : 


This has another solution viz x = (+ 


log,, x.log x = log3 — log2 


Overall the equation has three solutions 


x 1 1 
— —logiyg x+— 


mate isgales ae (=| _ ae ;| = (3) "oe 


= 3.(3)"8,, x 


2 (x) a zL!ee10 x—logig 10]-1 = 310810 x 


2 (5) F580 Same 3 {0810 ae = {0810 x 
5 


= 5 B10 ¥ — ZlGi0 * eo 
5 ) 9 


ae 10, 
ame 5 C8i0X¥ — 3 810 * 
5) a 


log.) x 
9 3 10 
ae = = | log, .*=2 
x = 100 = 10? 


(a) p = log,,,175 and q = log,., 875 (given) 


=> 


245? = 175 and 17154 = 875 
log175 log875 
l- pq_ 7 log 245 log1715 
p-q  1og175__ log 875 
log 245 log 1715 
i (log25+log7) (log125+log7) 
(log5+2log7) (log5+3log7) a 
(log25+log7) (log125+ log7) 
(log5+2log7) (log5+3log7) 


(b) log,,, (2x + 5) + log, (16 — x’) <1 


=> 
=> 


=> 


(c) 


log, (2x + 5)-' + log, (16 — x’) <1 


2 2 
log, (6-x") 2, O< lo—x' es 
20S 205 
(16 — x”) (2x + 5) >0 and + 1) («+ 9) (2x + 5) 20; x 
# — 5/2 
xé[-9,-4v[-1,4) (1) 


Also 2x +5 >0 and 16—-x’?>0 
x> <= and x € (-4, 4) 
xe (=.4] 
2 
From (1) and (11), we get x € [- 1, 4) 


2 
1ven 
a4 (given) 


(11) 


log,a = s, log,b = s’ and log , 8= 


s 
2=a => 4° =5 
2 +l 
2 3 
one => ce 
225 27.5 
b b 
Let log, ——=y > v=" 
C Cc 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


505 

=> q=2 => b° =(4"] 
2125 2s pas? 5 2s ,s!° 
=> ct = #! => eee Z 
Cc Cc geal 


4 


Cc 9 38° +1) 


24s 25 m2 x10 
a’b -(? (2°) pees 


=> yol2s + 10s? =—3(s 1) 


446.6 4°.6° ‘ 
ce) N= = = (4 

(°) 33° 22 3°" ) 
=> log,N= 12 

(c) x=1.2.3.4..... 2000 


oe as log2 | log 3 


log 2000 
logx logx log x 
Clearly log(x) = log(2) + log(3) + ....+ log(2000) 
Nee 
log 2+ log3+...+ log 2000 


log x 


=> 


(b) log,, (« — 1) — 3log,, (« — 3) = log,, 8; which can be 
(x- 1) 


written as log,, (x3) = log,, (8) 


3 

-| a4 
. )-8 a eee aes 
x-3 


= XH > => log 625 =4 


4 4 4 1 4 
(d) lv | 3 a an a] Gad 
=> aa=a' 
(d) log (e@+5)=6-x => (*+5)=2° 
=> x= 318s the only solution 


(d) log,5 =a and log.6 = b 
=> 4*=5 and 5°=6 


Let log, 2=y Sa 2 
= _log5.log6  log2+ log3 
log 4.log5 2log2 
log3 
=> 2ab= 14+—= =1+4log,3 
log2 
1 
=> 2ab -1= log, 3 => =log, 2 
" 2 rT aa 


(b) By the question x, y,z> 1 
log w = 24 => w=x" 
Similarly, w = y*°, w = (xyz)'? 

> w= (wi4 wi zyl2 

=> w= (w!?w!0 zy? 

=e iid 12 


= 
10 
+ y=, 


log z= 1/10 = 2/120 


1. (a), (b), (c) x 


Exponential Logarithm < 2.75 


SECTION-VI: OBJECTIVE-TYPE (MORE THAN ONE CORRECT ANSWER) 


[(loes x)’ —6log, x+1 1|=64 


Let log.x=y = £2 


Expression reduce to 2” ~®”*!) = 2° 

=> y-6y’+ lly—6=0 

Clearly y = 1 is a solution 

> yy—1)—-5yy-1) +6 (-1)=0 
> (y-1)(°-5y+6)=0 

= 0-)0-3)0-2)=0 
= p=l.y=20ry=3 
=> x=2,4,8 


3 5 
—(lo 2x) +lo 2x-— 
. (a), (b),(¢) x6 = 2 


Let log, x=y 


y 


| 
= 
+ 
= 
| 
| 
St 
I 
| 


2 ts 2 1=0 
a y a 
3y3 + 4 — 5y 2=0 


Clearly y = 1 is a root 


y 


y 


=> 3y(v-1)+ 7vQ—-1)+2Q-1)=0 
=> (y-l) By +7Ty+2)=0 

=> (v+2) GBy+ lDW-1)=0 

=> y=1,-2,-1/3 =: 232, 1/432" 


6 °F "lah 


Let log,x = y 
<=> 
= aes] _ aa = a) nai 
=> eee ea en 
2 2 
Pag eye 20 
2 Z 


y 


2y’ -9y* +10y-—3=0 

Clearly y = 1 is a solution 

=> 2vv-1)-Tyo-1)+3Q~-1)=0 
=> (v-1) Qyv-7y+3)=0 

=> (Vv-DQyv-6y-y+3)=0 

= 0V-Dev0-3)--3))=0 
= V-)DOV-32y-)=0 
=> y=lor3orl/2 
=> 73.373" 


. (a), (c) 5° * + er 3(a > 0) can be written as 


log, 5 log, 5 
ee Oa S38 


1 
—. log, a 
1 1] \lcz, 5 1 
Hence x'%°=— «-(5) ‘ -(5| 
2 2 2 


> x= Qe 


10. (a),(d) x Vx" 
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xX 
5. (a), (d) log, xy =5, log,,, =| = 


=> xy=2° and = => xy=2°and 2x= y 
y 


= 2 = 2! x=4,-4 


=> y=8,-8 
. (b), (c) log, a+log, a*+log , a° =0 can be written as 
log,,a+2log,a+3log , a=0 
1 2 3 
+ + 
log, ax log,x log,ax 
1 2 3 
+ —EE—— ee 
log, x 2+log,x 
1 2 3 
+ ———wq«— 
2+ log, x 


=> 


log, a+log, x 


———+ 
I+log x log, x 


y 
a 
| 
ala 
II 
—_) 


2yty' +2(y'+3y+2)+3(y'+ y) 


(y+ 2)(y+ Dy 
6y +1ly+4=0 


= 0 


6y° +8yt+3y+4=0 2y(3yt+y)+(By+4)=0 
4 


| 
(3y+4)(2y+1) =0 y eee anes 


Y Uv Y 


=> X=¢ +7,2=a 


- (b), (c) log, x.log,, K=| log,, 5|,4 #1,k > 0 can be written as 
log, x _ | 


log,,5 
log, 10 B19 >| 
= log,,x = |log,,5| ar 
- (a), (b), (d) = ~ Slog, 1x S2 


log, ,x 1s on a decreasing function 
=> f(%)Sf (4) 

1 
=> (0.17 <x<(0.1) 


Sy GPT; 
x, 2 x, if fis decreases 
1 1 


— 100 ~*~ Vio 
. (b), (c), (d) log, ..,x* <1 
Clearly 2x +3 #1 => x#-l and 
2x+3>0 => x>-3/2 
Case 1:2x+3>1 => x>-l 
=> x < 2x+3 => x’?-2x-3<0 
=> (x-1)(*+1)<0 
Case 2: x’ > 2x4+3 = 9< =] 
= x°=2x-3>0 => xE(-,-1)U (3,0) 


In the region xeé (-3.-1] 


=> log, xx = log, Vx" 


— ae log, x= > log, x 


=> log, x( Vz -= |-0 => 22 1254 


11. 


12. 


13. 


(b), (c), (d) log, ,, x’ —14log,,. x° + 40log,. Vx 
This can be written as 
log,(x*) _14log, x°, | 40log, Vx 
log, (=) log, 16x log, 4x 


2log,x 14.3log, x | 20log, x 7 
log,x-1 log,x+4 2+1log,x 
Let as assume log, x = y 
The equation reduces to ay alan Pe ane 
=a wea oy 
2y | 20y _ 42y 2y°+4y+20y’ =20y_ 42y 
y-l 2+y y+t+4 (y—1) (y+2) yt+4 


(22y’—16y) (y+ 4) = 42y (y—-1)(y+ 2) 
y(22 y?+ 72 y— 64)— 42 y(y’+ y— 2) =0 
y(22 y?+ 72 y- 64-42 y’- 42 y+ 8) = 0 
y (-20 y*+ 30 y+ 20) = 0 


J UVYUY Y 


1 
Solutions to this cubic equation are y=0, y= 2, y= —- 5 
1 


V2 


Corresponding values of x = 1, 4, 


(a), (b), (c), (d) 
(a) log, log,log ;81 = oe log, (2log,(3)*) 


ae = tog, (5 @) |= log, . (3) 
= log, Rane 


(b) og, V6 +108, | 
1 
1 64 27 |6 

— | —|=1 = lo 
 % «<(4]- tal a) oe oe 

] 
3 2 3 
= og «| =| = og 5] = |=1 
2 2 


(d) log, ,(1+2+3+6) =log,, (14242) = log,, 7) = 


log, , (3.5)=1 

(a), (b) 

(a) log, coseo + log, see( 7 Ja 
6 > 3 


= log, 2=1 


> 1+1=2 L.H.S. = R.HS. 
". Yes, the statement is correct 


| 1 1 1 
(b) ri < loging 4 < S => Z <1l0gi99 4 < es 


= log,..4Vv100 < log,,, 4 < log... 3v100 


Which is true if 4/100 <4<3/100 


Which is true if 100 < 256 and 64 < 100 
Yes, the statement is correct 


(c) log, (sin*x— 4sinx+ 1) is maximum when 
(sin? x — 4sinx + 1)ismaximum 


. 2: . . ° . 
max ((sinx— 2) — 3)is maximum when |sinx — 2 | is 
maximum 


(d) 


A 


) FY y 


"AY 


max ((sinx— 2) - 3) =6 

max log, (sin’x— 4sinx+ 1) # 4 

.. No, the statement is incorrect 

log Vx-1 =l|- Vl—x 

This has no solution rather as 1 -x>O>1>-x 
But at the same time x-1>0>x> 1 

Which is not possible simultaneously. 

The statement is not correct 


SECTION—V: ASSERTION REASON 


log, (2x — 3) for this to be real and finite 
2 
log, (2x-3)20 


(2x3) <1 > x<4 


3 
x<2 but 2x-320>5 x>- 


3 
For flog, (2x-—3) to be real and finite xe (F.2 
2 


log x is defined only for x > 0 and a> 0, # 1 log x > 
logy = x<yifa€ (0,1) 

Which is true according to the domain of log function 
and since log, x is decreasing function for ae (0,1) 


Option (a) is correct 


=> log, (log,x)>1 
Z 
1 

=> x<(4)2=2 


log, og (log, x) >0 


2 
log,(x)<— 
x € (0, 2) as log x is defined for x > 0. 


log, x is defined for x > 0, a> 0 and a #0 
x>y if a>l1 
log, x >log vo 
x<y if ae (0,1) 
log x 1s increasing for base greater then one which is true. 
Both reason and assertion are correct and reason 1s also 
correct explanation to assertion. 
Option (a) 1s correct 


3log,(x* + 2x + 1) + Tlog,(x + 4) = 5 log (4x — x — 4) 
Which is same as log (x* + 2x + 1)? + log (x + 4)’ = 5 
-log, (4x - 2) 

This number (4x — x? — 4) = — (x? —4x+ 4) =-(«-2)°< 
0 but for the domain of log x 

This is not permissible, hence no real solution are possible 
Assertion 1s corrects. 

Also reason is the correct explanation of assertion. 
Option (a) is correct 


loga : 
lo =S= 1 
£4 log2 (1) 
log,b = S? = Log? (ii) 
log4 
Z 3log2 Zz 
log, 8= a= (iii) 


s+1 2loge “a al 


yy 


yy 


> 
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225 
log, = log, a*b’ —log, c* 


: loga’ rn logb’  4loge _ 2loga | Slogh  4loge 


log2 log2  log2 log2 log2  log2 


Using (1), (11) and (111), we get 2s + 10s? — 4. - (s?+ 1) 
= 10s? + 2s — 35° —3 
Assertion is correct 
1 
log, x* = alog, |x|, log , (x) = slog, x 


log x* = alog, |x| which is correct. 


l l 1 
log , (x)= Bee aie log,,* and simi- 
loga’ Blogla| B 
loga 1 1 
larly lo a 
poets logb logb log b 


loga 
Reason is correct and reason is the correct explanation 
of assertion. 


Option (a) is correct 


log, x log, x log, x = log, x log, x + log, x log, x + log, x 
log,x 

Let log x =y 

eee See: ee ee eee ee 
log3.log4.log5 log3.log4 log4.log5 log3.log5 
y= log 5 + log 3 + log 4 = log(5 x 3 x 4) = log (60) 
C. y #0) 

log (x) = log (60) => x=60 

But for the case logx = y = 0 
x= 1 

Sum of the roots = 60 + 1 = 61 

Square = 3721 
Assertion is correct 


log, x = which 1s not possible if x = 1 ora = 1 


log a 


1. 
because —— 1s not defined 
log1 
Reason is correct 
Option (c) 1s correct. 


2" ( —-1)=8 

2", ( -1)=@’-1)=8 

=o => x=3o0r-3 
Assertion is correct 

a‘ and log, x 

a's x =xand log (a*) =x 

Hence they are inverse operate of each other. 
Option (a) is correct. 


SECTION-VI: PASSAGE 


Passage — A: 


1. (b) log x= ; log(x + 1) = log (x + 1)!” 


By the information in the comprehension x = ¥x+1 
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x has to be positive. 
De aa | => x-x-1 
_ ltvi+4 — 145 


a 2 
14/5 


Y 


= Positive x= 


2. (d) log , (x-l)= op (x- 2) 


100 9 
i og( = | log( =>. 
log(x — 1) log(x— 2) 10 100 
jog |. a 
o8( 5 2{1oe( 
=> (x-1)-(«-2/ 
=> x+1-2x=x-2 
=> x-3x+3=0 = Which has no solution 


3. (a) log log, (Vx+5+Vx)=0 
=> log, (Vx+5 +Vx)=1 
=> Vx+5 =5-Vx 


Squaring, we getx+5=25+x-10 Vx 


=> 10x = 20 => vx=2 
=> x=4 
4. (b), (c) 
(a) log, + jee log, a 
x loga 
But a= 1 
=> log1=0 => is not defined. 


loga 
Hence the statement is false. 
(b) if0<x<y 
log x <logy 
=> x<vy which 1s true 
(ce) 0<d@)<1 
log re f(x) = log vn 
log f(x) , log g(x) 
logg(x) log g(x) 
=> log ox) <0 
=> 0<~fx) < g(x) which 1s true 


but since 0(x) < 1 


Passage — B: 
5. (a), (ce) 2 loge | loge _ 9loge 
loga logb log ab 
= Sibre logatlogb | _——-9loge 
loga.logb loga+tlogb 


Excluding log c = 0 
= 2 (log a+ log b) = 9. log a. log b 
=> 
(loga)’+(logb)’ _ 5 
loga—logb “9 


If a quadratic equation has log 5 and log,a as its roots. 


| 
log, a 


=> log b= 


log(x — 1) 2 log(x— 2) 


2(log a)* + 2(log b)? + 4 log a. log b = 9 loga. log b 


Sum of the roots = log, b + log, a = 
: loga log 


_ (logb)’ +(loga)’ _5 
: loga.logb “2 
6. (a), (b) Let log b=x 
=> log b+ log, a= ees 
x 


1 
We have already proved that x+ oe, 
x 


5. 
> x-—+-—-0 => 2x-—5x+2=0 
2 x 
S- 240x472 =0 , 
=> (2x-1\(x-2)=0 D> x=2orx= — 
=> b=a? => a= Vb orb=NVa 


| 
7. (a) We have proved above that log, b = 2 or 5 


=> Maximum value of log b = 2 


Passage — C: 


logb | 
logb , loga 


b 


log, x + log, y + log, z = 2; log, y + log, x + log, z = 2 and log, z 


+ log, ,x+ log, .y=2 


l l l 
logx | logy | logz _ | 


(i) 
logz 2logz 2logz 


=> 2logx+log y+ log z=4 log z (1) 

I I | 
diy 108%, lose , loge __ 

log3 log9 log9 

2log y + log x + log z = 4 log 3 (11) 

I I I 
(iii) ee ee 

log4 logl6 logl6 
=> 2logz+logx+log y=4 logz (111) 

Equation (111) — (1), we get log z — log x = 4 log z 
= ig (= |- log(z)' => ==2' (a) 

x x 3 
Equation (11) — (1), we get log y — log x = 4 log =) 
4 
y 3 
es SS b 
2 E 
2° 

Equation (111) — (11), we get log z — log y = log =] 

Zz 2 
ee (©) 

y 3 


8. (a), (c) *_(2| 
y 3 


= areal number and a perfect square. 


y 3 81 
9, a _- =— — 
(a) 2 2° 256 


10. (b) z= 2* x(a) => z= 16x 


Passage — D: 
Qe 2 = [2 Upael 
Case-—1: x<0 
a A a a) ee al ee 
=>. {esi => x=-2 15s the region. 


11. 
12. 


13. 


Case — 2: x20 

=> 2 tae 2 ale eo 

=> |x+1|=x+ 1, whichis true V x, x20 

(d) Least value of x satisfying the equation = —2 


(c) Integers less than fifteen satisfying are, —2, 0, 1,.....,14 
= 16 integers 


(a) Composite numbers less than 20 co-prime to 4 satisfy- 
ing the equation are 9, 15 = 2 


SECTION-VII: (COLUMN MATCHING) 


(i) — (b), (€)s (ii) — (a); (iii) > (©), (a); (iv) > (b), (©) 
(i) log, x log, 2x. log, y= log. x’ 
logx log2x logy _ 
log3’ logx ‘log2x 
(ii) gloeio xt] glozio x _ 7.3.4 lee x? +42 -0 

= 4 glosw* _ Glosiox _ 7 32 .32loBi0* 

Let log, x =y 
=> 4 4-6'- 18.3”=0 
=> 44-6 = 18.3” 
=> 4. 4-2". 3 =2.3°0tD 

Which is possible iff y = —2 as od = 23 Ee 


2 => logy=2.1log* y=9 


=> log, x=-2 => 45 :—— 
l 100 
Square root of —= 100 = 10 
x 
(iii) log, a = 10 => a=b* 
Let log,,a°=y => b+ 
=> 5» =p” => y=6 


(iv) 4 lota,a(3-V6)-2 log, (v3—v2) 
1 

=> Ae gaye (¥3-V2) 

— 2'tlosa (V3K3-V2) (-pyloe (v3-—29" 


=> 9/3 - V2) (V3 -V2)* =9 
(i) — (b), (c), (d); (ii) > (©) (iii) > (b), (€)3 Civ) > (a), (©) 


log [2-21] 1 
ee ch ee , 10 
(i) 3 <1 O<|x°- te. +1 <1 


=> 0<3x*-—10x+ 3 and 3x?- 10x <0 
1 10 
=> re (5 |U[seJandxe) 0.2 
3 3 
1 10 
> re [oz lu] 32 
3 3 
(ii) log, (x* — 6x +12) >-2 


—2 
1 
=> 0<(x-6x+2)<(| 


=> 0<x-6x12<4 
=> x -—6x-2<Oandx*-6x+22>0 
=> 


xe (3-Vi1,3+ Vil) and 
x €(--,3- V7 |U| 34 V7,<9) 
x €(3- Vi1,3- V7 |U| 347,34 vil) 


y 
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(iii) log, , (x + 1) <log,, 2x, x>0 

= ROS ay => x -2x+1>0 
=> (x-1)>0, which is true V x>0 

=> xE€(0, 0) 


(iv) f(x) = ./log,, x’ ; Which is real when log, , x 20 


> >] => xE(-~,-1JU[L-) 


- (i) > ©) Gi) > (a); (ili) > (b); (iv) > (a); (*Y) > @ 


(i) log ,1024=2log, 2 =20 
(ii) log, 2 + log, 15 — log, 6 
_ log2 % log!5 log6 _ log30—log6 _ 


~ logs log5 = log5 log5 
(iii) log, , ,(3+ 2v2] 
epee. 9-8 = (34-2) 


(3+ 22] 34242 — 


=> log, 5 (3+2/2) =-1 


F 2 5 
(iv) log, f1+2)- log.) (= }=1 


(v) —log, log,. 4 => -log, 1 


= 0 


- (i) > ©) Gi) > (a); Gili) > (b); (iv) > Gd) 


(i) log, (+ I)+ log, (x +8)== 
=> log, @+ l@+ 8)= 


=> (x+ Iix+8)= (4) =8 


=> x+9x+8=8 => xx+9)=0 
=> x=-Oorx=-9 => xcannot F -9 
— ¥ = 

(ii) |x| + |x -— 5) =6,x<0 
=> -x+|x-5|=6 => -x+5-x=6 
=> 5-2x=6 => =2=— 1 

1 3 
=> x= - > => x+—=]1 


(iii) 4[ 310 id + 5lo eG ig a 
5280 E254 iG 
81° x 25° x16’ 
= 4| log, | —————"—_ | = 4 log. (2) = 4 
| 2 (S| as) 
(iv) 2x° — x° + x? + 1 is divided by (2x + 1). The remainder 


| 21 
is — — ee age 
16 16 

16k+11 21411 — 32 = 

16 146 £16, 


SECTION —VIII: INTEGER TYPE 


. log, (x — 3x —5) = log, (7 — 2x) 


=> (x*-3x-5)=(7- 2x) 

=> x*-3x+2x-12=0 

=> x*-x-12=0 => x*?-4x+3x-12=0 
=> xx-4)+3(~%-4)=0 
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=> (x + 3)(x+ 4) =0 x-1 — 1 -—log k — I 
=> x=-3,x=4, but x= 4 is not in the domain of log, (7 — 2x) Oe. 4 a ie ace i a 
Se hie => k=4 
2. log (x + 4) + log (2x + 3) = log (1 — 2x) oe) i lotw (+) 
log ((x + 4)(2x + 3)) = log (1 — 2x) 6. y=(0.05) : r=(x) 
=> 2x*+3x+8x+12=1-2x 1 , 
=: 2 Favela O “2 lies l= 0 > y= 7 =9 => 9 
11 ae 
=> (2x+11)@+1)=0 => ae: =) 


In the domain of the function x = —1 7. y = 6100 = 2100. 3100 


log, ¥ = log,, °° — 3") 
log, ¥ = 100 log,, 2 + 100 log,, 3 
= 30.10 + 47.71 = 77. 81 
=> Characteristic of log,, y= 77 


, 1 
3. log,(5* +125) =log,6+1+— 
2x 


=> 574125 = 555.527 => 5* +125 = 30.5 
1 


Let 52*=y .. Number of digits = 77 + 1 = 78 
=> y+ 125=30y => y—30y+ 125=0 8. y= 620 
=> (v-25)\yv-—5)=0 yy = 2-200,3, -200 
1 1 
=> y=S5ory=25 — a Ae log ,¥ = 200 log, (27) + 200 log(3*) 
I aly = = 200(— 0.30.10 — 0.4771) = 200 (— 0.7781) =100 (-1, 5562) 
—+— =44+2=6 _ 
a Bp =-155.6 2 
( Number of zeroes immediately after decimal point 
O10 | — 
4. x loei0 * + 6x eye 5 x !oB10 * he 6x7 [Bio * -5 => 155 
— ae aes = =5 9. log tanl1° + log tan 2° + log tan 3° + .......+ log tan 89° 
x ; = log (tan1°. tan2°. tan3° ...... tan89°) 
Put x'8* = y => yt—=5 Since tan 89° = tan (90 — 1) = cot(1) 
us Simply expression reduces to = log (1) = 0 
25g ay 6 0 ply exp g (1) 
=> Y-2)0-3)-9 = yr2ory=3 10S a ee 
= xBox = 2 3 log, N log, N LOZ s97 V 
= log,,x. log,,2, log,,3 = (log,,x)* = (log,2), (log,,3) ROE ee 
=> log, x= + (log, 2)", + (log, 3)!” logN logN log N 
ee ee log2+log3+........ + log 2007 
=> x= 10° B19 2)? 10° B19 3)? eS 
: log N 
= Four solutions 
By the question N = 1.2.3.........2002 


5. By the question 1, log, ¥3'"* +2 slog, (4.3° = 1) are in A.P. log2+log3+....... + log 2007 _ ) 


=> 1+ log, (4.3*-1) =2log, ¥3'* +2 log2 + log3.......+ log 2007 
1 + log, oO 1) = log, 3'™* 2) 11. |2— log, x1 -3 = log, @- 1) 
=> 1=log, 2 = é => 3= : = ? Due to domain restriction x — 1 > 0 
4.3*-1 4,.3*-1 = x>] => log,x<0 
= Aor SS oad | 6 i 
=> 34,3°=3374+5 a 
Ce => 2 — log, x—3 = log, (x— 1) = -14- = = log,(x— 1) 
> 12y= 45 > 12f-3-5y=0 ee 
' 5 Sige eee ee ee a 
ie I= oy ayes =H 1 log (x 1) log,(x) 1 log, ( ‘ 
=> 3y(4y—3) + (4y—3)=0 - 15! s. fe! 
=> (4y-3)Gy+1)=0 > y=--,- 2 x x 2 
The only possibility is y= r 
3 12. het NS2? 5" 
=> 3= 4 => are? = Pl ee? = (2'°8,5) ies 2 = SPs? 


By the question x = 1 — log, k =) NS SoS Se 0 


Sequence and Progression 


[ees iNTRODUCTION 


A series or a group of numbers which follow certain 
characteristics which are exclusive only to numbers of that 
groups, then that group of numbers is said to be in a se- 
quence. Informally, a sequence 1s an ordered list of objects 
but in this topic the objects usually be numbers. 

Now, if the characteristic is such that the consecutive 
terms bear fixed relation, then the sequence is known as a 
progression and further if the two consecutive numbers of 
the group have constant difference between them, then such 
numbers are said to be in “Arithmetic progression”. If the 
numbers are such that the square of one number is equal 
to product of the number before it and after it, then such 
numbers are said to be in “Geometric progression”. If the 
characteristic is that the reciprocals of the given numbers 


CHAPTER 


are in Arithmetic Progression, then such numbers are said 
to be in “Harmonic Progression”. 


ReeSEQUENCE DEFINITION 


“Sequence is a set of numbers each of which is derived 
according to a definite law and whose general term is 
expressible in terms of n”, where is the number of terms. 
Sometimes this law/pattern is easy to observe and some- 
times quiet difficult to make out. 

A sequence S': N — C is a function defined from set 
of natural number to the set of real numbers (or complex 
numbers). If the range 1s real numbers then it is known as real 
sequence, otherwise non-real complex sequence. It 1s denoted 
by <a>; where a_ is the general term of the sequence. 


e.g.,<n> = <1, 2, 3, 4.....>; <> =<I?, 27, 37...> 


ILLUSTRATION 1: Write 5th term of following sequences whose n"™ term is given by 


(a) x*cos(n7/2) 


(a, —2u,—u, Nu, 22nd a, = 3 


SOLUTION: (a) Let ¢, = x°cos(n7/2) > T,= 25. cos 5a/2 = 0 


(b) Substituting m = | in the relation 
Substituting m = 2 in the relation 
Substituting m = 3 in the relation 
Substituting 7 = 4 in the relation 


2h d= 2s se 2 
Me ia | Ma a Bie Bas 
thd, = 2 =} 


i ee 


Self effort 


Enquiry 1: Is it possible that every sequence be expressed 
by an algebraic formula? 

Ans. No. Consider sequence of primes. 

Enquiry 2: Does every sequence follow certain fixed 
pattern” 

Ans. No, only progressions follow. 


Classification of sequences 


It is very obvious that there is no limit to the kind of such 
pattern of numbers, therefore infinite types of sequences 
can be generated but broadly, they can be categorized in 
following types: 


Increasing/Decreasing sequence <a> is called in- 


creasing sequence iffa,,,>a,ne N 
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1€.,a, <a, <a,<a, and <a > is called decreas- 
ing sequence iffa,,,<a,neN 
e.g.,<2n—1>: 1,3,5,7, 9, 11 
sequence; < 10 — 2n > °:8, 6, 4, 
sequence. 


is increasing 
is decreasing 


Converging sequence A sequence is called converging 
sequence iff its term at nm > oo is a finite real number. .e., 
T= finite when n > o. 


. . ] 
is converging as 46 > 55 > 9 


Diverging sequence A sequence is called diverging se- 
quence iff 7, — 0, when n > 00. 


CG 2022 2.2 


Oscillating sequence A sequence is called oscillating 
sequence iff its terms oscillates between two numbers e.g., 
<(-ly’>:-I1,1,-1,1,-1,1.... 


Periodic sequence If the terms of a sequence repeat 
after a fixed constant interval, then the sequence is called 
periodic sequence. 


eg. [sin |: 1 0, -1, 0,1 0, -l 0, 


Periodically repeating terms 


Monotonic sequence 


A sequence <a > is said to be monotonic if it 1s either in- 
creasing or decreasing. 
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TEXTUAL EXERCISE-1 (SUBJECTIVE) 


1. (a) Write down the first three terms of the following 
sequences whose nth term is given as: 


(i) Dee 
n 6 
Gi) (IY Qn + 1) cos 
Git) —— 
(2n-1) 
(iv) a. = (C1 5 


(b) The Fibonacci sequence is defined by a, = a, = | 


anda,=a,,+a,_,,n> 2, then 
: ais 
Find , for n = 2, 3, 4. 
a, 
Answer Keys 
1 v3 1 3 -5 
1. are ee 1 a 7 
16°27 M39 
(iv) 25, — 125, 625 (v) 1/2, 1, 9/8 
2. 15 


3. (a) 1+0+0+4+141+.... 


2. Let (a,) be a finite sequence with 9 terms defined as: 
1,if thedigits 'n' occurs infinitely many times 
in decimal expansion of 7/3 

2, if digits 'n' occurs odd number of times 

in decimal expansion of 7/3 

3, if digits 'n' occurs even number of times 


in decimal expansion of 7/3, 


6 
then evaluate ya, 
n=l 
3. Find the first five terms of the sequence and write the 
corresponding series given by 


(a) a,=l1, a,=a,,+¢cos (= n22 


~~ 


(b) 4, =1,4,=2,1, = ,n>3 


n-2 


“~ 


23 

9°25 

(b) 2, 3/2, 5/3 

(Oy V2 We: 


(iii) 1, 


TEXTUAL EXERCISE-1 (OBJECTIVE) 


1. Find which of the following sequence <a> are 


increasing: 

(a) a =3n+2 (b) a,=3-—2n 

(c) a,=2—3n (d) None of these 

2. Find the converging sequence <a > out of the following: 

2 aA 

(a) a= 2 ) a= = 
2n n+2 
2n 

(Cc) a= (d) None of these 


3. Which of the following sequences <a > is diverging? 


n? —| _ 5n?+2n+7 
= ee 
(Cc) a= a ag: (d) None of these 


4. Which of the following sequences <a > are oscillating? 
(a) a,=(-l)"*n (b) a, = (Cl)*r’ 


(c) a, = 2ncos = (d) None of these 


5. Which of the following sequences <a> 1s periodic? 


a 


(a) a. =(-1)" sin( “| (b) a= 0nsin{ 


nn 
(c) a= cos (d) None of these 


6. Which of the following sequences <a> are mono- 


tonic? 
1 
Ons (b) a,= C1 
n x 
(c) a,= n® prime (d) a, = Gos 
n 
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7. With which term onwards the sequence <T oe ee 
n> —5n + 61s monotonic? 


(a) 3 (b) 5 
(c) 7 (d) None of these 
Answer Keys 
1. (a) 2. (b), (c) 3. (b) 4. (a,c) 5. (a,c) 


Bess PROGRESSION AND SERIES 


8. The third term of the sequence G 1)” an : sin | iS 


2. 
n—- 


(a) 2 (b) -3 
(c) -3/2 (d) None of these 
6. (a,c) 7. (a) 8. (a) 


A set of numbers connected by a sign of addition 
or subtraction and each of which is derived from the 


Progression 1s a sequence in which each succeeding term preceding one according to some definite law 1s called a 
series. 


bears a fixed relation with its preceding one. 


Types of progression 


Progressions are of the following types: 


1. Arnthmetic Progression 
2. Geometric Progression 
3. Harmonic Progression 
4. Arithmetico — Geometric Progression 


ERs ARITHMETIC PROGRESSION 


Arithmetic Progression is the progression in which the 
difference of successive terms remains constant and this 


constant is known as common difference. e.g., sequence of 
odd natural numbers 1, 3, 5, 7, ..... 
General terms of AP 


If a is the first term and d is the common difference of 


General terms: nth term from beginning: 1, =a + (n-1d 
where d= ft —t,_, (common difference) 
n term from last t’, = £ + (7 -1) (-d) 


Sum of first n terms of AP 


Sum of first n terms: S| = 5 [2a + (n “ld ]= 5 [a+1] 


Proof: Let ‘a’ be the first term and ‘d’ be the common 
difference of given AP, then S = a + (a+ d) + (a + 2d) + 
(a + 3d) + [a + (n—2)d] + [a + (n— 1)d] 

Let a + (n— 1) d =1 (last term), then the given se- 
quence taken in reverse order will also be an AP with first 
term / and common difference (—d) 
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S =1+ d-d) + d-2d) + (l-3d) +... + [1-(n— 2) 
d| + [/—(n— I)d] 

Adding above two equations, we get 

2 =(atD)t(at)t+(at)t...+(ath.. =nlath 


[n-terms | 


nN nN 
= $,=>(at+l)=>Qat(n-I)d) 
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ILLUSTRATION 9: Find the sum of series given below upto indicated terms: 


SOLUTION: 


ILLUSTRATION 10: 


SOLUTION: 


ILLUSTRATION 11: 


SOLUTION: 


(a) 3+10+174244+31+......;8 
(b) 4-8 + 11-16 + 18-24 +25-32+....:S,.S,, 


20° 


(c) log an 5+ log wus 5+ log wus 5+ log wn 5+...,85.° $ 


seen Maq2 "59 
(d) log, 5+ log, 25+ log, 125+...; $5 8, 
(a)3+10+17+...... : first terms a = 3; common difference; d =7 


1 


Se = [2(3) + (15-1) (7)] = = [104] = 780 
(b) 4-8+11-16+18-24+4....;=(44+114+18+...)-(8+ 164 24+...) 
Soo = (4+ 11+ 18 +..+ upto 10 terms) — (8 + 16 + 24 +... upto 10 terms) 
= = [2(4) + 10 — 1) (7)] = [2(8) + (10 — 1) (8)] = 5[71] — 5[88] =-85 
S,7 (47411 + 18+... + upto 7 terms) — (8 +11 + 18 +..... upto 6 terms) 
= - [2(4) + (7-1)(7)] -5 [2(8) + (6-1)(3)] = =I 8 + 42] —-3 (16+ 15) ] = 82 
(c) log ..5+ log 15+ log ast... 


1 
S,, = Z2log,5+5log,5+8log,5+-... c log y x= W 08 7 


=> S,, = (og 5)[2+5+8+...upto 30 terms] = (log 5) (> [2(2) + (29) (3)] = 1365 log 5 
Similarly, S,, = (log_5) (=) [4 + 49 (3)] = 3775 log 5 


(d) log, 5+ log, 25+ log, 125+... = log 5 + 2log 5 + 3log 5 +.... 


10 
=> 8, = 5 [2(log 5) + (9) log 5)] = 55 log_S; 
Similarly, s,, = 10 [21 log 5] + 19[log 5] = 210 log 5 


The interior angles of a convex polygon form an arithmetic progression with a common 
difference of 4°. Determine the number of sides of the polygon if its largest interior angle 
is 172°. 

Let n be the number of sides of polygon. Thus n“ angle is given by =a + [n— 1] d= 172 

or a+ (n—1)4=172 

or a= 172-—4(n- 1) (1) 
and . [a + 172] = (m— 2) 180 (2) 
Substring the value of a from equation (1) in (2), we get al 72 —4(n—1)+172] = (m— 2) 180 
=> = [2 x 172 —4 @— 1)] = (@— 2) 180 


or 86n—n’+ n= 90n— 180 or n’+ 3n— 180 =0 
or (n+ 15) (n—12)=0 or n=12 

n(n—1) 
Show that én (4 x 12 x 36 x 108 x........... up to m terms) = 2n én 2 + are 


én (4 x 12 x 36 x 108.......... upto n terms) = £n 4 + énl2 + £n 36 + én 108 +.....+ En(Z) 


The above series 1s an AP with common difference (d) = In12 — In4 
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[2a + (n—1)d]= > [2.2 én2 + (N—1) £n3] 


n(n-1) 
= 2nln2 + a Ln3 


ILLUSTRATION 12: Find the co-efficient of x”? in (x — 1) (x — 2) (x — 3) ...« — 100). 


SOLUTION: Given polynomial can be written as x'® + x*(-] —2 -—3 ..-100) + .... 


100 
Co-efficient of x = (1 +2 +3 +... + 100) =— —— (1 + 100) = -5050 


ILLUSTRATION 13: Let the sum of 7 terms of a series be n(2m — 1). Find its n®™ term. 


SOLUTION: Let S andS_, denote the sum of first m and (m — 1) terms respectively, 


aed teat Saeae Si aeerereeaee sat aeons 
es Paper Micae a rere a ae 


subtracting S$ —S =¢, 
=> t =n (2n-1)-(m— 1) [2(7- 1) - 1)] = Qn’ — n) - (2n’ — 5n + 3) = 4n—-3 
ILLUSTRATION 14: Find the sum of the sees 1-—-3+5-7+9-11+...... + upto n terms. 
SOLUTION: This problem can be solved by different approaches, of course some are tricky, some are little 
bit lengthy. Now you have to judge which one 1s suitable for you. 


Method 1: 
Case i: when an is even 
1.€., 2 = 2m, Now the given series can be broken into two series like 


(1+5+9+13+...+uptomterms)-(3+7+11+...+ upto m terms) 


a 52 +(m -1)4]- [2x3 +(m-1)4] = 54) =-2m=-n 


Case 2: when 7 is odd 
1e.,n=2m+ 1 


Bie fo ereeerer + upto (m + 1) terms] -—[3+7+11+..+ upto m terms| 


= [2+ Am] - 216+ (m—1)4]= 2 f2+4m—6—4m +4] +142 =2m+1l=n 


Method 2: 


1-3+5-7+9....+ upto nv terms 


Case ti: When 2a is even i.e.,n = 2m 

Taking two terms of given series at a time, then the above series becomes 
(—2) + (-2) + (-2)+.... upto m times 

so, sum of series = — 2m =-—n 

Case 2: When 27 is odd Le.,n =2m+1 

1+(2+2+2+.... upto m times) 

= 1+2m=n 
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TEXTUAL EXERCISE-2 (SUBJECTIVE) 


Find the sum of Ist » odd natural numbers. 
Get the sum of all two-digit numbers. 


Find the sum of Ist m numbers that leaves remainder 
3 when divided by 4. 


Find 5th term of sequence whose sum of Ist ” terms 
is given as 2n* —7n + 5. 
Is 307 a term of the AP 3, 8, 13, 18,........ y 


Which term of the AP 8 — 67, 7 — 47, 6—2i,....1s 
(a) Purely imaginary? (b) Purely real? 


Find the 20th term from the end of AP 2, 7, 12, 


If 7 denotes r® terms of an AP s. ¢. 
a) If n™ term of a series is 3” — 5. Then show that it 
is an AP and find its common difference. 
(11) ¢, =n, t, =m. Then prove that t = m + n—rand 
find the (m + n)" terms. 
(iii) ¢, = I/n,t, = l/m, then find the (mn)" term of the AP 
a, 2 


| A, 
if —=—, find —. 
a, 3 a, 


For the AP a,,a.a 


1? oh a 3 


. Given that (p + 1)" terms of an AP is twice the (¢ + 1)® 


term. Prove that (3p + 1)" term is twice the (p+ g + 1)" 
term. 


. For what values of the parameter a. 5’ + 5!*, a/2, 25* 


+ 25~* are three consecutive terms of an AP? 


12. 


13. 


14. 


15. 


16. 


17. 


Find the sum of the following series: 


(a) J24+J8 418 +........ 


+ upto n terms 


+ upto n terms 

nN 

(c) l i l 4 l 

a 
It+Va l-a 1-Va 

(d) 1/2+ 1/3 + 16+... + upto 9 terms 


Weegee + upto n terms 


(ec) 1-2+3-44+5-64+7-......... — (2n) 
(Ey Pe BF SP Se? FE es — (2ny 
How many terms of the sequence 18, 15, 12,..... are 


needed to give the sum 45? Also explain the double 
answer. 


Find the sum of all natural numbers between 100 and 
300 (not including 100 and 300) which are neither 
divisible by 4 nor by 6. 


Find the rv“ term of an AP, the sum of whose first n 
terms is 2n + 3n?’. 


(a) “If sum of n-terms of a series is given by s_ = an’ + 
bn + c, where a, b, c are constants, then the series 
is an AP with common difference 2a”. Is the above 
statement true, prove it. If not modify the statements? 

(b) Sum of first n terms of a series is 4n? + 3, then find 
its Ist and Sth term. Is this series an AP? 


Certain numbers appear in both AP’s 17, 21, 25 .. and 
16, 21, 26 ..... Find the sum of first hundred numbers 
appearing in both progressions. 


Answer Keys 
1. n° 2.4905 3.2n+n 4 115 5. no 6. (a) 9% (b) 44 7. 127 
8. (i) 3. (ii) zero” (iii) 1 9, 4/5 11. [12, 0) 
ewe a eee (2+(n-3)Va) 
oa. or . ag Ae 2(1-a) 
(d) —3/2 (e) (-n) (f) —n(2n + 1) 


. 26634 


therefore summation repeated its previous values. 
15. 6r —1 16. (b) t,=4,t,=: 


. n = 3, 10; upto 7th term summation increases, then start decreasing because 8th terms onward are negative and 


17. 101100. 


TEXTUAL EXERCISE-2 (OBJECTIVE) 


I 


If the numbers a, b, c, d, e are in AP, then the value of 
a—4b+ 6c—4d+ eis 
(a) | 
(c) 0 


(b) 2 
(d) 16c 


2. In an AP, the pth term is g and the (p + q)" term is 0, 


then the g" term is 
(a) —p 
(C)p+q 


(b) p 
(d) p-—q 
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3. The number of terms common to two APs 3, 7, 11,...., 9. Ifs denotes the sum of the first r terms of an AP, then 
407 and 2, 9, 16, ...., 709 is Sos equals 
(a) 21 (b) 28 So, — 55,4 
(c) 14 (d) None of these (a) 2r—1 (b) 2r+1 
4. The largest term common to the sequences 1, 11, 21, (c) 4r + | (d) 2r +3 
31, .... | upto 100 terms and 31, 36, 41, 46, ..... upto 100 | 49, Let s_ denote the sum of the first n terms of an AP If 
terms 1s s,, = 3s, then s,:s_ is equal to 
(a) 381 (b) 471 (a) 4 (b) 6 
(c) 281 (d) None of these (c) 8 (4) 10 


5. Let x,, x,...be positive integers in AP, such thatx, +x, | 4 


. The m™ term of an arithmetic progression is x and the 
+ x,= 12 andx,+x,= 14. Then x, is 


n™ term is y. Then the sum of the first (m + n) terms is 


(a) 7 (b) | m+n x-y 
(c) 4 (d) None of these (a) 7 (x+y)+ — | 
6. In the sequence 1, 2, 2, 3, 3, 3, 4, 4, 4, 4.....; where b m+n owe x+y 
n consecutive terms have the value n, the 150th term is (0) pat —n 
(a) 17 (b) 16 l[xty x+y 
(c) 18 (d) None of these (©) Daa as Rian 
7. Six numbers are in AP such that their sum is 3. The (d) >| 
first number is four times the third number. The fifth 2Lm+n m-—n oe 
number 1s equal to 12. If. denotes the sum of r terms of an AP and —¢ = =~ 
(a) -15 (b) -3 = c, then s, is . 
(c) 9 (d) -4 (a) & (b) c/lab 
(c) abe (d)at+b+t+e 


8. The sum of the first m terms (n > 1) of an AP is 153 
and the common difference is 2. If the first term is an | 13. The sum of the series: 1? -— 2? + 37-47 +5°-67+.... 


integer, the number of possible values of n 1s — 1007 is 

(a) 3 (b) 4 (a) —10100 (b) —5050 

(c) 5 (d) 6 (c) —2525 (d) None of these 
Answer Keys 


1. (c) 2. (b) 3. (c) 4. (d) 5. (a) 6. (a) 7. (d) 8. (c) 9. (b) 10. (b) 
HW. (a) 12.(a) 13. () 


Properties of arithmetic progression Similarly, 


—(t, +t,_,)=—latd+at(n—-2)d|=—|2a+(n—-l|)d 
(a) n™ term can also be written as,t, =s —s Be rt) =| ( ) Ai (n—1) | 


n n-| 


(b) Summation of equidistant terms from beginning and and so on. Hence the result. 
end of an AP is always constant and 1s equal to sum of | (c) If n" term ¢t, = an + b, then the series so formed is an 
first and last term AP (with common difference a) 


Proof: t =an+ b 


= "(t+t)=“(t,+t.,) 

A oe =— Py se 
pe De >t, =ant+1)+b 

=> t,,,—¢, = aconstant independent of n. 


n n n 
Proof: mu eh) 514 +a+(n—ld]= 7 [2a +(n—Dd] => given sequence is an AP. 


(d) If sum of first n terms of a series s, = an’ + bn + c, 
then series so formed is an AP (with common differ- 
ence 2a) provided (c = 0). 

Proof; t,=S,=atbte 

L=o.= 8, = Get 260) =(@ bt cc) 3a b 

t, = S,-S,=(9a+ 3b + c)—(at+2b+ c)=S5a+b 
Now, t,=S -S_ ,=aln’—-(n-1)] + b[n-@—-I))] 
=a(2n-1)+b,;n2>2 

t —t , =al[2n—1]-al[2(n—-1)—- 1] = 2a for n2=3 

a ae see are inAP. But ¢,-t, =2a—c 

t,, t,, t,, t,, ..... will be in AP Provided c = 0 


YY 


(e) If every term of an AP is increased or decreased by the 
same quantity, the resulting terms will also be in AP 
with no change in common difference. 


Proof: Letthe AP bea,a+d,a+t2d,a+ 3d,... Let each 
term be changed by + k, then new sequence is a+ k, a + 
d+k,a+2dtk, ...... which is again an AP with common 
difference d. 
(f) If every term of an AP (C.D. = d) is multiplied or 
divided by the same non-zero quantity k, then result- 


ing terms will be in AP with new common difference 
equal to d.k or d/k. 


Proof: On multiplying each term by k or 1/k we get ka, 
k(a + ad), k(a + 2d), k(a + 3d), ... or a/k, (at+ d)/k, (a + 2d)/k, 
.... which are clearly in AP with common difference kd and 
d/k respectively. 

(g) <7 > isan AP ><T_,, > 1s also an AP Vke 1, 2,..., 
n with common difference = (—-d) 

(h) <a,> and <b > are two APs, then <a, + b> is also an 
AP with common difference = d, + d,. 

(1) If equal number of terms (say & terms of an AP) are 
dropped alternately, the resulting terms lie in AP with 
common difference = (k + 1)d.eg.a,a+d,a+2d,a+ 
3d,a+ 4d,a+ 5d, a+ 6d, then for sequence a, a, 3d, a + 
6d, number of terms dropped = 2; so common difference 
=(2+1)d=3d 

(j) If equal number of terms say ‘k’ terms of an AP are 
grouped together and sum of terms in each group 
is obtained; then the sums are in AP with common 
difference k’d e.g., 
at+at+dt+at+2d,a+3d+a+4d+a+5d, 


S,=3a+3d S,=3a+12d 


a+6d+a+7d+a+8d 
S3=3at2ld 


=> 8S), 8,, 8, ... are in AP 


Les 2s 


with common difference of sums = 9d 1.e., (3)°d = 9d. 


(kK) If terms a,, @,, ..., 4,45 «+ @,,, are in AP Then 
sum of these terms will be equal to (Qn + I)a, ,.. 
Here total number of terms in the series is (2n + 1) and 


middle term is Oaks 
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Proof: s, . = [a, + a, ,,] (terms have their usual 
2 5 2 
meanings) 
_ (2n+1) _ 
= \__* [ 2a, + (2n) d] = (2n + 1) [a, + nd] 
2 
=(2n + 1)a,,,=(n + 1) (middle term) 
(J) If terms a,, a,, ..., a,,_,, 4, are in AP The sum of 


: a, + a4 
these terms will be equal to (2n) =a where 


oOo = AM of middle terms. 


Proof: s, = = la. as|= = [2a, + (2n— 1)d] (terms 


have their usual meanings) 
= 2 (fa, + Dd} + fa, + nd] = fa, +, 


n+l 


+ 
= (2n) ea = 2nx (AM of two middle terms) 


(m) If for two different AP’s ratio of sum of 1* n terms is 


S, — f() ah ee _ f@n-l) 
Si @(n)- t', @(2n-}l) 
Proof: (i) Given mn a 


. 5 L2a+(n- 1) _ fn) 


5 L2a'+(n—1)4"| o(n) 
a+(n-l)d/2__ f(n) 


~~ a'e(n—Nd'/2 O(n) 
Pit (m=) n= om 
a+(m-l)d _ f(2m-1) 5 T, — f(2m-1) 
'+(m-1)d' 6(2m-1) "'  6(2m-1) 
f (2n-1) 


(n) If for two AP’s, ratio of n™ term is given by 


n+1 

7, _ Fi) |, S,_ CS) 

Tt, Fn) S, A (4) 
oD 

T, _a+(n-l)d _ F(n) 

_ F,(n) 


Proof: Given —= 
T' a't+(n-l)d' 

n n—-\ n+l 

—- 5 [2a + (n—- Dal] _ a+" Je Rica 


fononon “ee A 
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POINTS TO REMEMBER 

(i) 3numbersinAP betakenas a-d,a,a+d fed.=d] 
(ii) 4numbersinAPbetakenas a-3d,a-d,a+da+3d led= Jd] 
(iii) 5numbersin AP betakenas a-2d,a-d,a,a+da+2d led.= di 
NOTE 


In general, if we have to take (2r + 1) terms in AP, we take them as a-rd,a-(r-1)d,...,a-—d,a,a+d,..,a+rd and if 
we have to take 2r terms in AP. we take them as (a —(2r-—1)d), (a— (2r-—3)d),....., (a + (2r—3)d), (a + (2r—1)d). 


ILLUSTRATION 16: If the roots of the equation x* — 12x? + 39x — 28 = 0 are in AP, then find its common difference. 
SOLUTION: Let roots be a, 8, yanda=a-—d,B=a,y=a+d 
thena+ B+y = 3a =—-(-12) >a=4 
apy = a(a’ — d’) = -—-28) > d=+3 


ILLUSTRATION 17: If the ratio of the sum of n terms of two AP’s is (3m + 1): (2n + 3), then find the ratio of their 
11th term. 


/2[2a,+(n-l)d,] 3n+1 
SGLUTION: Hie On tg BEI ee 
(S.), 2n+3  n/2[2a,+(n-1)d,]  2n+3 
2a, +(n-I)d, _ 3n+! 
2a,+(n—-l)d, 2n+3 
(n—1) 
ae 2 4 3n+1 


Pera 2 2n+3 


' 
Ty 
n—- 


nl 19 5n- 21; putting the values of n in (1), 


2 
a,+10d,  3x21+1 64 
a,t+10d, 2x21+3 45 


ILLUSTRATION 18: The sum of four integers in AP 1s 24 and their product 1s 945. Find the numbers. 


SOLUTION: Let the numbers are a—- 3d,a—-d,a+d,a+ 3d 
given a—3d+a-—d+a+d+a+t3d=24 
or 4@=24 .. a=6 
and (a — 3d) (a —d) (a + d; (a + 3d) = 945 
=> (a -—9d’) (a*-d?7) = 945 => (36 — 9d ”) (36 -d ”) = 945 
=> d‘*—40d7+ 144= 105 > d* —40d7+ 39 =0 


ILLUSTRATION 19: 


SOLUTION: 


ILLUSTRATION 20: 


SOLUTION: 


ILLUSTRATION 21: 


SOLUTION: 
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or (d?-1) (d? —39)=0 
Since numbers are integers 
d?#39>d*-1=0>d=41 
Hence the four integers are 3, 5, 7, 9 or 9, 7, 5, 3 
If b+c-a c+a-b a+b-c 


? 3 


are in AP, then show that 1/a, 1/b, 1/c are also in AP. 


a b Cc 
ce ee ae ate iAP 
4 : “b b 
+e- +a- +b- , ee 
= + 2, cdl 2, = © +2 are in AP (adding 2 in each term) 
a 
a Bee ae ee en A 
a b Cc 
(dividing by (a + 5b + c) each term) 1/a, 1/b, 1/c are in AP 
(a) If a + ab + bc + ca, b*? + ab + be + ca, c*? + ab + be + ca are in AP, then show that 


] ] 
’ ,——  arein AP 
b+e ct+a a+ 
(b) If 2 : ; are in AP, then prove that I , : ; I are in AP 
b+e ct+a a+b b+e° ct+a a+b 


(a) a*+ab+be+ca, b*+ab+ be+ca, c?+ ab+be+ca arein AP 
=> (a+ b)\a+c), (b+ c)(b + a), (c + ajc + 5) are in AP 
1 1 


ee a i rt 
ae ne eae are in AP (dividing each term by (a + 5) (6 + c) (c + a)) 


Hence proved. 


(b) 2 9 © are in AP 
b+c ct+ta a+b 
as ge Fe eee eee are in AP (adding 1 to each term) 
b+e c+a a+b 
5 atb+e atb+e atb+e sre in AP 
b+e c+a a+b 
1 1 


: : are in AP] (dividing each term by (a + 5 + c)) 
b+c ct+a a+b 


Hence proved. 


The sequence a, a,, ,,....... a,, satisfies the relationa ,. =a, + 1 forn = 1, 2, 3,......97 and has 


49 
the sum equal to 4949. then, evaluate Yay 
k=1 


Given recurrence equation isa_,, =a, + 1 

=> a,=a,+1,a,=a,+ | and so on. 
the series is > a, + (2, + 1) +(@,4+1 74 1)-......... (a, + 97) 

=> 4949 = ~ (a, + a, + 97) 

=> 2a,= 101-97 => a,=2,a,=3, a,=5, and so on 
Required sum = a, + a, +.....t 4.=3 +5 47.....499 


49 
S, = 5 G+99) = 49 x 51 = 2499 
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ILLUSTRATION 22: 


SOLUTION: 


ILLUSTRATION 23: 


SOLUTION: 


ILLUSTRATION 24: 


SOLUTION: 


If x, y and z are real numbers satisfying the equation 25(9x? + y”*) + 92” -— 15(5xy + yz + 3zx) 
= 0, then prove that x, y, z are in AP. 

25(9x? + y’) + 9z* — 15(Sxy + yz + 3zx) =0 

=> (15x)? + Gy) + zy — (15x) (Gy) — Gy) (3z) — (15x) (3z) = 0 

=> 1/2 [(15x — 5y)? + (Sy — 3z) + (z — 15x)?] =0 

[since, a?+ b*+ c? — ab — be —ac= 7a by’ +(b-c)’+(c- a)’ 

Also all the three terms being squares are > O and the sum of the terms being zero, we have 
(15x — 5y)? = (Sy — 3z)? = (3z— 15x)? =0 a 

=> 15x =5y = 32 => Pi tay ea 


3 
=> x =k, y = 3k, z = 5k. Hence x,y and z are in AP 


2 3 4 
Show that the sequence log a, log (=) , log =| , log =] , forms an AP 
b 


a” gq” 
We have a_ = log = anda. = log : 


gq” a” gq” pb™ a 
Now, a_,,-—a,=lo —log |—; | =lo x = log | — 


Clearly, a,,, — a, 1s a constant for all values of n. 1.e., the difference between the two terms is 
independent of n. (a 


Hence the given sequence 1s an AP with common difference log 


TE ig Gs ccceces: @ are in ls ea where a, > O for all 1, show that 


Varese seewce ae nk 


See esha ok 
(va oe Va) pirat fe Vas) (Vans + Teen ia) 


Lanes Via, aa 


Since - a Pn Saeereerr Z are in AP 
DO G0 G0) aici =a —-a_,=d (say) 
Adding all terms, we have a,—a,=(n—-1)d (1) 


sous ve , ve Va ca Ja, ~ v4) 
—d —d —d 
Ai decline andi 


= Vv Vl __ D(a Va) ee ee 
d (a, —a,)/(n—-1) (Ja, + Ja) (a, - Jai) (f a aT RES. 
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TEXTUAL EXERCISE-3 (SUBJECTIVE) 


1. 


An AP consists of 60 terms. If the first and the last 
terms be 7 and 125 respectively, find the 25th term. 


. How many two-digit numbers are divisible by 3? 


. Find four numbers in AP whose sum is 6 and sum of 


whose squares 1s 14. 


. Find three numbers in AP, whose sum and product are 


21 and 315 respectively. 


. Prove or disprove if a, b, c are in AP then a’, b, c? also 


in AP. 


. Prove or disprove if a,, a,, a, are in AP, b,, b,, b, are 


in AP and k is any real constant, then a, +kb,, a,+kb, 
and a, + kb, are also in AP. 


Each term of an AP a,a+d,a+ 2d,...., 1s tripled. 
Is the resulting sequence also an AP? If so, write its 
first term, common difference and the general term. 


If a, b, c are in AP then prove that the following are 
also in AP. 


(ess 
(a) b c| Le al la b 


(b) b+c,c+a,at+b 


Answer Keys 


1. 55 
7. t, = 3la + (n— 1)d] 


2. 30 
12. 23/13 


10. 


12. 


3. 0, 1, 2, 3 or 3, 2, 1, 0 


(c) a? (b+), Bb? (c + a), c*? (a + Bb) [Zab #0] 
(d) l/be, \/ea, 1/ab 


1 2; 
,— are in AP Prove that cider : 
C c b-c¢ 


If a, b,c, d are in AP, show thatb+c+dct+dta, 
d+a+t+b,a+b-+care also in AP? 


. (a) If the numbers a’, b’, c” are in AP, then prove that 


a, ; are also in AP. 
b+c cta a+b 
2 Q’ 2 
(b) If are in AP, then show 


(a+b) (b+c) ’(c+ay’ 
(2s—c)’(2s—a)’ (2s—by 
= semiperimeter of AABC having sides a, b and c. 


in AP, where s 


The sum of » terms of two arithmetic series are in the 


7n+14 


ratio of a Find the ratio of their 11th terms. 


. The ratio between the sum of n terms of two AP’s is 


(3n + 8): (7n + 15). Find the ratio of their 7th terms. 


4. 5,7,9 or 9, 7,5 
13. 47/106 


TEXTUAL EXERCISE-3 (OBJECTIVE) 


1. 


If the sum of three numbers in AP is 12 and sum of 
their cubes is 408. Then. 

(a) middle numbers is 4 

(b) the product of extreme numbers 1s 7 

(c) the product of 3 numbers 1s 28 

(d) None of these 


If sum of four integers in AP is 72 and their product is 
92160. Then 

(a) middle numbers are 16, 20 

(b) the product of extreme numbers is 288 

(c) the sum of middle numbers is 36 

(d) None of these 


If Ss. and t denotes the sum of first r terms and 7th term 
S t 

of an AP and given that ~ = = , then 7 1S 

q 


5 q 


(a) P+ DAP-l () @-Dip-}b 
(c) Q@p + IQpt+1) @) @p-Di@q-) 


- If 1, log, x, log. y, — 15 log.z are in AP; then 


(a) 2 =x (b) x = l/y 
(c) z?>=y (d) None of these 
. Ifa, b,c, d, e, fare in AP, then e — c is equal to: 
(a) 2 (c—a) (b) 2 (d-c) 
(c) 2(f— d) (d) (d—c) 


. In an AP, the sum of terms equidistant from the begin- 


ning and end is equal to 

(a) first term 

(b) second term 

(c) sum of the first and last term 
(d) last term 
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7. If three positive real numbers a, b, c are in AP 9. If 2 and 31 appear as two terms in an AP, then 
such that abc = 4, then the minimum possible value (a) common difference of the AP is a rational number 
of b es a (b) all the terms of the AP must be rational 
(a) 2" (b) 2° (c) all the terms of the AP must be integers 
(c) 213 (d) 99/2 


(d) sum of any finite number of terms of the AP must 
8. If the length of sides of a right triangle are in AP, then be rational 


the sines of the acute angle are 
10. If 1, log, (3*— 2), 2 log, (3* — 8/3) are in AP, the value 


(a) 3/5, 4/5 (b) J2/3,V1/3 of x can be a 
log (4/3 b) 2 
() [5-1 [5 +1 d) [/3-1 J3+1 PE ve log 3 
2 °V 2 2 i 72 (c) | (d) log, 4 
Answer Keys 
1. (a,b,c) 2. (a,b,c) 3. (d) 4. (a, b, c) 5. (b) 6. (c) 7. (b) 
8. (a) 9. (a, b, d) 10. (b, c) 


Then a, A,,A,,A,,....., A,,5 will be in AP 
Now 6 = (n + 2)th term 


hie Ads po 
ii eee = aga 


ARITHMETIC MEAN 


Arithmetic means of numbers 


(a) If A be mean between two numbers a and 5 then it is 


also known as arithmetic mean of a and b. (where d= common difference) 


=> a,A,binA.P>A=(at+b)/2 & AeA, Hat 26,0; —a7 nd 
(b) Anthmetic mean for any 7 positive numbers a, a, i 
A ss fs Se QO FO ies a. => 4-a+ (=<) 
n 
7 b-a 

Insertion of n AM's between two numbers A,=at2 aA } , 

Let a and b be two given numbers and 4 _,4,,A,,.....A,. 7 b-a 
are AM’s between them. A,r atk at meN 

NOTE 


Sum of n AM's between a and bis equal ton times single AM between a and b. i.e., » A, = 5 (a +b) 
f=1 
Proof: Letasa,A,,A,,.....A,_,,4,18 an AP 


SI DSA ALA A, aoe 
so on and = (n Single AM between a and 5) 


n n at+b 
A,+A,+...4.=—(4A +4 )=—(a+b)=n 
1 2 n os 1 ») 5 ) ( 9) 


ILLUSTRATION 25: If x, y, z are in AP, ais AM between x and y and b is AM between y and z; then find the 
AM of a and b. 


SOLUTION: Since ais AM between x and y and 5 is AM between y and z 
=> x, a, y, 5, z must be m AP. => a,y, b are in AP. 
=> y is arithmetic mean between a and b 


TEXTUAL EXERCISE-4 (SUBJECTIVE) 


1. If a, b, c are in AP and p is the AM between a and 5b, 


q is the AM between 6 and c, show that b is the AM 
between p and gq. 


. If Ais the AM between a and 5, prove that 
(@) A-a)+(A- bY = = (@-5) 
(b) 4(a— A)(A - 6) = (a— bY 


A+2da  At+2b 2 
A-b A-a 


(c) 4 


. Insert 6 arithmetic means between 3 and 24 and also 


find their sum. 


Answer Keys 


3. 6, 9,...,21 and sum = 81 4.n= 16 


. 14 6. 
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. There are nm AM’s between 3 and 54 s.t. 8th mean 1s to 


(n — 2)" mean as 3 to 5. Find n. 


. The sum of two numbers is 13/6. An even number of 


AM’s are being inserted between them and their sum 
exceeds the sum of numbers by 13. Find the number 
of means inserted. 


. n AM’s are inserted in between x and 2y and then 


between 2x and y. In case “means in each case be 
equal, then find the ratio x/y. 


. Between | and 31, m numbers have been inserted in 


such a way that the resulting sequence 1s in an AP and 
the ratio of 7” and (m — 1)" numbers is 5 : 9. Find the 
value of m. 


n—-r+l 
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TEXTUAL EXERCISE-4 (OBJECTIVE) 


1. 


If c = (a! + b™")/(a" + b”) 1s arithmetic mean of a 
and b, then n 1s 
(a) 0 
(c) -l 


Given two numbers a and b. Let A denote the 
single AM and S denote the sum of m APs between 


(b) | 
(d) None of these 


a and b, then ~ depends on 


(a) n,a, b 
(Cc) n,a 


(b) n, b 
(d) n 


If the AM between p" and g™terms of an AP be equal 
to the AM between r“ and s“terms of an AP, then 


(a)p+q=rts 


(b) p—q=r-s 
Answer Keys 
1. (a) 2. (d) 3. (a) 4. (c) 5. (c) 
m GEOMETRIC PROGRESSION 


Geometric Progression is a progression in which the ratio of 
the successive terms remains constant. Such ratio is known 
as common ratio. 


(a) 


(b) 


General term of G.P.: If a is the first term and r is 
the common ratio, then GP can be written as a, ar, 
Gt”. AP’, OP. s5 OF 5 wns n term from beginning: 
T 

[ = ar"! =/ (last term) where r = — 
yj n-| 


n-l 


n“ term from last: 7 Pa 


ad-r") a-IlIr 
Sum of first — terms of GP: S = ————— = ‘ 
"  (d-r) l-r 


= first terms, r = common ratio, / = last terms (n® 
terms), when r #1 and = na forr = 1. 


Proof: Let S atart+art+art.....¢ art! 


=> rn -artartart...... Par ar 
On subtracting, we get (1 —r) S = a— ar" 


se n n-1 
sn a(l-r )_a-ar _a-(ar \r_a-lr 
° l-r l-r l-r 1-r 
_ad-r")— a-lr 


S oe cee | 


n 


l-r l-r 


(Cc) p-q=s-r 

(d) None of these 

If 11 AM’s be inserted between 28 and 10. Find the 
middle term in the series. 

(a) 24 (b) 20 

(c) 19 (d) None of these 


. If 14 AM’s are inserted between 5 and 8. And if their 


sum is n times the AM then 7 1s. 
(a) 5 (b) 8 
(c) 14 (d) None of these 


. Let n AM’s are inserted between | and 51, if the 4” 


mean: 7“mean = 3: 5 Find nv. 


(a) 25 (b) 24 
(c) 26 (d) None of these 
6. (b) 


Forr=1,S =atat....+ a (constant sequence) 
=> S =na 


(c) Sum of infinitely many terms of G.P:- As the GP is 


convergent only for re (—1, 1) ~ {0},1e., 8 — a finite 
number as n > oo Iff r € (-1, 1), otherwise sequence 
is either oscillating or diverging, therefore we can find 
s,, only for those sequence for which r € (—I, 1) ~ {0} 
and is given by s_ = : 


? 


l-r 


Proof: LetS,=atar+ ar? + art oo... 


C9 SO iG PE AA hesciizs, 
On subtraction (1 —r)s, =a 


ae ar” 
Aliter: S,=—- 
l-r 1-r 
— § =limS, =lim——-— 
ras seb p. a5 


=~ asre(-1)) 
l-r 


S.=— for 0<|ri<i 
l-r 


Aliter: S_is not sum of infinite terms but it is lim S, 


nao 
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ILLUSTRATION 29: If first, second and eighth terms of a GP are respectively (n)“*, (m)", (nm)? then find the value of z. 


1 1 
T\a (T\ 
SOLUTION: Here | = ees 
I, qT, 
52-Nn 


n” 52 1/6 
= or 74 = n©?-™6 orn + 4 = =a >n=4 
n 


ILLUSTRATION 30: If the first term of a GP be 5 and common ratio be 5, then find which term is 3125. 


SOLUTION: 3125 = 5 (5)"! > 625 = (5)"2 
> (65)'=(6)" >n-1=4 >n-l=4>5n=5  . Sthterm 


ILLUSTRATION 31:. The first term of an infinite GP is 1 and any term 1s equal to the sum of all of its succeeding 
terms. Find the progression. 


SOLUTION: Let the GP be 1, r, r*, r°.... 


2 
According to given condition r= ~ > r= = 
—r 
Hence the progression is ee 
248 
| ee ee | 
ILLUSTRATION 32: If S = a a ri ...., then find the sum of 
(1) first 20 terms of the series (11) infinite terms of the series 
1 20 
20 1 = 20 
SOLUTION: (1) sum of first 20 terms is given by §,, = aQ-r’) = = 271 
(l-r) 1-2 a: 
(11) sum of infinite terms 1s given by S_ = = = a =Z 
—r 
i= 
2 
ILLUSTRATION 33: Let a, 5 and c form a GP of common ratio r, with 0 < r < 1. If a, 2b and 3c form an AP, 


then find r 


SOLUTION: Let 5 = ar and c = ar’, where 0 <r < 1. Nowa, 25 and 3c form an AP 
4b =a+ 3c=> 4ar=a+ 3ar > 3r—4r+1=0 
> Br-)DC?r-1)=0>re18 [.O0<r< 1] 


ILLUSTRATION 34: If the sum of an infinitely decreasing GP is 3, and the sum of the squares of its terms 1s 9/2, then 
find the sum of the cubes of the terms. 


SOLUTION: Let the GP be a, ar, ar’, ... where 0 <r<l . Then 


at+art+ar+...=3and@’+@ridr+...=9/2 
2 _ 2 _ 
l-r l-r 2 l-r 2 l+r 2 


Putting r = 1/3 in _ = 3 we geta=2 
—r 
Now the required sum of the cubes is 


a ___ 8 __ 108 
l-r? 1-(1/27) 13 


G@i@ridgrt+..= 
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ILLUSTRATION 35: 
SOLUTION: 


ILLUSTRATION 36: 


SOLUTION: 


ILLUSTRATION 37: 


SOLUTION: 


The sum of three numbers 1n GP 1s 21 and the sum of their squares is 189, find the numbers. 


Let the three numbers be a, ar, ar’ 


Given a + ar + ar’=21 ora(1 + r+ Pr)=21 (1) 
and@t+a@r+a@r=189 0rd@(1+r+ r)=189 (11) 
ap ae! . a’(1+r’ tr*) | 189 3 
dividing (i/) by square of (7), we get —————__— 
Bed ee a(lt+r+ry 441 7 
142r?+r*-r’ 3 (+ry-r me) 
(it+r+r’y 7 (t+r+ry 7 
2 
o ber _3 970+ -n=3(ltrtP 
l+r+r? 7 
or 4r*-10r+4=Oo0r2r-5r+2=0..r=2,172 
When r = 2 from (7) a = ee when r = 1/2,a = 12 
14+2+2 


Hence the three numbers are 3, 6, 12 or 12, 6, 3 
If S be the sum to infinite terms of a GP, having first term as A, then prove that the sum of the 


first m terms is 1 1-4) Js 


If R be the common ratio, we have S = Pn 


_ fs Atal] 
1 -4)] 
s,-|-(-4)|s 


If a, b, c are in GP and the equations ax” + 2bx + c = 0 and dx* + 2ex + f= 0 have a common 


def 
root, then show that —,—,— are in AP. 
abe 


If a, b, c are in GP then 4? = ac. The first quadratic equation becomes 
ax’ +2Vacx+c=0 => (Vax+Vcy =0 
Therefore 1f the two equations have a common root, we must 


+f =0 > &2e¥ 


Which has exactly one root petal 
Va 


ve) vc 
have ‘{-3E +2 | 


+ f=0 


Ge ay onaividine bye) 
a ac Cc 
d 2e 

=> La ne vac =b) 
acee»b 

> 22S wein AP 
abe 


ILLUSTRATION 38: Evaluate 3 + 33 + 333+... upto n terms. 


SOLUTION: Let.S = 3 + 33 + 333+... upton tenms. 


Sequence and Progression < 3.21 


= ~[9+994+999+...+ upto n terms] = =lao- 1) + (10° —1)+ (10° —1)+...+ upto n terms] 


= = [10+10" 10 Ft 10 =A] = | 


ILLUSTRATION 39: Show that 


2 
SOLUTION: LHS = $(999..9) +3{999...9] 


36 n 2 8 n 4 2n 
=— {IW =T 210 —)) =— [10 1 
a oars: ae 1| 


TEXTUAL EXERCISE-5 (SUBJECTIVE) 


10. If 


3 
; . . =-3n 
. Write down the series whose n™ term is (5)5 _. What 


type of this series is? Write down it’s 7th term. 


. Find the indicated terms in the following GP’s: 


(aA) ar 4+ Qt a ie. 10", n” 


(b) 2 +t et terms. 


Je 30 


Z 


. 2° 2D 
. Which term of the sequence a oa re 1S 


1458? ae 


. The third term of a GP is 9. Find the product of its first 


five terms. 


. Evaluate for what values of k are 2k, 5k + 2, 20k — 4 


consecutive terms of a GP? 


. The 4th, 7th and 10th terms of a GP are a, b and c 


respectively. Show that b? = ac. 


. The lengths of the sides of the triangle from a GP If the 


perimeter of the triangle is 37 cm and the shortest side 
is 9 cm find the lengths of the other two sides of the 
triangle. 


. Find three numbers in GP whose sum is 13 and 


product 1s 27. 


. Find three numbers in GP whose sum is 13 and sum of 


whose square is 91. 
wk 
x+y 2y y+z 


are in AP. Prove that x, y, z are in GP. 


10(10"=1)_ 


. The sum of nv terms of a progression 1s 


1 
=— 10” 9a 10] 
9 27 


ndigits  ndigits 2ndigits 


ee — n —_ — 4 ; — 
~ 999 ...9 =(10) J = Flea 2n times) = 44...4 


n—times 2n—digits 


. Show 


that it is a GP and find its common ratio. 


. The sum of the first three terms of a GP is 39/10 and 


their product is |. Find the first term, common ratio 
and three numbers. 


7 6 a eo ea cae) oe eer + 2”! = 511, then find n. 
. How many terms of the series V3 +3V2 + 6V3 +... 


will amount to 21/2 + 78 4 


. Find the Ss. and hence sum of infinite number of term 


of the following sequences ......... 
(a) .5, .05, . 00S, ........... 
(b) 0.6 + 0.66 + 0.666 + 0.0... 


. The sum of the first three terms of a GP 1s to the sum of 


the first six terms 1s 125 : 152. Find the common ratio 
of the GP. 


. The first term of a GP exceeds the second term by 


2 and sum to infinity is 50, find the GP. 


. The sum of an infinite number of terms of a GP is 4 


and the sum of their cubes is 192, find the GP. 


. Evaluate the following: 


(@) 2(2+3’) ®) PQ"=1) 


(c) S(2! +3/ +5) 


3.22 >» Fundamentals of Mathematics—Algebra | 


20. One side of an equilateral triangle is 24 cm. The mid- | 21. What happens to S. ifr = 1 andr=-— 1? 
points of its sides are joined to form another triangle 
whose mid-points, in turn are join to form still another 
triangle. This process continues indefinitely. Find the 
sum of the perimeters of all the triangles. 


22. What happens to S_ if |r| > 1? 


Answer Keys 
1. GP, 3/5 2. (a) at and a**8(b) os 3. 10 4. 9° 5. k =2,-2/15 7. 9, 12, 16 
8. 1,3,90r9,3,1 9 1,3,90r9,3,1 U2 12. >12 13. 9 14. n=4 
5 
i=10" 
15. (a) [1-10] (b) gel 16. 3/5 17.a=10,r=4/5 18 a=6,r=-1/2 
3 s) n 3 n 
19. (a) 5143’) (b) 24-15 ©) 202 -1)+5G" -)+5n 20. 144 cm 


21. Ifr = 1 then S, is «for a > 0 and —-co for a < 0, if ris— 1 then S_ oscillates and takes value 0 for even number of 
terms sum and takes value a for odd number of terms sum. 
22. Series does not converge 1.e., oscillates for r < — 1 and oo for a > 0; > -oo fora < 0. 


TEXTUAL EXERCISE-5 (OBJECTIVE) 


1. If sum of three numbers in GP is 21 and the sum of on, _ ) | 
their squares is 189, then the common ratio of the GP is 6. The value of (0.2) ~s* * " 1S. 


(a) 2, 1/2 (b) 3, 1/3 (a) | cD): 2 
(c) 4, 1/4 (d) None of these (c) - (d) 4 
Z 
2. Ifthe product of three numbers in GP be 216 and their 7, IWfl+ata@t+at..a"=(1+a)(1 +a’)\(1 + a’), then 
sum is 19, then the numbers are nis 
(a) 4,6, 9 (b) 4,7, 8, (a) 3 (b) 5 
(c) 3,7,9 (d) None of these (c) 7 (d) 9 
‘ : F . m 2n-1 
3. Six numbers are in GP such that their product is 512. @- Thawelpect Slog a —(a #0,1;b #0,1) is 
If the fourth number is 4, then the second number is 7A b” 
1 2m 2m 
@) 5 b) | (a) m log —— (b) log > 
m 2m 
(c) 2 (d) None of these i) miles @ 1 (a) m 16g iat 
4. If a, b, c are in GP then b 2 b 
(a) a(b? + a) =c (Bb? + c’) 9. The second term of a geometric progression (of posi- 
(b) a(b? + c?) = c (a? + B’) tive numbers), 1s 54 and the fourth term 1s 24. Then 
(c) a(b +c) =cX(atb) the fifth term is 
(d) None of these (a) 12 (b) 15 
(c) 16 (d) None of these 
5S. If log, a, a*’ and log, x are in GP, then x is equal to . 
. 10. The sum of the series 1 + 11+ 111 +..... to ” terms 1s 
(a) log (/og, a) 1/10 1/10 
(b) log (Jog, a) + log (Jog, b) (a) =| a0 —l)+ | (b) =| a0 -1)=n}: 
c) log dog b 
ae (c) / gle -1)=n] (d) | go -1)+n] . 
(d) log (log, b) — log (log, a) 919 919 


11. The first term of an infinite geometric series is a and 
its common ratio is ~ If its sum is 4 and its second 
term 1s 3/4, then 


(b) a=2,r= 


f& | Go 
C0 | Lo 


(d) a=3,r= 


Nile 


Es 

4 

12. Let f(x) = 2x + 1. Then the number of real values of x 
for which the three unequal numbers f(x), f(2x), f(4x) 


are in GP 1s 
Answer Keys 
1. (a) 2. (a) 3. (b) 4. (b) 5. (a) 
11. (d) 12. (c) 13. (c) 14. (b) 


Points to Remember 


If we are given product of terms in GP, then 
U) Three numbers in GP are generally taken as a/r, 
a, ar so that their product is a* and common ratio 
IS 7. 
QO) Four numbers in GP are generally taken as a/r’, a/r, 
ar, ar’ so that their product is a* and common ratio 
sr’. 
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(a) | (b) 2 
(c) O (d) None of these 
13. An infinite GP has first term ‘x’ and sum ‘5’, then x 
belongs to 
(a) x<-10 (b) -l0<x<0O 
(c) O<x< 10 (d) x > 10 


14. If + pj + 3x + 9x? + 27x3 + 81x4 + 243x°) = 1 — p®, 
p #1, then the value of 7 is 


(a) 1/3 (b) -3 
(c) 1/2 (d) 2 
6. (d) 7. (c) 8. (c) 9.(c) 10. (b) 


LU) Five numbers in GP are generally taken as a/r’, a/r, a, 
ar, ar’ so that product is a° and common ratio is r. 


U In general, if we have to take (2k + 1) terms in GP we 


a a 
take them: as, 3 = yet 
ror r 


and if we have to take 2k terms in GP, we take them 


a a a a ; 
k-3 2k-1 * 
oa ores a el er ere 
r r r a 


ILLUSTRATION 40: If product of three terms of a GP is 216 and sum of their products taken in pairs 1s 156, then 


find the greatest term. 


SOLUTION: Let the terms are a/r, a, ar 


then a/r X a X ar = 216 


=> a=6,anda/rxa+axX ar+ar*x alr = 156 


=a O/rtr th l)= 156 


> 36(P+rt+1)=156r 
=> 3° -10r+3=0 
> r=3,1/3 


Terms are 2, 6, 18. 


The greatest term is 18. 


Properties of geometric progression 


(a) Product of the equidistant terms of a GP 1s always 
constant and equal to product of first term and last 
term. 


( a=6) 
=> Gr-l)(r-3)=0 


(b) If every term of GP is increased or decreased by the 
same non-zero quantity, the resulting series may not 
be in GP. 


(c) If every term of GP 1s multiplied or divided by the 
same non-zero quantity, the resulting series is in GP 
with same common ratio. 
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(GD) Th 05st, ANG DDD ysis are two GP’s hav- 
ing common ratios r, and r, respectively, then a,b,, 
aller pee will also form GP and their 


; y, 
common ratios will be r,r, and — respectively. 
2 
(e) If each term of a GP (with common ratio r) be raised to 


the same power k (say), then the resulting one is also a 
GP with common ratio (r). 


(f) Ifa,, a,, a,, ..... be a GP of positive terms, then log a,, 
log a,, log a,, .... will be in AP and conversely 


Proof: Leta, = a, a, = ar, a, = ar, a* = ar’, ... then log 

a, = loga, loga, = loga + logr, loga, = loga + 2logr, ........ 
In general, log a, = loga + (k — I)logr and log a,,, = 
loga+klogr 


=> log a,,, — log a, = logr (independent of k) 


k+1 
=> (log a,, log a,, log a,, ..., are in AP) 

(g) Value of a recurring decimal: Let X denote the fig- 
ure which do not reoccur, and suppose it contains x 
number of digits; let Y denote the recurring number 
consisting of y figures, let R denote the value of the 
recurring decimal; then R = 0..XYYV.....; 


Proof: Let R =0.XYYV.....; 
10°x R=X.YYY.....; and 10° x R =XVYYV.....; 


XY -—X 
(10°*” — 10°) 
LetR =0.XYYY ...; let X = a,a,a, ... a} 

and Y = b.b,d,.... b,} 
=> R=0. (aa,a,...a,) (b,5,), ... b,) (b,b,), ... b,) 
a+ 0.000....0.5,0,,.....5 


x times 


+0.0000....00....05,0,D,.....D 


(x+y) times 


+ 0.0000....00....00,b,b,..... 
A xr 


(x+2 y) times 


. therefore by subtraction R = 


Aliter: 


> R= 0.a,a,a, ; 


Sd = Oa aaa OD Dia LO Oe 
LOM) + 


in } igre? 
=> R=0.a,a,a, ...a, + (66,5, .... b,) | | 


1— (10) ” 
10°” — 10° 10° 10°” -10* 
: oe a4 
ss pa rLl0 I)+Y = pa kMODtY xX 
10°” -10° 10°” - 10° 
a,a,a,...a, 00000....0 + b,b,5,...6, — X 
x pes y times 
10**” — 10° 
2s, ee 
10°” — 10° 


Sequence and Progression < 3.25 


BE GEOMETRIC MEAN ee 
(G—Vab)( G+ Vab)=0 


Single geometric mean between two numbers a and bd: 


A number G is said to be a geometric mean between a and G=Jah 66 =s/ab 6eC= ab)” 24) oh 
b if a, G, b are in GP. 


G i.e., any one of Vab and —Vab can serve as a single 
a 


b 
G geometric mean between a and b. 
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SOLUTION: (1) Single GM’s between a and b = 


(11) Single GM’s between a and b = (—9) (—16) = +y144 =+12 
(111) Single GM’s between a and 4 does not exist as a.b = (-4) (9) = -36 <0 
(iv) Single GM’s between a and b = +,/10(log, 4)(20log,9) =+,/200(log, 4)(2log, 3) 


= +,/400(log, 4)(log,3) =+/400 =+ 20 


(v) a = Slog, 4 <0 as log,a <0 for a and 6 at opposite sides of 1. 
Where as b = 5log,,10 > 0 as log,a > 0 for a and 4 on same side of 1 
a.b <0 
Single GM between a and b does not exist. 


Remarks: In above Illustration (1) and (11) any one real number out of two possible can serve 
as a single geometric mean between a and b. 


Geometric mean of two numbers a and b Gi) ifa=0,b=6, then 


Geometric mean of two numbers a and 5 is the principal GM of a and 5 = ¥(0)(6) = V0 = 0 
square root (positive square root) of (ab) 1.e., GM of a and (iii) Ifa =—2 and b =-8, then GM of a and 


b = Jab b = J(-2)-8) = Vi6 = 4 
Thus GM of a and 6 exist only when ab = 0 (iv) Ifa =-2,b=8, then GM of aand 
eg. (i) ifa=5,b =4, then b = ,/(-2)(8) = V-16 


GM of a and b = Jab = /20 = D5 which is not real 1.e., does not exist. 


REMARK 


Single GM between aand 6 does not exist for a.b < 0, where as GM of aand 6 does not exist for a.b < 0. 


Geometric mean of nm numbers: Geometric mean of 128 


n-numbers a,, a,, a, ...., a, 18 the principal n® root of their E.g., (1) GM of numbers 2, 7, 3, —— 


produ 21 
roduct. oF 
= 4 
16 GM Of Oi GO sic = NGG, Ors, 7 en(7(3){ = 256 = 4(4) = 4 


Thus GM of even number of real numbers would exist eH OR aye Unicare 8 
only when their product is non-negative where as GM of = 4(2)(-3)(7)(8) = 4/-336 


odd number of real numbers would always exist. 


E.g., (i) GM of numbers —2, 5, 10, 7 125 


which does not exist in set of real numbers. 


Insertion of n geometric means between 
two numbers 


I 5/ 3 
— 5{_ = =V-5x5x5 G 
2x5x10x 4 x 125 Let a and b be two given numbers and G,, G,, G,, ....@, are 


: GM’s between them. 
=5 (—5) =—5 Then a, G, G, G,....., G, 5 will be in GP. 
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T .,— 5 = ar (where r is the common ratio of above ‘ae eZ 
Gae) Ga (b/a)? 3G, —@ lay ses 
=> r= (bla)! ke 
Ge = OG. Sar wg Or G, = a(b/a)""! 
NOTE 


Product of n GM's between a and b is equal to the nth power of single GM between a and b. 


prove: Asd, GG, G,...G 9G, bin GP. 


= 6,6 =-6,G ,-a@r"=ab 


= (G..6,G6...G)"(G.G\G,G_,).(G.G)=(a.b)’ 
me IT¢, = (ab)"" = | (ab)! | 


= n" power of single geometric mean between a and b. 


ILLUSTRATION 45: Insert 4 GMs between 2 and 486. 


SOLUTION: Let G, G,, G,, G,, be four GM’s between 2 and 486 
=> 2,G, G,, G,, G,, 486 are in GP. 
First term = a = 2 and t, = 486 
ar = 486 => 2(r) = 486 
r= 243 => (r) = (243) =3 
G, = 14, = ar = (2) 3) =6 => G, =1, = ar = (2)(3) = 18 
G, = t, = ar = (2) GY = 54 => G, = 1, = ar’ = (2) (3)*= (2) 81 = 162 
= four GM’s between 2 and 486 are 6, 18, 54 and 162 


ILLUSTRATION 46: If 4A,, A, be two AM’s and G,, G, be two GM’s between two numbers a and 5, then evaluate 
A, +A, 
G,G, — 
SOLUTION: By the property of AP and GP we have 
A, +A,=atb 
G, G, = ab 
A,+A, a+b 
G,G, ab 


ILLUSTRATION 47: If the AM and GM between two numbers be 5 and 3 respectively, find the numbers. 


SOLUTION: Let a and 5 be the two numbers. 
Given AM between a and 4 is 5 
+ 
a+b _5 
2 
3 is the GM between a and b 


a, 3, b will be in GP. 


If r be common ratio of this GP then 3 = ar and b = ar’ 
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2 
Now, from (7) ate 


2 
Dividing (iii) by (iv), we get ai 


= § (iii) Also ar = 3 


a or 377 —-10r+3=0 


or 37? —- 9r —r + 3 =O or (r —3) Br -1) =0 


r=3 or 1/3 


From (iv) when r = 3, a = 1 and b = ar’? =9 


When ¢r = 1/3, a = 9 and then b = ar’ 


=09= | 


Thus the two numbers are 1 and 9 or 9 and 1. 


ILLUSTRATION 48: If three geometric means be inserted between 2 and 32, then, find the third geometric mean. 


SOLUTION: Let G be the geometric mean, then 
= 2 2) = 2. y= lo 


TEXTUAL EXERCISE-6 (SUBJECTIVE) 


1. If a, b, c, d are in GP, show that 
(a) a+ b,b+c,c + dare also in GP. 
(b) a? + b°, b? + c?,c? + a& are also in GP. 
(c) a +b? + ¢?,ab + be + cd, b> + c? + a& are also in 
GP. 
2. Find Geometric means of the numbers 3, 37, 3°, ..., 3”. 


3. Prove that the product of the » GM’s between two 
given numbers is the n™ power single GM. 


4. Insert two GM’s between a, b and show that their sum 
1S a’? b13(qQl8 fe b'*). 


Answer Keys 
(n+l) 
9S ae 5.n =- 1/2 
3. X=yaZze2 


. Find n so that g 


n+l pert 
—___——— may be the GM between 


n 


a and b. 


. Insert three geometric means between 2 and 162 and 


find their product as well as their summation. 


. If ‘a’be one AM and G,, G, be two GMs between b 


and c. Prove that G, +G} = 2abc. 


. Solve system of equation 2x* = y‘ + z*, xyz = 8, 


knowing that log, x, log_y and log z form a geometric 
progression. 


6. 6, 18, 54; — 6, 18, — 54; Product: (324)*” Sum: 78, — 42 


TEXTUAL EXERCISE-6 (OBJECTIVE) 


1. If 1, x,y, z, 2 are in GP, then xyz is equal to 
(a) 22 (b) 4 
(c) 8 (d) None of these 
2. Ifn!,3 xn! and (m+ 1)! are in GP, then m!, 5 x n! and 
(n + 1)! are in 
(a) AP 
(b) GP 
(c) HP 
(d) None of these 


. Three numbers are in GP, whose sum is 70, if the 


extremum be each multiplied by 4 and the mean by 5, 
they will be in AP The numbers are 

(a) 10, 20, 40 (b) 10, 30, 40 

(c) 20, 30, 40 (d) None of these 


. If a, b, c, are in GP then (a — c)? + (ce — bY + 


(b — dy —(d— a) 1s 
(a) —l (b) 2 
(c) O (d) None of these 


Sequence and Progression < 3.29 


Answer Keys 
1. (a) 2. (a) 3. (a) 4. (c) 
m= HARMONIC PROGRESSION Gy a ee a HS Pee, 1 
a atd a+2d 
A sequence is said to be a harmonic progression, if andonly | 1/6...... form a HP because 2, 4, 6, ...... are in AP. 


if the reciprocal of its terms form an arithmetic progression. 


ILLUSTRATION 49: Three terms are in HP, if the sum of their reciprocals 1s equal to the first term and if the sum of 
reciprocals of the first and third terms 1s equal to third term. Find the terms. 


1 1 1 


a-d’a at+d 


According to the question (a — d) + (a) + (a + d) = — 
a i 


=> 3a= —_ 334" 3ad = 1 (i) 


SOLUTION: Let three terms in HP be 


AlecGisd) + Gea So oad (11) 
a+d 

Solving (1) and (11), we get, a= 

From equation (11), 2ad = 1-2 = 7 >0 1. ‘a’ and ‘d’ are of same sign 


5 
= a= and d == or a=-— E oe ee 
Teo 
when a = [> and d = Veo qe. Terms of HP ae 3,2/3,,/° 
when a= | and d = — Tie Terms of HP are 5-2), 5 


ILLUSTRATION 50: If m™ term of HP is n, while n™ term is m, find its (m + n)™ term. 


1 : 
SOLUTION: Given ¢, = n, or Game =n; where as the first term and d is the common difference of 
at+(m— 


the corresponding A.P. 


So a+ (m-1)d = Z and a + (n-1)d = |/m 
n 


1 —] 
=> d = — and gael _ fm) 
mn n mn mn 
Hence tn > ek Se 


a+(m+n-1)d 1+mtn—-1 mtn 


ILLUSTRATION 51: If s denotes the sum of first (2”— 1) terms of HP 1, ., then show that s_ <n. 


ee 
wie 


N |e 


SOLUTION: We have S, =1;8S, a eee 38, =1+ eZ data sete 
2 3° 23 45 6 7 


3.30 >» Fundamentals of Mathematics—Algebra | 


Properties of harmonic progression 


1. General Term: If a, 5 are first two terms of an HP 
l 


| 1 1) 
wt O(5-3) 


Proof: Leta,b...t,...beaHP 


then b= 


1 1 l 
ees TT cee ee are in AP, 
a b t 
with first term 1/a, and common difference 
=> d= 1/b—- lla 
1 1 
—=—+(n-1).d 
; tend) 
l 1 1 
=—+(n-1)} —-— 
(n=) 2-2] 


2. If all the terms of HP are multiplied or divided by 
a constant non-zero quantity the resulting, series 
remains in HP. 


(a) If terms are given in HP then the terms could be 
picked up in the following way: 
1 1 1 
a-d’a’atd 
1 | l | 
a-3d’ a-d’a+d’ a+3d 
(b) In general, if we are to take (27 + 1) terms in HP 
we take them as 
1 1 1 1 
a-rd’a-(r—-l)d” a’ at+d’atrd 
2r terms can be taken as 
1 1 
a—(2r—-1)d’a-(2r+])d’ 
1 1 1 
a—-d’atd’’a+(2r—l)d’ 


For three terms: 


For four terms: 


similarly, 


Bis HARMONIC MEAN 


If three or more than three terms are in HP, then all the 
numbers lying between first and last term are called 
harmonic means between them. 


Harmonic mean of numbers 
2ab 


(a) H of any two numbers a and 6 1s given by H = ep 


where a, 5 are two non-zero numbers. 


(b) Also H = 
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_(a—bYb-aXa+by (a+b) _(a+by/2_ A 


4.a(a — b).b(b- a) 4ab 2ab H 
a+b 
ILLUSTRATION 56: Find harmonic mean of 
111 1 
a) —,—,—,—.,.,.............. n-terms b) log, k,log, k,log, k,......... log k 
@) oa 15 n (b) log, 83 B4 8 
(c) log, k,log , k,log , k,......log , k 
SOLUTION: Harmonic mean of a,, a,, a,,....a,18 given by ie 
+ + : + us 
a, a, a, a, 
1111 Soe 
HM of —,—,—,—......n-terms is given by : 
3°7 11 15 (3+7+11+15+....upto -terms) 
n ] 1 


*[2(3)+(n-1)(4)] (3+2n-2) (2n+1) 

(b) HM of log, k, log,k, log,k,....log k = 
_ (n—1) _ @-) 
log, (2.3.4...2) log, (n!) 

(c) HM log k, log, k,log , k,....log_, k 


(n-1) 


log, 2+ log, 3+log, 4+...+log, n 
= (n—])log fk 


n n 


~ log, a+log, a? +log, a’ +....tlog,a” (log, a)(1+. 2+ 3+...) 


= —_____-__“__ = _“_og k 


ILLUSTRATION 57: A boy goes from his home to school and travels part of distance by uniform speed ‘u’ and rest 


SOLUTION: 


with speed ‘v’. Find the ratio of both distances such that average speed of journey is 
(a) AM of uw and v (b) GM of uw and v 
(c) HM of uw and v 


Let the boy starts his journey from point A and upto point B with uniform speed ‘uz’ and let the 
time taken be ¢, and AB = x .Now let he further travels from B to C with uniform speed v 


covering a distance d-— x in time ¢, as shown X - d—-x 
Figure 3.1: A B 

t= eer | t, = x speed=u;time=t, speed =v; time =t, 

- d ' 
Total distance travelled 
Average speed = FIGURE 3.1 
Total time taken 
ce Cn () 


7 2 d-x 
+4 
u v 
(a) When average speed = AM of u and v 


> 4-tt¥,_ © eV _, (u+y)( 244) -2¢ 


2 2 <= 2 
as 
“uoeé#”y 


Insertion of n harmonic mean between two numbers 


Let a and b be two given numbers and H7,, H,, H,, ....H_, are 
HM’s between them. Then a, H werece , 1, 6 will be in 
HP. If dis the common difference of the corresponding AP. 
b = (n + 2)th term of HP 
1 
7 (n+ 2)th term of corresponding A.P. 


| 


re BS ae iyi 


=>alb=1+ad(n+1) 


= = = ad(n+1) 
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(a—b) 


~ (n+ljab 


(a-b) 1 1, 2(a-5) 
(nt+l)ab’H, a (n+l)ab’ 
n(a—b) 


(n+l)ab 


1 
a 
1 
a 


n(a—b) 


La rd where d = 
a (n+l)ab 
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TEXTUAL EXERCISE-7 (SUBJECTIVE) 


1. 


8. Solve the equation 6x*°—- 11x? + 6x — 1 = 0, if its root 
are in HP. 
9. If the roots of 10x°— cx? — 54x — 27 = 0 are in HP, then 
find c and all the roots. 
b Cc 
10. If a, b, c are in HP show that ——, »>——— are 
. b+c cta at+b 
also in HP. 
Answer Keys 
1. (a) at (b) t = za 2: 3. i 
8+n "—— $§n+3 4+n 2 
1 1 —3 -3 
8. L—,- 9. c=9;—,—,3 11. n=-1 13. zero 
2 3 2 


Find the n™ term of the sequences. 
13 3 1 
(a) 


3 ‘ 10 ‘ ll ‘ 4 enees 
Find the HP whose 3rd and 14th terms are respectively 
6/7 and 1/3. 


If the sum of reciprocals of three numbers in HP be 18 
and their product be 120. Find the numbers. 

The m™ term of a series in HP is n and n™ term is m. 
Then find: 


(a) (m + n)* term (b) (mn)® term 


In an HP the p" term is gr and g" term is pr. Prove that 
the r™ term is pq. 


The sum of three numbers in HP is 11 and the sum of 
their reciprocals |. Find the numbers. 

If the roots of the equation a(b — c)x* + b (e — a)x + 
c(a— b) = 0 be equal, then prove that a, b, c are in HP. 


bs 
ie 


12. 


13. 


14. 


15. 


a 
10 


a 
. Findn so that ae 
a’ +b 


n+l n+l 


—— may be the harmonic means 


between a and b. 


If x, y, z are in HP, then show that log(x + z) + log 
(x — 2y + z) = 2log (x — z). when x > z 


If H be HM of a and 5b, then find the value of 


iif, 

a b 

Tes, dle. Sick H be n HM’s between a and 8, 
then show that..... [7, + a(H, — a)| + [H, + by 
(H, — b)| = 2n 


(a) If a, b, c be in HP, prove that 
() [b+ a\(b—a)]+[(+ cMb—- oc] =2 

(ii) [(1/a) + (1/b) — C1/c)] [ C1/b) + C1/e) - C1/a)] 
= (4/ac) — (3/b”) 

(ii) [a/b + c—a)], [b/(c + a— b)], [ca + b-c)] 
are in HP. 

(iv) {(l/a) + [1/16 + c)]}, §C1/b) + [1/(e + ad]}, 

{l/e) + l(a + b)]} 


(b) If 5 + c,c + a,a+ b are in HP, then prove that .... 
[(b + c)a], [(e + a)/b], [((a + b)/c] are in HP. 


Aye 


(b) 1 6. 6, 3,2 


m+n 


TEXTUAL EXERCISE-7 (OBJECTIVE) 


1. 


Ze 


If a, b, c and d are in HP then ab + be + cd = 


(a) ad (b) 2ad 
(c) 3ad (d) None of these 
If a, b, ec are in HP, then the value of 
- l a6 l : 
—+—-—|| —+—-—| is 
bc aj\e a b 
2. J | es ee oa 
(a) ae (b) (3 2-4] 
be b 4\c ca a 
x. 2 
(C)) 2s (d) None of these 
b? ab 


« I O272727 


oe = 1 +i aden a then value of 


2 n 
1 + ale is 
2 3 n 
(a) H +n (b) 2”"—H. 
(c) (n-1) +H, (d) H, +2" 


oa , x and 0.727272.... are in HP, then x 
must be 
(a) rational (b) integer 


(c) irrational (d) None of these 


Answer Keys 


1. (c) 2. (a) 3. (b) 4. (c) 


"ARITHMETICO GEOMETRIC 


A series formed by multiplying the corresponding terms of 
an AP and GP 1s called an Arithmetic Geometric progres- 


S10n, 6:0, IF 3ST Pad is an AP. 
Lee ee ae aiid is a GP. 
Multiplying together the terms of these series, we get, 
[ee a Ee FP geecass which is an Arithmetico Geo- 


metric Series. 

Standard form: ab + (a + d)br + (a + 2d) br’ + ......... 
+ [a+ (n—-1)d]br™ 

Sum to n terms of an Arithmetico Geometric Series: 

Let the series be ab + (a + d)br + (a + 2d) br’ + .......... 
+ [a + (n— 1)d]br™ 

Let S’ denote the sum to n terms, then 


S = ab + (a+ dbr + (a + 2d) br’ + ......... + [a + 
(n— 1)d]br" (1) 

Multiplying both sides of (7) by r we get 

rS_=arb + (a+ djbr’ + (a+ 2d) br’ + ......... + [a + 
(n —2)dbr*! + [a + (n -1)d]br’ (11) 


Sequence and Progression < 3.35 


Subtracting (ii) from (i) S| (1—r) = ab + dbr + dbr’ + 
ene dbr*™ -[a + (n-1) d].br” 
S, (S79) Sab a0 Pr ar he acces + rt) -—[a + 


(n—1)d].br” 
S (=r) = ab + [dbr 1-r™)/-r)] - 


[a + (n -1) d]. br’ 
_ ab , dbr(l-r"") _[at+(a-Nd], 


jeg.  sdeey l-r 
Sum to infinity terms: When | r |< 1 
_ ab dbr 
°“1-r (l-ry 


Q If rth term of an AP is 7. = Ar’ + Br + Cr + D, then 
sum of term of APisS’ = YT. =A yr+Byr’ + 


r=l r=l r=l 


CyrtDS 1 = 4 MHD) 4 9 Meeneney 


oy = shat 1)(2n+ Bn? + 3n—1) 
r=1 


cA) +p, 
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ILLUSTRATION 60: Find the sum of the series 1.2 + 2.27 + 3.2?+..+ 100.2)”. 


SOLUTION: S = 1.2. + 2.27? +3.2? +..+ (1602. 
28 = 1.22 + 2.23 +.. + (99).2!9+ (100).2!. 


Subtracting (i7) from (i) 


=> $= 1241.2?+1.23 +... + 1.2! (100).2™ 


100 


= s=12[ 


| =100,2" 


=> S= 242+ 100),.2 = 99,2) +2 


TEXTUAL EXERCISE-8 (SUBJECTIVE) 


1. Sum the series upto infinite terms. 7. If p*, g®™ and r™ terms of a GP are themselves in GP 
show that p, g and r are in AP. 

(a) oe a (b) fe gate i 

2 3 3 27 8. (a) The sum of four numbers in GP is 60 and AM of 
(c) gg Ngee ew (d) patos: first and last is 18. Find the numbers. 

~ - e of the two numbers exceeds the 

4 4 4 4 (b) The AM of th b ds the GM by 8 
(e) j- 2 ds a = 4 4 a _ and the ratio of the numbers is 4. Find the numbers. 

3 3? 3 3 


Evaluate the following: 

(a) 1+ 3x + 5x?+ 7x? + ....up to n terms. Hence find 
the sum to infinity when |x| < 1. 

(b) 1 + 2x + 3x? + 4x° +... up to m terms. Hence find 
the sum to infinity when | x | < 1. 

(c) 24. 4¥8 816 1615? _ up to infinite factors 

If the sum to infinity of the series 1 + 27 + 37° + 4r° + 

bakentetaes is 9/16 . Find r 


If the sum to infinity of the series 1 + (1 + aot 


1 1 a 
1 + 2d)—+(1+3d)—t+........ is —. Find d. 
\ Le ( 7 16 


. The sum of three numbers which are consecutive 


terms of an AP is 21. If the second number is 
reduced by 1 while the third 1s increased by 1, three 
consecutive terms of a GP result. Find these numbers. 


. (a) The first and the last two terms of an AP are a, b, 


c respectively. Find its sum. 

(b) If (b + c), (ec + a), (a + b) are in HP show that a’, 
b*, c? are in AP. 

(c) If the pth, gth and 7th terms of an AP are in GP, 
then find the common ratio of the GP. 


. IfA,, A, be the AM’s, G,, G, be the GM’s and #7, H, 


be the HM’s between any two numbers, then show 


5S. Sum of c ae . n terms . ae - GG, A+A, 
= 
(a) gop eee (b) 14+=+54+—+ HH, 4H,+4, 
ee, 
7 3 4 12. (a) If p®, g®, r® and s" terms of an AP are in GP, then 
(c) es a as show that (p — 4), (q — 7), (r— 8) are also in GP. 
I 1 I 


If log x, log y, log, z are in AP, prove that x, y, z are 
in GP. 


(b) If a, b, c are in GP and a* =b’ =c?, prove that x, 
y, z are in AP. 


Answer Keys 
l(a) 6) (6) 9/4 (c) 44/9 (d) 2/9 (e) 9/16 
es ae) ee = (b) ie ea Se ie (c) 2 
l-x (1—- x) d-x) l-x (d-vx) lI-x (-x) I-x l-x (-x) 
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35. (12n+7 25 (4n+5) 1 
3, -1/3 56 Bo 22 (EME) = fey, Oe OS). 
16 16(5) 16 16 (5) 4 4 @™ 
8. (a) 4,8, 16,32  (b) 64, 16 
9. 3,7, 11 or 12, 7,2 10. (a) oe) Cee 
2(c—b) q-p 


TEXTUAL EXERCISE-8 (OBJECTIVE) 


| 1 1 1 . (a) AP (b) GP 
1. If a, b, c are in AP, thena + Bere ar cer are in (c) HP (d) None of these 
(a) AP (b) GP 9. Suppose a, b, c are in AP and a’, b’, c* are in GP If a 
(c) HP (d) None of these <b<candat+bt+c= =. then the value of a is 
a+b | b+c l 
2. If ,b,—— are in AP, then a’, b, c' are in re b) —.= 
l-ab 1-bc : @) 24/2 ©) 23 
| 1 1 
(a) AP (b) GP (c ee (d) ————— 
(c) HP (d) None of these 2 3 2 2 


10. The sum to infinity of the series 1 — 3x + 5x? — 7x? + 


3. If x, 2y, 3z are in AP, where the distinct numbers x, y, 
... ©, |x| < 1,1is 


z are in GP, then the common ratio of the GP is 


]- 1+ 
(a) 3 (b) = @: (b) —— 
; (1+ x) (1+ x) 
1- 
(c) 2 (d) 2 (c) oo (d) None of these 
—Xx 
4. If a, b,c, are in AP then 3%, 32, 3° are in 1 1 
(a) GP (b) HP 11. If3 TA eras ge Gt2d)t... + up to © = 8, then 
(c) AP (d) None of these the value of dis 
5. If a—b, ax — by, ax’ — by’(a, b, #0) are in GP, then x, (a) 9 (b) 5 
ax — by . (c) | (d) None of these 
ae aa 12. The sum of 0.2 + 0.004 + 0.00006 + 0.0000008 + ... + 00; is 
(a) AP only (b) GP only (a) 200 (b) 2000 
(c) AP and GP (d) None of these 891 9801 
: . 1000 
6. If a, b, c, are in AP, a mb, c are in GP, then a, mb, c (c) 9801 (d) None of these 
= a (b) GP 13. Let a, b be two positive numbers, where a > 5 and 
é 4 x GM =5 x HM for the numbers, then a is 
(c) AP (d) None of these (a) 4 (b) 1/4 
7. If a,b,c are in GP thena + b, 2b,b +c are in (c) 2b (d) b 
oe 7 ud rth 14. If the first and the (2n — 1) th terms of an AP, a GP 
(c) HP (d) None of these and HP, are equal and their nth terms are a, b and c 
8. If x > 1, y >l, z > 1 are in GP, then respectively, then 
| l ! ae (a) a=b=c (b) axb<ece 
) -———_—__ are in: 
l+Inx 1+In y'1l+Inz (c)atc=b (d) ac—b?=0 
Answer Keys 


1. (a) 2. (a) 3. (b) 4. (a) 5. (c) 6. (a) 7. (c) 8. (c) 9. (d) 10. (a) 
(a) 126) 13a) 14(@) 
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Inequality of means 


If A, G and H are respectively AM, GM and HM, 
of a and 5 both being unequal and positive, then 


=> G=AH 

and A > G2>H and every mean must lie between 
the minimum and the maximum terms. 

A = G = H iff all terms whose mean 1s taken are 
equal otherwise A > G > H. 

If sum of the given positive numbers is constant, 
then their product will be maximum if numbers are 
equal and it the product of given positive numbers 
is constant then, their sum will be minimum, if the 
numbers are equal. 


Proof: Let a and b be two positive numbers and 4, G, 
H be AM, GM, HM, of these two numbers, then AM = 


at+b 2ab 


and GM = Jab, HM = => G = ab and 


at 
AH = ab => G? = AH. Since (Va —- Vb)? >O0 > at+b>2 
Jab => — > Jab (i) 
In (i) replacing a by 1/a, b by 1/b, we get 
l/a+1/b 1 1 at+b ] . 
a a ll 
g "Nab ah fab o 
as, COP 2 Joe (ii) 
a+b 
Thus from (7) and (i7) we note that 
cas Pea (iii) 
a+b 
and OD 54 as > 14.2 <2fora<b 
at+b b 
es b+a_, 
b 
2b 2ab 
>] — >a 
aa a+b a a+b ) 


and a <basasb >at+b<2b 


at+b 
<b Vv 
; (v) 
from (iii), (iv) and (v) we note that 
jee pe ey 
at 


Thus AM >GM >HM and all means lie between a and b 
1.€., minimum and maximum terms. 
=> AM>GM2>HM 


. ata 
Clearly, if a = b, then AM = 5 =a, 
GM = Vaa=Va’ =|a|=aasa>0 

2aa 2a’ 
HM = —~= =a 

ata 2a 


AM = GM = HM for a = 6 and AM> GM > HM 
fora #b.If sum a+ 61s constant = S(say), then GM < AM 


S sy 
> Jab<— > abs|— 
9) 2 


2 
= Product of terms is maximum = a , provided 


both a and b are equal to S/2 
Now if the product of terms 1s constant = P(say), then 


LEBEN 


> atb>2VP => a+b>VP+VP 
= sum of terms is minimum if each of the terms are 
equal to VP 


AM2GM => 


Conditions 
Inequality A => G =H can be used only for n positive terms 
(n = 2) (think why?) and generally subjected to following 
conditions: 


(a) If sum of terms 1s given and maximum value of 
product is to be obtained. 


(b) If product of terms is given and minimum value of 
sum is to be obtained. 


(c) For negative real numbers a, and b. AM < GM < HM 


a Be 
ILLUSTRATION 61: If a,b,c > 0, then prove that a —+—>3. 


6 


a 


SOLUTION: Using the relation AM > GM, we have 


a,b, 


ab 


Pp ¢ @s 


a b C 1/3 
(s2<) b 


3 


Cc 


=>—+—+—233 
E @ 


Sequence and Progression < 3.39 


ILLUSTRATION 62: If a,>0 Vie N such that [14 = 1, then prove that (1+ a,) (1 +a,) (1+a,).......(1+a@) 2 2" 


i=] 


SOLUTION: Using AM > GM on a_and 1, we get 
l+a,>2,Ja, 
l+a, >2Ja, 


lt+a, >2Ja, 
> (l+a)(1+a).....(1ta)>2" (aaa,....a2)!” 


As a, 4,Q,.....4, = | 


Hence (1 + a,) (I+a,)......(i+a)>2" 


ILLUSTRATION 63: If 7 > 0, then prove that 27>1 +7 J2™ 


SOLUTION: Using the relation AM > GM on the numbers 1, 2, 27, 2?...... , 2™! we have, 
2 n—l 
eu eee ES i90- 
n 
Equality does not hold as all the numbers are not equal 
1 
"1 (Ay \n (2-1) 
= a > 2.1>n2? 


(4) 
=> 2">1l+n2? 


ILLUSTRATION 64: Find the greatest value of uvw for positive value of u,v,w subject to the condition uv + vw + wu =12 


SOLUTION: Using the relation AM > GM 


uv+VW+ Wu 1/3 
3. > (uv? w’) 


> 42> (uww)*®> ww <8 


The greatest value of uvw 1s 8. 


ILLUSTRATION 65: If xyz = 3, then find (xy + yz + zx) .. 


xy + yz+2x 


: > U(xyzy >xy+yz+ x2 3/9 “ Gy t+ yz+ zx) = 33/9 


SOLUTION: 


ILLUSTRATION 66: If x € (0, 3), find [x(3 — x)] 


SOLUTION: As x € (0, 3), it implies x, 3 — x > 0 therefore by using AM > GM we get, 


= ; —* >[x3-»]” => [xG-»]” <= 
=> x(3-2)<(3) -<  SG=2)L = , 
a+b+e 


ILLUSTRATION 67: If a, 5, c are the sides of a triangle and s = , then prove that 8(s — a)(s — b) (s — c) < abc. 


SOLUTION: Letx =s -—a,y=s—b,z=s-c,thna=yt+zb=x+z,c=x+y 
then the inequality reduces to 8xyz < (x + y) (vy + z) (x + z) for all x, y,z>0 
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which follows easily from AM > GM inequality .e., 
x+y2 2Jxy ,y+z> 2.Jyz,x+2> Wrz (x + y) (vy +z) (x + z) > &xyz 


ILLUSTRATION 68: Show thatx + lx2>2,i1fx >Oandx+ lx<-2,i1fx <0. 


SOLUTION: Since x > 0, = (+1) See (AM > GM) 
xX 


=> x Tee? 
If x < 0, let y = -x, theny > Oandy + lp>2 
> -x-lk¥2>2>x+lk<-2 


ILLUSTRATION 69: If a.’s are all positive real numbers, then prove that (1 + a, + a@7)(1 + a,+a,)...(1+a@,+ a7) 
> 3"a.a,..a 
12 


2 
lk ew Pe ea (a ee) 
3 Z i Z 


=> 1+a,+a) 23a, >(lt+a,+a%(l+a,+a)...(01+a,+ a7) 23a, a,...a, 


oe 1 1412.9 
ILLUSTRATION 70: If x, y, z are positive real numbers, such that x + y + z =a, then prove that —+—+—2-—. 
x y za 


SOLUTION: 


X+y+Z 3 1 1412.9 
= > —______ + —+—+—2>— 


SOLUTION: Since AM > HM a a 
3 x +y +2 x yaza 


ILLUSTRATION 71: By inequality of means show that 
(a) 2"(nl)<(n + 1); neN 
(b) (n+ 1) (Q2n+ 1 > 6"(—m!)?; nEN 


(c) n" (2st) >(n!)’ ;neN 


SOLUTION: (a) Applying AM > GM for Ist m natural numbers we get, 


=> 2"(n!)<(n+ 1p 


(b) Applying AM > GM for square of Ist m natural numbers we get, 


BE 5 (nt)? > ener!) | > (nl)? 


n 
=> (m+ 1) Qn+1)pP> 6" fly 


(c) Applying AM > GM of 1?, 27, 3°,......, n° we get, 
[a +1) ) 

= 2 3 
a2 


> (n!)" 
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ILLUSTRATION 72: If a, 5, c are positive real numbers such that a + b + c = 18 find the maximum value of 


a b™ co". 


SOLUTION: a+b+c=18> kom +n 


mM nN 


SS Pe os Pree one 


Where / = 18/(k+m-+n) 


k ms ss 1/k+m-+n 
led ; Z < (Heme) (by using AM > GM) 
m n k+m+n k m n 


1 
kpm_n k+m-+n 1 
a C < 8 
kvm" n" k+m+n 


Thus the maximum value of a* b” c”is Ft™'" | k*. m™.n", where 1 = 18/(k+m-+n). 


Here, equality will hold when a“b"c” < k*m™n" ( 


=> a= a b"c” s(ky "km" n” wherel = 


TEXTUAL EXERCISE-9 (SUBJECTIVE) 


1. Ifa, b, c are positive real numbers, prove that a’? + b° 
+ ¢3> 3abce. 


2. If a, b, c are all positive sides of A, prove that abc = 
(a+ b-—c)(b+c-—ajet+a-—b). 
3. Ifa, b, c are distinct positive real numbers, then show 
b+e et+a a+b 
+ —__. + ———. 
b+c ct+a a+b 
4. Ifa, b,c, x, y, z are all positive, prove that 
(a) (a+ 6+ cc) (ab + be + ca) = Yabe 
(b) (tyta)(leled] >9 
x sy 


Z 

X,Y Zia oe 
@ (Z+2+2)[S+245}z9 
(d) (a + b)\(b + c) (ec + a) = 8abe 


5S. Ifx +y+z=a and x, y, z are positive numbers, then 
show that (a — x)(a — y)(a — z) = 8xyz. 


that >ab+bc+ca. 


6. If a, b, c, be lengths of sides of a A then prove that 
(a+bt+ep>27(at+ b-ec)(b+ec-a)(ect+a-—b) 

7. IfA,B, C are acute angles, then prove that cotA . cotB. 
cotC < 1/33. 


8. If a, b, c are sides of a triangle then show that area of 
triangle A satisfies following inequalities: 
(a) A <s?/4 (b) A<s?/3V3 


18 
ss) 

18 
k+m+n 


. Using a fixed length (/ cm) a rectangle has to be 


formed, what should be the dimension of rectangle so 
that its area enclosed is maximum? 


. Find the minimum perimeter rectangle out of all the 


rectangles of area 100 cm’. 


. If sum of the lengths of all edges of cuboids is given 


as 12cm. Then find the dimension of that cuboid 
which is of maximum volume. 


. Prove that for all cuboids of a given volume (v) the 


one having minimum surface area is a cube and find 
the minimum surface area of a cuboid out of all such 
cuboids having volume 10,00 cm’. 


. Find the least value of (3x + 4y), when x’y* = 6, where 


x, y are positive real numbers. 


. Find the greatest value of xy’, when x + y = c V posi- 


tive and real real x and y. 


. (a) Find the maximum value of the product x.(1 — x) 


Vx € (0, 1). 
(b) Find the minimum value of the 
x +x° + 2x, 


G3 ee 0 


X 


Cae. 


Gi oy 50 
X 
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(c) Ifx +y+z= 10; where x, y, z are + ve realnum- | 16. (a) If the three positive unequal quantities a, b, c be in 


bers, then evaluate HP then prove that a” + c" > 2b",n EN. 
(1) YZ) sax (b) If the three positive unequal quantities a, b, c be in 
(i) (°Y°Z) sax GP, then prove that a”+ c’ > 2b",n EN 
Answer Keys 
9. A, = P/16 cm’, length = breadth = //4cm 10. 40 cm ll. Vo o=lom?/=b=h=1cm 
5 
12. 600 cm? 13. 10 (4, Ue 
z 3125 
15. (a) W/4 atx = 1/2 (b) @) 142V2 (ii) 4 
6 
(c) (i) 1000/27 atx =y=z= 10/3 (ii) = atx = 10/3; y =5; 2 = 5/3 
TEXTUAL EXERCISE-9 (OBJECTIVE) 
l. Ifa+b+c=3;a>0,b>0,c > 0, then the greatest (a) 2 (b) 1 
value of a*b*c’ is (c) 6 (d) 3 
a OF 27 os 
(a) : (b) — 5. If three positive real numbers a, 5b, c are in A.P. such 
a5 ‘ q that abc = 4, then the minimum possible value of 5 is 
(c) i (d) None of these (a) 23? (b) 27° 
(c) 21/3 (d) 95/2 
2. The least value of 2/og,,,a — log, 0.0001, a > 1, is 6. If x,y, z are three real numbers of the same sign, then 
(a) 2 (b) 3 the value of ~+2 +7 lies in the interval 
(c) 4 (d) None of these y Z xX 
- 7 (a) [2, «) (b) [3, o) 
3. x, y, z are positive then the minimum value of (c) (3, 00) (d) (0, 3) 
x (og y—log =) sis ye — logy) af z(log x— log y) is / : 
7. Ifa, b,c are three positive real numbers such that 5 + 
(a) 3 (b) 1 a 
d c—a,c+a—banda+ b~—c are positive, the expres- 
(Ore 78 sion (a+ b-—c)(b + c-—a)(c + a—b)-abcis 
4. Ifa>0,b>0,c>0 and the minimum value of a(b? (a) positive (b) negative 
+ c*) + B(c* + a’) + c(a’ + b’) is Aabc, then A is (c) non-positive (d) non-negative 
Answer Keys 
1. (a) 2. (c) 3. (a) 4. (c) 5. (b) 6.(b) 7. (b) 
ae. lacing S before the nth term of the series. But if we have to 
(Z) SIGMA NOTATION foe i 


find the sum of k terms of a series whose nth term 1s U, then 


k 
The symbol (sigma) represents the sum of similar terms. | this will be represented by du, . 
Usually, sum of » terms of any series is represented by n=l 


NOTE 
Shortly S is written in place of a 
1 


U If nth term of sequence is given by T) = an* + bn’ + cn 
+ dwhen a, b, c, d are constants, then sum of n terms 
S =27T =ain’+ bin’ +ecxkn+ Ld 


Properties 
@) Sa,tb)=d.4,4>8, 
r=l r=l r=1 
(b) > ka, = > a, 
r=l r=l 


m 


(c) via =atatart.... 
i=l 


m terms = am 


. n(n +1) 
d PS Lore 23 Bie: th 
(d) py 5 
i n(n+1)(2n+1) 
2 = 124924 324 a gs a A SC ES 
(e) yr br 2 Be tae n 6 


(e) Proof: Consider the identity (x + 1 —x° = 3x? +3x + 1 
Putting x = 1, 2, 3, ..., ( 
Pe Pas +3141 
33 —-2?=3.27+3.24+1 
45 — 33 =3.3°+3.3+1 


eee ew coer 


sip= 3 oe 4y +3.(n-1)+1 
and (n+ 1p-wW=3.n?+3.n+ 1 
Adding vertically (n + 1)? —-12?=3.(1?+2?+...n7) +3 


(1+24+3+...¢n)+ 4h... 


n terms 


=> nt+3n?+3n =3 a(S fe ja 


ow, antl) 

Pa ae 

=> 3[ Sue) = +3904 3m | Ae | 
ye 


)- Qn? +3n? +n _ n(nt(2n4)) 
2. 2 


s s ye _ n(n t)Qn+)) ue +1) 


k=1 


n — 1), n successively, we get 


=> 3 


Hence, S| = ve a? ey a 
k=1 


(f) yr (229) 


(f) Proof: Consider the sequence of cubes of the natural 
numbers, 
WIZ DP eed AME LY cathe 


Aacchyy +62? +34 
n) + L+1+...4] 
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Let S' denote the sum to n terms of this sequence 1.e., 


S=B+B+3+..+0= VR 
k=l 


Consider the identity (x + 1)* -c* = 4x? + 6x? + 4x + 1 


1 
Putting x = 1, 2, 3...., (m — 1), n successively, we fee 
2S 1A eo Al 
34 -—-24=4.27+6.2?+42+4+1 
44 —-34=43°+6.3°+43+1 


n'-(n—-1)'=4(n-1P%+6@-1)+4n-1)+1 
(n+ 1)'—-nt=4n?+6n?+4n+ 1 


Adding column wise, we get (vn + 1)4- 14=4.(1° + 23 
SP rye 24h 3 


n terms 


=> n'+4n’+6n?+4n 


-4(Se eof Se eal yt en 


2 rs ee 


=> ndn-eontedn 4 é 


+ (me en 
2 


=> (de) =n + 4n°+ 6n? + 4n —n (n + 1) 
k=1 


k=1 


(Q2n+1)-2n(n+1)-n 


k=l 


= Se tes =SK- (nae) -(S4) 


Hence, 

2 
Ye =]+2?>+..4+n° = (mar) - y: 
k=1 ~ 2 k=1 


(g) y r= 391" +1)(2n+1)(3n’ +3n-1) 


=> (Se | =n'+2n?+nr=n(n+ 1P 


ec me neler ce ile eee ey + ne 


(h) yn" or Sn? = 
n=l 


(i) If rth term of an AP is given by 


T. = Ar + Br + Cr+ D, then sum of n terms of AP is 


ae yee Yr+BY Pr +cyr+D>1 
r=] r=l r=] r=l r=] 
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Double sigma notation 


> > a;; stands for summation of elements of two dimen- 
j=l i=l 


tional array (arrangement) m x n of terms (1.e., arranged 
along n-horizontal rows and n-vertical columns) the sum 
of elements a,, where Ap is function of two variables i and j 
such that i andj € N. “It can also be regarded as summation 
of summation of series”. 


Notation Since Double Sigma pad represents 
j=l i=l 
the summation of summation of series and theorefore it 
can be represented as dimensional array of numbers on a 
rectagular Matrix (m x n) and in which the general term 
is represented by 7, ' where i denotes the row index (row 
position) and j denotes the column index (column position) 
of the term. 
>» » (Double Sigma) has following properties. 


Row index 
ae 


P1. General element: '/ is the element 


Column index 
placed in i* row and j" column. e.g., 


T,,1s element placed in 1st row and 4th column, 7’, is 
element placed in 4th row and Ist column. 


a 


| fe} fp td 
eit ied | ft td 


FIGURE 3.2 


Sequence and Progression < 3.45 


ILLUSTRATION 75: Evaluate: }) )/i.j 


l<i< j<n 


SOLUTION: Let us first understand the equation. 


It means sum of product of m-numbers taken two at a time 


mis gheieesiinien - a 
Method 1: 2, dt5= ap areas DF =yU'- 7) 


Gn? —n—2) = n(n +1)(3n? +2)(n-1) 


24 24 


1 (aa) —n(nt))(2n+1)|_ n(n-1) 
2 2 6 Z 


Method 2: We know that, (a@+bt+ct+dyv=Ha@’+bh+ce?+@# +2 (ab+actab+ be+bd+cd) 


C2 3 a Pana a) 2 Ae. + lin 
pay Ae Mag): a eee +2.n 
+ (m-1)n | 


» 7 = > r +2 (Requiredsum) 


=> 2 menaiedeaais ) 
_(n(n+)))\_ n@t)Qn+l) _ amt) 2 7 mnt _ n(n+1)Gn+2)n-) 
ko 2 6 2 2 3 24 


ILLUSTRATION 76: Evaluate the following double summations. 
10 20 


O DLA 


j=l i=l 
10 20 


Gi) ) Vi (i+ 7) 


j=l i=l 


10 20 10 


SOLUTION: } ik = )(k+k+k+...+k) = ¥ 20k 
j=l = 


j=) i=l 


10 
= 20) k= 20 (k+k+k+.... + B (10 times) = 20 (10 2 = 300k. 


jal 


(11) Li+ J) = = y" (1+ f)+(2+ j)+(34+ j)+....+ (20+ /)....[ j braces | 


j=l 


= 10+ j+20+Y j+304 +. +2005 j = 0 CD. 20y J 


j=l 


= 2100 + ae) = 2100 + 1100 = 3200. 
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P.2. Now consider square of size n x n (n x n matrix). 
The elements on the principal diagonal are addressed 
with i = 7 and above the principal diagonal are addressed 
i <j, whereas those below the principal diagonal are by | p3. 


YT ; i<j the term lies above the Principal Diagonal. 


, >» +#>Jthe term lies below the Principal Diagonal. 


T. ; i=j the term lies on the Principal Diagonal. 


It is very simple to observe the following facts on the 


i > j, and hence above square matrix. 


FIGURE 3.3 


QO Total number of unit squares =n xn=7 a) 
U Total number of squares on the diagonal line = n 


U Since the total number of square above PD = 1to- Q 
tal number of squares below PD = k (say) (Think 
why) ! 
>kt+kt+n=7"r 
=> 2k=n--n 


= b= Man P.4. 


Aliter: 
Number of terms on or above diagonal 
= number of terms on or below diagonal 


_ n(n+l) 


2 
= no. of term above/below the principal diagonal. 


= n(n+l) n(n—l) 


Above principal diagonal 
column index is larger 
than row index (i <j). 


Below principal diagonal 
row index in larger than 
column index 


Principle diagonal 
i =j i.e. row index and 
column index are equal 


Wi 


Total number of squares above/below the principal di- 


agonal line = a“ =Ge, 


Total number of squares on or below diagonal (on or 
above diagonal) 
n—n n+n_ n(n+tl) 
+n= = —_— 
2 2 2 


j=l i=l j=l j=l i=l 


— nic’ 
> 


fA. G22. G28 jen 
ee ee A aes cal: “Se ge aes + | =(n)(na) = ra. 
na na na na 
- by ya = n’a (1.e., summation of a, a, a, ........... in 


j=l i=l 


2 2 n’ places on array/matrix). 


w 


N 
o 
= 
= 
= 
a 
= 
| 
re 


et ete te dele |e folk 


P.5 Y va= Ya + Yat ee + Ya 
ISi< jSn j=2 j=3 j=n 
i=l i=2 i=n-l 
=(n—-l)at+(n—-2)at oo... +a 
| Chia ea alo fea ee ee + (n— 1)) 
— an(n—l)- 
2 
Aliter: > ya = (No. of terms above P.D).a = k. 
l<i< jSn 
_ an(n-l) 
a 
2 
P.6. a SOE C,.a 
nase a 
I<isj<n 
n—n n—1 (n+]1) 
°° a| —— |+na= na| ——+1 ]= na —— 
2 2 2 
Aliter: Look at the sum of all term on or above PD. = 


(no. of terms).a=""'C,.a. 
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i<j 
LD: 
i=] 
gol. f= i=] i=] 
= Sa, Cet a aia, a eee +a =S) 
j=l j=l 


P.8. Summation of product taken two at a time of any set 


of given n numbers a,, @,, dj, .......... , a. numbers is given 
by >, 4, a, = S, (say) [sum of products above/below 
I<i< j<n 


principal diagonal] 


” 28,+ Sat =(Sea} 
: SSiaeS Se -5, 


l<i< jSn n2i> j2l 


- &-(S6)-(8) 


2 
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» 24, Be) de) 


I<j< jsn 2 


P.9. = Sum of terms on or above the diagonal. 


ILLUSTRATION 77: Evaluate the summation of number sf Jf. 


j=l i=l 


SOLUTION: S50 s-(Se) -(2) => 


j=l i=l 


P.10. » a,+a))=2n( Say [".. each term is 27 | Proof. YG, +4,)=S, 


i=l j=l k=1 lSi< j<Sn 
times] 
_ ANA, +A, +g tereeeeee +a,)=2nS d 24, +4;)= 8 
= j n2i> j2i 
S 
Proof. = 25 2 Sa, | = 2nS 
=1 
APXC +a,;) 
i= =>2S, + 2S = 2nS 
n n n n n 75 = (2n = 2)S 
= 4 a+Za,|$ (S+S) = = ¥ 28 = 2nS : 
jal \ i=l j=l i= j=l =>S,=(a—-Ds 
d, 2 (a, +a,)=(n- Dy = VG, +a,)=(n- bya 
Si <jSn l<i< jn 
NOTE 


Since each variable repeats 2n times on the matrix whereas it occurs 2 times on the diagonal. Therefore it occurs total 
(2n — 2) times above or below diagonal. As we know every variable occurs equal number of times below the diagonal 
as it occurs above the diagonal. Therefore number of times the variable repeat es in the summation of elements above/ 


below is equal to ene =n-—1 times. 


P.13. A constant factor can always be factored out of 


P12, Yd (G,+4,)=(n+ ») Ce double sigma. i.e. 
isis fSn 
> dG, +a,)A= AY YG, +a,) 
Proof. )' > (a,+4,)= > Y(a,+4, + X(4 +a,] i - 
Isis jSn Isis jSn P.14. Double sigma distributes on sum and difference of 
elements provided the elements are symmetric 1n the variable 
i and j. 


= (n-)¥ a, + 23 a, = (nt+)> a, 
k=1 k=1 k=1 


LUG +/+ P-LLG+N+ P= LUG+Pt Lo” 
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ILLUSTRATION 78: Find the value of the expression 2 x y1. 


sotuTioN: YY Y1=yy j= 4 


ual yaw u=l v=1 


n n+1)(n+2) 


TEXTUAL EXERCISE-10 (SUBJECTIVE) 


1. Obtain n® term and the sum of following series upto 6. Find the sum of n terms of the following series............ 
n-terms. (a) [3/(1.2)](1/2) + [4/(2.3)].(1/2” + [5/(3.4)](1/23) + 
(i) py it? 14243) Dee [6/(4.5)].(1/2%) + ... 
2 3 (b) [2(1.2)] + 2[5/(2.3)] + 2?.[10/(3.4)] + 23.[17/(4.5)] 
Po P+2? +2? +3° ae 
(1) —+ + ————- + ....... P ) 2 2 2 
| 2 3 (c) [17(2.3)] 4 + [27/(3.4)] 42+ [(3)7/(4.5)] .4° + [4?/ 
Gil) 1.2.34+23.44+3.4.5.+....... (5.6) [248 vcscseuse, 
2. Find ei sum to n terms of the series. 7. Evaluate the sum [3/(1.2.4)] + [4/(2.3.5)] + [5/.4.6)] 
| | Egos upto n terms. 
e a 4x7 7x10. 
fi : - 8. Find the sum of 7 terms of the series whose n"* term is .... 
+ —— + ——-+...... (i) (n?+5n + 4) (rn? +5n + 8) 


+ 
1x6 6x11 11x16 (ii) [n? (n? — 1)]/(4n? - 1) 


; ] | 
3. Sum the series Dae + are uss upto n terms. 9, Find the sum of n terms of the series. 
. oer ; (a) 3.4+8. 114+ 15.20 + 24.31 + 35.44 4.000000. 
4. Series of natural numbers is divided into groups as by 3447491 616 21405 3S 


{1}. 42, 3}, {4,.5,-6},.47,-8, 9:10}; 2x. and so on. 
Prove that the sum of the numbers in the m™ group is | 10. Find the summation of following series: 


n(n’ +1) (a2) » YGt+s/ OG). > Dy) 


2 I<i<j <n I<i<j <n 
3 5 7 
5. The sum to n terms of the series 252 tap ipg (c) > yi +7) 
= ae 1S : ; . I<i<j <n 
Answer Keys 
aa . antl)... n n 2n n(n+2) 
1. — -_ (al):~ ——— _- (1 +. ted 2. (a .— 5S. 
i) Gi) (ii) n(n + 1) (+ 2) sa Moe 8 * oe 
n n+l ntl 
oat ys Oe ee, ee ee 
(n+1)2” n+l n+2 36 nt+3  2(n+2)(n+3) 3(n+1)(n+2)(n+3) 


n(n+1) (n—1)(n+ 2) 
6(2n+1) 


n(n+1)(3n° +27n* +58n+2) (b) n(n+1)(12n?+33n°+37n+8) 
15 60 


10. (a) n—n (b) 4 (2) aspen) (c) @-)U+2 DY VGA 


l<i<j <n 


8. (i) s abiaiadinenethid (ii) 


9. (a) 
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TEXTUAL EXERCISE-10 (OBJECTIVE) 


1. The value of 1.3.5 + 3.5.7 + 5.7.9 +. + 17.19.21 1 1 1 
equals 4. The sum of the series a oe an cai deeusunes: to 
(a) 12270 (b) 17220 n terms 1s ee 
(c) 12720 (d) 19503 (a) de (b) A 
2. If the sum of n terms of an AP 1s cn(n + 1) where c # sn +l 2n+1 
0. The sum of the squares of these terms is (c) 2n (d) None of these 
(a) c*n*(n + 1) 3n+1 
(b) eee + 1)(Qn+1) 5. The sum of the series 1.1! +2.2! + 3.3! +..... tomterms 
3 1S 
3 
(c) 2° nin + 1)Qn + 1) OG Dil (b) (n+ DI-1 
(d) None of these (c) (n—1)!4+1 (d) None of these 
IS 6. The sum of all the numbers of the form 7’ which lie 
3. Lett, = n(n!).Then dW, is equal to between 100 and 10, 000 is 
(a) 15!-1 : (b) 15!+1 (a) 43261 (b) 53261 
(c) 16! -1 (d) None of these (c) 63261 (d) None of these 
Answer Keys 


1. (d) 2. (b) 3. (c) 4. (a) 5. (b) 6. (b) 


Step2: Rewrite the given series with each term shifted by 


m@ METHODS OF DIFFERENCE | 
one place to the right. 


If the differences of the successive terms of a series are in AP, 


Step3: Then subtract the second expression of S' from the 
or GP, we can find n" term of the series by the following steps: i‘ 


first expression to obtain 7’ . 
Step1: Denote the n™ term and the sum of the series upto 
n terms of the series by 7’ and S_ respectively. 


NOTES 


(i) Difference of successive terms is constant then nth term is given by 
T =a+ bn (whereaand bare constants) 
(ii) If difference of difference is constant then 
T, =an? + bn+c (where a, b, c are constants) 
(iii) If difference of difference of difference is constant then 
T= an? + bn? +cn +d (where a, b, c, dare constants) 


ILLUSTRATION 79: Find the sum of the series 
PP ll 20 + 3145 62 +... upto mens. 


SOLUTION: Let S = 7+12+20+31+45+62+........... 
Also S =7+ 127204317 45> 


ni 


ILLUSTRATION 80: 
SOLUTION: 


Sequence and Progression 


On subtracting 


=74+5+8+114+144+17+......@-¢ )t 
> 4=77+16178711414417+...............upto (# — 1) terms) 

_ 14+(n-1)}(3n+4 
> go 7e( [2(5) + (n—2)(3)] > t= anaes 
14(3n? + 4n-3n-4) 37? +n +10 

2 — => (== 


St =2 3" +2 n+5DI- n(n +1)(2n+1)+n(n-+1)+5n 


7 l(a +l)(2n+1)+n+1+20] = gon +4n+ 22 | =5( * +2n+11) 


Aliter: 
First differences are 5,8,11,14,17...........0 0.0.0... 
which are in AP; 
Second differences are 3,3,3...........which are constant 
So Let T = an’ + bn+c 
=> 1, -atoe7e- 7] 
T,=4a+2b+c=12 
T,=9a+ 3b +c =20 
Solving for a,b,c we get a = 3/2, b = 1/2,c =5 
Tarp 4 bes 
aa 2 
After that we can proceed to find S$ as above. 


Find the sum of the series 50 + 70 + 106 + 162 + 242 4.......... upto n-terms. 


et S = D0: 10 106 + 162 24) Stina sie ered. ail 
> S50 70: F106 + 1626 242 rs cee tee tnete he Ee 
=> 0 =(60+ 20+ 36+ 56+ 80+.......n-terms)-f, 

=> ¢,=50+20+ 36+56+80+............n-terms 

Lets = 50+ 20736) 56 80 needa h 

=> So = 50's 2036 SO. ceriaiaits aa ee 

=> 0= [50+ (-30)+ 16+ 20+24+............+n-terms] — 7", 
=> t=20+ (16+ 20+ 24+...............4(#-2) terms] for n > 3 
=> t,=20+ 7 =[2(16)+(n-3)(4)] 

=> t= 20+ (m2) [16 + 2n —- 6] 

=> t= 20+ (#2) [2n + 10] 

=> t= 20+ 2n’ + 10n —- 4n—- 20 

=> t=2r +6n,n2>3 


S' = 2)(n’+6> n-(t,'+t,)+(t,+4,) 


= si. = Ent), So) (20) +(50+20) 
> 51 = Ne an mt) 442 


From (1), (11) and (111), 4, = s=5 [2n? + 12n? + 10n] + 42 


< 3.51 


(1) 
(11) 


(iii) 
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cs 8.0, =SDw 4 + Yin aan 
2 
7 2 niet) a) MOC n Os tan 


2 6 


| er 2 2 5 
Ps (n+1) Ler n(n+1)(Qn+ ae (n+ 1)+42n 


<n(n-+1) [n? + 9n + 14) + 42n = <n(n+1) (n+2) (n+7) + 42n Ans 


ILLUSTRATION 81: Find the sum of nm—terms 3+ 7+13+4+21 +..... 


SOLUTION: Let S=3+7+13+214+....4+7 (i) 
Se PSRs i cer Dg ce (11) 
@™-@>T, eee HD. =l 
= = 347 [8+(n- 2)2)=3+(@-1)(+2)=n? +n+1 
+1)(2n+1 +1 
Hence S = X(n?+n+1) = En? + In + El = ales Di2nr)) met), +n= 3(""+3n+5) 
ILLUSTRATION 82: Find the sum to n-terms 1 + 4+ 10 +22 +... 
SOLUTION: Let S=1+4+10+22+...+T. (i) 
Sa) 54 PIO te de (11) 
@Q)-@G@)>T,=1+G+t+6+t12+....4+7,-T,) 
nl 
T =1+3 tlie 
2-1 
Lf =3,2"'=2 5*-] 
NOS — 2) ase2 22 | = Jane 320 20-3 
ILLUSTRATION 83: Find the m™term and sum of n terms of the series 1 +3 +7+15+31 +..... 
SOLUTION: Let mth term and sum of 7 terms of the series be denoted by 7" and S_ respectively. 
= O27 ber oer i 1S Bee eT ed (1) 
Also SST ee ng ed (11) 


Subtracting (i) from (Z) we get 
Sl ra 8 lot aT eT 


Po=1+2+4+8+4 16+.....m terms = 
Hence, 7) = (2”- 1) 

Sum of terms S = 27 => (2"—-1)=2 2"-Y1I=(2+ 2? + 2? +...2) —n 
Hence S$. - 2.£—) _ n= 2(2"—1)—-n 


ILLUSTRATION 84: Find the sum of n-terms of the series 1 +44+13+40+7+121+....... 


SOLUTION: S = 1+4+13+404+ 1214..0.00000000.¢¢, 
ISO; oS Ae TS AO ts states ae Gis a ec 
On subtracting O= (1437494277 81+.........................up m-terms) — ft, 
> 1,=(+379+ 27+ 81 +.....upto n-term) 
(=) ty 
B-1) 2 


Sequence and Progression 


ILLUSTRATION 85: Find the sum of n-terms of the series 14 + 20 + 28 + 40 60 +96 + 


SOLUTION: Let S = 14+20+28+40+60+96+...... : 
Also, S_=14+20+28+40+60 + ...... uae ene 
(i) — @) givesO = (14 +6+8+ 12+ 20 +36+ .............upto n-terms) —t,;n> 2 
> 1=14+6+8+12+20+....+ upto n terms, n> 2 
> 1=14+(6+8+12+20+.... + upto (m — 1) terms) forn> 2 
Let S)=6+8+12+20+........+ upto (m—2) terms + fj: n23 
On subtracing, 0O=-6+2+4+8+ 16+.....upto (7-1) terms —?f'_; 
St 7 =6 4044-48416 icin. upto (m—2) terms); n > 3 
Letn—l=m,..n2>3>Dn-12>2>5Dm>2>2 
t' =6+ (2) [(2)m—-1-1];m2>2=6+(Q)" -2,;m2>2 
=> t =(2)"+4;m22 
n—l n—l 
S',=6+ }t', = 6+ } (2)"+4=(2)"+4n-6;n>2 
m=2 m=2 


S' = (2)"+ 4n-6,n>2 
t= 14+ [2"+4n—-6],n>2 
s S' = 14n+ 32" +4+ )n- 6) 1= 14n+(2)[2"-1]+4 
= 14n+ 21 _ 2 + 2n? + 2n— 6n = (2)""!+ 10n — 2n?—2 Ans 


n>3 


n(ntl) 


ILLUSTRATION 86: Find the m®™ term of the series 1 +2+51+12+25+46 +... 


SOLUTION: Let the sum of the series be S_ and nth term of the series be 7. 
Then S.=1+2+5+12+ 25 + 46 +........ E aatd. 
Also, SoS lps 212 625 46 tee tT tL eT. 
Subtracting (i) from (Z), we get 
2 =O Phe le ea dS ee ee eT) 
=> DE A A A eT ee Lars i ee 
(Here nth term of T 1st.) 
Subtracting (iv) from (111) we get 
O=-1+0+2+4+6+8+....+ upto (n— 1) terms -—f£, 
> t1=1+2+4+6+8+....@7-1) terms=1+(2+4+6+ 8 + (m—2) terms) 
=1 + @=2) 992 + 2-192} = 1 + —-2(2 + 2-3) 
ioe anes 


then 7 => 4 = r-3>3n+3>21= nat Y@nt+l) _ 3n(u+l) , 3n 


6 2 1 
=" on +3n+1-9n—9 + 18} 


T = —(2n’*—6n + 10). Hence, n™ terms of series is = : (n? —3n + 5) 


< 3.53 


(11) 


(1) 
(11) 
(iii) 
(iv) 
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i$. METHODS 


E.g., @) ——+ —+.....up to n-terms 
EE a as 7 
This method is used to find the sum of series t, + t, + 1, = l S- l | _ nt+3—3 _ (n) 
+o, up to n-terms, when each term ¢, can be expressed (2-1)(1)| 3 (n+3) 3(n+1) 3(n+1) 
as the difference of two consecutive terms of a new series : | 
: Gi) ——+——_+ ——_-++.. + ——_—__——___—— 
Le, 8 HVS... 2.4.6 4.6.8 6.8.10 (2n)(2n+ 2)(2n + 4) 
=> $,=>t,=((-K)+(K%-%) a 
(3-1)(2)} 2.4 (2n+2)(2n+4) 
~ U7 Fo) | ~ 4l8 (2n+2)(2n+4) 
Let us find the sum of two types of series up to n-terms 
(i) is 1 l Case (ii): LetS, =a, a,....8, + €,a,Q,.....0,, teecsceeee +a 
Q,\Ay..A, AyQ3...4,,, A,Q,...a,,, Dey Aner eoneeee Der 
ae I Now, let ie ae ee) er enn 2 
a, Qn+ an+2 +... Qitr-l =e Vo = Voge 1 =(a ne Qasr  .a,,,4) la [a mtr — Ge i 
EY) OOO Bo AO oe TAO enc ie FA =t, [@nt+r+l)d—(m-2)d] =t, (r+1)d 
Be Giygee Ay, > WHETE A,,4,,4, .....00.. are in AP = . 7 v] 
Case (i): (r+1)d 
Let S = — vac 
G@ie8, QAO, Cie 25 m= (r+1)d 
1 ee =. Oa New 
occt : 
a, Ans an+2 armas Dns, l - Gena n V,|= (r+l)d 
Whee @,,0,,0, ......0... are in AP with common difference ‘d 
‘ 1 G2 sis AO sO cioauhe | 
and let )) = 
7 Fins 14ins24ins3 00 Amsr-1 Take ae (a aA — d) 
1 E.g., (i) 3.4.5 +4.5.6 + ....up to n terms. 
aie ae ya ee => S$ =3.4.54 4.5.6 +.....4(2+2) (nt 3) (nt+4) 
e (ie: Sees = +2) (n+3) (n+4)(n+5) — (3-1 
J m "mel = a m 7 (a, - Bs (3 a 1)(1) Ae - e _ 
an inst ins2 or Gintr-l 
ae V,-Ve nae - (4) 3) 
»@ —a.,, (m-l)d—(m+r—2)d = 7 [n+2) (943) (n+4)(n+5) — 2) B) (4) 
mp a LT et = Vint Tn a0 7 lint) (n+3) (n+4)(n+5) — 120] 
"  (l-r)d (r-l)d 
(ii) baee + 5.7.9.11+7.9.11.13 +... up to terms 
1 |(%-K)+(A-%) 
S,= >) t,= = —— [(2n+]1) (2n+3) (2n+5)(2n+7) (2n+9) 
a Oa) (4+1)d 
Peay. — (1) 3) 6) M) Q)] 
- (7 — l)d = ry [((2n+1) (2n+3) (2n+5)(2n+7) (2n+9) — 945] 
1 1 1 
SS — 
‘ (r- l)d = Siuetias Qo “Ona On woes — = = [((2n+1) (2n+3) (2n+5)(2n+7) (2n+9) —945] 


| 

+ 
3.4 
Si 


1 l 
ILLUSTRATION 87: Show that —-+—-+ 
B20 


1 
SOLUTION: 7" term a 


n(n-+1) - 


7. 


nw+l) nn n+l 


Sequence and Progression < 3.55 


S=7,+T,+T,+...4+7_,+T7, 
ei iy Ose 118) diate ee a 
(1 —1/2) + (1/2 — 1/3) + (1/3 — 1/4) +... + |> > | ore ae 


ILLUSTRATION 88: Show that 


1 1 1 1 1] 1 l 1 1 
ES 
1.2.3 2.3.4 3.4.5 n(n+1)\(n—-2) 2 Fe a 4 2(n+1)(n+2)/ 
1 | (n+2)—n | ] 1 
SOLUTION: n® term 7) = ———— = —| ————__| = — ————S 
™"  n(n4+))(n+2) 2) n(m4+1(m4+2)| 2) n(n4+l])) (n4+)1)("4+2) 


S = ST, I Sees = ee 
n 2° 9/12 (ntdin+2)| 4 2n+1(n+2) 


1 ] 


] 
ILLUSTRATION 89: Sum ton t f th rc 
pn) Menem Ohne SSDES (+ x)(+ 2x) (1+ 2x)(1+3x)  (1+3x)(14 4x) 


SOLUTION: Let 7’ be the general term of the series 


2 Ee 


(1+ rx)(1+(r+1)x) 
ee ;T= 1) where f(r) = 
x| l+rx 14(r+1)x =F) F (r+) iv ~ x(1t+rx) 
s.<10y-A+1y =1f tJ. 
7 1+x 14+(x4+)]1)x| (+x)f1+(4+))x] 
ILLUSTRATION 90: Sum to 7 terms of the series ee e oe 
1.2.3 2.3.4 3.4.5 
r+3 1 3 
SOLUTION: Led = a Pes —— ——,--——_=! 
“"r e(r4(r+2) (rt D(r+2) r(rti(rt2) 
2 alt 2] a 
r+1 r+2] 2) r(r+1) (r+1)(r+2) 
2 ie 5-/ Le 
7 2 m+2} 2|2 (n+1)(n+2) 
5 ] 3 PS) ] 
| fe ag 
F lgea| 4 2n+1)(n+2)- ie) 
ILLUSTRATION 91: Show that ; + : a a a 
1234 2345 345.6 n(n+1\(n+2\(n+3) 3 
1 ] 
a beemrrenrcerreren ee and hence evaluate S . 
1.2.3. (n+1)(n+2)(n+3)} 18 3(1+1)(n+2)(n+3) ° 


I | (n+3)—n 
SOLUTION: 2“¢ term 7 = ——__—__ = — | —————"_"_- 
"  n(n+))(n+2)(n4+3) 3) n(v+1)(n+2)n+3) 


| ee ee ee 
7 Neer cres aE | 
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if 1 1 1 1 
' ae 18 3(n+1)\(n+2)(n+3) 
if n —» oothen s = 1/18 — 1/oo= 1/18 


ILLUSTRATION 92: Find the sum of the series 1.2.3.44+2.3.45+3.45.6+............up to m-terms. 


SOLUTION: 
Method 1: (By V_-method) 
Here 7) = n(n+1) (n+2) (+3) 
Consider V_ = m(m+1) (m+2) (m+3) (m+4) 
Via — (m-1) (m)(m+ 1)(m+2)n4+3) 
VV = m(m + 1)(Qn+2)(m+3) [(m+4) — (m—1)| = 5m (m+1) (m+2) (m+3) = ST) 


8,=1.-~ as 1.) +(V,-V,)+(%y-V%) + met Ke —Vora)) 
= - [VV] = : [n(n+1) (+2) (n+3)(n+4) - 0] 
Thus S = = Mn 1}(m+23(n+ 3) (m4) 
Method 2: 
T= n(n+1)(n+2)(n+3) (i) 
> T= @+l(m2)(n+3)(n+4) (11) 
(ii) + (i) gives, a — 
> = (n+4)T, 
=> nf =(n-14+5)7, 
=> nf, =(n-1)T,+ 57, 
=> ST =nT.,, -(n-lT, 
=> ST =V_—V,,; whereV =nT 
=> T.=1/5[V.-V.|] 
> Se XT, -[(K- V»)+(V,-V)+(Y-V,)+......+(V,-V4)| 


m=l 


= lM. Vy|= [nT ‘4 O]= - n(n+1)(n+2)(n+3)(n+4) 


Method 3: (Fastest method) 
T =n (n+1)(n+2)(n+3)= = (n+ 1} 23) [(n+4) -(#-1)] 
[(m+4) 1s next to (2+3) and (m — 1) 1s preceding to n| 
> 7, == [m(n+1)(n+2)(24+3)(n+4) — (n-1)(n)(14 1)(n+2)(n+3)] 
SoS al er 
= - [(1.2.3.4.5 —0) + (2.3.4.5.6— a a ae —2.3.4.5.6)....+n(n+1)(n+2)(+3) 
(n+4) — (n-1) (n) (n+1) (+2) (n+3)] = = n(n+1)(n+2)(n+3)(n+4) [*" remaining 


terms cancel out in pairing diagonally | 


Sequence and Progression < 3.57 


TEXTUAL EXERCISE-11 (SUBJECTIVE) 


1. Obtain n™ term and find the sum of the series up to n 1 1] P=.) 
ee ee ee ee ee (d) If ~+—+— + ....c =— then evaluate 
PMS: 12.3.4.5 2.3.4.5.6 3.4.5.6.7 I 3° 8 
2. Find the sum of 7 terms of the series Bee Ghee oe 
s 1 A 1 1 1? a 2% 
1x4 4x7 7x10 | 5. Evaluate the sum of following series up to n terms. 
l l | ] | . 
(b) ——+ + +o. a) ——+——_- + ....; n! called n factorial 
1x6 6x11 11x16 (@) I'"~n—-1)!  3'(n—-3)! 
3. Find the summation of the following series up to n and is equal to 1 x 2x3 x....xn. 
terms: (b) ] 1 ] 
1+—_+ . 
(a) be 2 a7 i boris. 142 14243 142+. ..40 
(b) 3+4+6+104+18+34+ 66 +.... 
2 8 26 80 
(c) 1+44+8+144+244+42+76 +... Oe 6 on a 


(d) 1+44+10+21439+...... 


4. Evaluate the sum of following series 
| 2 3 
(a) —-+——_+ + 
13 1.3.5 1.3.5.7 
3 5 


Se es Sh es 2 a arr eI Te Bee 
©) aoe tpg target a Aa ee 


(SARA EAR = Dace =n hen Seales (ii) 1.5.9+2.6.10+3.7.11+.... 
i 20. (iii) 4+144+30+52+824114+.... 


ides Oe 
Py 225 Sed Gy 23 a 2a 3186 A 


(d) cot!3 + cot!7 + cot!13 +.... 


6. Sum to 7 terms of the following series: 
1+2 be2+3 


<. 
ee up to n terms @) a 
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Answer Keys 


1. E [es 7 ee 
96 4(n4+1)\(n+2)(n+3)(n+4) 3n+1 


(c) n?+2"-n-l 


5. (a) 2” '/n! 


(b) 2n/(n + 1) 


(d) mtn" 4a) 1/2 
12 


(ii) a(n l)(n+8)(n+9) 


(Cc) 73") 


(b) on 3. @) n(2n*+10) yon + 20] 
(b) ‘ : ? (c) 2-In.2 (d) 7/6 
3” -@B’-1) (d) cot 222) 
n 
(ii) ntl)? — Gv) = 


TEXTUAL EXERCISE-11 (OBJECTIVE) 


1. The next term of the sequence 1, 5, 14, 30, 55......1s: 


(a) 91 (b) 5 
(c) 90 (d) 95 
2. The next term of the sequence 1, 3, 6, 10,.... 1s 
(a) 16 (b) 3 
(c) 15 (d) 14 
3. The value of es ee equals 
ledo* yer 11.13.15 
16 
(c) = (d) None of these 
Answer Keys 
1. (a) 2. (c) 3. (b) 4. (c) 5. (a) 


4. The sum of v terms of 1.2.3 + 2.3.4. +... will 


(a) n(n+1)\(n+2)(n+3) (b) 2n(n+1)(n+2)(n +3) 
4 3 
(c) (n+2)(n+1)(n+3) (d) n(n—1)(n— 2)(n- 3) 
4 4 
| | ] | 
5. The value of 100 Fraerirre eee | 
12 2.3 3.4 99.100 
(a) is 99 
(b) lies between 50 and 98 
(c) 1s 100 
(d) is different from values specified in the foregoing 
statements 


6. (a) 


Sequence and Progression < 3.59 


MULTIPLE-CHOICE QUESTIONS 


SECTION-I 
OBJECTIVE-TYPE SOLVED EXAMPLES ge jee) 
2 12 
1. If a, b, c are positive real numbers in GP then a + 5b, I 4 n(n+1) 
2b, b + c are in (Cc) n(n +1) (d) ——_— 
(a) AP (b) GP 
(c) HP (d) None of these Solution: (d) —— 


Solution: (c) a, b, cin GP => b? = ac 


T,=a+b= a(VJa+Ve) and 
T,=b+0e=Ve(Va+ve] 
Now HM of 7, and 

: _ ann, _Wave(va+Ve) 
pacers (Ja+Ve) 
But T, = 2b =2<ac -. T,,T,, T, are in HP 


Sree 


» If x? + 9 + 2527 = xyz] — a 2 ie , then x, y, Z are in 
x ge Z 
(a) AP (b) GP 
(c) HP (d) None of these 


Solution: (c) x? + 9y? + 25z? = xyz] —— Is, 3 ice 
X or Z 
=> x? + Oy? + 252? — 15 yz — Sxz — 3xy 6 
=> (x? + (By)? + (5z)? — 3y)(5z) — x.(5z) — x By) = 0 
=> (x -3y)? + Gy —5z) + (5z -xy =0 
It is possible only when x = 3y = 5z. So x, y, z in HP. 


. Let x be the AM and y, z be two GMs between two 


ss ora 
positive numbers Then y 


is equal to 
xyz 
(a) | (b) 2 
(c) 1/2 (d) None of these 
Solution: (b) Let two numbers be a and 5, then a, x, 


a+b aA 


and a, y, z, bin GP > y = a”. 


bin AP>x = 
yt+z — a’b+ab’ 
b'3,z=a'3.b3Now xyz 4 ab > y) 


2 
; ] 
. The sum of the series 2 Se! 2 eee ae 2 
1 log, 4 log,4 log,4 


is 


log... 4 


<=“ ae wer 
log, 4 log,4 log, 4 log,, 4 
= log ,2 + log ,4 + log ,8 +... + log ,2” 


l 3 nm 1424344400000. +n 
= —+]4—4...4=5 A 
2 2 2 2 
_ n(nt+i) 
4 


. If a, 6b, ec are in HP, then the value of 


(: 1 -}(2 1 aE 
—+—-—— || —+—-— | is 
b c aj\c a b 


2 | 1/3 2 1] 

Se es bo) Se 
(c) aes (d) None of these 

b* ab 
Solution: (a, b, c) As a, b, c are in HP I/a, 1/b, I/e 
are in AP. 

ba cb baie 
Therefore, [Ft 2 (2442) =(444-2) 

b c aj\c a bd c c b 


1 1 1 2 1/Y\f1 2 1 
—+—-—— | [using (1)] =| —--— }| —-|=—--— 
(2 b al 8 E * (5) be b° 
(. l a6 l ) 
Also; |= t—S=— || —+—>— 
b c aj\c a b 
— 1 1 a6 1 1 - | 
= | —+—+—-—— |] —+—-——-— — 
2a 2¢ ¢€ a@jc a. 2a 2¢ 
( ae - | (3 2 =| 
= |—_—_- —- — + — J = — | —_ 4+ —_— - 
2c 2a)\2c 2a) 4\c*? ca a 
1 1 1)f1 1 1 
Lastly, Garera Carer? 
b c ajc a b 
(- 2 ll ab 1 -| 
=}|—+——-—-— ———+4+— 
b b aajb aia 


-(3- 2)is 2... 2 
b ajb b° ab 
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6. For what values of the parameter ‘a’ are there real val- 


ues of x such that 5 45'*, 2 95*425-* are three 


consecutive terms of an AP? 


(a) 11 (b) 12 
(c) 10 (d) 9 


Solution: (b) We have 2 (a/2) = (5'** + 5'*) + 
Q5* 25") 
2 DIF tyro ts) 


2 
l l 1 
ae >2 since t+-—= (Vi-=-] 22] 
t t Jt 


= a=5(5" re} | > 5(2)+(2)=12 
Hence, a > 12 


. The sum of the following series 5 + 55 + 555 +.... to 
n terms 1s 


5 5 

— [10*'-— 10—9n] (b) — [10"- 10-9 
(a) 31 | n| (b) 2] [ n| 
(c) > [10 — 10—9n] (d) None of these 


Solution: (a) 5 + 55 + 555....... ton 


terms = > (9+99+999+ detata: to n terms) 


= [(10-1) + (100 —1) + (1000 —1) +...(10”—-1)] 


9 
zs > [(10-+10" +10" + ae 10")-n] 
10(10" -1 
a 1o(10"-1) = 2 for"! 10-97] 
9 10-1 81 


. if * Ja = ¥b =7Je and if a, b, c are in GP, 
then x, y, z are in 
(a) AP 
(c) HP 


(b) GP 
(d) AGP 


Solution: (a) ‘la = »Ib 7 “Ale 
I/x 1/ I/z 
= (a) "=(6)" =(¢) 
| | | 
=> —loga =— logb = — loge 
x y Z 
Since, a, b, c are in GP, we can write b = ar, c = ar’ 
| | | 
=> —loga =—log(ar) = —log(ar’) = k (say) 
x y Z 


_loga __loga_ logr ___loga_~ 2logr 
k k k k k 


Hence, x, y, z are in AP with common difference 


> x 


9 9 


logr 
k 


9. If a, b, c, d are positive real numbers such that 


10. 


11. 


a+b+c+d=2, then M =(a+ b)(c + d) satisfies 
the relation: 

(a) O<M<1 
(c) 2<m<3 


(b) 1<M<?2 
(d) 3<M<4 


Solution: (a) Since, AM = GM, we have, 


AEDT NCP EY Sra pyc) 
> M<l : 

Also, (a + b) +(e + d)>0( a, b,c, d > 0) 
Let a, B be the roots of x? - x + p = 0 and y, 5 be the 
roots of x? - 4x + gq = 0. If a, B, y, 6 are in GP, then 
the integral values of p and q respectively, are 


(a) 2, — 32 (b) -2, 3 
One (d) -6, - 32 
Solution (a) 
a+B=1 
a, B are roots of x°-x+ p=0> p F 
ap =p 
+0=4 
y,6 are roots of x° +4x+q=0=> v 
AO=q 


Let r be the common ratio. 

Since, a, B, y and 6 are in GP. Therefore 

B= ar, y = ar and 6 = ar 
Then,a+ar=l1>a(lt+n=1 (1) 
and ar? +ar-=4> ar (1+r)=4 (11) 
From Eqs. (i) and (ii), P=4 >r=+2 

Now, a. ar = p and ar’. ar’ = q; On putting r = — 2, 
we get a =-—1, p =-—2 andgq = —-32 

Again putting r = 2, we get a = 1/3, and p = = 
Since, g, p r are integers, 

Therefore, we take p = — 2 and g = — 32 


If the sum of the first 2” terms of the AP 2, 5, 8,......... 
is equal to the sum of the first n terms of the AP 
57,59,61,....... , then n equals 

(a) 10 (b) 12 

(c) 11 (d) 13 

Solution: (c) According to given condition, S, = S', 


where 5. and S| denotes the sum of first n-terms of 
AP 2,5,8.... and 57,59,61... respectively 


2n 
> > [2x 2+ Qn—1)x3]= > [2 x 57 +(— 1) x 2] 


l 
=> (4+6n-3)= > (114 + 2n—- 2) 


> 6n+1=574+n-1>5n=55>n= 11 


12. 


13. 


14. 


Let the positive numbers a, b, c, d be in AP. Then abc, 


abd, acd, bcd are 
(a) notin AP/GP/HP (b) in AP 


(c) in GP (d) HP 
Solution: (d) Since, a, b, c, d are in AP. 
a b C 
are in AP. 


abcd’ abcd’ abcd’ abcd 
(dividing each terms by abcd) 


gag ti,  es are in AP. 
bcd cda abd abc 
= bcd, cda, abd, abc are in HP. 
= abc, abd, cda, bed are in HP. 
Suppose a, b, c are in AP and a’,b’,c’ are in GP. If a < 


b<canda+b+c= =, then the value of a is 
l l 


(b) we 
1 
Ole + (d) > a 


Solution: (d) Since, a, b, c are in AP. 
Leta=A-—D,b=A,c=A+D 


3 
Given,a+b+cec=—= 


=> (A-D)+A+(A *D)= = 


— ie => res 
2 2 
l 1 1 
The number are —-— D,—,—+D. 
2 2° 2 
1 oh el . 
Also, (+ -] 45+? are in GP. 
2 4°\2 
2 2 2 
> a = 1p 1 aD 
4 2 2 
2 
> -(5-2") — Le paet 
16 4 4 4 
1D : D=+ 
=> = = — ——— 
2 V2 
l 
re ie 


1 1 
So, out of the given values, a =~——~< 18 the right 
& a D) V2 & 


choice. 


If O < x < 1 and y > 1; 


5 eX Ber +| Xx nae Arey 1S 
y y y 


then evaluate 


15. 


Sequence and Progression < 3.61 


xy-2x+l1 
©) (-x0-1 


(d) None of these 


®) (-1)(y-1) DO 1) 
4) (r= y\(l+x) 
© 1-962) 


Solution: (b) Let 


5. = +4} [ +4}: i +} 
by y. y 


a we 1 1 1 
me © Seca ane aaa lan a) Col Meas oer nee ge (1) 
ye sy 


Oa ley eS 24 VneN 
aM 
= Sum of both series in (/) exists 


Se ace l/y (+S. “| 
“ IT=-x 1-1/y l-r 


xy-xt+1-x_ 


~ (I= x)(y-1) 


xy-2x+1 
(1- x)(y-1) 


The sum of series 


(rg) (ee) eft) te moms 

P| Pe a Se | Se PES 1S 
x x x 

(l-x = "(1+ x) 

© (ex) ee) 


(1- x’")(1+ eo) 


(C) ( a2 


Solution: (c) Let 
iC = 


iy Ly 1 
: + +(2+5) +(2 +5] toe. 
XxX x x 


up to n-terms 


- [st +a} (at+te+a)+(ste 42] 
x x x 


up to n-terms 


(d) None of these 


=(x>7 + x* + x® + ...up to n-terms) + 


oe oe | 
(+++ . Up ton-tems 
x xX Xx 


1-2" 1 1— x2" \(14 92"? 
-(ES]e+3] —- 
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16. The sum of series 


1 1 1 
(24 Joa(2tta st ea 2" +) se 


+ (19) [242 }+20 iS 


1 
(b) 20 1655 


(d) None of these 


(Cc) 2 +24- 19. 
2 
Solution (a) Let 
S= 2° +e }+2(2" ae [2" tom 
] 
+19 [2+5}+20 


= [1.(2)!9 + 2(2)'8 + 3 (2)'4...+19(2)}] 


3 


Saas oC 


= S$, + S, + 20 (say) 


(1) 


Now, S, = 1. (2)!9 +2 (2)'® +3 (2)!7+.....19(2)’ (AGP) 


1 


=> 5S, = 1. Q)8+2Q)7+3 Q)+... .18Q)+19 


Subtracting, 


=> S, =4(2”-1)- 38 = 27 - 42 
I 


Now S,= l—>-+2—-+3.—+ es (A.GP) 
i) 2 


Oo Ou 
l ] l 


> 28, = let oi oe 


On subtracting, —S, => 


] 1 
Sent gee OF igs 


From (i) S. = 22! 42 + 18 sect +20 
2 2 


1 
= 2" +5074 


n l r 
17. If 4 (3)” » then the value of v, = >: v,, equals 
m=| 
n l I n 
a) — += b) —+ aps 
5 3)" 4 0) 5 4(3)" 4 
n l 
OS (d) None of these 
2 4) 
Solution: (b) v, = »y eae Geared 
m=1 (3)" 3 3 3 3” 
1 1-(3) 
- | : ar | 
,_! Qi. 3 
3 


ee ee n l l 
2443" 2 aay 4 
= ake , then x 
3125 
equals 
(a) 1/4 (b) 1/3 
(c) 1/5 (d) None of these 


Solution: (c) raeae C0 a (4x) (8x) 0" ee oo 


. 2 | 
3125 w) 


ees Sere ere | Pearcarrra ~| 
_ i ee ee 4x 8x 16x ies 
LHS = | x Wize 


Now Lt ttt S 
=> LF +2.oe43{ 35 |4.00= 55 
2 2 2 2 
: l l l l 
On subtraction, —S=1+1.—+1.>+l. 5+... 
2 2 2 2 


=> $=2[14 S454 35+) 
2. 2D 


iS =2 | |-4 
1-1/2 


19. 


20. 


Zl: 


‘. From () 
1 1 1 1 


LHS = x*.(2)@ = x*(2)* = =< (Given) 


= (x)"".(2)""= a -(t) e+ 2=4 


The sum of the series 

1 1 1 #i1é21éd21é~=éiC4 | 

—4+=4—-—+—-+-—+—-—+ 
23 4 6 8 9 16 12 


(b) 1+log?/2 
(d) None of these 


Solution: (b) Let S, = =* nee ae ! 


3-4 68 9 

Tt Eh 111 
= | —+—+—+4...00 |+] —-—+—..,00 
c 4 8 E 6 9 
( 


~)41- 2.0. 
3 2 3 


(a) > log 3/2 
(c) 3/2 


+ ..,00 


= 1+ log /2 
The sum of the series 


eas 3x- nn ea to 2n terms 1S 
3 6 12 


(a) rei Jo min | 


2: 2° 


—])" 
(c) nx+1- — (d) None of these 


Solution: (a) S,, = (x + 3x + 5x + up to n-terms) + 


1 1 1 
>- >t —t...up ton terms 
3. 6 12 


Th f th eacarecarecrs Pisa f(n) 
e€ sum O © Series 7 4 8 see oy 18 [W2), 


then f(8) is 


Sequence and Progression 


12 13 
(a) 4+—,; (b) 5+—, 
(2) (2) 

(c) 6- oy (d) None of these 


Solution: (c) S. = aoe aa 
: 2 4 8 (2) 


Clearly, it is an A.G.P 
With common ratio % 


l L435. 5 
—S,=—+-—+-+ 
2 2 4 8 
(i) -(ii) gives 

l 


2n-3 2n-1 


: ‘oer 


- (-(3) | (2n-1) 


=> —S,=142 fee = (2) 
i Ses 1. | a 
2 (2)"" } (2)" 
sip Migrant cx tt MeirM oe 
2! 2 2) (2)"° 
> § ye ee I 


Aliter: S. = 


ae (l-r) 
(2)(1)=|1-—| [1+ (n-1)(2)] 
2 (1-1/2) 1-1/2 
=2+4(1- 32 )-2(t+2n~2)3- 
7 1 
= 244-5 -2(2n— 1) = 
1 n l 
=o ad yn? am 
1 n 1 
f(n)= 6 yim ica Se oie 
1 8 1 
> {%)= 6-—<-— 
Oe OF OQ 
[4416-1 19 
= 8) = 6-| a fe 7 


1 1 1 
—S, n142(S 4242p to(n-1) terms) - 
2 2 4 8 


< 3.63 


l 


(2n-1) 


l-r 


2) 


(2)" 


ab dbr (1- =) 7 la+(n- \)d |r” 


3.64 > Fundamentals of Mathematics—Algebra | 


22. Sum of the sees SO ey Is. _... up to 2n-terms 1s 
4 8 
l l ] 
(a) 2n+—-— = (b) 2n- +— 
(3) 3 3(2)°" 3 
(c) we (d) None of these 
3(2) 3 
: 3 3.9 
Solution: (b) S_ = —+—+—+— +...up to 2n— terms 
"2 4 8 16 
=(145)+(1-Z)+(1+3)+(1- 2) +... upto 
2 4 8 16 
1 1 1 1 
2n-terms = 2n+—+—>+=57-7714... up to 2n terms 
2 2°. 2 2 


23. 


= tye (=e 2 ee 
3] (2) 3(2)" 3 


A person starts his job with salary Rs 15000 and gets 
an increment every month so that the salary he gets 
in ith month is i thousand more than that in (i — 1)® 
month. Then his annual income is (k = 1000) 

(a) 530k (b) 531k 

(c) 532k (d) None of these 


Solution: (c) Let a, denotes the salary of person for ith 
month of the year 
Thus a, = 15000 and a, = i(1000) + a, , 
=> a,= 2000 + a, = 17000 = 17k 
a, = 3000 + a, = 20000 = 20k 
a, = 4000 + a, = 24000 = 24k and so on 
Thus we get a sequence 
15k, 17k, 20k, 24k, ..., where k = 1000 
Annual income 
= 15k+ 17k +20k+ 24k + ....+ upto n-terms where 
n=12 
First differences are 2k, 3k, 4k, 5k, ...... 
Second differences are k, k, k, ...., (constant) 
Let t,=an’+bn+c 
be De = 1K 
t,=4at+2b+e¢= 17k 
and t, = 9a + 3b+c=20k 


3a+b=2k and5a+ b= 3k 
a=k/2,;b6=k/2;¢c = 14k 


=> 
=> 


YY 


peek Gh pata 
2 2 


n 


S = =D tS ynt ky | n=12 


Be sg 1a Ra TR 
2 6 2 2 


= = (12)(13(25)+ (1213) + 14x12k 
= 325k + 39k + 168k = 532k. 


24. The sum of first 10 terms of the series 
5 } 9 


Se OS Gy, 
Ls: 25,9 342) 
l l 
2+ —— b) 1+——— 
(a) + (3)° ( ) + 11(3)" 
l l 
a ie 
2 11(3)° = 11(3)” 


n™ terms of sequence 5,7,9....... 


(n)(n+1)(3) 


Solution: (d) 7) = 
7 5+(n-1)(2)  -2n+3 
n(n+1)(3)" —n(n+1)(3)" 
2n+3 _A, B 
n(int+l) n (n+l) 
=> (2nt+3) =A(ntl) + B(n) 


“|(-s5) (a> : ef -ao 
2(3)) (28) @)@)) (3a) 403)’ 


S ce Sete 
10 11(3)" 


25. The value of yyyn iS 


i=| j=l k=l 
n’ (n+1)(n+2) 
6 
n’ (n+ 2) 
12 


n(n+1)(n+2) 


(a) (b) 


(c) (d) None of these 


Solution: (a) sy ¥(n y=) = n( 


i=l j=l k= 


— 
T 
i 


Sequence and Progression < 3.65 


a n(n+1)(2n+1) ated 
n 


= Aba - mth, +2] 
SECTION-II 


SUBJECTIVE-TYPE SOLVED EXAMPLES 


. The fourth power of the common difference of an 
arithmetic progression with integer entries added to 
the product of any four consecutive terms of it. Prove 
that the resulting sum is the square of an integer. 


Solution: Let four consecutive terms of the AP are a — 
3d, a—d,a-+d,a+ 3d which are integers. 
Again 
Product, P = (a— 3d) (a— d) (a + d) (a + 3d) + (2d)' 
(by given condition) 
= (a’ — 9d’) (a’-— ad’) + 16d‘ = (a? — 5a’ 
Now, a’?— 5a@* = a’-9d'+ 44° 
= (a— 3d) (a + 3d) + (2d) 
= I (where / is any integer) 
Therefore, P = (J)” = Integer 


. Find the n™ term and the sum of n term of the sequence 
2,12,36,80,150,252. 


Solution: Let 


S.= 22h 2 30 804 150 F 252 Panis Pol. <1) 
SS 2 MD Ge 80" ISO 252 aed aa TD . 
(11) 
@Q-@ > 7, = 2 +10 + 24 + 44 + 70 + 102 + 
Ces ee (111) 
LS 2010+ 24444470 F102 +t Ud ad) 
Ce ey, (iv) 


(iii) — (iv) > i ‘or =2+8+14+ 20+ 26 +...up 
to n-terms 


= 5[4+(n-1)6]= n|3n-1] => T,-T,_, =3n°-n 


general term of given sequence X 7 I oi te 
~3nr-n=wt+w 


Hence sum of this series is § = ¥n? 4+ Xn’ 
_w(n+ly . n(n+1)(2n+1) 
4 6 
n(n+1) 


Tae (3n? + 7n+2) = —<n(n4+1)(n-+2)(3n41) 


3. Find the number of terms common to the two 


PPS Os Fs etensaicigs AQT anid 2, O16 ye scsssoss 5/09. 


Solution: Let the number of terms in two APs be ‘m 
and ‘n’respectively. 

Then, 407 = 3 + (m — 1).4 and 709 =2+(n-1).7 

=> m= 102 andn = 102. 

= each AP consists of 102 terms. 

Let the p™ term of lst AP be equal to g™ term 
of 2nd AP. 

Then, 3 + (p— 1).4=2+(qg-1).7 

4(p + 1) =7q 

pti 


’ 


= =k (say) 
p =7k—1 and gq =4k Since, p < 102 and g < 102 
7k—1< 102 and 4k < 102 


eeia2 and K<25 
7 2 


WY U YUU Y Y 


k < 14 corresponding to each value of k, we get a 
pair of identical terms. 
Hence, there are 14 identical terms in two APs. 


4. If the sum of m terms of an AP 1s equal to the sum of 


either the next n terms or the next p terms, prove that 


i oe | 1 1 
(m TF n) [+ —=) = (m + p) ear 


Solution: Let ‘a’ and ‘d’ be the first term and com- 
mon difference respectively. 


Then, S =S . —-S and S =S§ -S 


m min m mtp m 


> S =2S andS . =28 


mtn m mtp m 
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=> =) a+ (m+n-d] ~ 2.5 [2a+(m—I)d] 
mn _ nd . 
> m+n 2a+(m—Nd 0 
Sin 2 y 
eS np 2a+(m—Nd a 


m-n Mrp_ Nn 
m+n M™-p 
sty, ED) 


Dividing (7) by (ii), we get 


. The (m + n)™ and (m — n)™terms of a GP are p and q 
respectively. Show that the m™ and n™ terms are \/ Dg 


m/2n 
and p (2 respectively. 


Solution: Let ‘a’and ‘r’be the first term and common 
ratio respectively . 


Then, ¢ 


m+n 


Sar = pand t . =a = @ 
l 


t ar” tn | on 
pee Ee —=y"= E —s ry = ts 
t ar q q 


t t = (ar”™*"") (ar”™"")= are? = pq (i) 


m+n “m-n 


= ar"'=./pq 


Hence, m" term = 4,,= J Pq . 
Putting the value of r in (i), we get 


Hence, n™ term = t= ar?’ 


m+n-l n-l m 
2n 2n 2n 
Pp q Pp 


. The sum of the squares of three distinct real numbers 
which are in GP is S’. If there sum is aS, prove that o 
€(1/3, 1) U CL, 3). 


a 
Solution: Let the three numbers be —,a,ar 
r 
2 


a a 
Then, —+a+ar=a@S and —+a’+a’r’ =S° 
r r 


l 
=> a[toter eas and (Sst? |=s" 
r r 


. ] 
Putting r+—=x, we get a(l — x) = aS and 
r 


aupee 


> a(1t+xy=a’S and a(x? - 1)- 8? 
a +x)" _ at S" tx) __: 
wor=)- S$? (2-1) 


(1 + x) = a(x? - 1) 
2 

(K+ =0K-D = xer¢ =e 

r a-l 
r(a?— 1)— (0? + 1l)r+(a?- 1) =0 
Since ris real, Discriminant > 0 
(0? + 1) -4(0?- 1)? >0 
[a2 + 1) —-2(0? — 1)][(a? + 1) + 2(0?- 1)] > 0 
(3 —a’?)(3a?-1)>0 
(a? —3)(a? — 1/3) <0 


WY Yd y 


WY UUYY 


Regen 
3 


Butfor @* =3, x = —=— = 
a*-| 
1/ 
= = ee ere => r=-1 
1/3-1 r 
for a = 1, x does not exist. 
Since, the three numbers are distinct, r #4 +l 


=> a°*# “L4L5, 3, 


a°+l 341 1 
———=2=7+-—S> r=1 
3-1 r 


for a? = 1/3, x 


Hence, = @ *€ (1/3, LIU CL, 3) 


. If |x|< 1 and|y|<l, find the sum to infinity of the 


series (x ty)+@+xyy+y)++xy + xy + vy’) 
tO 


Solution: (x a y) Te (x? a SEY» ate y’) a (x3 Ale xy ae 
xy’ + y®) + ....00 
2 2 3 3 4 4 
_@=-y) @-y) @t-y), 
X—y x-y x-y 


[tx tx tJ-O’ty ty? +...)] 


X—y 
FE _y poe 
x-y[l-x l-y] (x-y)d-x)d-y) 
_ &~ yar yxy) 
(x- y(1- x)= y) 
—  xX+ty-xy 
— (1=-x)(l- y) 


8. If p be the first of mn AMs between 2 numbers, g be the 


first of » HMs between the same numbers, prove that 


n+l 
the value of g cannot lie between p and (as) D. 
nh — 


Solution: Let the two numbers be a and b. Then, 


Po ee aD ce (i) 
n+l n+l 
Lees 
gq a ntl bn+a 
Dividing (ii) by (i), we get 
q_ ab(n+lyP | (n+1) 
p  (bn+a)(b+an) Patra S42] 
a 


We know that the sum of a number and its reciprocal 
cannot lie between —2 and 2. 


= Care or foe 
boa b a 


=> n{ S42 )>2n or n[ S42 |x-2n 
boa b a 


=>n (242 Jan? 412 20-0? 41 (n+) 
a 


or n[ S42 jon? +1<—2n4n? 41=(n-I) 
a 
2 
= (n+l) ; 
aten( S42 | 
b a 
(n+1)° ely 
aten( S42) OD 
b a 


(n+1) 


<1 or 


fe or Gs 
Pp p (n- 


n+1y 
Or 72(“) Dp 


2 
n+ 
Hence, g cannot lie between p and (at) Pp 


=> 


. fa>0,b>0,c > 0, prove that 

l l 

+ 
s—b 


ee > Ed where 2s = at+btce. 


S—a S—C S 


Solution: For three positive numbers x, y, z, we 


have, Arithmetic mean 4 = Se 
H H= a dA>H 
Sencar. Cl peat yaalpay(ge | 


10. 


11. 


Sequence and Progression < 3.67 
Here, s — a, s — b, s — c are positive (follows from 
triangle inequality) 
sles a ant a me l 

3 l l ] 


= 35—(a+btc) | 3 
3 l l l 


Find the coefficient of x?* in the expansion of 
(x +1)(x + 2)(x +3)......0¢ +100). 


Solution: (x+a,)(x+a,)(x+4,)......(x+a,),;n= 100 


= ae +(¥ a,] xP + (Ya, a, xt (> a, a, a, 


=> The coefficient of x”® in the expansion of (x +1) 
(x + 2)(x +3)......¢ +100) is sum of the products 
of 1,2,3..... 100 taken two at a time, denote it as 
by S. 


Now (1+ 24+3+....100)? =17 +27 +37 4+.....1007 +28 


* — 100(100+ 1) (200+1 
=| (+100) _ 00( at 00+1) 


+ 28 

Z 

201(10100 

= (a) = —— + 2S (required sum) 
Required Sum (S) 


- 3 |) _ 201(10100) 


= 12582075 
2, Z 6 | 


The sum of three consecutive terms in AP is 27 and 
the sum of their squares is 293, then find all three 
terms. 


Solution: If we take three terms of an AP like a, a + 
d. and a + 2d then 

a+(a+d)+(at+2d)=27 

(a+ da)=3 anda’ +(a+t d)y’+(at 2d = 293 

In this way, calculation is very long, so we take the 
terms like a — b, a, a + b are the required numbers. 


So (a-b)+at+(at+b)=27 0r3a=27 >a=9 
Now (a - 6b)? + a +(a+ by = 293. 
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12. 


13. 


14. 


or a? + b? -2ab +a? + a? + b+ 2ab = 293. 

or 3a? + 2b? = 293. 

or 2b? = 293 — 3a? = 293 — 3(97) = 293 — 243 = 50. 
or b? = 25 or b=5 


So the number are 4, 9, 14. Negative values will just 
reverse the order. 


Find the common difference of an AP whose first term 
is 100 and the sum of whose first six terms is five 
times the sum of the next six terms. 


Solution: Let the common difference is d. 


Se 5 La + (n -1)d] 


ON 


S.= —[2 x 100+(6-1) d]= 


6 


3[200+5d) (i) 


i) 


7" term+12t , 
also S|, = a as 6 (according to 
question; 
_ 100+6d+100+11d 


x6 = (200+ 17 d) 3 (11) 
According to question 5 x eq. (11) = equation (1) 

so 5 x (200 + 17d)3 = 3 (200 + 5d) 

= 1000 + 85d = 200 + 5d 

=> 80d=- 800 >d=-10 


The sum of three consecutive numbers in GP is 39 and 
their product is 729, then find all three numbers. 


Solution: Let a/b, a, ab are required numbers. Product 
=@=729=9 >a=9 

l 
Now, a/b + a + ab = 39 (given) > a{t+1+0 - 39 


Multiplying each term by 5,9 (1 + b + b*) = 39 b 
or 9 b? + 9b + 9 — 396 = 0 or 9b?- 306 +9 =0 


_ 30+900-324 30+/576 


18 18 
i 

5 pa 30424 _54 6 _,1 
18 18°18 


so numbers are 3, 9, 27 or 27, 9, 3. 


If the AM between ‘a’ and ‘bd’ 
show that a/b =7+ 4/3 


is twice the GM, 


Solution: AM = ae >GM= Vab 
We are given AM = 2 GM 
at+b 


=2Jab >a+b-—4 (ab)'2=0 


1/2 
Dividing each term by ‘'b' gives (= +1-4 (< = 0 


2 
or £ -4[241=0 
{f- 4+ 16-4 _442y3 oe 
b 


Squaring both sides, we get, 


= (243) = 443443 =744\3 


15. If S be the sum, P the product and R the sum of the 


reciprocals of n terms of a GP. Prove that (= = P? 


Solution: Given S = a+ ar+ar? +......... 
P= 4. AF. AP wee. ar? 


— (/a)d-1/r") | 
1-1/r 


So L.H.S.= (=) 
R 


a(l-r”) i 
ee r)x[(1/a)(l- — \/r) 
jeer (F] 7 ese 
(IH {= r(l-r)(I-r’) 


n(n-l) 
=| ar" |’ + ar 2 
= P? = 


16. If a, b and c are in HP and a > c, show that 


l l 4 
+ > 
b-c a-b 


a-c 
Solution: a, b, and c are in HP. 


=> ee Per lest in AP. 
a b C 
1 1 1 41 (2 | 
> —--—-—2=- Oe |] CU 
b ac b 2\e a 


) 
2 


e ifx=y then x=y= 


a-b b-c_ a-c 

ab bc 2ac 

] 2a 1 1 2c 861 

=—. and a 
b-c b a-c a-b b a-c 
LHS of given expression = + 
b-c a-b 

_2at+ce) ac (5 = 

b(a—c) b*(a-c) ate 
> (As GM of a and c > HM of a and c 

a-C 
1.e., Vac >b) 


17. In an AP of which 'a' is the first term, if the sum of the 


first p terms 1s equal to zero, show that the sum of the 
aq(p+ q) 
p-l ) 
Solution: Sum of first p terms = 0 
or 5 [2a + (p— 1) d] =0 
2a 
(1) 
p-|i 


sum of next g terms = (sum of first p terms = 0) 


next g terms is — 


or d=- 


Now, sum of next g terms 
= sum of (p + q) terms 


+ 
= 4 a + (p + q- Id) 
Putting value of d from equation (1) 


+ =2 
= Pe) 2a (p+q-p 2 
2 p-l 


Cea ee (—ap) + (—aq) + 
p-| 


ap-—a-ap-aqta 
«pp eos=semaa+8] 
p-| 


proved. 


= (p+q) 
p-| 


18. There are nAM's between 1 and 31 such that 7th mean: 


(n— 1)" mean = 5 : 9, then find the value of 7. 


31-1 30 
Solution: d = saat ace (1) 
earch 
ccording to the question, O-bk 9 
or 9a + 63d =5a+ 5nd—5d 
68 x 30 
or 4=5nd— 
n+l 
5n(30) 68x30 
or 4= ————— 
n+l n+l 


or 4n + 4= 150n— 2040 


19. 


20. 


Sequence and Progression < 3.69 
or 2044 = 146n 
or n=14 


Prove that the average of the numbers 7 sin n°, 
n= 2,4, 6.,......, 180, 1s cot 1° 


Solution: Sum = 2 sin 2° + 4 sin 4° +....... + 180° sin 

180° (90° terms) 

=2 sin 2° + 4 sin 4° +....4+ 90 sin 90°+-....... + 178 sin 
178° + 180 sin 180° 

=2 sin 2° + 4 sin 4° +....+ 178 sin 178° + 0 

= (2 sin 2° + 4 sin 4° +.....+ 176 sin 176° + 178 sin 
178°) + 90 

= (2 sin 2° + 4 sin 4°+....+ 176 sin 4° + 178 sin 2°) + 90° 

= 180 [sin 2° + sin 4° +.....+ sin 88°] + 90 


fe) 


2 sin( +8). 


@) 
sin — 
2 


sin 
= 180 


Sage = 44° sin 45° 
sin 1° 
[cos1°— cos 89°] 
sin 1° 
= 90 [cot 1° — 1] + 90 = 90 cot 1° — 90 + 90 
or sum = 90 cot 1° 
Since there are 90 terms, therefore average of 90 terms 


_ 90cotl® 
total no. of terms _ 90 


|+90 


= 90 +90 


sum 
cotl° 


will be = 


average = cot1° proved. 


359 


Find the value of the sum dk. cos k° . 
k=0 
359 
Solution: > k.cos k° =QOcos0° + 1 cos 1° +2 cos 2° 
k=0 
+....4 359 cos 359° 
= 4 1-COS br 2608: 2° Fs cand + 89 cos 89°} 
+ {91 cos 91° + 92 cos 92° +....+ 179 cos 179°} 
+ {181 cos 181° +.....+. 269 cos 269°} + £271 cos 271° 
Stes + 359 cos 359°} 


+ 90 cos 90° + 180 cos 180° + 270 cos 270° + 0 cos 0 


= lcos1°+2cos2°+....... + 89cos89° 
—9l1sin1°-—92sin 2°.....—179 sin 89° 


359 terms 
—18lcosl1°-—182cos2°........ —269cos 89° 
+271sin1°+272sin 2°........ 359 sin 89° 
=— 180 


= (— 180 cos 1° — 180 cos2°.....-180 cos 89°) + 
(180 sin 1° + 180 sin 2° +....+ 180 sin 89°) 
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21. 


22. 


=— 180 [cos 1° + cos 2° +.....+ cos 89°] + 180 [sin 1° 
+ sin 2° +....sin 89°] — 180 


oe ages sin a sin 45° 
=— 180 +180 13 —180 
sin — sin — 
2 2 
= — 180 


In a set of four integers, the first three are in GP and 
the last three are in AP, with common difference 6. If 
the first number is the same as the fourth, find the four 
numbers. 


Solution: Let a, B, y....are in GP & f, y, 6 are in AP 
a 

and let ~=—, B=a,;y=ar 

and f, y, 8... .are in AP, so let 

Bp=A-d,y=A,5=At+d i 

=> A-—d=aandA =ar;6=A+dand6=—:;d=6 


5 > 


=> A-6=-aAt+Or— 
A-6 iG A 
or r qe SO eae 
= 4a (4-9) (A- 6) 
A+6 
or A*+6A =A?+ 36-124 
. A=2;r=-1/2 


> a=A-6=2-6=~+4 
set of numbers are 
=> 8,-4,2,8 
The lst, 2nd and 3rd terms of an arithmetic series are 
a, b and a’ where 'a' 1s negative. The Ist, 2nd and 3rd 
terms of a geometric series are a, a” and b find the 
(a) value of a and b 
(b) sum of infinite geometric series if it exists. if no 
then find the sum to ” terms of the GP. 
(c) sum of the 40 terms of the arithmetic series. 


Solution: (a) a, 5, a’.....are in AP. 


b-a=a-—b 
or 2bh=a +a (1) 
and a? = b (2) 


or (a + ay =(2by 
(a’)? + a + 3a? (a? + a) = 8b 
or 5° + b+ 6b? = 8b? 
or 8b°—-7b°-b=0=> 8b’-8b+b-1=0 
or 8b°—-7b-1=0=> &b (b- 1)+ 1(b- 1) =0 
] 
— ie eae 
l 
d = yl 
and a 5 


23. 


24. 


given that a is negative .. a cannot be | 
l l 

a=—— and b=—— 
2 8 


| 1 
(b) a, a’,b..are in GP, then putting a = - 5 and b = 7 


l l 
we get =e eg .. are in GP. Sum of infinite 


2 4 
i 
a 2 —| 
GP = — = ——~= Ans 

l-r ] 3 

_| 4 

aI 

2 


n 
(c) sum of 40 terms of AP a [2a + (n— 1)d] 


1 2(}+40-px{-2+5} 
2 2 8 2 

3 545 
20] -1439%2 Ta 


2 
If S,, S,, S,,...S.,... are the sums of infinite geometric 
series whose first terms are 1, 2, 3,...n,... and whose 


: 111 l 
common ratios are —,— 


ge oe eae | 
2n-1 


then find the value of > S; 
r=l 


respectively, 


Solution: S, = ——- = 2, 


2n-l 
¥ 8? = (SP + S,)?+ (8, +....S,,.)” 
r=l 
= 2?+ 37+ 4°+....(2n)’ 
= (sum of squares of first 2n natural numbers) — 1 
=1°+274+3°+474+....4+ Qny- 1 
_ (2n) 2n+I) 4nt)) | , 
6 
Sum the following series to n terms and to infinity: 
l l ] 
—__+—__-+ 
14.7 4.7.10 7.10.13 


Yr(r+ (+2) (r+3) 
ee | 
faa 


r=l 


1.3 


s 
4° 46 


(i) BP otis es! 
(ii) 
(iii) 


(v) 


l l 


+ 
4.7 4.7.10 7.10.13 
] 


Solution: @ 5 


t. Gn-d GBnth Bnt4) 
1 [Gn+4)-@n-2)] 


" £16 (3n—2) Bn+tl) Bn+4) 
or s= jet ae 
6| 3n-2) Bnt+l1) (Gntl1) Bnt+4) 
es ee 
6/4 28 28 ~~ (3n+1) Gn+4) 


|e 
" 614 (3n+l) (3n+4) 


(ii) Yir(rt 1l)\(r+2) (r+3) 


= Yr(r+l) (r+ 2y(r+3)x| CFPC) | 


_ p yaa, (r+2) (r+3) (r+4) 


r=l 5 
7 -U0MC+) +2) +3) 
5 
212343 a: 2345.0. 125.45. 3(4)5.6.7 
5 5 5 5 
_ 2.3.4.5.6 ‘: n(n+1) (n+2) (n+3) (n+4) 
ae a a 
—(n—Yn(nt+ +2) 
5 
ac n(n+1)(n+2)(n+3) (n+4) ie 
5 
] 


wi) La se ous 
_$ Lf Gr+)-@r-) oe. 
“as ,| Ce or) Sle ] mal 
7 af 1 11 1 1 | 
ae (aia reer rer - 
Dl 233s 35:59 2n+1 


| | \-s45 l 
~ 2, Qn+i] Intl 7 8-5 


1 1 13, 1.3.5 


(iv) rap rs up to n-terms 


K|e =| 
a 


ob ieadenee up to n-terms 


25. 


26. 


Sequence and Progression 


=> S = 2 


< 3.71 


1 13 13.5 
_ 124 24.6 2.4.6.8 
7 1.3....(2n—1) 
—, 2.4.6.....(2n+2) 
(35 bccn) 
— ae te 2| ST CHD (a Phan ane} 
135s. Only 135.) 
ad r,=2| 2.4.6.8.....2n fee 


113) (13.135), 4 py 
2 2.4) \2.4....2.4.6 


aS ey LT Lope Zire) and S. = 1 

" 2 4.6....2n+12) 
Find the sum of the n terms of the sequence 

l 2 3 
CST SEF i eee ee a Pee 
14+1°+1* 1427+2* 1437437 
Series, gone OO noes 
at eee eee eae 
upto n-terms 

n 

Now. t Taen’  nt+n +l 


- eed 


(n? +n4+1) (n’ —n4+)) 


Sa es ae 
De Digna) aoa 


n+n 


1}1 1 1 1 l l 7 
SS SS hace ar ae (aed eee 
Zid 2 3. no+nt+l 2| n° +nt+l1 


If 'K' 


oh 


n=l 


+2n+3 
Solution: K = 3(" a" } 
n=l 


6 11 18 27 8 n’?+2n+3 
K = —+—+—+—+...———- + 
eae _ 16 2" 
dividing in equation (1) by 2, we get, 


K 6 11 18 n’+2n+3 
Se 
2 4 8 16 Z 
subtracting equation (2) from (1), we get 
K_6,5,7,9, ,wW+2n+l 
Qo ae 16. 
now dividing equation (3) by 2 again, we get 


K 6 5 7 
—=—+ 


denotes the sum of the infinite series 


(n° +2n+3 
»y ———— |. Compute the value of (1°+ 2° + 3° 


(1) 


(2) 


(3) 


(4) 
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27. 


28. 


equation (4) — equation (3) gives, 

KOS Fe 2 
—4+—+4+—=+4+ 

4 4°48 16 32 


K ll F 1 ] | 
or —=—+4+2|] —+—4+—+H.....0 
8 16 32 


2; 
me 
| 
a 


Wp 


Now S = 13+ 23 + 334.......(13)3 


E 13x14 
Sn? =( = ) <a3 «77-9281 


equal to n— oe where n EN. Find Jn+12. 


n 
Solution: 


eee to 2012" t 
5G ee up to erm 
= n(nt+)+l_ 5 l 
“— n(n+) n(n+l1) 
+1)- l 
Now XT =n+ ptDon onyx] 
n(n+1) n ntl 
or Lr =n+—— 
n+l 
LT =e 
ee 3012 2013 
- 2013-1 1 
= 2013-1+ 9737 = 2013-1+1- 
or SP 200s ane 
2012 2013 i 


therefore n = 2013 


=> Vn+12 = 72025 = 45 


The p® term T, of HP is q@ + qg) and q® term 


T, is p(p + gq) when p > 2, q > 2. Prove that 
(a) Log = PG: 0) Tp ¢, 
(c) Lf 


mae iv 


2013 


Solution: d of HP = g(p + q) 


=> T, of corresponding AP = 


q(p+q) 

—1) d=——— 1 
aeiae, q(p+q) () 
T, of HP = p(p + q) 
= T of corresponding AP = — 

: P(p+q) 

+ (q — 1)d = ———_ > 
a 2 , P(p+q) ) 
(1)+2) gives 

I (p-q) 
Sy Se 
Pr q(p+q) plp+q) pa(pt+q) 
l 

gd = ———_ 
= pq(p+q) 

—(p-)) | I 

= ——__—__ [f 

7” pq(p+q) pq(p+q) q(p+q) rom (| 
S50 pp ee yey 

q(p+q) pq(p+q) 

ee en I 


pa(p+q) pa(pt+q) 
(a) Now, ty + g) of AP=a+(pt+q-l)d 
2 
pq(p+q) pqa(pt+q) 
_itptq-l_ 1 
pa(p+q) Pq 
T vq OF HP = pq 


(b) t,, of AP = a + (pq— 1)d 
= ——— + (pg-) ——— 
Pq(p+q) Pq(p+q) 
= I+pq-l1 1 
pa(p+q) pra 
T, of HP =pt+q 
(c) We have to prove pq > p + gq for 
p>2,q>2 


I 
= —-—<loprg< pg LT, 
Pq 


pt+4q q 


. Two distinct, real, infinite geometric series each have 


a sum of 1 and have the same second term. The third 
term of one of the series is 1/8. If the second term of 


Jm—n 


both the series can be written in the form 


where m, n and p are positive intergers and m 1s not 


30. 


divisible by the square of any prime, find the value of 
100m + 10n + p. 


Solution: Let the two infinite GP's be a,,a,,a,..... and 
DDD havi with common ratios r, and r, respectively. 


According to the question. 


=> — =1; —=]l 
L=7, Lay, 

=> a,=l1-r, 

> a,tr,=!1 (1) 
Similarly, b, +r, = 1 (2) 
Also, a,r, = 5,r, (given) (3) 


l 
Let, are =3 (Considering third terms of first 
G.P. = 1/8) 
> (l-r) (7) =18 


or 8-7) +7/)=1 or 873-87? +1=0 


1 1- I+ 
or 7-4 +1/8=0 or pol devs. v5 
2 4 4 
1 3+V5 3-5 
> a=-, ———— 
2 4 4 
- _ 1 -2-2¥5 V5-1 
“ 4 16” 8 
Clearly, -- is of the required form vm=n 
P 


som=5,n=1,p=8 
value of 100m + 10n + p = 518 


One of the roots of the equation 2000x® + 100x° + 10x? 


+ x— 2 = 01s of the form 
r 

zero integer and n and r are relatively prime natural 

numbers. Find the vlaue of 2m+Vn-r. 


Solution: 2(1 — 1000 x) = x(1 + 10x? + 100x*) 
1- (10x)? | 


, where m 1s non 


1-10x? 
2= 1-10x2 or 2 —20x°-=x 
or 20x7+x-—2=0 


— lt vi6l 
40” 
m+ Jn 


Pp 
=> m=-—1,n= 16l,r= 40 


=> 2m4+Vn—-r=—24+-v161-40 =9 


2(1 — 1000 x°) | 


or Thus x= is of the 


—~1+-+161 
40 


form 


31. 


32. 


Sequence and Progression < 3.73 


Find the condition that the roots of the equation 
x? — px? + qx — r = 0 are in AP and hence solve the 
equation x°— 12x? + 39x — 28 = 0. 


Solution: Let the roots of the given cubic be 
(a— 4d), (a), (a + d) 
sum of roots is=a—d+a+t+a+d=pora= p/3 
product of roots is = (a?-d@’)a = r 
p —27r 
9 p 
Also, ada—d)+a(a+d)+a@-a@=q 
=> @-ad+at+ad+a-ad=q 
3p? 2 —27r 
— | —— |= 4 or 
9 9p 
=> 2p? + 27r—9pq = 0 
Now comparing the equation x? — 12x”? + 39x — 
28 = 0 with x° — px’ + qx —r=0 
we get p = 12, g = 39, r = 28 
these values satisfy condition zp’ + 27r — 9pq = 0 


Ee hegcd 
3 


Bs — 
4,2 [2 a2 _ [728-756 _, 
9p VY 108 


Roots are 1, 4, 7. 


or d= 


2p +27r 
SEG 
9p 


> a= 


If a, b, c, d, e be 5 numgers such that a, b, c are in AP; 
b, c, d are in GP and c, d, e are in HP, then: 

(i) Prove that a, c, e are in GP. 

(ii) Prove that e = (2b — a)’/a. 


(ii) If a = 2 and e = 18, find all possible values 
of b, c, d. 
Solution: Given that a, b, c are in AP therefore 
=> 2b=ate (1) 
and b, c, d are in GP. 
=> c=bd (2) 
Also, c,d,e are in HP. 
2ce 
= 4 3 
cte 3) 
from (1) c?= b.d 
2 . 
> C=b. (22 | ... (using (3) equation) 
e+c 
2be (2b)e 
=== (4) 
e+c etc 
(atoe | ea 
> c= eee (using equation (1)) 


=> ce+c’=aet+ce 
=> c=ae>a,Cc,e are in GP. 
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(ii) we have equation no. (4) 


_ 2be 
ete 
putting c = 2b — a (using equation (1)) 
>h 7 2be 
ET" GEOR aay 
or (2b—a)e + (2b-—a)= 2be 
= 2 
Or ée= @b- ay (5) 
a 
i . (2b-a) 
(ii) If a = 2, e = 18 from equation (5) e = —— 


or ae = (2b—a/y 

=> 2x 18=Qb-2y 

or b—1=+30rb=4,-2 when b = 4 
=> c=2b-a=8-2=6 

When b = -2;c=2b-—a=-4-2=-6 


2 


C 
Now, d=— 
ow, b 


= 9 for b = 6; and — 18 for b = —2 
b, c, d are given by (4, 6, 9) and (2, -6, —-18) 


A computer solved several problems in succession. 
The time it took to solve each successive problem 
was the same number of times smaller than the time 
it took to solve the preceding problem. How many 
problems were suggested to the computer if it spent 
63.5 min to solve all the problems except for the first, 
127 min to solve all the problems except for the last 
one, and 31.5 min to solve all the problems except for 
the first two? 


Solution: Let there be n-problems. According to ques- 
tions, the times taken to solve the problems forms a 
GP and let it be..... a, ar, ar’, ar’......000...: ar} 

ar + ar’+.....+ ar*™ = 63.5 


r”'—] 
=> ar ; = 63.5 


= (1) 
anda+art... + ar*? = 127 
ae | a 
= ( 4 J=.27 (2) 
Also, ar? + ar? +.... + ar*! = 31.5 
; rs | 
= or| ae Jens (3) 


(2) + (3) gives, 
| yO - 1 
a 
re] 127 


5 — 4) 31.5 
ar 


| 


34. 


35. 


_ A frtt-1)_ 127 - 
r?\rr*-1) 31.5 


Also dividing (2) by (1) we get . =~-?2>5r=— 
r 


n-l 
1 G “FT a7 
from (4) ——— = 


GG) =)" 


2(5 ae, 
=> 4|——— |= —— 
1 Y 31.5 
7 eagle 
2 
et 107 


al 
— _~_; where xy=| — 
4x-1 126 2 
=> 252x — 126 = 508x — 127 


| 
=> 1=256x > x= — 
25 


If n is a root of the equation x7(1 — ac) — x(a? + c’) - 
(1 + ac) = 0 and if m HM's are inserted between a and 
c, show that the difference between the first and the 
last mean 1s equal to ac(a — c). 


Solution: Given equation is 

x*(1 — ac) —x(a?+ c?)-(1 + ac) =0 
(a°+c’) (l+ac) 

x ————_- ——— = 0 


. l-ac l-ac 
since n is a root of this equation, therefore 


2 


> xX - 


, a’ +c l+ac 
n—n —| —— |=0 (1) 
l-—ac l-—ac 
n HM's are inserted between a and c 
ac(n+l ac(n+l 
cn+a és an+c 
ac(a—c) (n* -1 
nw = ==) o 


” —acn’ +n(a’ +c’)+ac 
from equation (1), we have 
n’— acn’— na’—nc?>— 1—ac =0 
or n’?—1 =acn’ + n(a? +c?) + ac 
putting this value in equation (2), we get 
H,—H, = ac(a—c) 
Given that the cubic ax’?- ax’? + 9bx — b = 0 (a #0) 
has all three positive roots. Find the harmonic mean 
of the roots independent of a and b, hence deduce that 


36. 


the roots are equal. Find also the minimum value of (a 
+ bhifaandbe N. 


Solution: ax? — ax’?+ 9bx — b = 0 (1) 
b b 
ae Oe a eae amare a 
a a 
let its three roots be a, f, y, then 


(-) 


a a aaa a => apy = 


Qg|o 


=> ap+ By t+ya = 9b/a 
dividing by ay on both sides, we get 


1 1 1 9b a 
—+—4+—=+—x—= 49 
vy B a a 
3 3 1 

cae y 1 io. 3 

a p y 

a+ B+ l 
Also, AM = ————- = = 


3 
AM =HM => Roots must be equal 


[".. AM > HM are equally holds for equal possible 
numbers] 


so the roots are a = B=y = 1/3 
putting in equation (1) 


=~ 435-p=0 
27 9 
2a 2a 


~~ 42b=0 > 2b=— 
27 27 


=> 27b = a minimum value of (a + b) = minimum 
value of 28b = 28 as beN 


In aright angled triangle, S_ and S, denote the medians 
to the legs of the triangle, the median belonging to 
the hypotenuse is S.. Find the maximum value of the 


| (S25) 
expression | —*—— | . 
S. 
(You may use the fact that RMS > AM) 


Solution: Let a,b,c, denote the base, perpendicular and 
hypotenuse of right angled AABC as shown below; 


A 


C 
F E 
. ~ 


AY 


WA 
C D 
<—_____._ q —_________» 


37. 


Sequence and Progression < 3.75 


then, AD=S,, BF=S,, CE=S,, then 


a’ 4b* +a° 4a? +b’ 
= ,{b° +— = |——: =|: 
S, 4 4 5, 4 7 


C 
and S. = 5 and c?= a’ + b 
cath ce a’ +b’ 
7-44 5 V 4 
la? +b’ 
S — 
F 4 


= 
4b? +a’ " 4a? +b? 

SF 4 4 

now 
: a’ +b’ 
4 
= 4b? +a’ 4a? +b? -B 
: 4 | 
F a+b 

an 4 Y 


now using the fact that RMS => AM we have 


lor + B” , a+B 
2 - 9 
2 2 2 2 
Ae a+P 1 [5b + 5a Seppe [5b + 5a 
2 2 2 2 


a+B |4 (5b +5a°) 
y 2 a+ 
+ 


- a bcp (28) « 


2 
= (=*| iG 


(a) The value of x + y + zis 15 if a, x, y, z, b are in 
AP while the value of (1/x) + (1/y) + (1/z) 1s 5/3 if 
a, X, y, Z, 6 are in HP. Find a and 5. 

(b) The values of xyz is 15/2 or 18/5 according as the 
series a, X, y, Z, b are an AP or HP. Find the values 
of a and b assuming them to be positive integers. 


OT 


Solution: (a) a, xX, y, Z, b........ are in AP. 

given thatx +y+z=15 (1) 
Letx =A-d 

> y=A 


> z=At+d 
putting in relation x + y + z = 15, we get 
> (A4-ad)+A+(At+a)=15 
=> 3A=15 
> A=5=y 
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so y=5, a,x, y, Z, 6 are in AP. 
7 a+b 
. y 5 
or a+b=2y=10 (2) 
given that a, x, y, z, 5 are in HP. 
1 1 1 5 
andy (3) 
x y z 3 
11111 
then —,—,—,—,— will be in AP. 
ax yzb 
Let 
aay a Pen ay Be 
x y Z 


putting in (3), we get 
5 
(A-d)+A+(A+a)= a 


me ee 
3 
aby 9 ab 


sO 


or ab = 9 (using equation (2)) 
solving equation (2) and (4) we get 
a=1,9,b5=9o0ra=9,b=1 

1.e., the two numbers are | and 9 


15 
(b) Now, it is given that xyz = — if x, y, z are in AP. 


2 
18. 
and xyz = 7 if x, y, z are in HP. 


If dis the common difference AP a, x, y, z, b, then 


_b-a_b-a 
n+l 4 
a+b 
Also, y = 
3a+b 3b+a 
x= and z = 
4 4 
_ 15_ (3atb \fatb \ 3b+a (1) 
on 4 2 4 
If a, x, y, z, 6 are in HP. 
id 2 : are in AP 
ax yz 
=> y=HMofaandb> y= zal 
a+b 
1 atb 
= y  2ab 
3 l 
a + — 
. a zs 4ab 22 be 4ab 
x Fi 3b+a S(O 


38. 


N an 18 ~~ ( 4ab_ \( 2ab 4ab 
een onesie eet Bp call qediep| a adiag 


(2) 
multiplying equations (1) and (2) we get, 
ab? = = x = S27 
a” 


or ab = 3; but a and b are positive integers 

=> a=1,b=3,0ora=3,b=1 

If the roots of 10x*- cx?-— 54x — 27 = 0 are in harmonic 
progression, then find c and all the roots. 


Solution: Let the roots of equations 
10x? — cx?- 54x — 27 = 0 (1) 


1 1 1 
be a, f,y then, oe y hottest are in AP. 
l l 
So, let 2 =a-—d, —=a,—=atd 
a Bp Y 
2_1,1 
ss SS 
p a y ; 
from equation (l)a+Bt+y= 10 (sum of roots) 
54 (2) 
= apt py + ay=—— © (3) 
21 : 
= EPS (4) 
de: ds. 2 = 
NOW == au = (=. (=) SZ 
a B y apy 10 10 
=> (a-d)+at+(at+da)=-2 
=> 3a=-2 
P 2 
=> a=-— 
3 
1 1 1 4 —2 10 
now 2X GS = (a =[S-a || 2] 
a p y 9 3) 27 
=> (4- 9d’) (-2) = 10 
or d=+1; ford=1 
3 YN i Sy 8 
=-—— = aes | =|;-— =-— 
a 4 5 
and pee 
5 
os 
=|—-+4+1| =|-| =3 
= E 5 
From equation (2)a+B+y = 10 
tti lues of (oS 
putting values of a,f,y we ge 59 10 


> c=9 


39. 


40. 


If a, b, c be in GP and log, a, log, c, log, 6 be in AP, 
then show that the common difference of the AP must 
be 3/2. 


b 
Solution: Given that a, b, c are in GP then let a = . : 
b = b, c = br given that log. a, log.c, log b are in AP 
= common difference d= log, c—log a= log, b— log, c 


_ logic | log,,a _ log,, 5 — login ¢ 


>d = 
logiod logic logya log, d 
— log,, c—log,, alog,, d 
log,, Dlog,,¢ 
_ log;, b—log,, alog,, c 
log,, a log,, b 
X ZL X-ZL 
=> d=—=5=2-* 
y Q Y-Q 


ie log’ c—logalog b— log’ b+ logcloga 
log b logc —loga logb 

[base of log is 10] 

_ (logc—logb) dogc+ log b+ log a) 

7 log b(log c— log a) 


C 
_ OB roBene — log r logb’ 


~ logr?’ logb 


3 
log ~.logb : 
a 


In a GP the ratio of the sum of the first eleven terms 
to the sum of the last eleven terms is 1/8 and the ratio 
of the sum of all the terms without the first nine the 
sum of all the terms without the last nine is 2. Find the 
number of terms in the GP. 


Solution: Let the GP be a, ar, ar’.....ar*™'!; then 


f=" - jag! 
= ac and §. (from last) = ar pe) 
l-r i = 
Si a l 
= a Lv en 
Si ar” |! g (g ) 
I ee . 
= rit 9 (given) 
= FV Ss8 
and S=ar’ +.....4-ar™! 
Lh? 1— n-9 
=> S=ar’. Usald Jig LU ae 
Le rg 
S 
pare ae” or P=2 
SO 
and rt! =8 


41. 


42. 


Sequence and Progression < 3.77 


The sum of roots of the equation ax? + bx + c = Ois 
equal to the sum of squares of their reciprocals. Find 
whether bc”, ca* and ab? are in AP, GP or HP. 


Solution: Given equation is ax? + bx + c =0 


Let its roots be a and B 


b 
> a+p=-— a8 =~. According to the question 
a a 
2 2 
=> Te ene ae a sed 
av Bp (ap) 
(a+ BY - 208 
=> (A+ ee aa 
2 
b ei 
= 2)-\ 4 
a C 
I 
= se see — bc? = ab?— 2a’ c 


a Cc 
=> 2a’c = ab’+ be 
=> bc’, a’c, ab’ are in AP. 


Solve the following simultaneous equations for x and y. 


(i) log,x + log,x + log, X........08. ay, 
@ Taree ayy eee 
Solution: (i) log,x + log,x + log x +.....0..0. =) 
=> log,x + = log + 7 log. 2 eee o=y 
= (log,x) oe 
2 

=> y= 2log.x 

Also, 4log,x = 54+9413 4.0.0... + (4y +1) 


Me se ee +(2y-1) 
(each series in numerator and denominator con- 


tains y terms) 


4 
- getty nn Avie _ 2y+3 
J eoyety:. “AY ‘ 
2 
2y+ 
2log, x = is 
2y+3 
2 y 


=> jee dys 
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43. 


44. 


> y=3 


= log,x= 3 
£> 5 


3 
=> - Ya )- 


=> x= 2/2 


Let a, b be positive real numbers. If a, A,, A,, b are in 
AP a, G,, G,, b are in GP and a, H,, H,, Baca he 


GG,  A+A4, — (2a+b)(a+2b) 
HH, H,+H, 9a 
Solution: Since, a, A,, A,, b are in AP 
>A TA Sa rb 

Also, a, G,, G,, 6 are in GP 
=> GG, = ab 

and a, Hf, H,, b are in HP 


show that —!=2- 


be i pms aay ncaa RP 
7 HH GG, a b @) 
G,G, ab 
A, 3ab 3ab 
2b+a)\b+2a 


— (a+b) (a+2b) 


Z 

© 

= 
| 


9ab wy) 
From equations (1) and (11), we get 
GG, A +A, — (2a+b) (at+2b) 
ALA, H,+d, 9ab 


va.- OPEFs(a) x —acr] 
pe ri 4 | tee (-1) 4 an 
B_ =1-—A_,, then find the minimum natural number n, 


such that B. > A. Vn> Nn) 


1 
Solution: By =] -A >A, =>A_< 5 


46. A number sequence a,, a,, a 


Obviously, it is true for all even values of n. 


But, for n = 1, 7 <2 a (false); 


f = 3, ee 
orn = 6A g, Ualse): 


243 1 
forn = 5, Top4 = 6 (false) 


P 7 2187 21 
mms ct = (tru 2 


which is true for n = 7. 


n 7 
Also, (3 <(2] <ivnzTome=7 
7 ies 


eS WSO aan S, are the sums of terms of ‘p’ arith- 
metic series whose first terms are 1, 2, 3, 4........ and 
whose common difference are 1, 3, 5, 7, ...... ; prove 


that 
S +S, +8, 4... +S, = S(t) 


Solution: S, = 5 (2 +(n— 1)] = ——— 


> 


2 


Mi4tn-1 1 3] = 


n(3nt+l) 
2 2 


S,= 2p + 2-1 Qp-DI= 


*| Cpe 
2 


past 


—1)n+ p] 
nN 


ae [m1 +34+5+....4+2p-—l1) +p] 


stl peli ete 0 
=" tnp? + pp = 2 mp +1) 
iat baer 2 


p> a2 3 verre 


SO a is ae ec ie 
ve Ja,_, +1. 
Prove that ~ arithmetic mean of a,, @,, ....... ais not 
less than — zs, 
Solution: Given a, = 0; | a,|=|a,+1 |; | a, |= 
[2 oa 0 oer cs oan eee ae | 


also let a Sah 


now squaring ce = 


ay =a; +2a,+1 
a; = a, +2a,+1 


a; = a; +2a,+1 


a’, =a +2a,+1 


47. 


48. 


49. 


adding above equation, we get 
a +a; +.....ta° +a", 


=a t+apt.....ta°+2(a,t+a,t....+a,)+n 


=> a, =2(a,+a,t.....+4,)+n 


a,t+a,+...+4, 1 
n 2 
If log, 2, log, 2*— 5) and log, (2: = z| are in 
AP, then determine x. _ 
e x x d 

Solution: log, 2,log,(2* — 5);log, [2 -) 
(are in AP) 
=> log,(2* —5)-log,2= 


log, (2: = ). log,(2* — 5) 


tas "== 
108s (75 ) tog, Pos 
ae 
2 SS 2 ay. 
= (25) ee ese | 
2 2* -5 


=> 2*— 10.2*+ 25 =2.2*-7; put 2*=y 

=> y- 12y+32=0 

=> y =8or 4; hence x = 3 (as x = 2 15s rejected as 
otherwise log, (2* — 5) is not defined) 

Prove that ./2,./3,./5 can not be the terms of an AP 

(not necessarily adjacent). 


Solution: Let if possible /2,/3,./5 be p®™ , q® 
and r terms of an AP. 


Hence J2 =a+(p-— 1d; V3 =at+(q- Ded, 
V5 =a+ (r—l)d 
Goa ta 
V3-2 4q-p 
irrational, hence our assumption was wrong so 
Jo ; 3 “als cannot be the terms of any AP. 


> RHS is rational and LHS is 


In a GP with a, 
a, +a,+a,=13 and a) +a;+a,; =91. Find S.. 


Solution: first term of GP a =a and common ratio be 
‘r then given a, + a, + a, = 13 


30. 


bo 


Sequence and Progression < 3.79 


=> altrt+r)=13 (1) 
anda; +a; +a; =91l>a°(l¢+r°t+r*)=91 Gai) 
squaring both side of equation (1) and dividing 

a’(lt+rt+r?) 13x13 

a(ltrtr’) 13x7 
(itrtr’y 13 

(P+rtl(re—rtl 7 

> 130 -r+1)=74+7r+7r° 

=> 6r-20r+6=0 => Paee 


by (i1) we get 


= 


Casel: of r=3 >a=1 (from equation /) 
Thus the sum of ‘n’ terms 

l 
ita eae ie ae gee agi = aa A) 


Case ll: of r= 5 => a= 9 (from equation (1) ) 


consequently the series formed is decreasing GP. 


Sof Doe aor wees ; up to n terms 
af1-(5 | 
A - 21-2) 
<a ee a 


If sum of two positive numbers a and 5 is n times 


2 —_ 
their GM then show that ./q : Jb = deen Bean a 


Solution: a+ b =n Jab => [o+Jo=n 
a 
l 


a 2 
let = Ys > yt—H=n Dy-nyt+1=0 
b y 


_ntyn’-4 


— 


+n? - 
; => Ja: = "= 


If a, b, c are in GP and x, y are respectively the AM's 


between a, b and 5b, c then prove that i) i = = and 


x yy 

haere, 
x Yy 
Solution: Let a =a; b= ar;c = ar asa,b,c, are in 
GP. also a, x, b are in A.P and by c are in AP. 
=> 2x=at+b=ailtn 
and 2y = b6+c=ar(1+nr) 

| 2 2 
now —+—= ee 

x y a+r) ar(i+r) 

_ 20+r) 2 —=2 


—ar(lt+r) ar bd 


(1) 
(2) 
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2 
Bie Aas OE eid now LHS = 4 [(a, -a,) + (a,-a,)+..... +(a,,-a@)] 
x y 1+r_ar(l+r) d 
2 2r = a, — a, 
=— —_— + = ———— 
l+r (+r) d 
: : ; 1 I a, — a, 
52. Prove that a A ABC is equilateral if and only now ia a + (n—-l)d> (n—- 1)d= ae 
tan A + tan B + tan C =3V3 aes ot 
d= a-a, . 
Solution: Case 1: Let ABC is an equilateral then (aa, )(n-1) 
tan A + tan B + tan C = 3/3 is obviously true as . LHS=(n- Daa, = RHS 
tan A = tan B = tan C = re 
55 1p aad in AP, th 
Case 2: Let tan A + tan B + tan C = 3V3 be true ° a = a aes ee aot ae eee 
—, tand+tanB+tanc _ 3 prove that x, y, z are in HP. 
3 a a a aaaia 
=> AM of tan A, tan B, tan C = /3 = ra a xy. ve 
Now GM of tan A, tan B, tan C = (tan A tan B tan molunon: = = 7 p-q 7 qg-r 
1/3 3/2 1/3 P q . 
cy3 = (3v3} =(3 =J3 asinaAtanA +t a ec a-c 
tan B+tanC=tanA.tanB. tan C hh A pea 
Hence AM = GM; Since p, g, rarein AP > p—q=q-r 
=> tan A=tan B =tanC a ao 8 
=> LA=ZB=2C x yp yp Zz 
= ase => es are in AP > x, y, zin HP] 
53. Find the value(s) of the positive integer n for which ee ee 


56. If a = bh =c = ad” =.... anda, b, c, d...... are in GP 


n 
the quadratic equation, +k-1)(x+k))=10 
q : L(G Xa ) ‘ then prove that x, y, z, w... are in HP. 


has solutions a and a + 1 for some «a. Solution: If v@=b -c=-dq-...... =k 
n ! i 1 i 
Solution: Given equation 1s Y(t Ky -—(x+ K)) = Uk pK CHK 7a =k" 
=10n aa cere 
a, b, c, d,.... are in GP > —=—=—=...... 
ae b Cc 
=> S}(x?+(2K-l)x+K(K-1)) = 10n clr ge gl 
K=1 => pe Ry pe = let ewe 
> mt+nx t+ Mt+DEnt) M+) _ jon =0 i ee 2 ae 
6 2 > f’ *=k? "=k: 
=> 3x? + 3nx + (n? — 31) = 0; its roots are a, a + 1 ce et e 1 4 
SS aS See eS 
a+(a+l) =-Nfh y x z sy w Zz 
2 
a,(a+1)= Lilet => ees ,.... are in AP. 
x y Zw | 
+ n=llor—-ll>n=ll > XYVZW..... are in HP. 
34. If a,, a,, a,......a, are in HP then prove that 57. If a, b, c are in AP, p, g, r are in HP and ap, bq, cr are 
aa,+a,a,+a,a,t...... +a a= (n — I)a,a, in GP, then prove that i eee Ce 
1.1. 1 a en 
Poon: aa,’ a, ue a, are tas’ Solution: As a,b,c, are in AP 
atc 
Pear a nc es _ a1 — 4, => b= 
aa, a,a, aa 


ne nl => Asp,q,r in HP 


2 pr 
q = : 
ptr 


y 


and ap, bq, cr are in GP. 
=> apcr=bv°¢ 
2 2 
wer a+c) | 2pr 
2 ptr 
(ptr) — (atc) 
pr ac 


— (ate) .pr’ 
(p+ry 


pr ae 
=> —+—=—+— 
rp ca 


= Hence proved. 
58. The AM, GM and HM of first and last term of the 


series 100, 101, 102,......, m are also terms of this 
series, then the value of n(100 < n < 500) 1s 


Solution: AM = “ ”GM= 1002, 
HM = 200n 
100+n 
Let n = 4k? as for AM and GM we need a even perfect 
Square 
oe 800k* 200k" 
FM 100442 25-44% 
2 

=> 100< ene > £500 

25+k 


2500 + 100k? < 200k? < 12500 + 500k? => k? > 25 
k? = 25, 36, 49, 64, 81, 100, 121,144, 
4k* = 100,144, 196,256,400,484,576.... 
But n = 4k*<500 
=> n= 100, 144, 196, 256, 400, 484 
But HM is an integer only for n = 400 


YY 


l 2001 
59. Ifb |= -_ for n= 1 and b, = b,, then ¥ 5?" iS 
n r=l 
l 
Solution: b, = 1-5, ; 
1 l kD D4 
DB. = Lb; 1 I —b, b, 


1—-5b, 
asb_ = 6, >b/?-b,+1=0 
=> b =-® or-0’ 
0: De =O 07 =O" 
2001 
=> Yo" = 2001-1)" = -2001 


r=l 
Comprehension passage 


A: Sum of four terms which are in AP is 44, and product 
of extreme terms is 40. 


60. 


61. 


62. 


Sequence and Progression < 3.81 


The sum of two mid-terms of sequence are 


(a) 22 (b) 32 

(c) 42 (d) None of these 
Common difference of AP is 

(a) +5 (b) +4 

(C))-256 (d) all of the above 


If the above AP is multiplied by 4, the 
difference of the new AP obtained will be 


common 


(a) +20 (b) + 16 
(c) +24 (d) None of these 
Solution: 


60. 


61. 


62. 


Let the four terms in AP be, a — 3d, a— d,a+d, 
a+ 3d 
. A.T.Q. (a—3d)+(a-—d)+(a+d)+(a+t 3d) = 44 
=> 4a=44>a=11 

Also (a — 3d) (a + 3d) = 40 
=> @—9d= 40 => 92 = a? — 40 => 9a = 121 — 40 
> 97 =81>07=9>d=43 
.. Terms will be 11 —3 (3), 11 —3, 11 +3, 11+3@6) 
or 11-3 (3), 11 —(3), 11+ (C3), 11 +33) 

1.e., 2, 8, 14, 20 or 20, 14, 8, 2 

The sum of two middle terms = 8 + 14 = 22 

Ans. (a) 


Common difference = 2d = 2 (43)=+6 
Ans. (c) 


On multiplying the AP by 4, common difference also 
gets multiplied by 4 

‘. It will become + 24 

. Ans. (c) 


. The infinite series 1 + x + x? + x° +....(|x| <1) has 


the sum =_) The infinite series 1 + 2x + 3x? + 4x? 
—x 

+,..can be added with the help of previous one. 

Let us study this. If S = 1 + 2x + 3x? + 4x? +........ ; 

then xS = x + 2x7 4+ 3x’ +..... 


I 
=> Dba) Wet et rie a 
—x 


=> = 2 (|x| < 1) 


— 
(I=) 

We note that coefficient of x"1in the expansion of 
(l-xy?isn+ 1 

The infinite series may be used to find the number 
of ways of distributing identical objects into 
distinct boxes. For example, the number of ways 
in which 5 identical balls can be distributed in 3 
different boxes must be equal to the co-efficient 
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of x° in the infinite product (x° + x! + x? +...) 
Ge axe xe) Oe xe xe th). Roreany way in 
which x°is obtained is one of the ways in which 5 
identical balls can be distributed in 3 distinct boxes. 
While finding the number of ways, the condition |x| < 
1 may be insignificant. 


2 
63. The co-effcient of y" in the expression [2 


must be =e 
(a) 4n (b) 4n + 1 
(c) 4n— 1 (d) None of these 


64. The sum of the series 1 + 3x + 6x? + 10x? + 15x‘ 
+... + (|x| <1) must be 


l 
b 
(c) — (d) None of these 
65. The co-efficient of x” in the expansion of (1 — xy? 
must be 
n(nt+l n(n-2 

a2 oy.) 

2 2 
(c) ae (d) None of these 


66. The number of ways in which 20 identical sweets 
can be distributed among 3 childern, when there is no 
restriction on the number of sweets, given to a child 


(a) 225 (b) 231 
(c) 230 (d) None of these 
Solution: 


63. Co-efficient of y" in the expression 
=(1 + yy -yy* 
= (1 +y't 2yyS)= (1 + yt 2y) + 2y + 3y° + Ay? +...) 
Co-efficient of y= (n + 1) +, (n— 1) +2 (n) =4n 
Ans. (a) 
64. Let, S’= 14+ 3x + 6x?+ 10x? + 15xtto i. 


SS MS SB 6x LOK iorccitnates 
SCL AS 2 Bi A a reset eectiess 


(l-xS=S 
S' | 
S'= = 
7" “(l-x) (1-x) 
Ans. (a) 


65. (1 —x)?P= 14 3x + 6x?+ 100° + 15x*H....... 


Co-efficient of x" = t, , , of sequence 1, 3, 6, 10, 


66. 


67. 


68. 


Lees Seo 0 10 1S tet 
ANSOS) = Tite Be OP LOFT acs cornet +t 
Or 2. ee tas 
ES 2 A ce 

n(n+1 n+1)(n+2 
2 Matt) _ (nti) 


=> Ans (c) 


Consider (1 —x)? = (1 -xy' dd -x)' (1 - x)! 

=e ae ae Se, Gl ae ae CL 

He ee Sate) 

=(l-xy' (l-xy? = + x34 x? 4234...) 0° +2! 

oe ee Ge see eee ak) 

= CL exe eae? Fu) Pest 3x ae a 

Ae eee ce) eae Se ee 

GP ee ee eee, ) 

= Number of ways distributing 20 sweets among 3 
children 


= co-efficients of x”° in LHS expression = 21 + 20 + 


194.4241 = ADD 9 


Ans is (b). 


: Consider a sequence of equilateral AS as shown below, 


where each outer A is obtained by shifting the sides of 
inner A by 1 cm parallelly, If each side of AABC 1s ‘a’ 
units, then answer the following questions. 


nm ‘fergie 


Increment in length of each side of triangle during 
each step of expansion of triangle 1s 

(a) V2 (b) V3 

(c) 2V3 (d) None of these 


Length of side of nth A 1s (counting from inner to 
outer) 


(a) at+(n-1)V3 
(c) atV2n 


(b) at(n -1)2y3 
(d) None of these 


69. Area of 5th triangle 1s 
v3 2 v3 2 
(a) ra +83) (b) ~(2+3) 


(c) V3 (a +23 ) (d) None of these 


70. Sum of perimeter of first 10 As 1s 


(b) 10a+2V2 
(d) None of these 


(a) 10a+vV3 
(c) 30a+270V3 


Solution: 


K | A Ik aot ——_——_ 
<—__§_______—_ 23 —_____——_> 


= MB = sec 30° = 2/N3 Cot 60° = NT/BT 
KN = 2N3; NT = oe 
KT = KN + NT = = 2 = 3 
KP = a+ 2N3 
Each time side of A increases by 2 V3 
a =a, a =at 2N3 
qo esaecmale a Sas 


3 4 
a =a+2(n-1) V3 
Perimeter of A, =3a 
Perimeter of Ap = 3(a+ 2V3); 
Perimeter of A3 = 3 [a +73] 
Perimeter of Ay = 3 [a + 6V3] 
Perimeter of A, = 3 [at+(n-1) (2V3)] 
It is an AP with first term 3a, and c.d = 6N3 
S = =| 2(34) +(»-1)(6v3) =n| 3a +(n-1)(3V3) 
S,, = 10 [3a + (9) (3V3)] = 30a + 270V3 
67. From above, clearly increment in length = 2V3 
68. From above length of side of nth triangle 


=a+(n-1)2V3 
69. Area = Bf a+(s-1)(203)} _ Bla revs] 


70. Perimeter are forming an AP with first term = 3a and 
common difference = 6 V3 


S = n/2 [6a + (n-1) 6V3] 
S,, = 5 [6a + 54V3] = 30a + 270V3 


Sequence and Progression < 3.83 


Assertion and Reason 

The questions given below consist of an Assertion (4) and 
the reason (R). Use the following key to choose the ap- 
propriate answer. 


(a) If both assertion and reason are correct and reason is 
the correct explanation of the assertion. 

(b) If both assertion and reason are correct but reason is 
not correct explanation of the assertion. 

(c) If assertion is correct, but reason is incorrect 

(d) If assertion is incorrect, but reason is correct 


Now consider the following statements: 


71. Suppose four distinct positive numbers a,, a,, a,, a, 
are in GP Let b, = a,, b, = b, + a,, b, = b, + a, and 
b= 0g, 

Statement-1: The numbers 5,,,,5,,b, are neither in 


AP nor in GP. 
Statement-2: The numbers 5, b,, b,, b, are in HP. 
Solution: (b) Let a, = 1, a, = 2, a, =4,a,= 8 in GP. 
B= ADS: be CE ae) 
Sica: b,, b,, b,. 6, are not in HP. 
Statement IT is false. 


Statement I is already true. 


72. A: If a, b, c are the sides of a triangle then 


(a+b+c)y2=3 (ab + be + ca) 


atbtc. 


R: a, b,c € R'then 3 ~ | l 
+—+ 


abe 
Solution: (a + b+ c)=a’? + b? +c? +2ab + 2be + 2ca 
(a+b+cy—3 (ab + be + ca) = 1/2 [(a— by + 
(b-—cyt+(ce-a)] 20 
(a+b+cy2>3 [ab + be + ca] 
Here equality will hold ifa =b=c 
Assertion 1s correct. 
Also for a, b,c € R*, 


A.M >H.M 


a+b+c 


abe 
Reason is also correct. 
But reason has no connectivity with the assertion 


Ans (b) 


73. A: Ina triangle ABC, sind + sinB + sinC < 3V3 


2 


R: Ifa, b, c are the real, then ed > Zabc. 


3.84 >» Fundamentals of Mathematics—Algebra | 


74. 


Solution: Let f(x) = sinx 
Consider the graph of f(x) = sinx for x € [0, 2/2] 


Let P, QO, R be three points on y = f(x) 

Whose projections on X-axis are A’, B' and C’, having 

their co-ordinates (4, O), (B, O) and (C, O) respec- 

tively, then the co-ordinates of centroid will be G 

ae mene - and that of G' will 
3 3 

be [Aeee , sin (4+3#6)) as shown in figure (11) 


Clearly, GL < G'L [equality holds when A = B =C | 


sin A+sinB+sinC nf EO) 
=> ———— a < sin | —————— 


3.3 


sn Ad4+sinB+sinC< 
Assertion 1s correct. 
Also reason is correct, but it is not the correct of 
explanation of reason. 

Ans (b) 


A: If three positive numbers in GP represent sides of 
a triangle, then the common ratio of the GP must 
V5-1  ,V5+1 
——— and ——_. 
2 2 
R: Three positive real numbers can form a triangle if 
sum of any two is greater than the third. 


lie between 


Solution: Let @ , a, ar be three sides of a triangle. 
r 


75. 


76. 


a a 
—+a>ar;—t+ar>a;a+ar>alk 
r r 


a9Sn epee: Lie Lr 
r r 
> rP-r—-1<0r-r+1>0;r+r—-1>0 


(1+v5)) (5-1 V5-1 V5+1 
=> TE 0, |; —, © | =| ——_, 
2 2 2 2 
= Assertion is correct also reason is correct. 
= (a) 1s correct option. 


A: If a, 6, c are positive real numbers in AP and 
a’, b?, c? are in HP then a, b, c will be in GP. 

R: Three non-zero numbers a, b, c are in GP 
pees! 


b-c 5b 
a, b, c are in AP. 


Solution: *.’ 
then 2b=a+e 
a’, b?, c? are in HP, then 
24-6: 
a +c? 
2a°c’ 2a°c’ 
= as de Ae Se [from 1] 


(1) 


b? 


2 


> 


=> 4b*— 2acbh?— 2a’*c?= 0 

=> 2b*-—acb*—a’*c*=0 

5 pe actv9a°c* _ act3ac 
4 4 

=> b=acor—1/2ac 

. b=acl[. ac>O0] 


then, a, b, c will be G.P 
Assertion 1s correct. 
if, a, b, c are in G.P 
then b = ar, c = ar [r being common ratio] 
— a(l-r 
asi = >= ous?) == (whenever left 
b-c ar-ar ar(l-r) b 
side 1s defined) 


Reason is also correct, having no connection with 
assertion. 


Ans (b) 


a—ar 


l I I 
A: Ifa, b,c arein GP and a* =b” =c’, then x, y,z 


are in AP 


R: Whenever a” = 6’ = c”, then ae are in AP 
uvw 


Solution: Let 5 = ar, c = ar’, r being common ratio, 
then gix= biy = cz 


=> gs= (ar)'Y = (ar?) 
=> g*= Dy rly = it 2 
ae il 2 
=> a’ =r'’ anda*? =r 
1 1 zf{l ol 
(+2) {(2--] 
> r=a a 
z 1 Zz 1 
— an =— —— — Pe 
x Le K-- 2E 2 
=> 2V—-Z=x — 2V=xX eZ 
=> x,y,z areinA.P 


Assertion 1s correct. 
Now consider: 
(64)?= (8)*= (2) 


11 1 
But —,—,— arenotin AP. 
2 4 12 


Reason is not correct. 
Ans. (c) 


Match the column type: 
77. Match the following sum of the sequences with their 


suitable alternatives: 


Column-I 
Cay ort OR Pr 38 issksh upto 9 terms 
(Bb) b= 263 4S iiens upto 1001 terms 
(6) 1S FO Tce upto 100 terms 
CQ) 2 3 eae Senta upto 20 terms 
Column-IlI 

(1) 100? 

(1) 2870 
(1) 1031 
(iv) 501 


Solution: (a) > 11 (6) > 1v (c)9@) don 
(a) S=3+5+9+17+ 33 +..... up ton terms 
ISO 8 Or) ed tate Egat 


on subtraction, =31+1(2+4+8+ 16 +..... + up to 
(n—1)—Tn 


Sequence and Progression < 3.85 


=> 1 =3+[2+4+8+ 16+... + upto (— 1) terms] 
2((2)7* -1] 
(2)-1 


=> a a ie Wad) a 


S.= tant Di (2)' 


=F 


=7+2!9=7+ 1024 = 1031 
(a) > (iii) 
(b) 1-2+3-4+5..... up to 1001 terms 
= (SS 501 term] 
—2[1 +2 +3 +..... 500 terms] 
2.(500) x 501 


= (501)? — ie 7 (501) [501 — 500] = 501 
Aliter: 
(l=2) (3 =4) 4 6 =0) ieee + (999 — 1000) 


+ 1001 =(-1)+(— 1) + C1) +... 500 times + 1001 
= 501 


(Ce rae 7 ee ei: up to 100 terms 
= (100) [".. Sum of first nm odd terms = n?] 
(c) > @ 


(d) 1°+2?+37+47+57+.... up to 20 terms 


6 


= 2870 
d —> (ii) 

Questions for example 15 — 19: Each question 
contains Assertion (A) and Reason (R). Each ques- 


tion has 4 choices (a), (6), (c) and (d) out of which 
only one is correct. 


SECTION-—III 


OBJECTIVE-TYPE (ONLY ONE CORRECT ANSWER) 


. An AP whose first term is unity and in which the sum 
of the first half of any even number of terms to that of 
the second half of the same number of the same set of 
terms is in constant ratio, the common difference d is 


given by 
(a) 1 (b) 2 
(c) 3 (d) 4 


2. The number of natural numbers less than 400 that are 


not divisible by 17 or 23 1s 
(a) 382 (b) 359 
(c) 360 (d) 376 


. If the sum of the first 11 terms of an arithmetical 


progression equals that of the first 19 terms, then the 
sum of the first 30 terms, is 

(b) equal to —1 

(d) non-unique 


(a) equal to 0 
(c) equal to 1 
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4. 


10. 


11. 


Consider the pattern shown below: 


Row 1 l 
Row 2 3 5 
Row 3 7 9 11 


Row 4 13. 15 17 19 etc. 
The number at the end of rows 80 is 

(a) 6479 (b) 6319 

(c) 6481 (d) 6531 


If the arithmetic mean between a and 5b is twice their 
geometric mean, then a/b is 


(a) Coed és) Gea 


V2 +43 2+/3 
(c) S| (a) 3/2 


RB 

The sum of the infinite series 12it 2 aeaee is 
(da! aes es 

(a) 13/24 (b) 14/47 

(c) 3/16 (d) 9/49 


The consecutive odd integers whose sum is 45? —21? 
are: 


(a) 43, 45,...75 (b) 43, 45,..79 
(c) 43, 45,......85 (d) 43, 45,...89 
Ifd+xyd +x) 0 + xu. + oe) =) 2’, 
r=0 
then n 1s 
(a) 255 (b) 127 
(c) 60 (d) None of these 
n l n 
Let S, = lim ) ———.,,then ) k S, equals 
«md ray then LAS, 9 
(a) n(n+l1) (b) n(n-1) 


(c) n(n+2) (d) n(n+3) 

2 2 
In a sequence, if the sum of the first nm terms is given 
by S| = 2” — 1, when ‘p’is fixed real number. The 
nature of the sequence, is 
(a) AP (b) GP 
(c) HP (d) AGP 


The minimum number of terms of 1 +3 +5 +7 +... 
that add up to a number exceeding 1357 is 


(a) 15 (b) 37 
(c) 35 (d) 17 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


If first, fifth and last terms of an AP is /, m, p 


respectively and sum of the AP is (+ pap +m—si) 


2 


k(m-1) 
then k is 
(a) 2 (b) 3 
(c) 4 (d) 5 
The number of terms common between the series 1 + 


2+4+8 +....to 100 terms and 1+4+7+ 10 +....to 
100 terms is 

(a) 6 (b) 4 

(c) 5 (d) None of these 


If a, b, c, d are in GP, then (a + b);(6 + cy’, (c + dy 
are 1n 


(a) AP (b) GP. 
(c) HP (d) None of these 
If a, b, c are non-zero real numbers such that 3(a? + b? 


+e?+1)=2(a+b+c+ab+ be + ca); then a, b,c 
are 1n 

(a) AP only 
(c) AP and GP 


(b) GP only 
(d) None of these 


The lengths of three unequal edges of a rectangular 
solid block are in GP. The volume of the block is 216 
cm? and the total surface area is 252 cm?.The length of 
the longest edge is 


(a) 12 cm (b) 6cm 
(c) 18 cm (d) 3cm 
If m = dia n= Ws , where 0 <a, b < 1, then qua- 


r=0 r=0 
dratic equation whose roots are a and 6 is 
(a) mnx? + (m+n—2mn)x + mn—-m—-nt+1=0 
(b) mnx? + (2mn—m-—n)x +mn—-m—-n+1=0 
(c) mnx? + (2mn + m—n)x +mn—-m—-n+1=0 
(d) mnx? + (2mn+mt+n)x+mn+m—-n+1=0 
Suppose a, 6, c are in GP and a’ = 6? = c’, then 
(a) p,q, r are in GP. 
(b) p, g, r are in AP. 
(c) pee are in AP 

pqr 
(d) None of the foregoing statements is true 


fA=1l+47+r4+r44+.....coandB=1+r4+r%+ 
r> +...00, (given |r| < 1), then 78 equal to 
(a) log, (b) log,_,(1 - A) 


(c) log, , (=) (d) None of these 
BO 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


The sum of first n terms of the series 1* + 2.2? + 3°+ 
2 2 2 n(n + 1) ' 
2.47 + 5* + 2.67 +....18 ————— when nis even. When 


n is odd, the sum 1s 


n’(n+1) n(n+1)’ 
(a) es (b) ae 
n(n+t) | 4) ntl) 
(c) ae | @ 


Sum of series 4 + 18 + 48 + 100 +....... to n terms is 
(a) De + 2n? +n) (b) MQn—-n? +n) 
(c) 3G + n*>+2n)  (d) None of these 


Along a road lies an odd number of stones placed at 
intervals of 10 m. These stones have to be assembled 
around the middle stone. A person can carry only one 
stone at a time. A man carried out the job starting with 
the stone in the middle, carrying stones in succession, 
thereby covering a distance of 4.8 km. Then the 
number of stones is 


(a) 15 (b) 29 

(c) 31 (d) 35 

Gee =) Ge cae ora cae ond) Re ire oe cies oa es v8 ee ee Cl. see 
5 ee ee x!) when written in the ascending power of 
x, then highest exponent of x is 

(a) 4950 (b) 5050 

(c) 5150 (d) None of these 


The sum of the infinite series, 
2 2 2 2 2 
a a 


| geen pa REDE ype is 
5 5 5 5* & 
1 25 
(a) — (b) — 
2 24 
25 125 
c) = d)\: === 
(c) 54 ) 252 


If 4a? + 96? + 16c? = 2(3ab + 6be + 4ca), where a, b, 
c are non-zero numbers, then a, b, c are in 

(a) AP (b) GP 

(c) HP (d) None of these 

If three numbers are in HP, then the numbers obtained 


by subtracting half of the middle number from each of 
them are in 


(a) AP (b) GP 
(c) HP (d) None of these 
; 1.2.3+ 2.3.4+ 3.4.5+ ..+ up to n terms 


im 
no n(1.2+ 2.3+ 3.4+...4 up ton terms 


equal to 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 
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3 l 
(a) = On 
4 4 
l 5 
(Cc) — (d) = 
2 4 
An infinite GP has 2nd term x and its sum is 4, then x 
belongs to 
(a) (0, 2] (b) (1, 8) 
(c) (-8, 1] (d) None of these 


If the sides of a right angled triangle are in GP, then 
the cosines of the acute angles of the triangle are 


: 51 5-1 5 —l als =1 
(a) Hee (De 


2 2 
(d) None of these 
Ics? Bear? a: Perera ee , a, are in GP such that 3a, + 7a, + 
3a, — 4a, = 0, then common ratio of GP can be 


(a) 2 (b) 


(c) 1/2, 1/4 


Nl Nm] vw 


(c) > (d) 
2 


If the expression exp{(sin’x + sin‘x + sin®x +... + up to 
00) log 2} satisfies the equation ?— 17t + 16 =0, then the 


value of ee ; Where (0 <x < 7/2) 1s 
sinx+2cosx 

(a) 1/2 (b) 3/2 

(c) 5/2 (d) None of these 


If a, b, c, d are distinct integers in AP such that 
d=a+b6?+c,thnat+tb+c+dis 
(a) O (b) 1 
(c) 2 (d) None of these 
l 
Let f(n) = cd , Where [x] denotes the integral 
2 100 i 
part of x. Then the value of >. f(n) 1s 
n=l 
(a) 50 (b) 51 
(c)::1 (d) None of these 
lim(1+3')1+37)0+37)+3%)... Cl + 3%) is 
equal to 


(a) 1 


(b) 1 
3 2 
() 3 

2 


(d) None of these 


The sum of the products taken two at a time of the 
numbers 1, 2, 27, 2°,....277, 2"! 1s 


(a) 52" + (b) so" -2? + 

l l l 2 
Cc a ea seen, d Le Sea 
(c) 3 (d) ; 3 
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36. 


37. 


38. 


39. 


40. 


41. 


If the ratio of AM between two positive real numbers 
a and b to their HM 1s m: n; then a: b is equal to 


Jom=n+Jn Vn +=) 
J(m—n)-Nn Vn -./(m=n) 
Vm +/(m=n) . vm —./(m=-n) 
Vm —.|(m-n) sim +.[(m—n) 


The product of the arithmetic mean of the lengths 
of the sides of a triangle and harmonic mean of the 
lengths of the altitudes of the triangle is equal to: 

(a) A (b) 2A 

(c) 3A (d) 4A 

Concentric circles of radi 1, 2, 3.....100 cm are drawn. 
The interior of the smallest circle is coloured red and 
the angular regions are coloured alternately green and 
red, so that no two adjacent regions are of the same 
colour. The total area of the green regions in cm? is 
equal to 
(a) 1000z 
(c) 49502 


(a) 


(C) 


(b) 5050 
(d) 51512 


a _ 9x? sin? x+4 
The minimum value of the expression —————_—_ 


for xe (0, 2) 18 xin x 
(a) = (b) 6 
() 12 (d) - 


Let C be a circle with centre P, and AB be a diameter 
of C. Suppose P, is the mid-point of the line segment 
P P.P,1s the mid-point of the line segment P,B and 
so on. Let C,, C,, C,,.....be circles with diameters PP, 
ay ae ar errors respectively. Suppose the circles C,, 


are all shaded. The ratio of the area the 


a oe 
unshaded portion of C to that of the original circle C is 
(a) 8:9 (b) 9: 10 

(c) 10: 11 (d) 11:12 


A circle of radius r is inscribed in a square. The mid 
points of sides of the square have been connected by 
line segments and a new square resulted. The sides of 
the resulting square were also connected by segments 
so that a new square was obtained and so on, then the 
radius of the circle inscribed in the n™ square is 


(a) (2) (b) (2 *) 
(c) (2p (d) (2 |p 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


. The sum x 
r=2 


The sum of the series 

CF 1) 2 12 1) Sl a er ED alis: 
(a) (n+ 1).(n + 2)! (b) n(n + 1)! 

(c) (n+ 1). + 1)! (d) None of these 


If x, y, z are real numbers satisfing the expression 
25(9x? + y”) + 92? — 15(5xy + yz + 3zx) = 0, then x, 
y, Z are in 
(a) AP 
(c) HP 


(b) GP 
(d) None of these 


15 should be split into how many parts show that 243 
is the maximum value of their product 


(a) 9 (b) 10 
(c) 5 (d) None of these 
|B re Ag? ener a, be in AP and h,, h,,h,, be in HP If 


a, =h,=2anda,,=h,, = 3 then fa, h,] where [.] gint 
function 1s 
(a) 2 

(c) 5 
Suppose a, b, c are in AP and a’, b’, c’ are in GP. If 
a<b<canda+b+c = 3/2, then the value of a is 
l 


(b) 3 
(d) 6 


l 
(a) aa (b) WB 
ro tb 
(c 7 B (d) 2 2 


Let yr = f(n), then} (2r-1)' is equal to 
r=] r= 


(a) f2n)-16 fin) —(b) fin) — 7) 
(c) K2n—1)-8 fin) (d) None of these 


If three positive real numbers a, 5, c are in AP such 
that abc = 4, then the minimum possible value of 5 1s 
(a) 93/2 (b) 923 
(c) 21/3 (d) 95/2 


If A,G and H are respectively the AM,GM and HM 
of three positive number a, 6 and c, then the equation 
whose roots are a, b, c 1s given by 

(a) x -—3 Ax? +3 Gx -G=0 

(b) x -3 Ax? +3 (C/A) x G=0 

(c) +3 Ax? +3 (G?/A)x -G?=0 

(d) x -3 Ax? —-3 (G?/H) x+ G=0 


l 
p=] 


is equal to 


(a) | 
(c) 4/3 


(b) 3/4 
(d) None of these 


Sl. 


22. 


53. 


34. 


35. 


36. 


37. 


If p 1s positive, then the sum to infinity of the series, 


tA Sp) 

I+p (l+p) (l+py 

(a) 1/2 (b) 3/4 

(c) l (d) None of these 


In a GP of positive terms, any term is equal to the 
sum of the next two terms. The common ratio of the 
GP is 


(a) 2 cos 18° (b) sinl18° 


(c) cos 18° (d) 2 sin 18° 
If ‘s’ be the sum of ‘n’ positive unequal quantities 
a,b,c ,..........then Bg ag ee KY 
s-a s-b s-c 
2 

(a) >— (b) <—— 

n+l n—-| 

n 
(c) | (d) None of these 

nh- 


The sum of the series 


5 55 555 5555 
— as ake 7 +...Up to 0 ...1S 
13 (13) (13). (13) 
65 65 
a a —— 
(a) 36 (b) 37 
65 
(c) 38 (d) none of these 


If 0 <x <x and the expression exp{(1 + |cosx| + cos*x 
+ |cos*x| + cos*x+... .up to 00) log 4} satisfies the qua- 
dratic equation y’ — 20y + 64 = 0 then the value of x 1s 


x21 a 3K 20 
a Ue a 
(c) lapel (d) None of these 
6 9 3 


Given that « , y are roots of the equations, Ax? — 4x + 
1 = 0 and B ,6 the roots of the equation, B x? — 6x + 1 
= 0, then the values of A and B 1s such that a,B,y and 
6 are in H.P 

(a) A=3;B=8 
(c) A=4,;B=8 


(b) d=2;B=6 
(d) None of these 


Ifa,,a, ...a, are in AP with common difference d # 0, 
then the sum of the series (sin @) [cosec a, cosec a, , 
cosec a, cosec a,t.... tcosec a cosec a | is 

(a) sec a, — seca, (b) cosec a, — cosec a, 


(c) cot a, — cota, (d) tan a, — tana, 
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1 1 l 
58. If AW = 14+—+-+...4-— then value of 
? 2-3 n 
35 2n-1. 
l+—+—4...4+ 1S 
2. 3 
(a) 2n-H (b) 2n+ 
(c) H —2n (d) H +n 
39. If S,S,, S,; are the sums of first n natural num- 


60. 


61. 


62. 


63. 


64. 


65. 


bers, their squares, their cubes respectively, then 


Bs 850) is equal to 


(b) 3 

(d) 10 
of n_ terms of 
x x(x+a,)  x(x+ai)(x+a,) 


1+ —+ ——_— + ———— t+... 18 
a,a,4, 


the series 


(b) 


(d) None of these 

If a,,€,,4, »..........a@, are positive real numbers whose 
product is a fixed number c, then the minimum value 
of 2(a, +a, +a,+...a,, +a) 1s 

(a) n(2c) (b) (at 1)cm™ 


(c) 2nc!” (d) (n+ 1) Qe)!” 
If a, b, c are in AP, then gee g eae eee are 1n 
bc ca ab 
(a) AP (b) GP. 
(c) HP (d) None of these 
l l l 

If x,y,z are in A.P, then ————= , ——- 
will be in Vy + vz Vz +vx Vx +Jy 
(a) AP (b) GP 

(c) HP (d) None of these 


If ‘n’ arithmetic means are inserted between 20 and 
80, such that first mean : the last mean | :3, the value 
of ‘n’ 1s 


(a) 8 (b) 9 
(c) 10 (d) 11 
The sum of all the 12 arithmetic means inserted 
between —3—and — 42—is 
2 2 
(a) 276 (b) —276 
(c) —23 (d) None of these 


3.90 >» Fundamentals of Mathematics—Algebra | 


SECTION-IV 


OBJECTIVE-TYPE (MORE THAN ONE CORRECT ANSWER) 


Leta = GED. then 


n times 
(a) a,,isnot prime (b) a,., is not prime 


(c) a,,isnot prime (d)a,, is not prime 


ge el ea eae hoe ae tenance + 207 is 


(a) an odd integer divisible by 5 

(b) an even integer 

(c) multiple of 10 

(d) odd integer but not multiple of 10. 


. If the first and (2m — 1)th terms of an AP, a GP and 
a HP are equal and their mth terms are a, b and 
c respectively, then. 
(a) a=b=c 
(c) a>bec 


(b) a+c=b 
(d) ac=P 


. In a GP, the product of the first four terms 1s 
4 and the second term is the reciprocal of the 
fourth term. The sum of the GP up to infinite 
terms 1s 
(a) 8 

(c) 8/3 


(b) -8 
(d) -8/3 


. Let a, x, b be in AP; a, y, b be in GP and a, z, b be in 
HP. Ifx =y + 2 anda = 5z then 


(a) y? = x2 b) x>y>z 
(c) a=9,b=1 Ce eee 
4° 4 


. Three positive numbers form a GP. If the middle 
number is increased by 8, the three numbers form 
an AP. If the last number is also increased by 
64 along with the previous increase in the middle 
number, the resulting numbers form a GP again. 
Then 

(a) common ratio = 3 (b) first number = 4/9 

(c) common ratio = —5 (d) first number = 4 


. Let a,, a,........ be in A.P and q,,q,,.....g, be in GP if a, 
= q,= 2 and a,,= q,,= 3 then 

(a) a,q,,1S8 not an integer 

(b) a,,q, 1s an integer 

(C) Adi = VA 

(d) None of these 


10. 


11. 


12. 


13. 


la 2r+l 
IfS = th 
‘i aa Pera 
_ 255 _ 120 
(a) Sa= Bee b) Di 17] 
439 440 
c) S| = — (se ae 


. If a, b, c, d are four unequal positive numbers which 


are in AP then 


1 1 1 1 1 1 1 1 
—+—=—4+-— b) —+—<—+- 
(a) ra (b) ra 
1 1. 1 1 1 1 4 
—+—>—4+-— d) —+-> 
on ae Se ae 


l 
The sum to ‘n’ terms of the series tan”! - + 


1 2 (3) | 2 =} l 
tan 5 + tan 8 + tan 25 + tan a 


terms 1S 
l 
b) cot | — 
to) cot *( >) 


(a) tan} 3 
(d) None of these 


= if 
(c) tan =) 


If cos (x — y), cosx and cos («x + y) are in HP, 


then cosx sec =) is equal to 


l 
(a) V2 (b) tp) 


(c) (d) -V2 


—| 
0, 
If a, b, c, d and p are distinct real numbers such that 
(a? +b + c)p’-2(ab+be+cdA)pt+hPt+et 
a <0, then 


(a) b?=ac (b) c? = bd 

(c) ad = be (d) a, b, c, d are in GP 
i + +b)(n+ 

If yo r(r+l) as where a < b < 
r=l 

c. then 

(a) 2b=c (b) a — 8b + = 8abe 


(c) cis prime number (d) (a+ 5) =0 


14. 


15. 


16. 


17. 
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(d) Sum to any finite number of terms of the AP must 


If Yir(rt 1)(2r+3) =an'* + bn’ + cn + dn + e, then be rational 
r=] 
(a) a~b=d-c 18. The numbers 1, 5, 25 can be three terms (not 
(b) e =0 necessarily consecutive) of 
(c) a, b— 2/3, c—1 are in AP (a) at least one AP 
(d) (a, b,c) are in GP (b) at least one GP 
. (c) infinite number of AP’s 
If 5, Ds b, (b, > 0) are three successive terms of a (d) infinite number GP’s 
GP with common ratio r, the value of r for which the 
inequality b, > 4b,— 3, holds is given by 19. The terms of an infinitely decreasing GP in which 
(a) r>3 : (b) r<l all the terms are positive, the first term is 4, and the 
(c) r=3.5 (d) r=52 difference between the third and fifth term is 32/81, 
then 

If a, b, c are in AP, and a’, b”, c? are in HP, then (a) r=173 (b) r = 22/3 
(a) a=b=c (b) a,b,— hy wee GP (c) s.=6 (d) None of these 

1 5 20. The sides of a right triangles form a GP. The tangent 
(c) a,b,careinHP = (d) - ss arein GP of the smallest angle is 
If 2 and 31 apppear as two terms in an AP, then (a) = (b) = 
(a) Common diference of the AP is a rational number 
(b) all the terms of the AP must be rational (c) 2 (d) 2 
(c) all the terms of the AP must be integers. VJ5+1 V5-1 


SECTION-V 


LINKED COMPREHENSION TYPE 3. Which one of the following statements 1s correct? 
(Qi Sse 
Let A,, G,, H, denote the arithmetic, geometric and (by El <i = es, 
harmonic means, respectively, of two distinctposi- (c) H, > H,<H,>... and H, <H,<H<..... 


tive numbers forn 22, let A, , and Hf _, have arith- 


, <H <H < >H>H> 
metic, geometric and harmonic means as A, G, H, (d). So Scns A Pini 


respectively. ; ; or ; . 

B: Consider two different infinite geometric progressions 
Which one of the following statements is correct? with their sums Sand S,as S, = a + ar + ar’ +ar 
@) G,>G,> GF aus, eceetas 00; S,= 5 + bR + BR’ + bR* + dee 00 
(b) G, <G,<G, <......... If the sum of both the series are equal to | and their 
(ce) G=G,=G.=.0... 2nd terms are equal ie., S$, = S,= 1, ar = bR and 
(d) G,<G,<G, <... and G,>G,>G,>...... ar? == 


Which one of the following statements 1s correct? 
(4) Ao As Age 


4. The sum of their common ratios is 


l 3 

a) — by 

(b) A, <A, <A, <.... (a) ; (b) : 
(Cc) A, >A, >A, >:....andA,<A,<A, <... ©) 1 ) 3 
(d) A, <A, <A, <...... andA,>A,>A,>..... 2 
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5. The sum of their first terms is 


10. 


11. 


(a) | (b) 2 
(c) 3 (d) None of these 
- Common ratio of the first GP is 
1 1-5 
(a) — ) 1-5 
2, 4 
() V5=1 (a) Y5+! 
4 4 
.- Common ratio of the second GP is 
3475 3-5 
) v5 (b) 3-V5 
4 4 
(c) - (d) None of these 


: For any positive integer n, let (n) denote the integer 


nearest to Vn: for example (1) = 1, (2) = 1, 3) =2, (4) 
= 2, (5) =2, (6) =2 (- V6 = 2.449}, (7) =3 ete, 


Let k be a given integer then number of solutions of 
the equation (”) = k must be 


(a) 2k (b) 2k + |] 
(c) 2k- 1 (d) integer part of Vk 
a | 29") 4 9-(n) 
In the infinite summation S = )——— The 
n=] 2 
2 —2 
number of terms of the type _— must be 
2 
(a) 3 (b) | 
(c) 6 (d) None of these 
The value of S must be 
(a) 3 (b) 9/2 
(d) 4 (d) Infinity 


: Let A, be the coefficient of x’ in the expansion of 


2 2 2 
(1+ xy (1+ (14+) tra .... up to infinity 


(It is being assumed that the infinite product con- 
verges. Answer the following questions: 


The recurance relation satisfied by A must be 


Z 
a)A *-(A_ +4, 
(@) A, = ( _.) 


r-1 
4 
(b) 4,= >A tA 5) 


©) 4.=5—7(41+4.) 


(d) None of these 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


The value of A, must be 


(a) | (b) 2 

(c) 3 (d) 4 

The value of A, must be 

(a) 5/13 (b) 7/61 

(c) 128/21 (d) None of these 

If a,, A,....a, are in AP and fh, ae h, are in HP 


and a is “ihe common dace. of ihe AP. Then 
answer the following questions: 


(a) tan”! (7) (b) tan”! i I)d 
+a,a,, l+aa, 


(d) None of these 


Vn 


If each h,> 0, then the value of 
fh, h, vi hy h, Waly 

Vili; inh, Shh, a 

(a) (1 —n)Jh,h, (b) (n—1).Jh,h, 
Vitde —  Tie di 
(l-n) jh, 

Sieh 

Ifa, = h,=2 and a,, = h,,= 3, then a, h, 1s 

(a) 3 (b) 2 

(c) 6 (d) 5 


(d) None of these 


Four different integers form an increasing AP. 
One of these numbers is equal to the sum of the 
squares of the other three numbers Then 


The smallest number is 


(a) —2 (b) O 

(c) -l (d) 2 

The common difference of the four numbers is 
(a) 2 (b) 1 

(c) 3 (d) 4 

The sum of all the four numbers is 

(a) 10 (b) 8 

(e):-2 (d) 6 


G: There are two sets A and B each of which consists 
of three numbers in AP whose sum is 15 and where 
D and d are the common differences such that 
D—d=1. If p/q = 7/8 where p and q are the product 
of the numbers respectively and d > 0, in the two 
sets. 


20. Value of p is 


(a) 100 (b) 120 

(c) 105 (d) 110 
21. Value of qg is 

(a) 100 (b) 120 

(c) 105 (d) 110 
22. Value of D + dis 

(a) | (b) 2 

(c) 3 (d) 4 


23. 


24. 


25. 
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: Two arithmetic progressions have the same numbers. 


The ratio of the last term of the first progression to first 
term of the second progression 1s equal to the ratio of 
the last term of the second progression to the first term 
of the first progression and is equal to 4, the ratio of the 
sum of the n terms of the first progression to the sum 
of the n terms of the second progression 1s equal to 2. 


The ratio of their common difference is 


(a) 12 (b) 24 

(c) 26 (d) 9 

The ratio of their nth term is 

(a) 6/5 (b) 7/2 

(c) 9/5 (d) None of these 
Ratio of their first term is 

(a) 2/7 (b) 3/5 

(c) 4/7 (d) 2/5 


SECTION-VI 


COLUMN MATCHING 


Directions: For questions 1 and 3: Each question contains 
statements given in two columns which have to be matched. 
with statements (a, b, c, d) in column B. The answers to 
these questions have to be apropriately bubbled as illus- 
trated in the following example. If the correct matches are 
1-a, d, 11-b, c, 111-a, b, iv-d, then the correctly bubbled 4 x 4 
matrix should be as follows: 


1. Column-I 
a) If a* = Bb’ =c' anda, b,c are in GP then x, y, z are in 
ai) If a ya are in HP then x, y, z in 
Gi) If a, b, c are in AP b, c, d are in GP and c, d, e are 
in HP the a, c, e in 
(iv) If (VV — x), 2(y — a), (v — Z) are in HP then x - a, 
y-—a,z—aarein 


Column-Il 
(a) AP 
(b) GP 
(c) HP 
2. Fora, b,c > 0 
Column I 
1 1 1 
(i) A=—+=+- 
a bec 


Gi) A=(at+b)(a+c)(b+c) 
Git AS <2 2B 8 


a atb+ch atb+ca atb+e 
Column II 

l 
(a) AB ae +b+c) 


3 
(b) AB 


A> 
(c) at+b+c 


(d) A> 8abc 


3. Match the following: 


Column-I 
(1) The sum of n-terms of series 1s a2” — b, where 
a, b are constants and n> 2, then series is 


a+be” bt+ce’ _ct+de’ 
a-be’ b-ce’ c-de’ 
(ii) If roots of equation x* — 6x? + 1lx— 6 =0 are in AP 
then root of equation 6x* — 11x? + 6x — 1 = 0 are in 
Column-Il 
(a) AP 
(b) GP 
(c) HP 


then a, b, c, d are in 


(a1) 
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SECTION-VII 


ASSERTION AND REASON TYPE 


The questions given below consist of an Assertion (A) 
and the Reason (R). Use the following key to choose the 
appropriate answer. 


(a) If both assertion and reason are correct and reason 1s 
the correct explanation of the assertion. 


(b) If both assertion and reason are correct but reason is 
not correct explanation of the assertion. 


(c) If assertion is correct, but reason is incorrect 


(d) If assertion is incorrect, but reason is correct 


Now consider the following statements: 


1. A: Three exists an 4.P whose terms v2, V3, V5. 


R: There exists distinct real number p, qg, r satisfying v2 
=A+(p-l)d, 3 =A+(q—Dd, 6 =A(r—1)d 


. A: If the mth term of a series is n> + n?+ 1, then the 


second order differences must be in AP 
R: If the nth term of a series is a polynomial of degree 
r, then rth order differences of the series are constant 


A: If the sides of a right angled triangle are in GP 
then the common ratio of the GP can take two and 
only two values 

R: The common ratio is either greater than | or less 
than 1 


A: The maximum number of acute angles in a convex 
polygon of n sides is 3 


R: The sum of internal angles of any convex poly gon 
is (n—2).180° 

A: If the anthmetic mean of two numbers is 5/2, 
geometric mean of the numbers, is 2, then the 
harmonic mean will be 8/5. 

R: For a group of positive numbers (GM)? = (AM) x 
(HM) 


SECTION-VIII 


INTEGER-TYPE QUESTIONS 


1. The first term of an AP a,, a,, a,......... ais unity. If 
the common difference 1s — 5/A, for which the value of 
expression a,a, + a,a,isminimum, then find the value 
of A. 


2. Given a, b, c are positive integers forming an 
increasing GP, b — ais a prefect square of a natural 
number, and log.a + log.b + log.c = 6. Find the value 
ofat+bte. 


3. Let x, y, z be three positive real numbers such that 
x + y +z = 1, then find the maximum vlaue of the 
expression [(1 — x) (2—y) (3 —z)]; where [.] 1s greatest 
integer function. 


4. If fix) is a function such that fx — 1) + fx + = V3 


19 
fix) and f(5) = 10, then find the value of >. f(5+12r). 


r=0 


5. Evaluate the sum 1? + (1? + 2”) + (17 + 2? + 3?) +....... 
upto 22nd term. 


ae: 
6. If in an AP, d = -———W_, then find A, where 
As—(L+a) 
€ = last term, s = sum of all terms (n), a = first term. 
(pee Ce a BVA. then find A 
V3 3v3 2 
8. In an increasing GP, the sum of the first and the last 


10. 


11. 


term is 66, the product of the second and the second 
last term is 128 and the sum of the terms 1s 126. How 
many terms are there in the progression? 


. If 2 be the first term of an AP and the sum of its first 


10 terms 1s equal to zero. If the sum of the next 15 


terms is = =A , then find A. 


If one geomteric mean G and two Arithmetic means 
p and gq be inserted between two quantities, then 
G* = (kp — q) (kq — p) then find k. 


If dd +541 + 5%) + 541 + 5°)... + 5) 


A —4n 
Fis —5~") ; such that gcd (A, ) = 1 then evaluate Ap. 


12: 


13. 


14. 


15. 


16. 


17. 


10 
If $(3+2‘) = 28+ 24 then find k. 
k=] 
15 
If >°(1+3*") = 1/2 [25 + G)*] then find 2. 


k=2 

10 
If S*([1/2]! +[1/5}*!)=2 -@y? + 1/20 [1 - 5}; find A 

k=1 
The inventor of the chess board suggested a reward of 
one grain of wheat for the first square, 2 grains for the 
second, 4 grains for the third and so on, doubling the 
number of the grains for subsequent squares. If then, 
the number of grains would have to be given 1s 2% — 1; 
then find A (There are 64 squares in the chess board). 


25 trees are planted in a straight line at interval of 5 
metres To water them, the gardener must bring water 
for each tree separately from a well 10 metres from 
the first tree in line with the trees. How far he will 
have to cover in order to water all the trees beginning 
with the first if he starts from the well? 


Co 


If the value of series »y > 3°33 


i=0 j=0 k=0 
(i# j#k) 


is S, then integer 


part of 5S'1s equal to 


18. 


19. 


20. 


21. 


22. 


23. 


Sequence and Progression < 3.95 


ie 


If a= > then find [a], where [x] denoted the 


n=! 
greatest integer < a. 
. k k+l] ak 
+2 l 
If the sum of the series Do k.6 38 


——__—_———_ = -, then 
3 OH Ck+DA OS! 
find S 
Find the value of 2550 S, where S = rn 
mk +k +i 


The harmonic mean of two numbers is 4. The arith- 
metic mean A and the geometric mean G satisfy the 
relation 2A + G? = 27. Find the square root of sum of 
numbers. 


If S., S,,S,, ..... 8, are the sums of infinite geometric 


series whose first terms are 1, 2, 3, .., m and whose 
1 1 


ratios are = —,— ss respectively, then find the 
2°3°4° n+l 


value of S? +S; +S +....+S;,_, for n= 10. 


., a, be an AP with common difference 
+ sec 


Let a,, a,, 
m/6 and assume sec a, sec a, + Sec a, sec a, + .... 
a_, seca, =k(tan a, —tan a,) find the value of k. 
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Answer Keys 


SECTION-III 


1. (b) 2. (Cc) 3. 
11. (b) 12. (a) 13 
21. (a) 225 (C) 23 
31. (a) 32. (c) 33 
41. (a) 42. (b) 43 
51. (a) 52. (d) 53 
61. (a) 62. (a) 63 

SECTION-IV 

1. (a, b, c, d) 2 

7. (c) 8 
14. (a, b, c) 15 
18. (a, b, c, d) 19 

SECTION-V 

1. (c) 2. (a) i P 
10. (a) 11. (b) 12 
19. (c) 20. (c) 21 

SECTION-VI 

1a@75Cc) Gi) (b) 

2,0)>(c) G7 dd) 

3.)>(b) Gab) 

SECTION-VII 
1. Cd) 2. (a) 3: 
SECTION-VIII 

1. 4 2. 111 3: 
11. 20 12. 11 13. 
20. 1275 21.3 22. 


(a) 4. 
. (Cc) 14. 
. (b) 24. 
. (b) 34. 
. (a) 44. 
. (a) 54. 
. (a) 64. 
-(a,d) 3. 
. (a, b, d) 9. 
. (a, b, c) 

. (a, b, c) 

(b) 4. 
. (d) 13. 
. (b) 22. 

(111) > (b) 

(111) (a) 

(111) > (c) 

(b) 4 

4 4. 

15 14. 

2869 23. 


(a) > 
(b) 15 
(c) 25 
(c) 35 
(c) 45 
(a) 55 
(d) 65 
(c,d) 4. 
(c,d) 10 
16. 
20. 
(Cc) 5 
(d) 14. 
(c) 23. 
(iv) + (b) 
. (b) 5 
200 5. 
10 15 
2 


(b) 


- (C) 
- (Cc) 
- (d) 
- (C) 
- (a) 
- (b) 


(a, b, c, 


~ (a, b) 


(a, b, c) 
(b, c) 


. (a) 


(b) 
(Cc) 


. (a) 


23276 


. 64 


6. (Cc) 
- (a) 
- (b) 
- (C) 
- (d) 
» (a) 


6. (d) 
15. (b) 
24. (b) 


6. 2 


16. 3370 


11. 
17. 


16. 
2s 


7 
17. 


» (a) 
. (b) 
» (Cc) 


. (d) 8. (a) 9. (d) 10 
18. (c) 19. (c) 20 
(a) 28. (c) 29. (a) 30 
38. (b) 39. (c) 40 
(a) 48. (b) 49. (b) 50 
58. (a) 59. (c) 60 
~ (a,c) 6. (a, d) 
(a,d) 12. (a,b,c, d) 13.(a, b, c) 
(a, b, d) 
. (b) 8. (a) 9. (d) 
(c) 17. (c) 18. (b) 
(a) 
3 8. 6 9. 250 10. 
] 18. 1 19. 1 


- (b) 
- (a) 
- (b) 
- (d) 
- (b) 
- (b) 


2 
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HINTS AND SOLUTIONS 


TEXTUAL EXERCISE—1: (SUBJECTIVE) 


| Oe ae | 
- (a) n=1 D> #-sin—=— 
(a) (i) eee 


ae => = =-—-x—_a 
6 8 2 
1 . 3x 1 
n=3 > sn =—— 
me eee, 
(ii) n=1 (Oe) cos 
See 31/72 =. 3/2 
n=2 > CIP @x2+1)¢08 = 
=> 5x-1/2 = 252 : 
n=3 C1 OKs 1) cos 
= 267%] = “7 
1 1 
(iii) n = 1 > -=-=1 
(2x1-1)/ 1 
= , 2 2.2 
(2x2-17 3 9 
3 3.3 
n=3 => Se 


(iv) a, =(-1)"t5"*? 
=> n=] 
=> n=3 
=(-1) x 54 
= (-1)7 x 5341 
Se 
= (-1) x 54 
=25 
= 625 
(v) a, =n’ /2n° 
S27 =] 
=> n=3 
= (1)? /2! 
= (3)7/23 
= 1/2 
(b) a,=1,a,=1 
G6 a la 


=> naz 
= (2)? /2? 
=] =9/8 


2 


a,-a,ta,=1+2=3 


@.- 4,40. = 23> 


Y J 


ee re 


. Decimal expansion of 7/3 
2 occurs once (odd) 
a= 3, 0,7 2,4 = 1; 


ats fe. 
= 2999 cue 


a 3, a.—3 


rx 


3 occurs infinitely times : 


All other occurs zero times = 4, =a,t+ta,t+a,ta, 


1 
+a,+a.=3+24+14+3+3+3=15 


t 
(b) 4. =1,4,=2, 1, =~ ,n23 
t 


2 ee: t, 
fih=—=-=2,;4,=-=-=1,4,=-= 
a ae t, 


The sequence is 1+2+2+1+1/2+... 


1 
2 


TEXTUAL EXERCISE-1: (OBJECTIVE) 


. (a) a=3n+2 


=a,—a,,=3n+2—-[(n—-1)+ 2] =3n+2—-[3n-3 
+ 2] = 3n + 2 —[3n-1] =3n-3n+2 +1 =3 which is 
clearly positive. 

=> <a> Is increasing 


Similarly check for (b),(c), (d) a,—a@,_, < 0. Hence not 


increasing , 
n’—1 om 
. (b), (c) a,=5 = = > AS nm — © , term a, 
+ 
approaches to 1 a n 
2n vi 
t= = = 4= , As n — o , term a, approaches 
n+) 1 | 
Veo, 
to 0. 
See 
5n* +2n+ Pree 
. (b) I TE sigs es 
n+5 Luc 
n on 


The denominator tends to zero making the whole term 
approaching infinity. Hence the sequence by definition 
is diverging. 


- (a), (c) (a) a, = (-1)'n = -1, 2, -3, 4, -5, 6 ........ , which is 


an oscillating sequence. 
(b) a, = (-1)" n’= 1, 4, 9, 16, which is not oscillating 
sequence 


3 
(c) a, =2ncos ee = 2cos—, 4cosn, 6cos——, 8 
: 2 2 2 


= 0, -4, 0, 8, 0........, which 1s an oscillating sequence. 
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5. Let 307 be the nth term of the sequence a, = a + (n — 1)d 
=> 307=3+(-1)5 => 304=(n-1)5 


nT 


5. (a), (c) (-1)” in{ ; 


The series is -1+0+1+0+(€1)+.... => periodic 
ni 

c) a, =| cos— 

0 a=[eaut 


This series isO0—1+0+1+0-14+... 


=> periodic 
1 1 1 
° (a), (c) CF => —o . 
n n- (n-1) 
(n-1)°- 7’ n+1-2n-n’ 
n° (n—1)° n° (n—1) 
1-—2n 
—, for alln > 1,1-2n<0 
n*(n—-1) 


The difference of two consecutive terms in series is 
negative. So, the series is always decreasing & hence, 
monotonic. 
(c) a, =n" prime no. 
The prime no S are 1, 3, 5, 7, 11, 13, .... 
We can see with increasing n, a, also increases, Hence 
the series is monotonic. 
. (a) n’?—S5n+6=n’?—2n—-3n+6=n(n—-2)-3 (n—-2)= 
(n—3)(n-2) 
So, when n > 3, the term (n? — 5n + 6) is always increas- 
ing and hence the series is monotonic for n > 3 
n 2N . nX 2X3: 32) SI 
. (a) (-1) ae (- 1) sin = | 


TEXTUAL EXERCISE—2: (SUBJECTIVE) 


Pa Roe ae fae ae eae eee 


= Sum = 2] 2x1+(n-1)']= 5[2+2n—2| 


n 2 
= —X2n=n 
2 


6 LOL se 2 LS OF 


90 
=> Sum = 5 [210+ (90-1) x1] = 45 [20 + 89] = 45 


x 109 = 4905 


. General term = 4n — 1 


Ss SAE 1s 419 Fcc: 
=> Sum= 5[2x3+(n-1)4]= 5[6+4n—4] 


- 5[4n+2] =n(2n + 1) 
=> 2n’?+n 


. Given S, = 2n’ —7n + 5 

5" term of the sequence S,—S, 

= 265)? — 765) + 5 — 24) — 7(4) + 5) = 2.125 — 35 + 5 
— (128 — 28 + 5) = 250 — 35 + 5 — 128 + 28 —5 = 215 
+5—5-10=0=115 


304 ast ; 
=> ee +1=n, which is not possible 


Hence 307, is not a term of the given A.P. 


6. 8 — 61, 7 — 47, 6 — 2i,+..... 


Common difference = — (8 — 61) + (7 — 41) =- (1 — 2/) 
(a) So, the purely imaginarily term will be a + (n — 1)d =iy 
[Purely imaginary] 


=> 8-61+(n—-1)(-1+21) =iy 

=> 8-6i-n+1+2ni-2i=iy 

=> 9-n-(8-2n)i=1y > 9-n=0[--real partis zero] 
=>-9-=n 

(b) Purely real term 

=> 8-61+(n-1)¢1+2)=x 

=> 8-6i-n+1+2ni-2i=x 

=> (9-n)-(8—-2n)i=x 

=> 8-—2n=0[ * imaginably part is zero] 
=> 2n=8 

=> n=4 


a es a EM We Pere 2. 


Common difference = 2 — 7 = — 5 (from the end it is a 
decreasing A.P.) 

So, the 20" term from the end is 222 + (20 — 1) (5) = 222 
+ 19 x -5 = 222 —-96= 127 


~. (dD) n™ term = 3n —5 


=> (n—1)" term =3 (n—-1)-—5 

=> (n—2)" term = 3(n —2)—5 

If 2(n — 1)" term = n™ term + (n — 2)" term 
The series is A.P. 


=> 2(3(n—1)—5) => 3n-5+3(n—-2)-5 
=> 2(3n—8) => 3n—-5+3n-6-5 
=> 6n—16 => 6n—16 

=> LHS=RHS. 


Hence the series is A.P. 
The common difference is 3n — 5 — (3(n — 1) —5) = 3n 
—~5-3n+3+5=3 


(ii) 23 t,=m 
Let a be the first term of A.P. and d be difference 
a(m—l)d=n (1) 
a+(n-l)=m (11) 


Subtracting (11) from (1), we get (m —n)d=(n—m)d 
—— a? ial | 
Putting d= —1 in equation (1), we geta+(m—1)-l=n 
=> a-m+1l=n => at+l=nt+m 
The r** term will be t= a +(r—-1)d 
=> at(r-l)-1 => at+l-r 
i-n-m—-r 
The (m + n)”" term 
=> (n+m—1)+(n+m—-1)(€1) 
=> (n+m—1)-n-m+1=0 
(iii) 4, = 1/n,t= 1/m 
Let a be me first term of A.P. and d be me difference, 
than a+(m-—-1)d=1/n (1) 


10. 


11. 


12. 


a+(n-—1)d=1/m (11) 
tee | (m—n) 
Subtracting (11) from (1), we get (m —n)d = 
mn 
=> d=1/mn 
Putting d= 1/mn in equation (1), we get 
Pe es ee 
mn 
1 1 1 1 
=> at—-—=-— > a=— 
no omn n mn 
, l 1 
The (mn)" terms will be t,, = —-+(mn-1)— 
mn mn 
= —+]-— =] 
mn mn 
@, 22 a,+(4-l)d 2 
a, 3 a,+(7-l)d 3 
a => 3a,+ 9d=2a, + 12d 
a a, a,+(6-l)d 
=> a,=3d — —____—_— 
a, a,(8-l)d 
a,/d +5 3+5 8 4 
a,ld+7 3+7 10 #5 


Let a is the first term of A.P. and dis the common difference. 
According to question (p + 1)" term = 2(g + 1)" term 
=> at+(p+1-—1)d=2[a+(q+1-1)d 
=> at+pd=2[a+qd| > a=(p-—2q)d 
=> ald=p-—2q 
(3p +1)" term a+(3p+1-—l)d 


(pt+q+tl)" term a+(p+qtl1-l)d 


a+(3p)d ald+3p 

a+(pt+q)d ald + p+q 
- p-2q+3p 4p—2q 

p-2q+prt+q 2p- 4 

2(2p- 

(2p-4q) a 

2p-4q 


The (3p + 1)" term is twice me (p + g + 1)" term. 


Sits 4 51-4 4.95*425*=2 x a/2 
=> 5.5545. 5°4 5% 4+5%=9 = (554+ 54) + (545%) =a 
AM.>GM. 


: 7 > /5*x5™ 
=> 5'+5*>2 and 5*+5%>2 


The minimum value can have is 5 x 2+ 2 = 12 and the 
maximum can be infinite a € [12, 0) 


(a) J2+V8+V18 +... ton terms = J2+2/2+3V2 +4... 


— n| 2(n—1) L}_on _n(n+l1) 
Sum = + n-1l -i|-4 2p 1|\= 
“| n ( ) n io V2 
—] —2 —3 
(b) = ee +...... upto n terms 
n n n 
—] 
First term = fi 
n — 
Common difference = — 
n 
2(n—1 l —] = | 
2 n n 2| n 2 


13. 


(c) 


(d) 


(e) 


(f) 


Sequence and Progression < 3.99 


1 1 1 
iva toa maa 


Nt 


+... up ton terms 


First term = 
i+Ja ; 
Common difference = ——— — ———= 
-a 1+ Ja 
_(t-va) _ va 
l-a l-a 
Sina = (oad 
2 l+Ja l-a 
_ nl 2(1-Va)+(n-1) va 
2 l-a 


= —_|2+(n-3)Va| 


2(1-a) 
1 1 1 
—+—+—+... to 9 terms 
2 3 6 


First term = 1/2 
Common difference = —1/6 


Sum= 3|2x4-(9-1)x{-2] - /1-4]=-3 


PaO 35445 =64 7 cs, Cn) 202345474 
2n—1)-(2+44+6+8+...... + 2n) 


= 2[2x1(n—1)2]-2[2x2+(n-1)2] 

a ae -2]= =[2n]-= 

= 5[2+2n 2] 54+ 2n 2 520] 5l2n +2] 
=n’-(n*?+n)=—-n 


1? 2? + 32-42 + 5? 62+ 72 4+.... + (2n) 


= Pa 3s a ea eS J 1, 
n terms 


= 5[2(-3) + (n—1)(-4)] 


= sles 4n+4]= s[-4n ~ 2] =-n(2n+1) 


5 [2x 18+ (n—1)(-3)] =45= 5[36-3n+3] = 45 


YUUUY 


n[39 — 3n] = 90 => 3n?—39n+90=0 

n* — 13n+ 30 =0 

n* —10n —3n + 30=0 

n(n — 10) -3(n — 10) = 0 

(n—3)(n—10)=0 

For n = 3 and n = 10, the sum is 45, and the double 
answer we get is due to the fact that from the 7" term 
onwards negative terms add up to previous to equalize 
it to 45 again. 
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14. 


15. 


16. 


17. 


1. 


To find the sum of all natural number between 100 and 300 
not divisible by 4 or 6. We can find the sum of 101 to 299 
and subtract the multiplies of 4 and 6 and as same of the no. 
have 4 and 6 as common multiples, we have to add multi- 
plies of 12. 


(a) Sum of no of 100 — 300 (excluding 100 and 30) 
199 


= > x 10'(199-1)1)= 199 x 20 = 39800 
(b) Sum of multiplies of 4; 100 — 300 
= =[2x104+(49-1)4]= [400 = 9800 
(c) Multiplies of G b/w 100 — 300 
= =[2 x 102 +(33-1)6]= 6534 
(d) Sum of multiplies of 12 (LCM (4, 6)) between 100 — 30 
= 16/2 [108 + 288] = 8 x 396 = 3168 


Required area = 39800 — (9800 + 6534 — 3168) 
= 26,634 


2n + 3n*[Rearranging the given sum] 
=n [3n + 2] = 5[6n+4] = 5[6(n-1) +644] 
= 5 [10+(n-1)6] 

a=5,d=6,r" term = 5 + 6r—6=6r-1 


(a) So =an-1yP+b(@m-1)+c=al[n’?+1—2n]+ b[n 
—1]+c=an*?+a—2an+ bn—b+c=an’?+(b—-2a)n 
+(a—b+c) 

LSS a. 
= (an* + bn + c)—[an* + (b—2a)n + (a— b+ c] = 2a, 
+b—a 


T_,=2a(n—-1)+ b—-a=(2a,+ b-a)—-2a=T —2a 


_ The statement is true 


(b) S = 4n? +3 > S_,=4(n-1)'+3 


-1 


=> 4n?+4-8n+3 => (4n’*+3)-8n+4 
=> SS —8+4 => 8&n-4=S -S_, 
=> 8n-4=S -S => 8&n-4=T 


[. S —S_,=T,] where 7, is the n™ term 
So, the first term is = 8 x 1-4 =4 
5" term is = 8 x 5—4 = 36 


Series 1: 17, 21,25..... 

n™ term of this series is 17 + (n — 1) 4 (i) 
Series 2: 16,21 , 25, ..... 

m" term of this series is = 16 + (m— 1)5 (11) 
The common difference for series 1 is 4 and for series 2 is 5 


The common difference for series of common term is | cm 
of 4 & 51.¢., 20 
Now a = 21, d= 20, n= 100 


Sum = = [2 x 21 (100 — 1)20] = 50 [42 + 1980] = 50 
x 2022 = 101100 


TEXTUAL EXERCISE—2: (OBJECTIVE) 


(c) a, b, c,d, e areinA.P 
=a-—-4b+6c-—4dt+e 
=a-—b—3b+3c-—3d-—dte 


2. (b) 


3. (c) 


4. (d) 


5. (a) 


=> 
6. (a) 


= (a— b)—-3(b-c) + 3(e—d)- 1(d-e) 
=a—-b=b-—c=c—d=d-—e=Common difference of 
A.P. x 

=x-—3x+3x-x=0 


a+(p-—l)d=q (1) 
a+(p+q-1)d=0 (i1) 
Subtracting (1) from (11), we get gd = —q 
d=-l 
Now, a+ (p+q-—1)d=0 

=a+(q-—l1)d+ pd=0 
Putting d = —-1, we geta+ (¢q-1)d-p=0 

-at+(q—l)d=p 

3, 7, 11,...,407 — series 1 and common difference = 4 
2,9, 16,...,709 — series 2 and common difference = 7 
The first common term of both series = 23 
Common difference for the series of common terms = 
l.c.m of 4 & 7=28 
So, no of common terms = 23 + (n — 1) 28 < 407 = 23 


+ 28n — 28 < 407 = 28n — 5 < 407 = 28n < 412 =n< 
103/7=n< 142 


n should be integer 
14 terms are common 


Series 1: 1, 11, 21, 31.... upto 100 terms 

Series 2: 31, 36, 41, 46 ... upto 100 terms 

Common difference of series 1: 10 

Common difference of series 2: 5 

Common difference of series of common terms = |.c.m 
of 5& 10=10 

The largest term of series 2 = 31 + (100 -1)5=31 + 
99 x 5 = 314495 = 526 

The n" term of series of common terms is = 31 + (n— 1) 10 
The largest term should be smaller than 526 = 31 
+ (n— 1)10 < 526 = 31+ 10n—- 10 < 526 = 10n + 21 < 526 


l 
= 10n < 505 = es 


So, the 50" term is largest term = 31 + (50 — 1)10 = 31 
+ 490 = 521 
X,,X,,x,... are in A.P 


x,=12 (i) 
(11) 


sae 

x,+x,= 14 

Xj,» X,,X, are consecutive terms 

=> X,—-%,—xX,-x, => 2x,— x, +X, 

Putting this value in (11), we get 2x, = 14 

Nem A 

The given series can be represented in following way 
l 

2 2 

3 3 

4 4 


oy) 


In each line number of terms is one more man the previ- 
ous line. So this is an A.P. of no of terms in each line. 


7. (d) 


J ¥ 


The term that will be 150" the sequence can be formed 
by finding the value of in for which 

= 5[2x1+(n— 1)1] $150 = n[2 +n -1] 0 < 300 =n[n 
+1] < 300 


In the above relation, for n = 16, the relation holds true 
that means the sum of terms of each line is smaller than 
150, and when 


n= 17, its greater than 150 


The 150" terms of the sequence lies in the 17" line in 
which all terms are 17. 


a,a,,Q,..... , a, be the number 


Sum = =[24 +(6-1)d|=3 


= 3(2e-b3d|—3— 2a. 9d = 1 (1) 
a,—a,=a,-a,=a,-a,=a,-a,=a,-a,=d (il) 
a, = 4a, (111) 
a, =Ala, + (2d)] => a,=4a,+ 8d 
3a, =-8d (iv) 

_ —-8d 
a= -< 


; —8d . ee 
Putting a, = = in equation (1), we get 2 


x [$+ 5d-=1- 16d + 15d=3- d=-3 
This givesusa,=8 = Fifth term = 8 + 4 (-3)=—4 


8. (c) S. > 153= 5 (24+ (n—1)2) 


=> 
=> 


(i) 
(11) 


306 = n(2a + (n — 1)2) — 
2n* + (2a —2)n —306=0 => 
Factors of 153 =3 x 3 x 17 
So (a — 1) can have values 
17-9 or 9-17 

51-3 or-3 + 51 


306 = n(2n + 2a — 2) 
n? + (a—1)n— 153 =0 


(iii) 513 -1 or 1-153 


9. (b) 


First case gives n = 9 or 17 
Second case n = 51 or 3 
Third case n = 153 or 1 

n= 118 not possible (given) 
So, 5 values are possible 


S =Sum of first r terms of an A.P. 


a. (r* term of A.P.)=S -S_, 

Similarly S,—S, =a, =at+t (2r—l)d 

a: first term of A.P. 

D: common difference 

A.T.Q. Sy Set = Sp 7 Spat 
S,,-S,,, at(2r+ld 


r-l 


= [20+ (3r- a] oat (r- 2)d] 
- a+(2r—l)d 


_a(2rtl)+d(4r?-1)  (2r+1)(a+(2r-1)) 


oe ier Gs 
a(2r-l)d a+(r-l)d ‘ 


Sequence and Progression < 3.101 


10. (b) S, = 3s, 


on 3n 
=> S [24+ (2n- \)d |= [24 +(n- 1) d 


=> 4a+2(n-1)d=6a+3(n-1)d 
=> 4a+4n—-2d=6a + 3nd—3d 
=> nd+d=2a => (n+1)d=2a 
3n 
a os , 5 L2a+(3n-1)d | 
S, 5 [24+(n-1)d] 
2a 
3] 22+ (3n—1) 3[n+143n-1] 
22 (n=) n+1l+n-1 
d 
3|4n-d] 
=> 6 
2n 


11. (a) By the question, 
x=a(m-l1)d (a,) 
yra+(@-l)d a) 
< = mtn 


m+n 


(2a+(m+n-1)d) 


Rearranging this, we get 


= man (a+(m—I)d+a+nd) 


= mon(statnd) 


By equation (1), we geta +nd=y+d 
Subtracting (1) — (1), we get x -y=(m—n)d 


=> fo 2a = 
m-n 
+ — 
— = "+ + 2) 
m-n 
So -S 
12. (a 4--'-¢ § =@e 
(a) ae - 


5[2x+(a-1)y]= a°c 

2x + (a—1)y=2ac 

2x + (b — 1)y = 2be 

Using (1) and (11), we get (a — b)y = 2(a— b) ce 
=> y-ze 


Putting y = 2c in (1), we get 2x + (a— 1) y= 2ac 


2x + (c— l)y + ay — cy = 2ac 
2x + (ce — l)y = 2ac — (a-—c) x 2c 
2x —1 (ce —1l)jy= 2c? 


—[2x+(ce-l)y]=c 
13. (b) 12-27+3?- 42+ 97-6? +... 
=> -3-7-11-15-...... 


=> = [-6+(50-1)-4] 
=> ~*{-6-196] => 25x -202 


=> -5050 


(i) 
(11) 


(i) 
(11) 
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TEXTUAL EXERCISE—3: (SUBJECTIVE) 


a,= 7 and a, = 125 (given) 

=> a,+(60—-1)d=125 => 7+ 59d=125 
=> 59d=125-7 => 59d=118 
= d-2 

=> a,,=7+(25-—1)2=7+ 48=55 


. First two digit number divisible by 3 = 12 
Last two digits no divisible by 3 = 99 

Let number of terms be n 
=> 12+Mm-1)3=99 > (n-1)3= 87 
=> (n-1)=29 => n=30 


. a—3d,a-—d,at+d,at+3d 

=> a-3d+a-dtatdt+at3d=6 

=> 4da=6 => a= 3/2 

=> (a-—3d)+(a-—d)+(at+d)y+(a+3d)= 14 

=> a’+9d-6ad+a*?+ a&-—2ad+a’?+a+2ad+a*+9e 
+ 6da = 14 


=> dq?+20d=14 => 4x=+20d? =14 
202 =5 => @=1/4 


=> d=+1/2 
So, the series is 0, 1, 2, 3, or 3, 2, 1, 0. 


. a—d,a,a+d,b, the numbers 


=> a-dtat+at+d=2]1 

=> 3a=2]1 => a=] 

=> (a-—d)(a)(a+d)=315 

=> (a@-a@)a=315 => (49-@)x7=315 
> 49- == =a? => 49-45=@& 

=> 4=-@& => 4+2=d 


The series is 5, 7, 9 or 9, 7,5 

. Ifa, b, careinA.P, then 2b=-a+t+e 

Squaring both sides, we get 4b? = a? + c? + 2ac (1) 

Assuming a’, b’, c* are in A.P,, 

then we can have 2b” = a? + ¢ (11) 
Solving (1) & (11), we get 2b? = 2ac 

=> b’=ac 
Putting b* = ac in equation (1), we get 4dac = a? + c? + 
2ac 

=> 0=(a-c)/ = a< 

The terms a’, b?, c? will not be in A.P. 


. a,,4,, a, are in A.P. 


12572? 


2a,-a,+ a, (1) 
b, b,, b, are in A.P. 
2b,=5, ef b, (11) 


Now if a, + kb, a, + kb,, a, + kb, are in A.P., then 
2(a, + kb,) =a, + kB, + a, “+ kb, should hold true 
L.HS. = 2a, + 2kb, 

R.HLS. =a, + kb, + a,+kb,=(a,+a,)+k(b,+b,)=a, 
+ kb, 

LHS. =R.HS. 

So, for all a,, a,, a, in A.P. and b,, b,, b,in A.P. 


1? “2° wv? “2? 


a, + kb,a + kb,, a, + kb, eall:be aeAsP 


. (a 


7. The n™ term of given A.P. will bea+(n-—1)d 


If each term is tripled, then the n™ term will be 3(a + (”— 1) 
Oe 3a+(n—1)3d 
The resulting sequence is an A.P. as well with 3a as first 
term and 3d will be common difference 
1 =3a+(n-1) 3a=3 (a+ (n-1) d) 


1 1 


) of r++] o[t++ | 2+] for the terms to be in 
bc c a a b 
A.P. 
= 20] 242 ]=a) +4] +c[ 242] (Given 2b =a+tc) 
ca bc a b 
LHS.= — a 
a 


a acc. a@etah+b’ct+ac’ 


b cia b abc 
ate Qact+ta’t+c’ 
= —(a+c)+ ——— 
b ac ac 
2 
+ 
_ (atc) = 24( S22) = 26 242 
ac ac 
=LHS=R.HS 


(b) b+c,c+a,a+b, To prove 2(c + a)=(b+c)+(a+tb) 
L.H.S = 2(¢ + a) = 2c+ 2a 
RHS=b+ct+atb 
—@tcof2b—a@ter(ato)=2(a+c) 

(c) a(b+c),b*(c+a),c’ (arb), 
(Given: 2b=at+c => ab+bce+ca#0) 
To prove: 2b? (¢ + a)=a’? (b+ ce) +c’ (a+b) 
L.HLS. = 2b? (ec + a) = 2b* x 2b = 4b° 
R.H.S. =a’? (b+c)+c’? (at b)=b(a’?+c*)+a@’e + ac? 
= b(a*+c*)+ac(at b)=b(a’? +c”) + ac (2b) = bla* +c?’ 


+ Zac] 
=> blat+c]’ => bx4h 
=> 4b > LHS.=RHS. 
(d) 1/bc, 1/ca, 1/ab; To proof He eat (given: 2b=a 
ca be ab 
+ ¢) 
L.H.S. = 2/ca 
RHS. = t+4] - Abed gs eee eee 
blc a bl ac bx ac ac 
L.H.S. = R.HS. 
Given ca es — ee ey (ee 
b aoe 
b b 
=> -—-l=l-— (1) 
Cc a 
LHS. == 
c 
ilar 
Aes 
RHS= ee (using (i)) 
b-c ? 
c|]——1 
c 
a 


= v« Like, =RELS, 


10. Given a, b, c, dare inA.P. 


11. 


12. 


b-a=c-b=d-ec 
To prove,b+ct+d,c+dt+a,dt+at+bat+bt+ec 

=> (ctdt+a)—(b+ct+da)=(dt+atb)-(ct+dta)=(at 
b+c)-(d+at+tb) 

=> a-b=b-c=c-—das already given 

=> b-a=c-b=d-ec 

=> a-b=b-—c=c-—dtermsare inAP. 


(a) a’, b?, c? are in A.P. (given) 


OS 0 lie? aa aE i (1) 
RHS - ] fe ] 7 a+2b+c 
b+c atb (a+b)(b+c) 
a+2bt+ce a+2b+c) . 
= ; - oe (by (1)) 
(ab+b + ac + be} a’ +b +2bc+2ab+2ca 
(a+ 2b+c) 
((a+b) +2b(a+c)) 
2(a+2b+c) 
Sa = L.H:S. 
(at+c)(a+2b+c) atc 
=> ; ; are in A.P. 
b+ccta at 
2 2 2 
(b) *- a : > are in A.P. 
(a+b) (b+c) (c+a) 
2 2 2 
> ee > are inA.P. 
(a+b) (b+c) (c+a) 
= (at+tb+c)atb-c) (b+ct+a)(b+c-a) 
(a+b) (b+c)’ 


ead, et] pene 
(c+a) 

ee ee ae 
(a+b) (b+c) (c+a) 
2\s'= 2\s= 2(s—b 

es, pee Ce) acne 
(2s—c) (2s—a) (2s—5)) 
: ah 

=> Sse): ea ese are in A.P 
(2s—c) (2s—a) (2s—)) 


n 
In+14 _ 21+(n-1)7 aL 2t+(4-1)7] 
4n+7  11+(n-1)4 


SLi +(n— 1)4] 

The given ratio gives us two series where we can assume the 
first term for series 1 as 10.5 

The first for series 2 as 5.5 

Common difference for series 1 as 7 and for series 2 as 4 


10.5+(11-1)7 
So the 11 term ratio can be given as 10.54 (11-17 = 
10.5+70 80.5 23 5.5+(11-1)4 


55440 45.5 13 


13. Like the previous question, the ratio can be reduced to 


5 [t1+3(n—-1)] 


5122 +7(n-1)] 


3n+8 


Tn+15 
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; 5.5+(7-1)3 
So, the ratio of 7" term can be given as 5.5+(771)3 = 


5.5418 235 47 aie 
11+42 530 106 


TEXTUAL EXERCISE—3: (OBJECTIVE) 


. (a), (b), (c) Let a — d, a, a + d be the numbers in A.P. 


a—-dtatat+d=12 


= 3a—12 => a-=4 

=> (a—d)+a>+(a+d) = 408 

=> @-—d+3ad—3a’d+ a+ a+ d+ 3a’d+ 3ad* = 408 
=> 3a’ + 6ad’ = 408 => 3x 64+ 24d = 408 

=> 24d* = 408 — 192 => 24d =216 

=> d=9 => d=23 


The series is 1, 4, 7 or 7, 4, 1 


. (a), (b), (c) Let the numbers be a — 3d,a-—d,a+d,a+3d 


4a = 72 => a=18 

(a —3d) (a—d) (a+ da) (a + 3d) = 92160 

(a? — 9d’) (a? — a’) = 92160 

a‘ — 10a’d* + 9d = 92160 

(18)*— 10 x 18? x & + 9a* = 92160 

104976 — 3240d@ + 9d* = 92160 

d' — 360d + 1424 =0 

d' — 356d — 4d + 1424 =0 

@ (a& — 356) — 4(a@ — 356) = 0 

(a? — 4) (a — 356) = 0 

d==2 [*. d can have only integral values] 
The numbers are 12, 16, 20, 24; middle numbers be 16, 
20; Product of 12; 288 

Sum of middle numbers 36 


“UUUYUYYUUCUNY 


S,_ Pp Plaat(p-l)d] 2 
(d) ean wae Gs => _ 
Sy 5 [24+ (9-14) q 
[2a+(p-l)d]_ p 
= =e 
| 2a+(q-1)d] q 
7 7 = = 7 _ a —-~g- 
> (| 72+ p ] p| 7244 i| p| 72] q-p 
72 ra 
=e | eat = 2=_— 
d 7 
=> ie at+(p-l)d = ald+(p-1)_5t(P-}) 
tated alds(a-) 1g 
_ 2p-i 
2q-1 


4. (a), (b), (c) Let log x = m and logy =n 


=> x =e and y = gh => x=zINn 
". 1,m,n,—15/mn are in A.P. 


=> 2m=1+n and ya 
mn 
2m — m* -15 
4m — 2 = ——————_ 
m(2m-—1) 


=> 6m>— 7m +2m+ 15 =0 which is satisfied for m = —1 


3.104 > Fundamentals of Mathematics—Algebra | 


10. 


=> (m+ 1)(6m?— 13m + 15)=0 
=> m=-1 as 6m*- 13m+15>0 
m=-—l,n=-3 => xX -yiy-Z and x—zZ 


. (b) Let D be the common difference 


Here, e —c =(a+ 4D) —-(a+2D)=2D 
Clearly, 2 (c — a) = 4D, 2(d—c) = 2D, 2(f— d) = 4D and 
(d—c)=D 


(c) Let an AP be 
S=at(a+da)+(a+2d)+....t¢at+(n-l1)d 
S=at+(n—-1)d+a+t+(n—-2)d+... +a [reversing the 
order of terms] 

Adding the, we get 2s = 2a + (n-—1)d+2a+(n-1)d 
See + 2a(n—1)d 

From the above equation we can see sum of each term 
equidistant from beginning and the end becomes the 
sum of first and last term. 


(b) abc = 4 (1) 
and 2b=a+e (11) 
= ac=A/b > p=“ 
> b= <> Jac ; b2 Vac ; +e 
=> es => pi >i 
b b? 
/ 
=> b°>16 5a) 
=> b>(2) 


(a) Let the sides be a—d,a,a+d 
By Pythagoras theorem, (a + d) = a? + (a+ dy 


> @+a4+2ad=a@+4+a*+a-22ad 
=> 4dad=a => 4dd=a 
ea 
-d gq 4-1 3 
=> snA> = — d >—_—-_ > - 
at+d a 4+1 5 
—+] 
d 
: a l l 4 
=> snc> a i 
+d at+d ice! ya, © 
a 


(a), (b), (d) Since, 2 of the terms in A.P. are rational 

.. The common difference can never be irrational so, (a) 
is correct. 
Now all the terms are of form 

=> at+(n-—1)d for n" term 
Since all a, d and n are rational number 
All the terms of A.P. are rational, So, (b) is also correct 
Since all the terms in A.P. are rational 
Sum of finite numbers of A.P. will be rational, So, (d) is 
also correct 


(b), (c) 2log, (3* — 2) = 1 + log, (3*— 8/3) 
2log(3*-2) tog3_ 2log(3* - 8/3) 
a + a ee Oe 

2log3 


=> 2log(3* — 2) = log3 + log (3* — 8/3) 
= log (3* — 2) = log (3.3* -8) 


log3 log3 


WV UYUYUYUY 


— 


— 


— 


=> 


(c) 


3% + 4 —4,3* = 3,3*-8 
37 = 73° -A2=0 

3% — 4.3* —3.3*+ 12 =0 
3* (3* — 4) -3 3*-4)=0 
(3* — 4) (3*-— 3) =0 
=4.0r 3 = 3 

xlog3 = log4 orx= 1 

_ log 4 


x 
log3 


TEXTUAL EXERCISE—4: (SUBJECTIVE) 


i 
(1) 
a+b . 
il 
; (11) 
b+c a 
ili 
- (111) 
a+2b+c 
ptrq= 
ae 
2Zlate 
(p+q)= ; 


(Pea) [A55 | ptd_, 
2 2 2 
Proved b is the AM between p and gq. 
at+b 


. (a) (A—a)?+(A - bY = 1/2 (a— 6) where Ao 


Nea bled 
eehey 


be a ab b a aba wb 
— +— —- — + — +— - — —+—- ab 
4 4 2 4 4 Zz 2 2, 
2 
~(a~5) 
(i) 4G Aa SO Sb hee ae 
( (s+) (ax* 
Ws _ 
2 2 
ad ead 4(a—b)’ 
2 2 4 
A+2a A+2b (a+b) 
= 4 where A= 
A-b A-—b 2 
[25° 4 20 [22* | 2p 
a+b - [a2* 
—hb “yy 
2 2 
+ 5b 
eee => —_[5a+b-(a-58)] 
a-—b b- a-—b 


a 
— (4a 46) => 4 


3. a=3,b=24 
24-3 
=> ree yajeetent 
(7) 
Pe cae ee ee ee 
* 7° 
Cada ne Pe eee 
~ TO TOO 
Ss gag Ste) a3 ae egeaycis 
a i a: 
ey Pe care ee ce ree 
_ TO 
24-3 
a: eae 


21 
Pad een ee 


Sum = S[2x6+(6-1)3] =3[12+15]=81 


4. a=3,b=54 
54-3 8x51 
8" mean = 3+8x = 3+ 
h+1 n+l 
; 54-3 —2)51 
G2) eeseGe ag 
(n+1) (n+1) 
408 
(n+1) 3 
~ ——Gin—-102) 5 
3 + ——————_ 
n+1 
3n+3+408 3 
SS 
3n+34+5In-102 5 
=> 15n+ 2055 = 162n — 297 
=> 2055 + 297 = 162n —- 15n 
=> 2352= 147 n => 1l6=n 
5. a+b= 13/6 
Let 2n be the number of A.M. inserted 
2 
=> = (a+b)=(a+b)+13 
13. 13 n 7 
=> nx—=—4+13 = -=- 
6 6 6 
=> n=7 
So, the no. of means inserted are 2 x 7 = 14 
: 7 (2y- x) 
6. Ther” mean between x and 2y = x+r 
n+l 
—2 
The r“ mean between 2x and y = rer: ) 
n+ 
2y- —2 
— a - D5 2) 
n+l n+1 
> — [2y-—x-yt 2x] =x 
n+l 
r r | bx x 
=> —I[x+y]l=x => ere ae 
+1 |e y 
r r iF r  (n+l-r)x 
a =|  —S SS 2 SS 
n+] n+l1ly n+1 (n+l) y 
r x 
=> =— 
ntl=r° yy 


Sequence and Progression < 3.105 


(2-2) 
7 m+1 = 


m+1+210 5 
51 66 4+14+30m—-30 9 
a) ) 9 " “ 
m+] 
= 9m+1899 =155m—145 
= 2044 = 146m => 14=m 


TEXTUAL EXERCISE—4: (OBJECTIVE) 


Fe le _ at+b 


14 1 14 
=> —|10+—(8-5)+5+—(8-5) |=— 
2 15 15 2 


1 13n 
=> 7/10+—(3+ 42) |=— 
15 2 


13n 


= 1)0% 3) == => n=14 


- (a) c=—— [C is the arithmetic mean of a 
a" +b 
and 5] 
The only value that satisfies the relation is 0. 
- (d) goer? S=(at+b) 
S n(a+b) | 
A (a+b) 7 
+ 
. (a) A.M between p and g = — 
r+s 
A.M. between r and s = 
+ r+s 2 
ped _*** [Given] . pt@q=rts 
2 2 
- (c) a=28,b=10,n=11 
10-28 
6" A.M. is the middle term = 28 + 6 x (10~ 28) Pe 
(-18) (11+1) 
+6 x —— =28-9=19 
(12) 
5+8 
(0) A, tA, tA tt Aye n( 2) 
13n 


Aliter: It is a property that the sum of n-arithmetic means 
between two numbers a and 6 is n-times the single arithme- 
tic mean between the numbers a and 5. 


Aa A 


(Given) 


a+b a+b 
Tider ae = 4 ‘ =n ; 


=> n= 14; wherea=5,b=8 


(51-1) _1+200 


6. (b) 4" mean = 14+4~x 
n+l n+1 
51-1 350 
7® mean = 147! a 
n+l n+l 
1+ 200 
_, _nt1 3 _, n+201_3 
rc 5 n+351 5 
n+l 


=> 5n+ 1005 = 3n + 1053 


=> 2n=48 


=> n=24 
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TEXTUAL EXERCISE—5: (SUBJECTIVE) 


The series is G.P. 


is 
: nih term = (5)? -3n2 = 


(5) an 


7" term = OF = (5) = Ys 
5 


21 


~ (a) a*iaia™,..... ‘ 
n® term = at? @- 2 
10 term = a* * 


3 3 
(b). 300 Ss = 5 
V2 2v2 
Ly. l 3 
5 term = ax vi x( >| =—= poy cm = 
2 2 16 82 
2 
a=—jr=3 
27 
Let T = 1458 


=> a(r)"'=1458 
=> (3)'"4=729 = (3) 


2 
=> —(3)"'=1458 
27 


=> n=10 


~axrr=9 


Product of first 5 terms = @ x ar x ar”? x ar?x art = a@r'® = 


(ar*y = (9) 


~ (5k + 2) = 2k x (20k — 4) 
=> 25k? +4+ 20k = 40k — 8k 
=> 15h—-—28k-4=0 = 15k-30k+ 2k-4=0 
=> 15k (k-2)+2(k-2)=0 
=> (15k + 2)(k-—2)=0 
The values of k are —2/15 and 2. 


. ar?=a (4" term); ar® = b (7" term); ar? = c (10" term) 
=>: b= =a rr" 
=> ac = (ar’) (ar’)= ar? 

b* = ac 


. Let the sides be 9,9 xr,9xr 
=> 9+ 9r + 9r? = 37 => 9(1t+rt+r’)=37 
ltrt+r?=37/9 


= 
=> 9+9r + 9r? = 37 => 9r? + 9r—28=0 
= 


a DOENIP+4X9X2B _ -9EV33_ _ 9433 
18 18 18 
24 
= — =4/3 
18 


(Neglecting negative value of r since each side has to be of 
positive length) 
The sides are 9, 12, 16 


. Let a’, a, a’ be the terms 
a 'xaxar=27 
a=3 

a 

—+at+ar=13 


372 —10r +3 =0 => 3r-9r—r+3=0 
3r(r — 3) -l(r — 3) =0 

3r-1@¢-3)=0 => r=1/30r3 

The series is 9, 3, 1 or 1, 3,9 


=> @=27 


=> 3[1+r +r] =13r 


“YUU YU UY 


9. 


10. 


11. 


12. 


13. 


14. 


Let the numbers be a, ar, ar’, then 
a+ar+ar*=13 (1) 
a Var tar =13 (11) 


a(itr? +r’) _ 91 


Dividing (11) by (1)?, we get = 
Syiy : a(ltrtr*) (13) 


(r?+2r°+1-r*) 7 


(> +r+1) ei) 
(r?+1t+r)\(r>+1-r)_ 7 
(> t+r+ly a) 
retl—r_ - 
2a 
= 6r?—20r +6 =0 => r=30r1 
For=r=3,a=1 = terms are 1, 3,9 and 
For =r=1/3,a=9 = terms are 9, 3,1 
] P-. 2. l RSV. YZ 
Qy xty ytz 2y " xty ytz 


=> wtx-y-yz-xy-—xzt+y—yz 
SS ye Se => x, y,zareinGP. 


2" -1 


Sum of n terms = 


n-l 
= Sum of (n— 1) terms = 


n oe | nn an-l n-1 
=> Mane 1_(2"'-1) be eee 2 2 
3 3 3 3 
6 ooh, chk 2 AS 
The series is —+t—+—+-—tH.. 
3 3 3 3 


We can clearly see that the relation b* = ac is valid on any 
three consecutive terms. The common ratio 1s 2. 


Let the numbers be ¢ a,ar = x axar=! 
r r 
a=) > a=l 
a 31 l 39 
—+at+ar=— => l-+l+rlj=— 
r 10 r 10 


10 (r?+r+1)=39r 

107?-29r+10=0 => 10r*-—25r—4r+10=0 
Sr (2r — 5) —-2 2Qr—5)=0 

(5r—2)Qr—5)=0 => r=2/5 or 5/2 


YUUY YY J 


The forms are £42 or —,], 
a 2 2 


La” naugtt2 = OL 


Ne si 


=> 2"-1=511 


=> 2"=512 => 2"=29 


=> n=9 


J3 #3004633 52> Ce a 


= V3( V6" -1) = 424 V3 + 21V2 - 212-3 
= V3( Ve" -1)= 353 


15. 


16. 


17. 


18. 


(a) 0.5, 0.05, 0.005 ..... = S =0.5+0.05 + 0.005 +... 


i. 4 
“05/14 tas 4 = 0.5[ 1+ 107° +107 +107 +...] 
10 100 


ae) ne 1 5 
=> im S, = tim 2[1—10-"] = im] 1-1] = 
10"} 9 


n— 00 n> JQ n>0Q 


(b) 0.6 + 0.66 + 0.666 + .... 
=> S =0.6+0.66 + 0.666 + .... 
=6[0.1+0.11 +0.111+....J= 2[0.9+0.99+ 0,999 +... 
6 
= fl-0.14+1- 0.01+1- 0.01 +... 


6 
a 5L +1+...ntimes) —(0.1+0.01+0.001+...) | 


Sum of first three terms = 


—r 
a{l-r° 
Sum of first six terms = a=) = pad 
l-r 152 
=> 152=125+125r => 27=125r 
3 3 
=> (2) =" => 3/s5=r 
a-—ar=2 
=> a(l-r)=2 (1) 
=> = 50 (11) 
l-r 
Equation (1) divided by equation (11), we get (1 —r)? = 1/25 
l 4 
=> l]l-r=t- > r=—or— 
5: 5 


a will be neglected because the equation (11) 1s valid 


only for r smaller than 1 


=> a{1-2}=2 => ta 
5 5 
a=10,r=4/5 
2 sy (1) 
l-r 
a 
= 142 (11) 


l-r 


Cubing equation (1) and dividing by equation (11), we get 
3 


=o \ l-r 1 

a a BEng tr tr) x= C1 -r 
a l-r 

l-r 


= 3 Sr 3r = leer = 2F = 2r? + ort 2 = 0 2 Par 
rt2=0>2r r+ 2) +100 +2) =0=Cr+1)¢+2)=0 
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r= -l/2 orr=-—2 


r must be smaller than 1 
r=-1/2 
a 


1+1/2— 
a=6 


9 
1G) Yas |= 2 342 32 es ee 8 92 
1 


9 
£34324394.... 39-194 302) 
3 3 = 
=18+ —(3° =1)= —(1143° 
se) 5 ) 


=2'_-14+2?-14+23-1 +.......428-1 
2(-1+ 2") 


(b) > (2-1) 


= 2s ieee ak AS = 
—2-13=2"-15 


-13=2" 


CO) Sa SS 252 BS ee tO 
j=l 


+5=Sxnt2t+V+... +QX+34 327433 +... $3" 


Sag  ee = 5" +212 +3.(3"-1) 
a 2 


20. Perimeter of first triangle = 3 x 24 
, 24 
Perimeter of second triangle = 3 x = 
Perimeter of n™ triangle = 3 x —— 
Sum of perimeter = 3 x 24 + 
24 3x24 24 
3x—+ ere OS ee? 
2 4 2 
3x 24 
= — =3x24x2=1440m 
3) 
2 
21. Let us take a general G.P. 
Sa GPa a i sea + ar" 
SG Pa 22 OF ae saa + oo terms 
Ifr=1 
S =atatar.... © times 
Now ifa>0 => S =to 
Ifa<0O => S.. = —co 
Ifr=-—-l => S,=a-ata-at..... 
If even numbers of terms S| = 0 
If odd numbers of terms S, = a 
a(r" -1) a(r" -1) 
22. S = ——— => lim S, lim 
nu (r—1) noe" noe (p—1) 
Ifa>0 
Series will oscillate r <—1 and 
Ifa <0 


Series will oscillate r <— 1 and —co 
Note: series no longer is a converging series. 
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TEXTUAL EXERCISE—5: (OBJECTIVE) 


1. (a) Let the 3 numbers be a, ar, ar’ 


=> 


By the questions a + ar + ar? = 21 
alr) = 21 (1) 
Squaring equation (1), we get 


a(1+r*?+r*)=189 (11) 
oie | sc prey icicle 
(l-r) (l—-r*) 
ee) 228 
= 9¢| r _,?|2 a 
l-r l-r 
ltr 
= | “|-9 => af{l+r-—-r]= 
l+r 
2 
=. By ee 
(+r°+r) 21 7 
- lt+r? 5 
By componendo and dividendo, we get = 5 
=> 2r?—5r+2=0 => r=2,1/2 
2. (a) Let the numbers be £ a,ar 
r 
=o =216 => a=6 
{ +atar=19 => al{lt+r+r’]=19r 
. 
> 6[l+rt+r]=19r => 6r—-13r+6=0 
=> 6r-9r+4r+6=0 > (r-2)Qr—3)=0 
=> r= 2/3 or 3/2 
*. The numbers are 4, 6, 9 
3. (b) Let the numbers be «= ,a,ar,ar?,ar? 
Product = 512 
aa , i 
=> zX-xXaxarxar xar =512 
ror 
=> a’r?=512 
=> ar=8 (1) 
Fourth term => ar=4 


Solving (1) and (11), we getr =2,a=2 


a 
Second terms = —= 1 
r 


4. (b) Letb=arandc=ar 


(a) 


a(b? + a’) = a(a’r? + a*) = a (1 +r’) and c(b* + c?) = ar? 
(ar? + a’r*) = a’r* (1 +r’); which are not equal 


(b) a(b? + c?) = a(a’r’ + a’r*) = a’r? (1 +r’) and c (b? + a’) 


(c) 


= ar’ (a’r? + a*) = r’a’ (1 +r’); which are equal 
a*(b + c)=a(ar + ar’) =a’r (1 +r) and c? (a+ b) = a’r* 
(a + ar) = a’r* (1 +1); which are not equal 


5. (a) (a@°’Y log. a x log, x 


=> 


x loga_ logx loga 


= = a*=log,a 
logx logb logb 
x = log (log,a) 
1 
f 
6. (d) (0. id Ca | (0.2) °* [1-5] 
2 
=) 
logs 
= (0. 2)%s ov (5 2 (- ') . (5) -(5] —4 


10. 


11. 


12. 


VUYUY Y 


— 


c) 


y 


Y U 


(b) 


(d) 


=> 
— 


lt+at+a@+....a=(1+a)(1+a’)(1+a‘) 
fa"! 1) 2 4 

aD =(1+a)(1+a \(1+a 
a™! — ]= (a? -1) (a* + 1) (a* + 1) 
a™! _ 1] =(a*-1) (at +1) 
a@!_] =q?_] 
q™' =@® = 1-7 


3 2m-1 
a a (a 
log pei + log pei +....+ log pei 
ioe axa <a <a 
pin) 
1434+54+7+......42m-1 m m 
lo => lo m lo is 
g pinto) g (m-1)(m) & Bo 
Second term = ar = 54 (1) 


Fourth term = ar? = 24 (11) 
Equation (i) divided by equation (11), we get 
1 54 9 


r? 24 4 

a2 +2 [°.. G.P. is of positive terms r > 0] 
Z 

F=23 => ax 2/3=54 

a=81 


4 


2 
Fifth term = Baa = 16 


1+11+111+.....n terms 


z 519 +99+999 +....nterms| 


l 
= g[10.14 1001+ 1000-1 + — nterms| 


! 
= 5 [10+ 10° +10" +... terms —1(1+1+ we nterms) | 


4 etn _ +] 2(10"- 1) - n 
9 10-1 9| 9 


: =4 > a=4-4r 
l-r 
at+4r=4 (1) 
ar = 3/4 => r=3/4a (11) 
3 
a+4x—=4 => a-—4a+3=0 
4a 
(a—3)(a-1)=0 
Le. 3 
a=3orl => r=—or— 
4 4 


(c) f(x), 2x), K4x) to be in G.P. 


=> 
=e 
=> 


[K2x)*] = fix) f4x) 

(4x + 1)? = (2x 4+ 1)(8x + 1) 

16x? + 8x + 1 => 16x?+ 10x+1 

2x = 0 => 4-0 

There is only one value of x for which f(x), f2x), f(3x) 
are in G.P. but are equal. 

No real x exists for unequal terms in G.P. 


14. 


= 9° ¥=5=— 5K SF KH Tea 


l-r 
= |r| <1 for infinite G.P. 
S.—b<7< 1 => -l1<1-2%x/5<]1 
=> 2<-x/2<2 = 0<7/5 <2 
=> 0<x<10 


(b) (1 +p) (1 + 3x4 9x2 +278 + 8x4 + 243x5) = 1 — p’ 
=> (1+p)(1 +3x+ (3x)? + (3x3) + (3x)* + (3x)5) = 1 — p® 


(1((3x)°-1) 


=> (l+p) @x—1 =l-p ;forx#1/3 
(3x)°-1 _ 6 

=> rl ee Jp P 
(3x) —1}(3x° +1 

=> foul I | — p° 


x-1) 
=> (1+ p)9x + 1+ 3x) (3x)? + 1)=(1 -p9 
=> (9x7 + 3x+ 1) (3x)? + 1) =(1 —p’) (1 + p?-p) 
By comparison p = — 3x 
=> p/x=-3 


TEXTUAL EXERCISE-6: (SUBJECTIVE) 


(a, b, c, d) are in G.P. Let b = ar; c = ar’; d= ar° 
(a) (6+cy=(at b)(ct+d) 
L.AsSs=" Oc 
=> (ar+ ar’) =>: -a7r (Pry 
R.H.S. = (a+b) (c+ 4d) 
=> (a+tar)ar? + ar’) 
=> a(lt+nrjar(1+r) 
L.H.S.=R.HS. 
(b) (b+ cy =(c' + &) (a’ + B’) 
LHS.=(P +e" => (ar+a’r'y 
=> ar +ryRAHS. =(c? + d&) (a? + b’) 
=> (a’r*+ a’r’) (a* + a’r’) > @ritr a’(1+r’) 
=> arit+ry 
fe 168.5. = 83S: 
(c) (ab + bc + cdy = (a+ B+ 0?) (b +0? + &) 
L.H.S. = (ar + ar? + ary? 
=> ar dr +ry 
R.H.S. = (a? + b*? +c”) (6? +0? + @&) 
=> (@Wt+art+ary(a’r + ar + a’r’) 
=> @dtrtrY)@driditr tr) 
> avr idtrr') L.H.S. = R.H.S 


G.M. of these n numbers is %/3'.32.3°.....3" = 9/3!t2*3+-+" 


n(n+1) ]'/" (n+l) 
=|3 2 i302 


Let a and b be the number. If we insert n G.M.S between a 
and b series will look like. 
b l/n+1 
- ("= 
a 


=> Product of G,, G,, G,,.... and G 


nt 


> ari(itry 


Sequence and Progression < 3.109 


=> G,xG,xG,xG,x ae x G 


=> arxarxarxar'xaxr 
n(n+1) 


=> a'r? 


14+24+3+4+...40 


=> a'r 


/2 
=> a Xi|—- =>a xX|—- 
a a 


Single G.M. between a & b = 2Jab 
n™ power of single G.M. = ((ab)'”) 


. Let GM’S be G, and G,, So b = ar’ 


bh 1/3 
=> (> = = GatG 
a 1 2 


=>: ar ar’ => a(rt+r’) 


1/3 2/3 
— (2) + (=) | => q?3 b'3 as q3 pb? 
a a 


=> Qi3 b'3 (qi? a bi) 


n+l n+l 
a" +b 
———_— = yab 

a" +b 
=> ql a br} =a (n+1/2) hb} =f qi betl/2) 
=> qitttt/2) (ai? _ bi?) _ porti/2) (ai? — b)) 
=> qertt2) = per 1/2) 


n+1/2 
a\ 
a G 


=> n+1/2=0 
=> n=-l/2 
. Let the series be 2, G,, G,, G,, 162 
> 2xr=162 => r=8l 
=> fH=23 


G,=2xr=6or—6 

G,=2xr = 18 (both cases) 

G,=2 xr’ =54 or -54 

Product = 6 x 18 x 59 = (18)3= (187)2? = (324)*” 
Summation = G, + G, + G,=6+ 18+ 54 or—6+ 18- 
54 = 78 or — 42 


bt+e : < ) 
a= = bxr=zac >r=|—- 
2 a 1/3 b 
=> G=bx (=) =(b)"" (c)"” 
- 2/3 
Zs G, = bx(<] =(b)'"(c)”” 
1/3\3 2/3\3 
= ose = ((0*)(e)' +(8"%(e") 
b+ 
=> Bxct+be = abe! c) 
=> 2abc 
ee = 9 Ze (1) 
xyz = 8 (11) 


Since log x, logy, log z are in G.P. 
oifigs gis 22 eee. lees 
logy logx logy 


=> (logy) =1 


Zz 


=> x=yor-y 
xy 23 = (2,2, 2$ 
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TEXTUAL EXERCISE—6: (OBJECTIVE) 


Le (a) Le yee 21 eer HO 
=f =2 — ey 1 
=> xyz > rxrxr 
= (r)° = (2)%4 
=> (2)? => 2V2 
2. (a) n!,3 xn! and (n+ 1)! are in GP. 
=> (3xnly=n!x(n+1)! 
=> 9x(nlyP (nl!) x (n+ 1) 
=> Gn] => 8=n 
=> 8!,5 x 8! and9 x 8! 
These three terms are in A.P. with common difference 4 
x 8! 
a(r° -1) 
3. (a) a ee +r+r’)=70 
wine 
Now, by the questions 4a, Sar, 4ar’ are in A.P. 
=> 10ar=4(a+r’) => 10r=41 +7’) 
=> 4r?-10r+4=0 
=> 4r—-8r—-2r+4=-0 > (4r-1)(r-2)=0 
=> r=2orr=1/4 
=> a=10 => 10,20, 40 are terms 
4. (c) a, b, care in GP. Let b = ar and c = ar’ [r is common 
multiple] 
=> (a-cy+(c-—by+(b-—dy —-(d-ay 
=> (a-—ar’)+ (ar — ar) + (ar — ar’) — (ar? —a)y=90 
TEXTUAL EXERCISE-7: (SUBJECTIVE) 
Li 23 3) st 
1. (a) —,—,—.-.... 
o 3 10 11 4 i‘ 
Common difference = al 33> - 
n® term = ee 
at+(n-l)d 34(n-1)1/3 8+n 
5 20 10 20 
(b) —,—,—,—..... 
2. 13d" Oe" D3 
; 13,2 13-8 1 
Common difference = —- — = ——=— 
20 5 20 4 
m _ 1 a 1 _ 20 
n” terms = ————————_ = ae hae 
Syd, 2224. hor 
2. a+(3-1)d=7/6 
a+2d=7/6 (1) 
a+13d=3 (11) 
a 


Subtracting (1) from (11), we get 1ld = 3 — - 


=> 


General term of H.P= ———-7 = 


11 


ee => d=1/6,a=5/6 


3. 


6. 


1 1 


Let the numbers be — in H.P. 
a-d aatd 
> a-dtat+at+d=18 
=> 3a=18 => a=6 
=> (a-—d)(a)(a+d)= 120 
=> (a-d)a=120 => a—da=120 
=> 216-6d@ = 120 => 96=68 
=> d=+4 
11 1 
So, the numbers are —,—,— 
2 6 10 
Pee Cre ee 
n 
l 
a+(n-l1)d= — 
m 
ae : (n- m) 
Subtracting (i) from (ii), we get (n- m)d = 
, nm 
=>. d=— 
nm 
l l 
=> a+(m-1)—=—- > at+—-—=-— 
mn on nomnon 
1 
=> a=— 
mn 


(a) (m+n) + term GG Sd 


= 
—+(m? +n? +2mn-1)— 
mn mn 
mn 
= ae 
(m+n) 
1 
(b) (mn)" term => 
a+(mn-1)d 
| mn 
— +(mn-—1)— oe 
mn mn 
1 
a+(p—l1)d= — 
qr 
1 
a+(q-l)d= — 
pr 
©) (-) (-) 
lf p-4q 
= (p-a)a=4 | => d= 
P\. Pq pqr 
= Putting value of din equation (1), we get 
1 
a+(p-1)——=— 
pqr qr 
1 
> q=— 
pqr ' 
r” term = 
eee eee ae 
pqr pqr 
=> a= Pq 


1 1 


Let the numbers be — 
a-d aatd 


3a=1 


(11) 


(i) 
(11) 


[*.. Sum of reciprocals = 1] 


ON 
4 


=> a=1/3 
ee ey 
Log 4 Meg 
3 3. 3 
3 3 
=> ——+3 =T I) 
1-—3d 1+ 3d 
a 
=> ——— =8 
1-—9d 
2 8 
> —— == => 3=4-36a 
1-—9d 3 
] l 
=> 36d2=1 => @= — t— 
36 6 


The numbers are 6, 3, 2. 


. adb—c)x’? + b(c —a)x + c(a— b)=0 
The sum of coefficients is zero 
x = 11s the roots 


~b(c— a) _, 
2a(b-c) 
=> -be+ab=2ab—-—2ac=> 2ac=ab+ be 
=> eh a, b, care in HP. 
ba ce 
3_ 11x’ + 6x -1 =0 


6x3 — 6x? — 5x? + S5x+x-1=0 
6x°(x — 1) — 5x(x- 1) + 1-1) =0 
(x — 1) (6x?- 5x + 1)=0 

(x — 1) (6x? — 3x -—2x+1)=0 

(x — 1) (3x (2x — 1) -1(2x - 1)) = 0 
(x — 1) (2x- 1) Bx-1)=0 
Solutions are 1, 1/2, 1/3 


“UUYUUCY 


Aliter: Let «, B, y be the roots and also they are in H.P. 


aB + By + yo = 1 
apy = 1/6 
a+B+y=11/6 
Divided by (11), we get cat om aS =6 
a py 
l 
at+d 
(iv) gets reduced to 3a = 6 
=> a=2 
Using the values of a, B, y and a = 2 in (11), we get 


Salelaake? wea" 
—— = =— 

a-d}\a}\at+d)} 6 a(a*—d’) 6 
ee Lh = 4- @=3 
2(4-d*) 3 

=> d=! 


Let ee : pees r= 
a-d a 


= qd=2] 


The numbers are joe 
23 


. 10x — cx*-54x — 27 =0 


1 | 
a-daatd 
l l Cc 
+—4+—=— 
a+d 10 


Let the roots be 


Now 


~ (a=a)(a+ay(a) 10 


10. 
(1) 
(11) 
(111) 
(iv) 11. 
12. 
(1) 
(11) 


Sequence and Progression < 3.111 


eG 
(a—d)(a) a(atd) (at+d)(a-d) 10 
Dividineai) by ab wencteed tase 
=> 3a=-2 = a=-2/ es 
Putting a = —2/3 in (11), we get 
a ee) 
Csates}a) 
3 3 3 
l 27 
=> ale 
(= | 10 
3 3 
=> 5=-4+9@ => 9=9¢ 
=> a=2l 
The roots are = clea 
5S 2 
c. =3=3 c —-6—-—15+30 
i eG = = ea 
10 5 2 10 10 
+ b+ +b 
a, b, c are in H.P. To prove c as ey ges 2) 
b a Cc 
2 
] + 
LHS.-(442 are a a 
ac ac 
1 1 c a 
R.H.S. = (tet }eSae 
ac) ae 
ey ee se eee 
ac a C 
+ + 1 
> (2 E) Me 5) => (are ++4] 
a C ac 
2 
+ 
_, (ate 
ac 
L.H.S. = R.HS. 
ae 7 2ab 
a” +b" a+b 


=a De ea bab = 2a bt 2ab" 

= git? + prt? = git bh + qprt! 

=a"! (a— b) = b™' (a— b) 

— qr = an 

Possible iff a = 6b; n +1 =0;n=-1 

Since a and b are distinct numbers. The possible values of 
n=—-1. 


log@+z—yty) +t log (x#+z—-y—y) = 2log@ —z) 
=> logl«+z—-yy—y’] = log @-z)’ 
= @+2-yy-yv-@-zy=L.AS. 
=> VP4+274+y* + 2xz-2zy-2xy-y 
=> XZ + 2x7 = Dy = 2xy 
S xz 2a ye Sz) 
—4(x+z) 
=> ee 


x2 +27 4+ 2x7 -— 5 
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13. 


14. 


15. 


=> x7 + 2274+ Qxz — A(x+z) Zz 
(x+z) 

=> x4 2°-2xz => (x-zy 
L.H.S.=R.HS. 

H.M.ofab > n= aan eae, 

+b a 
2s n[2+a]-2 2ab = (a+b) 
a b (a+b) ab 

=> 0 

11, @-b) a _,, @) 

H, a (nt+lj(ab) dH, (n+1)b 

= 11. anta—5) 6 _ 6 | n(a—5) 
H, a (n+ 1)(ab) H, a (n+l)a 


To prove [(H, + a)/(H, — a)] + [7, + bVCH, — 6)] = 


c aed 1! b ri Cas 4 
= (n+1)b ,b @ (tia ] era 
i (b-a) oe n(a—b) 
(n+1)b a (n+l)a 
m one a 1) +n(a- 
(b- a) (n+l)a—b(n+1)—nla- 
eee aoe 
=> 
a iad 
=> 2n| > “| => 2n 
b-a 
L.H.S. = R.H.S 
(a) a, b, cbein HP. 
2d 
=> -=-+- => 2ac=ab+ac 
b ac 
=> ga! ge => Pa1=-[2-1] 
ac a 6 
b b 
+1 —+1 
(i) = ste) —2 = a eae as 
b-a b-c oy b |, 
a c 
(+1) (241) ee ree 
_, |_\@ ,A¢ wig | 280 - 


ay [tet 4d as 
ab cellb ca ac b 


b? Cc ac b? b ac ac 
L.H.S. =R.H.S 
= as p= 
(ii) 2(c+a b)_bte a (a c) 
b a Cc 

1 1 
L.H:S. -|2+4|[era-2} 

ae 


Cac -»)] 


|ac+a’ —~ab+c’ + ac be | 


=> 
eno ac 
+ 
eee [°° 2ac = ab + bc] 
ac tao 
RHS = be+c’? -—acta’t+ab-ac 
ac 
*+¢°+bhe+ab-2 
ac 
at+c 
= L.H.S. =R.HS. 
ate 


ett bee 
+ —+ + 

b | a b+c c atb 
2b(c+a)_ (b+c)a_ c(at+b) 
atb+ce atb+c atbtc 
2b(ec+a)=(b+c)at+c(atb) 

2ab + 2ab [".. Zac = ab + be] 
4ac = L.HS. 
ab+ac+act+be [ 
2ac + 2ac 
L.H.S.=R.HS. 
| l cta 


= —_ + —— = 
cta b+c atb (b+c) 


a Cc Cc a 
cians (pentane peers eeetaiee 
(b+c) (a+b) b+e atb 
C a a Cc 
= Il|- 


2ac = ab + bc] 
=> Aac 


“UUUYY Y 


(c+a) 
(a+b) 


a 
oa 
— 


y 


=—— + 
b+e a+b b+e atb 
b b a Cc 


+ = + 
b+ce ath b+e atb 


] l a c 
=> b + = + 
ot + b+c atb 


| a Cc 2b a 
=> b = + —) = 


c+a 


b+e cta a+b 
, and are in H.P. 


a b Cc 


Proved 


TEXTUAL EXERCISE—7: (OBJECTIVE) 


. (c) a b,c, darein HP. 


Let a be bee be ;dbe 
o toa x x+y x+2y 
a l l i l 
(x-y)x x(x+y) (x+y)(x+2y) 


b+c atb cta b+e atb 


Sequence and Progression < 3.113 


ae ee ee = s=142| 24 ba de..]; which isa GP sine: 
x [et] +29) | eae 
nite number of terms and |r| < 1 
1 | 2 1 | ; 
=> —|——_+——__ — 
x+y (x- y) [(x+2y) => $ =14+2 2 => S$ =6 
3 ac 
= x+3y 5 
x+y| (x- y)(x+2y) 
2 1 4 
3 (b) S =1l+=+—+—+..... 
=> G=5)G3)) ae) => 3ad 3. 3 27 a ae 
— + 
PEIN ee Which can be written as : oe rama 
2. «Dio, 1 1 1y)\f1l 1 1 RY to. 3 
2. (a) —=-—+- => —+—-— |] —+—-— eS ps cag et 
(a) alee = a ~|2 ; 7 => Sr aa 
1 1 ] 1 1 ] aS a a | 
> —+—-—4+—4+—-— - = - — n Rol rice ofan Oba 
be c*? ac ab ac a b* be ab = Sr aaa ae 
1 1 2ab 1 9) 1 3/3) 9 
7 ae a aes 6 ee 
_, |e: ee Ma die | a 
b a c ala e 5 / sia 
ae oa ae (ec) 34+-+4+5+. => S,=34+-=4+54+5 
— — +— 
2 2 2 2 S 3 5 9 
b ae => —2=0+— ey ee —+ 
ar ng 4 4 4 4 4 
2 : 3S 1 1 ] 
b” be Subtracting, we get s342[t+tate.| 
! 3 5 2n-1 : w 
3. (b) H,=l4+—4+..4-— 2D 1t+—4+—4+....4— I 
2 n 2. 3 n 35 rs 
n 4 
1 l l => —=34+2 1. 
=> 142-—+2-—+..42--— a bese 
2 3 n 4 
1 1 | 
=> 2n-1)+2-1 fade te | => 7S,=— => s,=— 
n 
=> Qn — Ayr 3 
(d) ee sre 
4. (a) y=0.272727..... 2 4 8 
= 3%. 5 S 1 3 5 
10Qy = 27.2727 => Sams eel ie and ar ara 
Ana oe 27 
= DOs swe 2 
J9y = 27 a 99 Adding both, we get earaeranT 
Similarly, p = 0.727272....... a 3S, 4-2 1 | 
100p = 72.7272..... 5 4 8 16 
pes eeeee seo aces c coon ses ee ease 
d2 = 
99p = 72 > — 3S, 4 
99 ey toe el a 
99 1 99 1+ — 
—,—,— are inA.P. (Given) 2 
27 x 72 l 
1 1(99 99 yy ee ae 2 
1a 3( 545) => 1-242) => fa eee 
x 22} “72 99 99 2. 3 9 
[".. Harmonic mean of two rational is rational. ] 2 
ee 23 4 5 
x is rationa (e) 8,=1-5+5-G+5- 
TEXTUAL EXERCISE-8: (SUBJECTIVE) ei Sg eee ee 
3 5 3 3 3B 
5. S, ae Pe et Pope Po, 
1. (a) Pama han age Sa Be aa age 3 3 a 2; ae 
] 


; S 1 1 4S, ad od 
Subtracting, we get —=1+1+—-+— +54... => St ee as 
2 2. 3 
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=> ale? Cee Ce cee 
3 
=> Bie BS pee Se oe : : 
3 me! 4 ! 
3 2S, 3 2S, 
9 => =l+d|/= => =|]+— 
=> S.=— 3 2 3 2 
16 3 
2s. (A) DO —1Bx Se Le Pes: 2 d —5 5 
= 3S =X SM Sy Pe “a a =) SX 2S 
Subtracting, we get (1—x)S = 1+ 2x+2x’+....-xT, 
= (1-»S,=1+2 an — a Ae) Dae TStg tp 
=X 
2x(1 Ca 
= = zl ce _(2n Es 5 5 5 5 
(1 x) (1- x) Subtracting, we get 
alas 4S. 3. 3 3 (30-2) 
eo) San : 
s _142e42x7° 42x 4... l-x 5 5 5 5 
: l-x l-x (1 (2) 
l 2x 7 en hes 
ae ey epee 4S, 5 5 2-3n 
l-x (1-x) er | eee ame (aa 
(b) S=1+2x + 3x? + 4:34... 5 
xS =x + 2x24 3x24... (1 a" a ca a7 ae 
(l—x)S=1+xt2x7 +33 +.....-—nx"= 14+ x—————- nx" aa Seaisa|th-2 || 5” 
(1- x) 
= ee ae ag) 5 4 45"! 5” 
eae) 4S, 7 3 2-3n 
F id 7 5 4 ash Ss 
orn— 0 2.2. he : 
I-x (1-x) ny, oy 298.2 AS 10S on 35 58 vlan) 
1/4 1/8 1/6 1/32 —_—=—— — a oe 
ie cael "16 165" 45" 16 165" 
Which can be written as 2!4 .2!4 | 23/16, 2432 rer 
oe ee o ee as 
= 2 ei => S =—+—=+—+—+4... 16 16.5" 
4 8 16 32 
S 1 2 3 2 3 4 
f= 4+—4+—+.,, (b) S,=1+—+5+—+ 
2 8 16 32 2 ae 3 
Se ie ae S 1 2 3 
=> =—4+—+—4+—+,. => = —++5H... 
2 4 8 16 32 a: 2 5 
S, l ] l l 4S 1 1 l n 
=> = 2 rhe ers pt ee > St ey re ee 
2 2 2 2 2 5 > 5 5 oth 
1 n-1 
= (-() 
=> = ——_ = — => © = 1 
: 4S 5 5 
a: es = "=1+ = 
2 5 4 5 
=> 2a — 5 
3. OS 2h Br ar on 4S, 5 1 n 
=> rS,=rt+2r43rt..... ae 56 A 45m 5” 
=> S (l-r)=ltrtr’t.. 4 g-25__ 18 _ 25 (4n+5) 
9 1 2 16 "16 16.577 4.5"' 16 16.57" 
— = ——_} => (l-r) =— 
16 (1-r) 9 23 4 
=> r=-17 (c) a Wa 


1 1 
4. S.=14(1+d)2+(142d) +... Sy St ye 


Ss. 1 1 2S 1 1 1 
=> ae ae a a => 2=14+-+—+... _ 


6. 


10. 


Given log x, log y, log z are in A.P. 
=> 2log y= log x + log z = log (xz) 
=> log”) = log (xz) 

St az 

=> x,y,z form a geometric 


. a, ax, ax’ 


p™ term of aG.P=a."! 
g™ =a.xt! 
=a 


By the question (ax*')? eet lr 


= @ x. =a? xP? => ptr=29 
=> p,q, rareinA.P. 
4 
; ml ; 
. (a) By the questions: “— = 60 (1) 
+ar° ltr? 
a “ -18 —- 18 
a(1 + r°) = 36 (ii) 
(r*-1) _ 60 r+1 5 
(r-1\(r° +1) 36 r+rtl 3 


37° +3 =5r?4+ 5r+5 
2r7+5r+2=0 => 2r*?+4r+r+2=0 
(2r+1)(r+2)=0 => r=-l/2orr=2 


YUU Y vy 


Putting value of on (ii), we ect + + | 18 or =(l +0)=18 
Z 8 2 

=> a=320ra=4 
Numbers are 4, 8, 16, 32 

(b) Let us assume that the numbers are x and 4x 
By the questions, A.M. = 5x/ 2; G.M. = 2x, AM —G.M. 
=0 

=> 5x-4x= 16 => x= 16 

= Number are 16, 64 


. Let the numbers be a—d,a,a+d 


3a =21 =>: a=) 

(7-1 =(-dad(7+d+1) 

36 = 56—-8d+ 7Td-@& 

a +d—20=0 => ad&+5d-—4d—20=0 
Ad+ 5)—-4(d+5)=0 

(d+5)(d-4)=0 => d=4or-5 

The numbers are 3, 7, 11 or 12, 7, 2 


(a) Let d be the common difference b=a+(n—2)d 


YUUCUYNY 


=> b-a=(n-2)d (1) 
c=at+(n-l)d 
=> c-a=(n-l)d (11) 


(n- 2)(c-a) 


Solving (i) and (ii), we get (b- a) = 
ies 


=> n(b—-a)-(b-a)=n(ce-—a)-2(c-a) 


11. 


Sequence and Progression < 3.115 


=> nl b-a-ct+a]|]=b-—a-—2c+2a 
na ota 


_ (2c-b-a)(a+c) 
2(c—b) 
b) (b+), (c+ a), (a + Bb) are in HP. 
2 ] l 
=—_ + 
cta atb b+c 
2(b +c) (a+ b)=(c+a)(at+b)+(ce+a)(b+c) 
2(ab + ac + be) + 2b? =2 (ac + be + ab) + a* + ac 
26 =e +c 
a’, b?, c? in AP. 
c) a,—at(p—l)d 
a,=at(q-l1)d 
a=at+(r—l)d 
Since they are in G.P. 
[a+ (q—-1)d)P=(at (——1)d) (a+ (r—- 1)d) 
a’? +(q+1)’?d?+ 2ad (q—1)=a*+ad(r—1)+ad(p-1) 
+(p-lr-]l@& 
=(q-—1) @&+ 2ad(q-—1)=ad(p+r-—2)+a@(p-1) 
r=) 
ad(2qg-2-—p+r+2)=@ (pr—p-r+1-q+1+2q) 
ad (2q-p—r)= & (-q’-p* pr+2q)-r 
aie ape BCS eal 
(—q— p—r+2q+ pr) 
Common ratio = ae Beye (1) 
q, at(p-l)d 
Putting value of d from (1), we get 
14 69 - DO@= P=r) 
2 
(pr+2q-p-r-q) 
(p= )iq=p2r) 
(pr +2q- p-r-q’) 


—_ 


VYUY Y 


yy eS 


Y y 


1+ 


q’ — pq-4qrt pr a(q-p)-r(q-p) 


=> 
-(p-4) (q- p)(p-4) 
_, (pra)lr-9) _ (9 
(p-49)(9- P) (q-p) 

Let a and be the two numbers 4, = ap OO 2%, 
= bh 1/3 
Ape es (>) Sab: 

3 a 
C= a3 p23 
Similarly, Pek Sede (a—6) _ 2b+a_ 
, a 3ab 3ab 
SV gealtg 2(a—b) b+2a 
H, a 3ab 3ab 
Pie Se 
H 
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12. 


Using value from above: Cae a a 3b 
ee (2-5) 
_ (2b+a)(2a+b) 
- 9ab 
2a+b at+2b 
pHs -4t4 = 3 3 
H,+H, 3ab ss 3ab 
(a+b\(2a+b\(2b+a) 4+25 2atb 
9ab (a+b) 
(26+ a)(2a+b) 
9ab 
L.H.S = R.H:S 


(a) p", gq, r™ and s“ terms of A.P. can be written as : 


J U 


VUUUUUS 


y 


(a) 


a,—at(p—l1)d,a,=at(q-1)d,a,=a+(r—1)d,a, 
=at+(s-—l)d 
By the question a, a, a, a, are in G.P. 


Let us compare this G. P. with x, xr, xr’, xr? 


a,—a,=(p- q)d 
x(1—x) = (p—q)d 
x(-r 
P-q= —_ (1) 
Similarly, a,—a,=(q—r)d 
= Tl r) - 
ar aa (11) 
r’x(1—r) ee 
— $= ——_ iil 
r—-s F (111) 


Clearly the terms obtained by the equation (1), (11), (111) 
x(l-r) rxe(l-r) r’*x(1-r) 


haves ————, ' isa G.P. 
d d d 
Given a, b, c are in G.P. 
a, ar, ar’ can be written as this (a)'* = (ar)’” = (ar)? =k 
a=k => ar-k 
ar’ = k? 
x = log, a; y = log, ar; z = log, ar’ 
x+z=log, a + log, ar’= log, (ar)’= 2log,(ar) 
y = log,(ar) 


Clearly, <= y 


x, y, zareinA.P. 


TEXTUAL EXERCISE—8: (OBJECTIVE) 


Given a, b, c are in A.P. 
20: ate 


1 
b+— 
ca 


T b 
Aerata] = alters] 


These terms are in A.P. 


V's Uy 


y 


+b b+ 
as poe are in A.P. 
l-ab 1-be 


a+b bte 
a-ab 1-be 
_ (a+b)(1— be) +(b+c)1- ab) 
1-ab—bc+ab’c 
2b — 2ab? —2b’c + Zab’c =at+b-abe—-bet+bt+e 
—ab* — abc 


2b= 


2b 


=> 2ab’c+2an+2an=bet+ab?t+at+e 


=> 


=> 


. (b) By the questions, ’~=xz => 2y= 


. (a) 


=> 


=> 


=> 


=> 


=> 


=> 


2bca=ate 
1 1 

2b =—-—+-—- => 
a ec 


| -] ‘ 
a,b,c areinA.P. 


x+3z 


Let r be the common ratio 
Axr =x + 3xr’ => 3r-—4r+1=0 
(3r —1\(r—-1) => r=10rl 


By the questions 2b =a+c 
37 = Ser? => (3b) = 34. 3° 
3%, 3° 3° are in G.P. 


a — b, ax — by, ax? — by’ are in G.P. 

(ax — by)? = (a — b) (ax* — by”) 

a’x” + b*y? = Zaxby = a*x? — abx’? — aby + b*y* 
—2abxy = — abx* — y’ab 

2ab=x+y 


—>> ee 


It is anA.P. with zero common difference and H.P. with 
common ratio. 


By the questions 2b = a+ ¢ and ac = m’b* 
m= 2 => mb= ar 


| ae amo is the H.P. of a andc 


atc 
a,, m’b, c are in HP. 
By the questions b? = ac 
Let b = ar and c= ar 
a+b,b+b,b+c 
a(l +r) + 2ar, ar(r + 1) 
1 l 
oS — 
a(lit+r) a’(r+l1) ar(i+r) = ar 
1 1 
a(l+r) 2ar ar(r +1) 
a(1 +r), 2ar, ar(r + 1) are in H.P. 


r+1 1. 2 


2ar 


are in A.P 


. (c) % y zareinGP. 


- = 72 
Taking nx operator 
2ény = tnx + nz 
_ énx + fnz 


ln 
- 2 


10. 


11. 


12. 


13. 


(d) By the questions 2b =a+c, b*=a’.c2,a+b+c=3/2 


YUU YUNUSY 


a 
& 
—_ 


WY YVUY 


=> 
=> 
(b) 


=> 


(a) 


=> 


fnx, tny, nz are in A.P. 
1 + nx, 1+ ény, 1 + nz are also A.P. 
1 1 


1+ énx 1+ ny 1+ nz 


are H,P, 


b+ 2b =3/2 3b = 3/2 

b= 1/2 

are=l => a’c*?= 1/16 
ac=+1/4 


0 es ee 
4a 4a 
4a? —4a+1=0Oor4a?-4a-—1=0 
a= 1/2 ora = 1/2 — V2/2 
a = 1/2 — V2/2 


1 —3x + 5x? — 7x3 +....0 
S=1-3x+ 5x? —7x'+.... 
—xs = —x+ 3x? — 5x 
(1 +x)S = 1-—2x + 2x? — 2x3... 
+, tx 
~ (1+x) 


g=3+ 0,098), 


4? 
S 3 (3+d 3+2d 
Bee Oe, Ore 
4 4 4 4 


Subtracting the above equations 


Given S = 8 
6=3+d/3 
d=9 
S = 0.2 + 0.004 + 0.0006 + ... 
iQ A 6 
10 1000 10000 
eee ee 
100 1000 100000 


Subtracting the above two equations, we get 


3 = d/3 


Fas 


995 2 2 2 
= 4 4 
1000 10 1000 100000 
2 
995 __ 19 99S _ 2 100 ._ 2600 
100 , 1 100 10 99 9801 
100 
2ab 
AxGM.=5HM. = 4Jab=5~x = 
at 


a+b=5/2 Jab 


a’ +b? +2ab= = (ab) 


14. 


4. 


Sequence and Progression < 3.117 


=> 4a?+4b? + 8ab =25ab 
=> 4da’?-—17ab—4b*=0 


= (4a-b)(a—4b)=0 => a=b/4or 4b 


a = b/a not possible, asa>b a=4b 


(d) Let x be the first term and d be the common difference 


of A.P. 


If (2n -1)" term of all A.P., G.P., H.-P. is p 


p=xt2(n-1)d 


p-x th = 
n term of A.P. =a 
2(n-1) ( ) 


x+(n-l)d=a 
Pee aks 


=» 
— ae 
=> 
=> 


2 
Similarly for G.P. I 
P=x. rr) = ~= [2 a 
x 


= ber = (2) =" <f PX 


x 
For H.P; md 
pt+x 


From (1), (11) and (111), we get b? = ac 
TEXTUAL EXERCISE—9: (SUBJECTIVE) 


Given a, b, c are positive numbers 
=> a’, b’,c’ also positive reals 


3 3 3 
a+t+b+e 1/3 
ind ae hy) 
=> @+h+c2>3abe 


a, b, c are positive real 
By A.M. G.M. inequality 
(a+ b)(b+c) (e+ a)28 abe 


iene 


(i) 


Or without the loss of generality (p+ q)(q+n(r+p)2 


8pqr 
Léetp + q@=2a::9 +r =2b3 r+ p =2e 


Putting these values in (1), abc > (a + b—c) (b+ c-—a)(a 


+ c—b) 
b+e eta a+b 
+ + 
b+e cta at+b 
Since a, 5, c are distinct positive real 

=> a’+bh?>2ab 
Similarly 
bo Pe =2ac 
Cha ac 


a’ +b’ 


YY 


(i) 
(11) 


(iii) 


Adding (1), (41) and (iii), we get 2(a7 + b? + ce?) > 2 


(ab + be + ca) 


Further, this can be written as 2(a* + b? + c?) — ab — be 


—ca>ab+bc+t+ca 


=> @+bh-ab+b?4+c-—bet+c+a*—ca>ab+bce+ca 


+ 
a+b b+e cta 


a+b b+e ota 


(a) (a+ b+ c)(ab+ be + ca) = 9abe 
a, b, c are positive real 


>ab+be+ca 
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at+tbh+c 


Henee by AM-GM ———— > (abc)"” (i) 

Similarly AM-GM on ab, bce, ca_ gives 
ab+ ~* ca, (a2 +B? +02)" 

=> (ab+bc+ca)> 3(abc)”” (11) 


Multiplying (1) and (11), we get (@ + b+ c) (ab + be + 
ca) = 9(abc) 


(b) (ty taftetet >9; Since x, y, z are positive 
real. : : 
a aa: . ga” 
=> xtyt+z2>3 (xyz) (i) 
Similarly ae 
x yz 


1/3 
I, dt dl 1 es 
= eS (11) 
x yp Zz \xyz 
Multiplying equation (1) and (ii), we get (x + y + z) 
1 1 1 
tetas 29 
x y Zz 
b . 
(c) z+2e2] 2b £l20, since x, a, y, b, z, ¢ are 
ab c\|x y z 
positive real 


1/3 
ss A y%4233(32) 
a be abc 


1/3 
Similarly the other way =a 2 i353 (see 
ee Z 
Multiplying the above two _ equations, 


= y 2 \s b | 
—4o4+= }—4+—+—}29 
ab cj)|\x yp 2z 


(d) (a+ b) (b+ c)(a+c) 2 8abc; since a, b, c are positive 
real 
Applying A.M.-G.M. pair wise, we get 
at+b<2ab,b+c22bc,a+e¢22ac 
Multiplying all, we get (a + b) (b+ c) (c + a) 2 8abe 


we get 


5. x +y+z=a (given), to prove (a — x) (a — y) (a — 2) = 8xyz 


Which is equivalent to (vy + z) (x + z)(z + y) = 8xyz 

Which has already been proceed is 4 — (d) 

~(at+b+cp~p227 (at+b—-c)(b+c-—a)(a+c—b) 

> {(a+b-—ec)+(bt+ec-a)(at+ct b)'} 

=> (a+b+c)>3{(a+b+c)(b+c-a)(at+ctb)} 
Taking cube of both sides (a + 6 + c)3 = 27(a + b—c) 
(b+c-aylct+a-—b) 

. To prove cotd.cotB.cotC < 1/3V3 


Applying A.M.-G.M. for tanA, tanB, tanC 


tan A+ tanB+tanC 
a 2 (tan A.tan B.tanC) 


= (tan A.tan B.tanC)’” >3 
= cotd.cotB.cotC < 1/3V3 


10. 


11. 


12. 


(a) Ifa, b, c are the sides of the triangle 
Area of the triangle is given by 


A=./s(s—a)(s—b)(s-c) 

Squaring both sides, we get A? = s(s — a) (s — b) (s — c) 
Applying AM-GM inequality on s, s—a,i-b,s—c 

(s (s — a) (s -b) (s -c)]"4 < a 
(A)? < 8/2 

Squaring, we get A < s7/4 

(b) By AM-GM inequality 


y 


y 


3s—(at+b+c) 


[(s—a)(s—b)(s—c)]}* < : 
=> [(s-a)(s—bys— oe}? $= 
=> s'*[(s—a)(s—b)\(s—c)]” < — 


4 
S 


(3)° 
4 2 
RY S 


=> AS 
3/3 


=> [s(s—a)(s—b)(s—c)]< 


Se he 
(3)° 

Length of the rectangle =¢,cm 

Let x be the breadth of the rectangle area = ¢,x 


(¢, +x)’ 


SMA y Pye a ; > (£,x) 


2 


(2 +x)" 
. . 1 
For minimum area ————— = ¢,x 


=> 4x7 4+2x=4lx > lf +x°-2le=0 


=> (#,-x) =0 = ae eee 
Also Ze x= L => 4f,=£ 

=> L=a=x ; 
: £ eg , 
Area maximum = — x —= — cm’ 

4 16 


Let & be the length (cm) and 5b be the breadth of the rectangle. 
By the questions @b = 100 


- b 
Since @ and b are positive reals > (eb)"” 


=> Lb S20b) => 2(¢+ b)2>4(4b)'” 

=> 2(€+ b)240 => p240cm 

=> Minimum value of the perimeter for this rectangle is 
40 cm? 


By the questions 4(4 + 6+ h) = 12 cm 
=> €(+b+h=3cm 
Volume of cube = @bh cm? 


+bh+h 


aa 2 
By AM-GM Inequality > (ebh)"” 


Volume will be maximum when ¢ = b 


=> =2(0 => ¢<] 


=> Maximum volume = 1 x 1 x 1 = 1 cm? 
Length = 1 cm; Breath = 1cm; Height = lem 


Volume = @bh =v 
Surface area = 2 (2b + bh + hé) 


(b+ bh+ hé) 
S 


By AM-GM inequity, we get > tbh 


Sequence and Progression < 3.119 


=> h+bht+ht>3v => 2(€b+ bht he)2 6v . ge carats 
Surface area is minimum when £b = bh = hé Applying AM-GM, we get > (x*)" 
=> tbh=b=h x+x+2 
= Itisacube if u = 1000 cm? SS eee Deas =! -————— 24 
Minimum surface area will be of a cube of edge ; e 
Se Ue eee => Maximum value of ee is 4 
Surface area = 2(300) = 600 cm? x 
(c) (i) Givenx+y+z=10 
13. We can write 3x + 4y as s]2+ =| + 24242] x, y, Z are positive real 
| ! 2 2 s °° 3 x+y+zZ 1/3 
Applying A.M-G.M. on this 5 numbers =e a > (xyz) 
1/5 
3x+4y S a y 3 By AM-GM inequality 
a a7." 3 
| oi 7 2 3 ze, ES ( xyz)" 
Given x’*j> = 6 
3x+4y_(4)" 3x44 1000 aty=y=z2- 
ee AV | a _ 32 Y 5 (30)! => (2). = atx =y=z= 10/3 
5 2 5 27 
a 3x + 4y 22x 5=10 (ii) Consider De as all of these are posi- 
=> Minimum value of 3x + 4y is 10 2,23: 3° 3.3 
14. x+ y=c (given) tive real pay ile 
E 4 2 y »)- => ByA.M.-G.M. styte (=r 
SS PS | Se Lee 6 4.27 
2 2 3 3 3 
x and y being positive reals applying AM-GM 23 AG 42). A274 
=> (yZ)_. = : ——— 
E 4 p y 4 6 3 27 
4/4/2445 SEE . 
2 2 ee ee oe ee ae 16. (a) a, b, care inHP. 
7 \ kee aa 
ay 42] => ee are in A.P. 
xty_|x y | 1/5 5 395 Ge 
=> =| —.— => |-—|(4.27) 2] x 
5 = 4 gee eka 26 eee Ss pee 
Taking 5" power on both sides, we get aoc b Oe 
(c)' 108° « A.M. 2G.M. > H.M. 
“ye 4.27 2 xy : = >xy Applying this inequality on a” and c’” 
n + Cc" 
| _ 108x° 7 ie 
= Maximum value of x’y’ is : = = a9) 
15.) aad) Given) Applying sii > H.M. on Ase 
Applying AM-GM on x and 1 — x = (ac)"" Sey. 25 
x+1-x ve oe Cc 
= 2 (x(1- x)) (b) a, b, c are in G.P. 
1 5 => b’=ac 
=> 7 ~2(x(1-~x)) a’ ee" nl? 
2 a > (ac) 
ihe ~ i 
Squaring both sides as they are positive i 2 x(1- x) Simply substituting, we get ac = b’ 
Maximum value of x (1 —x)= 1/44 atx=1l-x+x=1/2 — 4 = >b" 
(b) (i) Appling AM-GM inequality relation on x* and 2x ght ors Dp 
SS 24 > 2 Ox)? 
=> x + 2x2 22x 7 | | TEXTUAL EXERCISE—9: (OBJECTIVE) 
Adding x? (always positive) to both sides of inequal- 
ity x3 + 2x + x2 >? (1 +2 V2) 1. (a) a+b+c=3,a>0,b>0 
ae b b b 
=> pane Bene] > (1+ 2/2) Consider the numbers Se 
os 25233 3 22 
5 sae oe ae ae Sodas AUT 
+ 
=> Minimum value of ss is 1 + 2V2 By AM-GM at+tb+c > c : s 
3 7 2:33 
ce PREZ 
(ii) ————;x>0 


atbte) . abc’ 
7 > 23 


Taking 7“ power on both sides ( 
Consider 4 number x’, x, 1 
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7 2232 | : 

Puna eoo awed = ae CaN a) Gye a) @) 
310.94 Po 23 Similarly, b> ./(b+c—a\atb—c) (ii) 
-E and a> (atc—b\(atb-—c) (iii) 


=> @be< 


2. (c) 2log,,,a@ — log 0.0001; a> 1 Multiplying (1), (41) and (11), we get abc = (a+ b—c)(b 
1 +c-—a)c+a-—b) 
= 21089 4 — log, =| => (at+b-ci(bt+c-—ayect+a—b)-abce<0 


But equality would hold when b+ c-—a=ct+a-—b 


=> 2lo + log (10) 
S100 4 g, (10) =at+b—cie.,a=b=c buta, b,c are different posi- 


=> log,.a° + loga(10)" tive real numbers. 

By A.M.-G.M., => (a+b-—c)\(b+c-—a\lct+a-—b)-abc <01.., negative 
log 99 2” + log a(10)* V2 

pet (1 an dt ote ee 

5 2 (2108, 4.41og, 10) TEXTUAL EXERCISE-10: (SUBJECTIVE) 
log... a? + log (10)* ! - 
eg Se eS | figs: 10 142 14243 
2 2.log, 100 1 @ 1+—+ ; ee 
=> logi9)@° + log, (10)° > 2(4)"” 7 Ata I+ = 2)+..41 _ nat) _n+2 
=> log,,.a’+log (10)*>4 : n nx2 2 
tp fects, ieee ie aswel soi ies if 22° 1 oes 
3. (ay xP O87 4 OBEN 4 Zee ES" (given) (ii) 7 Sages i ——a seats 
log y log z log x 
Consider the numbers a aa ie «8 PP +2 tun 
x!087 ? yloex ? phos y n™ is given by 7, =———______ 
Applying AM-GM 2 4 - ; 
log y—log z log z—logx log x—log y log y log z log x 1/3 ot (n[n BE 1)) = n (n+ 1) = n(n+ 1) 
ant ty eZ Boe eg [= SS 
3 lee? ye zie 
x logy log z me Den ie lo82z—los y Pe (iii) 1.2.3 a 2.3.4 F 
= ay a T =n(n+1)(2+2) > T =n’ + 3n’ + 2n 
=> Minimum value of required exp = 3 2. (a) 1 | | 
. (a 


—— + + 
1x4 4x7 =7x10 


4. (c) a(b’ +c*)+B(c* +a") +c(a’ +b”) The n" term (T ) can be written as 
n 1 


Consider the numbers ab’, c’a, bc’, ba*, ca”, cb? 


All of these real and positive. , ~ term of (1,4, 7...) Xn of (4,7,10....) 
2 2 2 2 2 2 a ats See's 
ByAM-GM= ab’ +c’at be’ +ba' +ca’ + eb > ((abc)°)"° n" term of an A.P. = (1,4, 7) is given by a, =1+(n—-1)3 
6 Similarly n® term of (4, 7, 10,....) is4+(n—1)3 
=> a(b*+c’)+ b(c?+a’)+c(a*+ b*) > 6 abe 1 
SG > T=— 
™ (3n— 2)(3n +1) 
5. (b) a,b, c are inA.P. => 2b=a+c,abc=4 1 1 1 1 1 
blood - = DSL a a 
By AM-GM inequality ———— 2 (abc) 4 7 
3b be)" ar Ss =(1- l |- n 
=> 2 (abe) et 3, 3nt1) 3n4l 
Minimum value of 6 = 2? 1 l 1 
ee 
x yz 1x6 6x11 11x16 
eae yz x The n™ term of the equation = 
1/3 ] 
= 24223224) n“ term of (1,6,11) x(n) term of 6,11,16) 
pe NE = n” term of 6, 11, 16 = 1+(n—1)5=5n—4 
iy ae ods oy 2h gS e130) => n term of 6,11,16=6+(@-1)5=5n+1 
yo2x y x 1 
=> i. ——— 
7. (b) a,b,c>Oandb+c-a>0,c+a-b>0,a+b-c> (Sn- 4)(5n+1) 
0 (given) s,=¥1 =z [i-d+t-4. =I 
By A.M.-G.M.; " aa) 6 6 11 5n+1 


oe = ! 
ee AY reer cr eer eee 


1 1 
—— + 
L+2: L+2+53 
= l 
n+(n-1)+....41 


1+ 


n 


ts = I we 
 @b) @yp 
2 a ae 
S,= QT, Serena oe ae x(- 5) 


{1}, {2, 3}, {4, 5, 6}, {7, 8, 9, 10}; number of elements in 
n® group =n 


—1 
Number of elements before the n™ group = — 
; n—n 
First element of the n™ group = ; +1 
n—n 7 +n 
Last element in the n™ group = +l+n—-1= ; 
2 _njni-n n+n 
Sum of numbers in the n™ group = — +1+ 
Qh «2 2 
= ~| + 1] 
3 5 
The series can be re- written as 
1 1 1 1 1 
“We OF BR BP de 
1 n>+1+2n—-1 n(n+2) 
1- SaetTs => =< = ; 
(n+ 1) (n+ 1) (n+ 1) 


«0 [ala}asls} 


7 -1|_#+2 - 2 /?- | 
"2"! n(nt+l1)} 2" Ln ntl 


cyl 1 

n—-2”'  (n+1)2” 
1 1 

nr = mee 
(n—1)2"7 2" 

tte 1 

"™ m-2)2"%  (n-1)2"” 
we 

a 

=o. OO) 


Sequence and Progression < 3.121 


(b) 2( 1.2) + 2) 2 ae 
2.3 3.4] | 4.5 
n 


_wstl aes 2 
n(n-+ 1) n+l 


_ at 2””" as in 6 (a) 
n 


n.2” 
Ss sp are 
2 


"Yo 4 


c) —+ 
(s) 3 3.4 4.5 


y= n° ses n’+1-1 P 
"(nt 1)(n+ 2). (n+1)(n+2) 
-(=s 1 ol Je 
n+2 n+l n+2 
4 1 ; 
=> |l1- + 4 
n+2 n+l 
arr 4” 
+ 


n+1 ancl 
2 


4 
T,=4-— +2 
3 


T =4"- 


n 


, 4 
T,=4 -— +— 
4 3 


EGE 
T =4"- : + : 
n+2 ntl 


=> S,=(44+4?+...4")- 


n+l 


+2 


n+2 
qntl_a 7 qr! 
3 n+2 
3 4 5 
rv 735. a ‘ise 
= (n+ 2) 
"~ n(n+1)(nt 3) 
_ (n+ 2) 
" ~ n(n+1)(n+ 2)(n+ 3) 
: 1 ‘ 3 
(n+2)(n+3) (n+1)(n+2)(n+ 3) 
: 4 
n(n+ 1)(n+ 2)(n+ 3) 


— +2 


29 l 3 4 


"36 n+3 2(nt+2)(n+3) 3(n+1)(n+ 2)(n+3) 


- (i) Sum of n terms when 7 = (n’ + 5n + 4) (n? + 5n + 8) 


=(n+1I)@+4) [Mt 2) @ + 3) +2] 

=(n+1)(n+4)(n+2)+3)+2(4+1)M+4) 

Further 

(n+1)(n+2)(1+3)(n+4)+2(n4+1)(n+2)+(+]1) 
=> (n+1),(@+ 2), (n+ 3), (n + 4) are in A.P. 

Also (n + 1)(n + 2) are in A.P 

Hence 


1 
Se 7g 7 1) (n+ 2)(3n? +36n* +151n+ 240) — 32 
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(ii) Given T = 


n’(n°— 1) 
4n* -1 
n’ | 4n?-3-1 n? An? 
4 — 4 4-(4n?-1) 


n 3 3 
4 16 16(4n’*-1) 


SS 7 


24 16. 16/2 2(2n+1) 


n(n+1)(2n+1) 3 | 4n?+4n 
24 16 | 2(2n+1) 


_ (merb@neD)_ 3 3 E 1 


n(n+ 1) (n— 1)(n+ 2) 


On simplification, we get 
6(2n+ 1) 


9. (a) 3.4+8.11+15 .20 + 24.31 +35.44 +...... 


(b) 


First terms of the series 3, 8, 15, 24, 35...... 


T =n’ +2n 
Second terms of 4, 11, 20, ......... 
T =n +4n-1 


For the series T= (n* + 2n) (n’ + 4n — 1) 
=n(n + 2) (n+ 1) (@ + 3)-4) 
=n(n+2)(n+1)(+3)-—4n (n + 2) 
=n(n+1)(n+2)(n+3)-4n+ 1l)n-4n 
As proceeded in Q. No. 8 


n(n+1)(n+3)(n+4) 4n(nt1)(nt+2) 4n(n4+1) 
5 3 ,: 
n(nt+ 1)(3n° + 27n? + 58n + 2) 
15 
13+4.7+9.13+ 1621 
As done in 9 (a) 


U =wwtntl=@-1+)1@tnt i) 
= {a+ I) (—-1) 4+ 1} fr’ tnt 1] 
=(n—-—l)(n+1)n1@+2)-(-In(wt+1)+(n+1) 
(n—1)+(n+2)n-n+1 
On simplification 
=n(n+1)(n—1)(n+2)-n(n—-1)(+1)+nQnt]1) 
i: n(n— 1)(n+ 1)(n+ 2)(n+ 3) 

" 5 

_a(n— 1) (nt 1) (nt 2) ‘ 2n(n+1)(nt+2) n(nt+)) 
4 3 2 


_ n(nt1)(12n°+ 33n*+ 37 n+ 8) 
7 60 


10. (a2) } YG+A 


=> 


lSi<j <n 


> »y (a, +a,)=n-1¥.a, 


1S<i <js<n 


(b) 


(c) 


- (d) 


=> 


- (Cc) 


=> 
=> 


. (a) 


Be) BF 
PA = k=1 ; k=1 
i ES 1) ) -merbent 1) 
Ne 8 12 
YYVeaN = YYE +7 +2, 
» 1 @+7)4+2), > Gi) 
(n-I) +2) DY GS) 


(Symmetric distribution of J, 1) 
Hence can be distributed) 


TEXTUAL EXERCISE—10: (OBJECTIVE) 


L599 1325.7 45,7 9 

Let us calculate the sum to n terms, T| = (2n — 1) (2n + 1) 
(2n + 3) 

_ (2n—-1)(2n+1)(2n+ 3)(2n+ 5) i 15 _ 


S,, 
8 8 
n=9 
17.19.21.23 15 17.19.21.23+15 
5 =o —— 19503 


- (b) S =cn(n + 1). Let us takes first m natural numbers which 


are also in A.P. with common difference = 1 
_n(nt+1) _ c(nt+1)n 


S, => 1/2 
2 
We also have sum of squares 
+1)(2n+1 
of n natural numbers as yr ae 


=e! (n+ 1)(2n+ 1) 


Dr Mer 2 tS Oh oy aeoane 

General term T° = n.n! 

Which be written as T= ((v + 1)—1)n! =(2 + 1)n! -n! 
T =(nt 1))—n! 


T,=2!-1! 
T, =3!-2! 


T,=(n+1)!—-n! 


Adding all, we getS =(n + 1)!-1! 
> D161 
l 


l 
14 4.7 7.10 
l 


T = 

"— 3n-2)(3n+1) 
= 

"3 33n+1) 
n 

3n+1 


. (b) 1.1! +2.2!4+3.3!4+..... 


T =n.n! =(n+1)—-1)n!=(n+ In! -—n! =(™4+ 1)! -n! 


n 


i Soli 
T, =3!-2! 
T,=(n+1)!-n! 


> S=(@t)!-1! 
~ (b) 100 <n? < 1000 
S<n<2 1.5 
=> DO Oe Sates oe 
217.(22)" 
=> $= ene) ) 
4 
aS 
=> S§,= 
4 
= (22.21)° — (20) _ 213444—400 _ 213044 
n A A 


= 53261 


TEXTUAL EXERCISE—11: (SUBJECTIVE) 


1 l l 
—____ + —____ + —_—__ } .... 
12.3.4.5  2.3.4.5.6 3.4.5.6.7 

l 


n(n+1)(n+2)(n+3)(n+4) 

a a ee ee 
131.2.3.4 2.3.4.5 2.3.45 3.4.5.6 3.4.5.6 4.5.6.7 
Blo ne el Se 

n(nt+l1)(n+2)(n+3) n(nt+1)(n+2)(n+3)(n+4) 


I I l 


- ere aS 


i 
- Pane) 


1 1 1 ; 
. (a) —+ + +...which can also written as 


1x4 4x7 7x10 


ites (E-a))- 


=> S == 1- 
3 3n+1 


1 "| n 
=> - — 

3\ 3n+1 3n+1 

1 1 1 

(b) ——+—+———_— 

1x6 6x11 11x16 

1 

— ee oe — 


" (5n—4)(5n +1) 


if vt 0-4 
=> § =-|1-—+--—+—-— 
5\ 6 66 61 «O16 16 


-( 1 n 
> -—|l- => 

5 5n+1 5n+1 
. (a) SoS ber 2b ae Te Ges 
S=]=)4+2744 7+ 11... 


nr 


Oa oe 2 SAE OT sccanch ot 


n 


=> 


(b) 


(d) 


4. (a) 


Sequence and Progression < 3.123 


; _l+(2—Dn fy ie 


: 2 2 42 


Kye» eo» ap paler neue 
2D 


_ _ nlnt(2n+l) a(nt)) 
12 4 
12n+n(n+1)(2n+1)-3n(n+1) 
- 12 
_ n(12+2n?+3n+1-3n-3) — n(2n? +10) 
- 12 aD 


S=3+4+6+10+18+34+... 
S =3+4+6+10+18+.... 
O=3+14+24+4+8+16+...-¢ 
t=3+1+2+4+8+... 2-1)" term 


t,=34+2"'-1=2+2" 
PT a24le34 iH 2t2- 47 = 244-671 HK 248 


=10 
S =2t =22+D2"'=Im+2"-1 
S=14+4+8+4+144+24+42+.... 
S=14+4+8+144+24+...... 
t=1+3+4+6+10+18+.... 


Using the result of part (b) 

PS Lae a nO ae i ee 
S = Xt, =—-2n+n(n+ 1)+ 2"-1 
== 2n tn tn 1a + 2’=nHl 
S = brat 10 2139 Fu. 

First difference = 3, 6, 11, 18 

Second difference = 3, 5, 7..... 

Third difference = 2, 2... constant 

T =A+ Bn+ Cn? + Dn’ 
1=A+B+C+D 
4=A+2B+4C+ 8D 
10=4+3B+9C+27D 
21=A+4B+ 16C + 64D 


13n rn” nw 


i“ 2 3 
ease Dre: n(n+1) _ n(n+1)(2n+1) " 
73 it 6 2 12 

n’(n? +14 2n) 
12 
_-12n+13n? +13n-n(2n? +3n4l)tnt+ n+ 20? 
12 
_—12n+13n* +13n- 2n* —3n* -ntn' +n? +2n° 
4 2 12 
_n +1lin 
12 

1 Z 3 
—+——+ +... 

1.3 13.5 1.3.5.7 

n 


Clearlv the n™ term is ¢ = = 
"~~ 13.5.7...(2n—1)(2n +1) 


l l l 


1.3...(2n-1) 2 (1.3...2n+1) 
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1 1 1 
t= -—-—+- 
2) 2.3 
1 1 1 1 
t,= —.—--—.—— 
2 ded QS 
1 1 1 


1.3....(2n-1)  21.3....(2n+1) 


1 1 l 
Summation of the above terms S, = — 


1 
=> S,=- 
2 
3 5 a 
b): Ss, 
(b) 1.272? 38> 37 Ae 
2n+1 _ n n+l 
; n> (n+l) b?(n+1)° n?(n+1) 
1 l 


n (n+l) n ont+l n° (n+) 
1 
ary 
| 
=i. 7 
ary 
1 _ in’ +2n 


Adding are, we get S, =1- = 
(n+1) (n+1) 


oe a i ce 


(c) 1-—+—-—...... co=fn2 and —+— +—+ 
ae me 1.3. 225: 37 
(given) 
_ l a”. 1 
"——n(2nt+1) 2ntl on 
2 1 1 
T, =1-<=1-—--~ 
3 3 3 
1 2 1 1 
T,=---= er tt 
2. 2 5. 5 
I. 2 1 1 1 
dL =--_— So ie ee 
3. #7 3 7 7 


ee I, a l, Td at ee i 
Adding add the terms above, we get 

1 1 11 1 =i 

+ +=-— 


1 1 Te 1 1 1 


Qi a =—and S, =—+—+ 
(2: Ge ere ke 8 Be ae 


2 21.3.5...(2n+1) 


. (a) S 


(b) 


a 1 


1 
Given ea and Ss, ae! 


We can easily write 


a ee eee 
n? (Qn-1? 2 4 6 


= 1 Ae gese+d.| 
(2n-1)? 2? QF Br ae 


2 2 
1 3R 
R= ea +—(R) =. pe aie. 
8 4 4 8 
4 x 
c= => R=— 
8.3 6 


When R was takes to represent the require sum. 


l n} n} n} 
= —| + —__ + —__} .....+ 
nil W(n-1)! 3ln-3)! Siln-3)! 
1 


—["C +"C,+"C,+.....| 


l 


—— + Tsees 
1+2 14+2+3 


1 
Seo ae 


n 


( 1 1 1 ) 2n 
2 n+l nt+2 n+l 

6 80 
+ 

7 81 

1 


NO 


6. (i) T,= 


2/3 23° 
S = 2n.3” — 3" +1 
23° 
(d) cot'3 + cot! 7+ cot?! 13 +.....=(cot'] + cot? 3 + cot? 
7 +....)— 1/4 
(n4+1) Xr 
- Y cot '(k? —k+1)-— 
I 4 


CL R(K-D+1] 
Y) cot} ——_-— ] - — 
I k-(k-1)| 4 


(n4+1) 


-4 +1 a 
>. -| cot k-—cot (k- eer 


=1 


k 
| (cot 1—cot™ 0) + (cot 2— cot 1) + x 
(cot '3—cot'2)+...+(cot'(n+1)—cot'n))| 4 


~cot'(n+1)+.cot0-= - =e nea 
4 2 4 


—cot'(n+1)+ z = —cot'(n+1)+cot'l 


= cot” (“2 se 
n 


1424+34.....¢0 _ 2n(nt+1) 
P+24+3+..4n? 7? (ntl) 


2 2 2 
T, =——— = —_— ——_ 
n(nt+1) \n n+l 


S27 aria 
n n n+l 
(ii) 1.5.9+2.6.10+3.7.11+.... 
t =n(n+ 4) (n+ 8) =n? + 12n’ + 32n 
S = Lt = Ln? + 122n? + 322n 


_[n(nti)] . 12n(n+1)(2n41) 
ines — 7 


— n(nt+) 
= = 


+16n(n+1) 


n'+7n+72] > n(n+1)(n+8)(n+9) 
4 
(iii) 4+ 14 +30+52+ 82+ 114+... 
LetT =A+Bnt+ Cr’ 
=> 4-A+B+C 
14=A+2B+4C 
30=A+3B+9C 
> A=-0,B=1,C=3 
=> T =3n't+n 


1 
= 3-2 = MD on e14] =n(n+ 1) 


(iv) S =2+5+ 12+ 31+ 86 
First set of differences = 2, 5, 12, 31, 86 
Second = 3, 7, 19, 55 
Third = 4, 12, 16 
Let nth term be T, = a.3"" + bn +c 
By equation solving for n= 1, 2,3, we get 7 = 3"' +n 


Sequence and Progression < 3.125 


3”-1+n(n+1) 


> S$ =r GQ" +n) =53"+ In= 
2 


2 3" +n? +n-1 
2 


TEXTUAL EXERCISE—11: (OBJECTIVE) 


1. (a) 1,5, 14, 30, 55 


First difference = 4, 9, 16, 25... 
Second difference = 5, 7, 9... 
Which is a AP 

T =A+Bn+ Cn’? + Dr’ 
A+B+C+D=1 
A+3B+9C+27D = 14 
A+4B+ 16+ 64D = 30 


3 2 
Hence T =—+— +7 =55+6?=91 
3° 2 6 


=> A+2B+4C+8D=5 


YyUUY 


. (c) Next term of 1, 3, 6, 10..... 


i i 15 
2 2 
l l l 
. (b) S =——+——H....4 ——_ 
13.5 3.5.7 11.13.15 
l 
— ee je — 


" (2n-1)(2n+1)(2n +3) 


2, Soe — 
12 4(2n+1)(2n+3) 

ee ee ee 
12 4.13.15 195 


. (a) T =n(nt+ 1\(n +2) 


n 


T =n’ + 3n?+2n 


n 


5, a LT, 


=> Yr t+3> +2) n 

3.n(n+1)(2n+1) n?(n+1) 2.n(n +1) 
6 : 4 * 2 

n(n+1)(n+2)(n +3) 


5. (a) 100| eh | 


' l 
Summation of 7, + T, + .... + T,, gives 00 


By the questions 
=> 100 [summation] 


=> 100 h-] =100] 7 |= 99 
100 100 
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SECTION-III: (SINGLE CORRECT ANSWER) 


1. (b) By the equation a, = 1 
Consider first 2” terms 


First half ofn terms => S_ = = (2+(n-1)d) 

a,,, 1lt+nd 7 

a,,— 1+ 2nd-d 

Sum of second half of these 2n terms = = +nd+ 1 


+2nd — d) = - (2 + 3nd — d) 


*(2+(n-1)d) 
By the question-: ao enatce constant 
5 (2 + 3nd -— d) 
This means that the impression must be independent of n 
=> d=2 => at = 2 
6n 3 
2. (c) The number of natural numbers in this range divisible 
400 
by 17 = i] = 23 
17 
The number of natural numbers in the range divisible 
by 23 = =17 
23 


The number of natural numbers in this range divisible 
by both 17 and 23 = 1 (394) 
Required number =399 — (23 + 17 — 1) = 360 


11 
3. (a) Sum of first 11 terns of an A.P = = (2a, +10d) 


Sum of first 19 terms of A.P = = Qa, + 18d) 


By the question: > (2a, + 10d) = ~ (2a, + 18d) 


=> 8a,=-1l6d 
Sum of first 30 terms = 15 (2a, + 29d) = (— 29d + 29d) 
=0 


4. (a) First row has 1 number, second row has 2 numbers 
= 80" row has 80 numbers. 
Total numbers including the last number in 80° row 


80 
= > (80 + 1) = 3240 
The 3240" term in the series 1, 3, 5, 7.... 
= 1 + (3239).2 = 1 + 6478 = 6479 


43940 


5. (b) AM= =" .6M- Jab 


+b 
By the question ; =2Vab 


=> a+b= 4Vab => a’+ b*+2ab = 16ab 
=> a+ bh’-14ab=0 


Let “ =x & gee s6 
b x 


25 ge n= 


1 
6. (c) Sum = —+—+—4+—h...... 
se ee 
(= a = ee 


7. (d) Sum of consecutive odd integer = 45? — 217 = (45 + 21) 
(45 — 21) = 66. 24. 
Out of the available options-: 43, 45, ... ..,.89 (24 terms) 
Sum = 12 (32) = 66. 24. 


8: (ay xe) Le et 1 oe) yx 


nis the maximum power of x in the expression. 


n=14+2+4+.......+ 128 
ar” 1 = 128 

r?-1= 128 

Qw-l = 2! 

n<8 


Sa= 221255 
oS Se 
k+1 (k+1)Y (k+1) 


1 k+l 1 
= =14+-— 


1-( 1 ) kk 
k+1 


n 1 1 1 
DVS, =1+142(142 }43{1+2 }s ae tale] 


k=1 
St / a Meet ee a eee eae 
> n(n+1)_ n(n+3) 
2 ~~ 9 
10. (b) By the question S = 2” - 1 

p= 21 
S27 =] 
ee ee 

= G03 20 = la 22 = 2? 32) (2) = 1) a. a? =o" =a" 
(a’ — 1) 

= The sequence was a G.P. 


eoeeece 


11. (b) Let the minimum number of required terms be n. 
> S- 5 OA 12) \ 1357 


=> n> 1357 => n>37 


12. (a) By the question a, =/,a,=1+(S-l1)d=m 
a, = p (nis the total number of terms) 
m—f 


d= a (1) 


=2 ay) : 
S 5 [20+ 1) ‘ (11) 


Given m=1+ 4d => 


n 


_ _ (m—€ 
p= +(n-1) fi 


13. 


14. 


15. 


16. 


17. 


_ (p= 94 
(m= £) 


=> (n-1) (111) 
Putting (111) in (1), we get 
y= Ppp) (4p+ m— 5@) 
~ 2(m- £) 
= 2 


x (€+ p) 


(c) By the question 
S,=1+2+4+8+16.....to 100 terms 
S,=1+4+7+10..........to 100 terms 
Clearly 1 is common to both S, and S, 
A, tor S, = 1 + (99). 3 = 298 
The task is to find the powers of 2 with in 298. Which 
include 2°, 2). 22. 2°, 24. 2°, 2°, 27. 2° 
Out of these the terms which are terms of S, 

=> 2°=64=1+(n-1)3 

=> 64 isa terms of S, 

= Such terms are 2°, 27, 2+, 2°, 28, = 5 terms are common 
between S, and S, 


(b) Given a, b, c, d are in G.P 

Let b = ar, c = ar’; d= ar’ 

(a+ b)=at+ar=a(1tnr) 

(b+ c¢c)=ar+ar=ar(1+r) 

(c + d)=ar’? + ar=ar?(1+r) 

(a+ b),(b + c), (ec + d) are in G.P with common ratio r. 
Similarly (a — b), (6 — c), (c — d) are also in G.P. 


(c) By the question, 3 (a2 + B+c+1)=2(at+bt+e 
+ ab + be + ca) 

=> av+bh-2ab+ b+ e-2be+ c+ a*-2ac=-1-a@ 
+ 2a-1-6?+2b-1-c*?+2c 

= (aby abc) te ay = (bay eb): 
Tle) 

=> (a-by+(b-—cy’+(c-ay’rt+d-a)y’+(1 —- by 
+(1-cy’=0 

Which 1s possible only when a=b=c=1 

=> a. b,c,areinA.P. as well as GP. 


YUUY 


(a) Let the length of edges be a, ar, ar’ 
By the question volume = a’ r? = 216 
=> ar=6 
Total surface area=2 (1b + nl +nh=2(@rt+art+a’*r’) 
> 207 Far + 36) —252 
ar(1+r’)=90 
r=2,.a=3 
Length of longest side = 12cm. 


YU: 


‘ 1 
(a) By the question, m = ya’ = oes ee =. 
r=0 —@Q 


= 1 
andn= ) bo =1+ 5+ B+.......= — 
r=0 1-b 
1 1 
=> a=1-— andb=1-— 
m n 
Equation whose roots area and b:ax°+bx+c 
—b' 1 1 2mn-n-m 
2 SS 2 SSS 
a m n mn 


18. 


19. 


20. 


21. 


Sequence and Progression < 3.127 


c! 1 1 1 1 1 mn—-m—-n+l1 
—=|1-— || 1-— J=1--—-—+— = ——_ 
a m n nm mn mn 


=> The equation becomes = mn x* + (m + n — 2mn) x 
+mn-m-n+1=0 

(c) Leta =b1=C=z 
By the question a, b, c are in GP. 


> ac=b 
Taking logarithm, we get log a + log b = 2log, b 
1 1 2 
> —4+—-=— 
Pq fF 
1} AL, 4 
=> —,-—,-— areinA.P. 
Pqr 
(ec) AS baer er om and Ba lr are er 
+ ....,00 
We can write ae - 
—r 
ap. <i , A-l 
=> |1-r=— > r=—— 
A A 
=> a=lo =") 
8, a 
— B-1 
Similarly, b= log, (==) 
B 
lo A-l 
ee ee fay 
os aq EE A 
02 | B 
B 


(a) DS = We 22 BP 2 OP 20 gece: 
If n is even, say n = 2p 
=> S, = [1+ 3?+5?+....Qp— 1] + 2.2°+ 24? + ... 4+ 
2" (2p) 
Obviously if 1s odd 
Let us say n = (2p - 1) 
= §,.,75,—2 py (1) 


2p-1 
Z 2 1) > 
P ( a NS Op si) 


Putting this in equation (1), we get Dip = ee —2 (2py 
=p (2p + 1 —2 @py 


=> §s= 
n 


By the question ee = 


n’*(n+1) 


Puttin + 
Ege 1 
£P , 5 


(a) S =4+18+ 48+ 1000 + ... 
Let the nth term of the series be an’ + bn? + cn (1) 
> a+b+c=4 
=> 8a+ 4b+ 2c= 18 
=> 27a+ 9b + 3c=48 
Solving the above three equations for three variables 
=> a4a=1:5b-2:.¢>1 
=> S =X’ +2n+n) 
(c) 2n+1 = mstones 


Let the number of stones be m = 2n + 1, (n + 1)" stone 
is the middle stone 
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23. 


24. 


25. 


26. 


A man will hence start from (n + 1)" stone and move 

towards left end . 

P,=20+ 40+ 60+ .....420n=20(1+2+3+...+n) 
=10n(n+ 1) 

Now for the right half of the stones 

D,=10n( + 1) 

Total distance 20 n (n + 1) = 4800 

n(n + 1)=240 => n’?>+n-—240=0 

n*+ 16n—15n—240=0 

n(n+ 16)—15(n+ 16)=0 

(n+ 16)(n—15)=O0 > n=15 

Total number of stones m=2n+1=2x15+1=31 


YUNY 


(bb) C1: ye eae CL ER Ee eats, ee ec 
acre) 
Clearly the highest exponent is achieved by 100 + 99 + 
100 (101 
98:4..71> ae 50 x 101 =5050 
9? 3? 4? 
ec) S = P-—+— -— 
( ) n 5 5° 53 
1 3 
= > x"; |x| < 1 (infinite G.P. 
sig i a ) 


: a ; l 
Differentiating both sides, we get ao» = » nx 
—x 


x oo 
Multiplying by x, we get = ne 
plying by x We 8¢) a > 


n=l 


l+x = 
Differentiating again, we get ———- = § n?x°"? 
ee ey 2 
if x = Te (as |x| < 1) 


a oe ae 
2" ( 5 «54 
(c) 4a? + 9b? + 16c? = 2 (3ab + 6be + 4ac) 
=> 4a*+9b* + 16c? — 6ab — 12bc — 8ac = 0 
=> (2a + 3b + 4cy=4 Bab + 6be + 4ca) 
=> (2a— 3b) + (3b — 4c) + (4c — 2a)? = 0 
=> 2a=-3b=4e 
As sum of positive numbers is zero only when each of them 
are individually zero. 
2ac 4c” 4c 
=> b= — = —=—_— 
at+c 3c 3 
=> a,b,careinHP 


(b) Let a, b, c be in H.-P. 
b b b 
New set of numbers p = a——; q=—3;r=c-— — 
Z 2 Z 


2ac 
a+b 


f= ge 
e 2 4 


(a+c)b b b b? : 
"(a+ c)— + — |= — = 
f 2 @ 25 4 4 3 


By the question b = 


=> p,qgrareinGP. 


1.2.34+2.3.4+.....¢n 
no n(1.24+2.34+3.44+....4+n) 
5. = 1. 23 $2 3A +n terms 


ZG DADO) 
As already evaluated in previous exercise 
_ n(ntl) (nt+2) (n+3) 
i 4 
Similarly S’.=1.2+23+34+....+ n terms 
S =un(nt+ lL t+n=cnr+=in 
_n(n+41) (2n41) rath) _n(ntl) (2n+1) +3n’ +3 


27. (a) lim 


6 Z 6 
_(ntl)(2n*+nt+n) _n(ntl)(2n+2) _ n(ntly 
6 6 3 
' S +1)\(n+2)(n+3 
Required = lim —*— = iad ae 
neo nS! 4n.n(n+1) 
eeoarea 
_ 3(n+2)(n+3)_3(n?+5n+6) _ 3 nn 
4n(n+1) A(n* +n) 4 ( l 
l+— 
n 
Putting n — oo 
_3 
4 
28. (c) Let r be the common ratio of the G.P. 
=> 8S: 7 xara, ......00 
r 
Without loss of generality |r| < 1 
“g 
=> s=-—- -—*_- 
" |l-r r(l-r) 


=> x=4(r—-r’)=4r(1-nr) 
Already r € (1, 1) 
Similarly — 4 < 4r — 4r’ and x = 4r(1 —r) = 4r —4r’ 


-l<r<l] 
> 0<r<l (1) 
=> 0<4r<4 (11) 

Also—4<4r<4 (111) 
=> -4<-4r<0 

Adding, we get — 8 < 4r —4r* <4 (iv) 


But for the quadratic to give real possible solution b* — 4ac 
>0 

=> 16-16x20 

=> x<l (Vv) 
Taking intersection of (iv) and (v), we get x € (— 8, 1] 


29. (a) Let us assume the sides to be a, ar, ar’ 


By Pythagoras theorem, a” + a’r* = a’r* 
= haar ar => r—r—-1=0 


, 14vi+4 , 14V5 
=> 2 = 
2 2 
l l 
cos A = —; cosC = > 
r r 


; 5-1 
Taking the feasible value of r, we get cos A = 


sai 2 


and cos C = 


30. (b) Leta 


31. 


32. 


33. 


ee eee a, 
Given 3a, + 7a, + 3a, —4a,= 0 
Let r be the common ratio of G.P. 
=> a,-ayr,a,=a,1r,a,=a,r,a,=a,r' 
=> 3a,+ Tar + 3a,r’—4ar*=0 
; 3 ; 
=> (3+7r+ 3r*—4r*) = 0 of the given options r= — satis- 
fies the above equation 2 


(a) {(sin’ x + sint x + sin® x + .....+ 0)) log, 2} satisfies 
?—17t+16=0 


sin? x + sintx + sin®x...... ois a GP with common 
ratio = sin? x 
canes 
sin’ x 
Sum = cea aa = tan’ x 
l-— sin’ x 


@?@—17t+ 16=0 
=> (t-16)¢-1=0 => t=l6oort=1 
2cosx 7 Z 
tanx+2 


sinx+2cosx 


exp ((sin’x + sin*x + ....00 ) log, 2) 
In = * 2 
nu 
= tan x= 2 (in the region (0%) 


2cosx 2 = 2 


l 
=> oS a ee — — 
sinx+2cosx tanx+2 4 2 


(c) Letx—3r,x-—r,x+r,x+ 3r 


=> x+ 3r=(x-3r¥ 4+ (—ryrt+atry 
=> x + 3r=3x?+ 11r? -6xr 
> 11r-G+ 6x) + 3x?-x=0;xE R 
=> (3+ 6x) — 443x?-— x) >0 
=> 9+ 36x’ + 36x — 132x? + 44x >0 
=> —96x?+ 80x + 9>0 
=> 96x? -— 80x-9 <0 
10-154 10+-+154 
= Ee) ——_.__—_ 
24 24 
10-154 10+-+ 154 
=> 2xe| ——,————_ 
12 12 
= Only possible values of integers of 2x are 0 and 1. 
=> 24-1 => 44 =2 


=> cfd erd=2 
(As for x = 0,r=0 orr =3/11 
= A.P. is constant or terms are non-integer)) 


= ae 
(b) fin) = +2 


S = ¥ f(n) = a+] [ta 2] + 
Sy 2 100 2 100 
This 1s equivalent to summing up values [[0.5 + 0.01] + 
[0.5 +0.02] +.....+ [0.5 + 0.1] 
Now the integer part of the expression remains zero till 
[0.5 + 0.49] for the rest of the terms the integer part is 1 
=> [0.5+0.01]=0 


34. 


35. 


36. 


Sequence and Progression < 3.129 


[0.5 + 0.02] = 0 


[0.5 +0.49] =0 
[(0.5+0.51]=1 


(05+ 1]=1 
= Total of = 51 


(c) lim(a+ 3')\1+37)04+37)14+3°)..0+3°") 


43 vet (14+.24+44+8+4...42”) 
3 3 


1 
33 om ae 


(d) (1+2+22+23+...+2"2 +2" = 12+ 27+ 24+ 25+ 28 
+... $279) + 22) + 28: where S is the required sum 


z aa By (Coie ee 


(2-1) ((2)* -1) 

=> (2"-1) -O +25 
> 2 =(2 -1) jo 
—> S = (Casa = or 

2 6 
= ie re |_| or = " 

yi 6 
_, 3(2)" 43-32)" - 2)" 41 

6 
= 2.(2)°" — 3(2)"*' +4 
6 

4 (2)*" — 3(2)" +2 

3 

Deg. oetan 
=> a (2)" + ; 
Goa! aS 
a+b 
; am _—m_(atb) 
By the question, i an oe (a+b) 
m _ (at b)’ (i) 
n 4ab 
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37. 


38. 


39. 


Jm _ atb 
~ Vn 2Jab 

(a+b) _2m 

2abon 
Applying componendo and divedendo after dividendo, 
weet a’ +b*_ 2m-n 
2ab n 
(a+ b)’ m oa es Vm 
(a—b’ m-n a-—b Jm-n 


m—n 
(by componendo and dividendo again) 


(b) Consider the triangle 


aii == aa = 2 c.he 
2 2 2 


=> ha= Ee 1 rca peice le where A = area of the 
a b Cc 
triangle 
A.M of sides = eae 
H.M of altitudes = coe 
atb+c 
Product = 2 A 


(b) Area in smallest circle C, = 7 


Green 
Red 

Area in C, = 4x 

Area in C, = 91 

Area in C, = 16% 

Area in C, = 251 

Area in C, = 36% 

Total area in green = 32 + 7x + IIa + ..... 199x 


Which is an A.P with first term 37% and common difference 
=2n 
=> Sum=2(3+7+....+ 199) = 25x (202) = 5050x 


9x’ sin? x +4 


(c) Expression = = 9x? sin x + 


sinx xsinx 


2 ae 
9x aD) x+4 >(2.(36.x2)4) 
sin x 
9x? x sin? x +4 
———— 2 2.6x=12x 
sin x 
=> Minimum value = 12 
Note here we applied A.M.-G.M. because x € (0, 2) for 


which the two numbers are positive 


40. 


41. 


(d) Let the radius of C be r with area A. 


% 
P P= 

0° 1 9) i 

Radius of C, =! > Area = — 

4 64 

Radius of C, =". Area ee 

8 64 


Radius of C, > : Area = — 
16 256 


A 
l 1 1 16 A 
Shaded area = (= atte jAO 
16 64 256 1 12 
4 
Unshaded area = A — ws iy 


12 12 
=> 11:12 


(a) Let S, be the original square with side length S. 


es 
2 4 2 


(2 y 2 


5 5 
8 2 


S, 9 fe 
V2°2°2V2 


Radii of the respective circle follow the sequence 
a 5 
bd 2x12: bd 4 bd g 


l-a 
Radius of the circle inscribed in the n™ circle = (2 2 } 


r 


) 
= mee 


a r 
,... Which is same as Thy 


42. (bt) TH+ )rl@ + ltr—-nreret)!-C¢—-)r 


43. 


= Larrea ro lr 
=> ST =S,=n(+1)! 
r=] 


(a) 25(9x? + y”) + 92? — 15 (Sxy + yz 3zx)= 0 

Which can be written as (15x — 5y)? + (Sy — 3z) 
+ (3z— 15x)? =0 

box = DY = 32 => 
X= hy = 3k 75k 
x,y,z areinA.P 


y 


x 
l 


Y 


44. (c) Let the number of required parts be n =a, + a,....a 


n 


By the question, Applying A.M.-G.M., we get 
es 


) 2 (a,a,...a,) 


n 


15) 
(=) > 243 
n 


Clearly n = 5 will make the maximum value of product 


45. (c) a,,4,, ...... ,a,, are in A.P. 
Bia Woy svensiag A are in HP. 
“ema =a tod, 
l 
—— 1 
imi (i) 
1 1 
=> —=—-=-—4+9d, 
so 
—] 
=> d= — 
54 
4 22 1 54 
a Ss ee epee — ees 
Bp ae a > TO 3 
2 327 
22 54 6.22 
a, .h,= — = 5.78 
9: 23. “23 
[a, .h,] =5 


46. (d) Since a, b, care inA.P. 


=> 


=> 


1 
a aa => 


1 
Hence a = —- 
2 


b=at+d,c=at+2d 

Again a’, b?, c? are in G.P. 

a’, (a+ dy’, (a + 2d) are in GP. 

a’? + d+ 2ad = + (a? + 2ad) 

Taking positive sign, d= 0 

Taking negative sign, 2a? + dad + d= 0 


I 1) 
2a*+4a |—-a |+|—-a | =0 
2 2 


4a*—-4a-—1=0 => 


l 


ec 


47. (a) yr = f(n) 


x (2r-1) 


at Se So ae ai em 

= (IF 253 Rha te in) | (25 Fa er se + 
((2n)*] 

= f2n) — 16f(n) 


48. (b) Given a, b, c are in A.P. 


=> 


=> 


2b=ate 
By A.M-GM., we get = > (abe)! 
b> (4)'3 = (2)*3 


Sequence and Progression < 3.131 


49. (b) If the equation is A, x + B,x’+ Cx+4=0 


RUA LOE RETOOL ho een" 
—D A, 
Product of roots = abc = (G)? = ae 
1 
If A. = => B 3A 
=> D==C4 
= l = 1 -“ 1f -l 1 
50. (b = eS = oe 
” 2 (+ | 2 (r+1)(r-1) 2 Aber +] 
» (= ~ J= of1-5 + 3[5-4) 
“—— 2\r-1 retil 2 3 22) 24 
(3 | 
—|—-— |+ 
V3 5 
(t-z4+5-4+2-2...}e 3[3}-3 
= —||]--+— —-—,..../= —|-—|=— 
2 3 2 4 3 5 D2 4 
l 1- 1- py 
Sie a Ee 
I+p (l1+p) (+p) 
This series can be thought of as a G.P. with first term 
=p) 
and common ratio 
I+ p (1+ p) 
Given p > 0 
=> -p<0 
=> 1-p<l,clearlyl1+p>1 
l-p <1 
1+ p l 
Sgt _ Ilt+p l 
Hence the sum to infinite number of terms = <i rs 
1+4—£ 
1+ p 


=> 


52. (d) Consider a G.P. of positive terms a, ar, ar’ .... 


if a=ar+ ar’ => r+r—1=0 


— -145 
ee 
pA 
We are taking G.P. with positive terms 
2 
r= eae lad =2 sin 18 
2 4 


53. (a) S= atb+ct..... 
~~ ——— 


By A.M. > G.M., we get [(s — a) + (s— b) + (s—c) + 
-_— ] >n[(s — a) (s—)b).....]” 


1 1 oo. | 1 } 

+ + +... [> | ————_____ 
s-a s—-b s-c (s— a)(s— b)(s—c)... 
Multiplying [(s — a) + (s— b) +....], we 


1 1 : 
get a a +....)>n° or 
SsS-—a s—-b s-e 
sS-—a s-b s-ce 
+ + ae 
Ss Ss Ss 
Ss Ss ; 
+ + D geen >n 
s-a s-b s-c 
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= eta ns (=p 60. 
s-a s—-b s-c Ss 
Ss Ss | n 
=> + aides > 
s-a s—-b n-1 
5 55 
54. (a) S = — : 
"13 (13) 
S10 a1. 5 (10) Sar cy 
Salt aS cian ee noe 
a aps 13” 5{ 5 (22) ¥(4) 
5 


(1) 8 
9\3 12) 36 


55 (a) e! (1+|cos x|+ cos? x+|cos? x|+...) log, 4) 


1 \ 1 1 
= 1—|cos x| pone? _ log, 4's g 1-Icos x| 
re =¢ = 4 


=> y—20y + 64=0 => y-l6or4 
l 1 
= lor2 => |cosx|=0, — 
I—|cosx| 2 
a 2h 
3°32 
56. (a) o, y are the roots of Ax” — 4x +1 =0 
4 1 
= OE =. CY = — 
A A 


Similarly B, 5 are the roots of Bx? —6x + 1=0 


6 | 
> §~+6=—; Po=— 
: B B B 

"” a, B,y,6 are in H.P. 


=> B —_—_—- 61. 
at+y A(4) 2 
1 
2B zB 
a ge seee se ee 
B+o6 6 3 
, B 
> a=Lb- 7 => A=3andB=8 62. 
57. (c) sin d[ cosec a, . cos sec a, + cosec a, cosec a, +....] 


_ sin(a,—4a,) n sin (a, — a,) ‘ sin(a,—~ 45) | 


sind,.sinad, sina,—sina, sina,.sina, 
_ cosa, cosa, cosa, - 
a + —— +...= cot a, — cota, 
sind, sina, sina, 
3 1 
58. (a) 1+—+— +....42-— 
2 n 63 
1 1 1 : 
=(2-1)+ | 2-— |+| 2-— |+....) 2-—- 
2 3 n 
1 1 1 
= 2n— (i+ t4t+.2] =2n—H 
2 3 n F 
+1 +1) (2n+1 
59. (c) By the question, S, = in, S,= owe, 
S,=n'(n + 1) 
2 2 
DEEDS ieee) 
S,1+8S,)  n’(ntl)? (ntl? __ 9 (1+ 4n(n+1)) 
Ss,” 36 (2n+1) 


9 


(b) ae x(x+a,) , x(*+4) (x+a,) e 


a, a, -a, Q;.a,.a, 
xta x(x+a x(x+a,) (x+a 
= | —+ ree Gs) Dg ere eee) v ( ae 
a, a, a, A,.a,.a, 
combine 
x(x+a,)(x+a,)..(x+a,,) 
Gi OG 
xta x x(x+a,) (x+ta 
= | —— J+] 1+ — pes G REP CCaaLY eee 
a, a, Q,-a,.a, 


x(x+a,)(x+a,)...(x+a,_5) 
A) Ay Az... 
_ (x+a,)(x+a,) aca a,)(x+a,) ee 


a, .a, A, .a,.a, 


combine 
x(x+a,)(x+a,)..(x+a,,) 


A; .A,.A,...a, | 


x+a,)\(x+ + 
_ HFa)eta)ata) 
a, .Aa,.a, 
x(x+a,)\(x+a,)...(x+a,_,) 
A,.A,.A,...0,_, 
Counting combining terms, we finally get 
(x+a,)\(x+a,)(x+ a,)...(x+a,_,) 
A, .Ay.3....d,_| 
(a) a,.a,.a,...a,=c 
2 (a, .a,.4@,....a,) = 2c 
2(A, +4, + A, + ..00s. + 
ByA.M.-G.M.,weget ea Cul aL > 
n 


1/; 
=> 2(a,ta,t+...t+a)>n(2cy™ 


(a) a, b, care inA.P. 
=> 2b=at+e 


1 1 lf ate 2 
=> at — +¢e+—=ater+—- = 9b+ — 


be ab ac ac 
l 
= 2(o++) 
ac 
l l 1 
> at —,b+—,c+— areinA.P 
be ac ab 


(a) x, y, z are inA.P. 
> oe ay 


eave ee nv 
y-x 


Jytvz y-z 

xz=a-—d,y=a,z=at+d 

Gi-ve a-e p-e 
4 3 3 d 


2d 


ai, 


The terms be become 


_ve-Vy Ve-ve yn 
d 2d a 


Which are inA.P as Vz-ytyy-vx = 


2d 


eer 
ary 


64. 


65. 


(d) Let Arithmetic means be inserted between 20 and 80. 


A,=20+ —? and 4, = 20+ 2% 
n+ i n+l 
A, 1 
By the question, —-=— 
ree A 3 
20+-8 
= ——Atl_- = 60n + 60 + 180 = 80n + 20 
n60 3 
204+ 
n+l 
= 20n = 220 > n=11 


(b) Sum of nm A.M'S between a and 5b is equal to = . (a + b) 


= 3(-2-5 = [-2 ]-— 276 
ZX 2 <Q ys 


SECTION-IV: (MORE THAN ONE CORRECT ANSWER) 


(a), (b), (©), (d) a, = C111... 1) 


yy Ao51> Aye, are divisible by 3, none of them are prime. 
1 1 (10’)P -1 

For a, = —(999....9) = —(10"! — jee 
9 _—_—*—*"” 9 


Ol times 


_ | 10’) -1]] 107-1 
107-1 10-1 
= (CLO? G10) reek Lp 10? 10? ts co eT] 
=> a,, is not prime 
(a), (d) 117+ 12?4+ 137+ .....4+ 20? 
evs _ 20.21.41 10.11.21 _ 14910 
n=l n=l 6 6 
(c), (d) Let there first terms be x and (2n — 1)th terms be y 
=> 2Za=xty (1) 
=> b=xy (11) 
21,1 ai 
c x y 
2xy 26° 
x+y 2a 
Also,a=>b2c 
(a), (b), (c), (d) 
Let the G.P. be a ar, GEOR? i36; 
Product of first 4 terms = a‘. r® 


= 2485 


> C= 


1 
>a’?r?=+2 or —2 and ar =—— 


=> at r=4 ; 


ar 
> @vr=l => ar =lor-l 
l 
=> a,ar,ar?. —=4 > a=4/4 
ar 
1 -l 
> r= —or— 
2 2 
4 1 
=> a or S| =—8orS, = —or-— Soars 
a 
a+b 2ab 
(a), (©) ¥= 3 > vab 52> nak 
> = (1) 


=> ax=5y 


e 
-_ 


- (a), (b), (d) S, = 


Sequence and Progression < 3.133 


=> a(y+2)=5y (11) 
Satisfying (1) and (11), we geta=9,b=1 


. (a), (d) Let a, ar, ar’ be the three terms. 


By the question, ar + 8 = 5, 
=> a b,, ar’ are in AP 

; 2 
=> ar + 8 = a+r’) 
Also, a ar + 8, ar? + 64 are in G.P. 
a (ar? + 64) = (ar + 8) 


2 2,2 
a (ar? + 64) = oo 


= ar’? + 64 


y 


y 


a(lt+r’) 
4 

a(1 + r*+ 2r’) = 4ar? + 64.4 

a + ar* — 2ar? = 64.4 

a(1+r*—2r’) = 64.4 

a(1—r’y = 64.4 =4.(8) 

a=4andr=3 

c) By the question, 2, a,,a,...... are in A.P. 


2, 95> Jqo «+++, are in G.P. 
A= 279.a=3 


YUUUY JY 


y 
I 


(i) 


= 
Oo 
| 
s 
‘oO 
| 
Oo 


(il) 


+ 
ON 
Q 
| 
NO 
+ 
| 
| 


& 
| 


5S) 
| 


bQ 

© 

| 
WMrmolo > 


Dio 


= ar+l 
or 4 Or +r? 
PPP yar rare 1) at Eel 


= 2rt+l = 1 1 
=> S = —, —, —, a 
n >» (r a 1) n by 4 (r+ =| 


r=1 
440 255 
20 = ig eee 
441 256 


. (c), (d) a, b, c, dare inA.P. 


=> 20 = ae (1) 
=>.20e= > a (1) 
Adding (1) and (11), we get 2 (6 + c)=(a+ d)+(b+c) 
=> (b+ c)=(atad) (111) 
1 bt+e 

+—= = SS 

a d_ ad b c be 


Now, be > ad > —>— 
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10. 


11. 


12. 


13. 


= atd bte Geaap ie 
ad be 
1 1 1 1 1 1 4 
> -—+—>-+- > —+-> 
ad be b c atd 
=> (a+ d)y>Abec => (b+ c)>4bc 
=> b*+c’-2be>0 
=> (b-c)>0, which is always true. 


> 2 
(a), (b) The General term | tan”! 7] 
r+ 


n Ds 2 r+2-r 
Ss = tan '| ———_——_ | = tan” || ——————_ 
e 2, 2 2 eer 


r=l1 r=l 


= tan! (r + 2)—tan"! 


S = tan'' (3) =cot™ = 
(a), (d) cos (x — y), cos x, cos (x + y) are in H.P. 
cos (x —y) = cos x. cosy + sin x .siny 

sec (x — y), sec x, sec (x + y) are inA. P. 
sec (x —y) + sec (x + y) =2 sec x 
cos(x—y)+cos(x+y) 1 


YU 


=> 
2cos(x— y).cos(x+y) cosx 
2COS X.COS y l 
— TE 
2cos(x— y).cos(x+y) cosx 
=> cos?x. cos y = cos? x — sin? y 
=> cos’ x = 2 cos’ (3/2) 
= cos?x/ cos? (j/2)=2 => cos*x. sec? >) =2 


Taking positive square root, we get 


other solution is ar 


(a), (b), (c), (d) 

(7? +b+c)p?-2(ab+be+cd)pt+hVPt+e+ad <0 
(ap) —2 abp + b? + (bpy + c* —2cbp + (pcy + d& —2 ped <0 
=> (ap— by’ + (bp—c)’ + (pe — a)’ <0 

Which is possible only when ap — b = bp —c = pe—d=0 


2 
COS x sec (2 
2 


=> b=ap => c=bp 
=> d=pc 
= >= ap x — =a ae ed eae 
a P P 
=> Similarly ad = bc 
By (a), (b) => a,b,c, dareinGP. 
(a), (b), (c) 


¥ r(tt 1) =S + p=vr +37 


r+l 


_ a(nat+)(2n+1) n n(nt+1) _ 2n(n+1) (n+2) 
6 2 6 

_ n(n+1)(n+ 2) 
3 

On comparison a = 0; b= 1; ¢ = 2; 

=> 206-2 


=> a-8b>+cC=0=8 abc 
=> cisaprimenumber > (a+ b)?=1 


14. (a), (b), (©) 


15. 


16. 


17. 


18. 


yir(rt 1)(2r+3) =an* + bn’? + cn? +dn+e 
r=1 
=> »y (2r? + Sr? + 3r) = an* + bn? + cn? + dnt+e 
r=1 
2.n°(n+1) < 5n(n+1)(2n+1) : 3n(n +1) 
4 6 2 
_ 3n*(n* +14+2n)+5n(2n* +3n+1)+3n° +3n 


_ 3n* +3n* + 6n? +10n° +15n* +5nt3n° +3 


6 
_ 3n* +16n? +21n* +5nt+3n 
6 
l 8 8 4 
pep ese SG 
2 3 2 6 3 
-13 4 — 
fe 
6 3 2 6 
e=0 
1 5 
—,2,— areinA.P 
2 2 
(a), (b), (c) 


b,, b,, b, are three successive terms of a G.P. with common 
ratio r such that b, > 4b, — 35, 
Hence we can write ar? > 4 ar — 3a 
=> ar*>a(4r—3) => r>4r—3(a>1) 
=> r—4r+3>0 => (r—3)(r-1)>0 
(a), (b), (©) 
a, b, careinA.P. 
=> 2b-a¢ (1) 
a’, b?, c’ are in H.P. 
2 1 1 ae 
Pee ” 
8S a’ +c? 
(ate) ac? 
=> (a-—c) (a*+4ac+c’?)=0 
Either a —c =0 > a=-b=ce 
a+c+4ac => (a+c)+2ac=0 
=> 2b?+ ac=0 


=> a,b, are in G.P. and also a, b, c are in H.-P. 


(a), (b), (d) 
Let a be the first term of the A.P. 
=> at+(n,-l1)d=2 => at+(n,-1)d=31 


(n,-n,)d=29 > d= which is ration. 


— 
—n, 

= All the terms are rational 

=> Sum to any finite number of terms of the A.P. must be 

rational. 

(a), (b), (c), (d) 

Let 1, 5, 25 be the p", g", r® terms of an A.P. with common 

difference d, then (¢ — p) d= 5-1 and (r- p)d= 25-1 

Let 2? = =k 


=> q=ptk,r=p+6kkeN 

Let 1, 5, 25 be P®, g® 

then k*” = 5 and k’? = 25 

=> r-—p=2q-—-2p; which can be true for many triplets 
19. (a), (b), (c) 

Let the G.P. be a, ar, ar’, ar’, ar’ 

By the question a = 4 


32 
alr? —r*) = — 
( ) ry 
3 
> 4’ (1-r)= — => P(]—Pr)= — 
( ) a ( ) F 
2V2 
— yi Dia Ne So (\r| < 1) 
3 l-r 
= 


20. (b), (c) Let a, ar, ar? be the sides of the right triangles 
» (ar porate r 


oe aay 222 _ 
> ara Tar > r n+ 5 
= r—-r—1=0 => p= 5 
tan (8) = i 2 = V5-1 
r \VV541 2 
SECTION—V: (COMPREHENSION) 
Passage: A 
1. (c) Let two distinct positive numbers be a and 5. 
l 2ab 
A, = — (a+b); G, = Vab;H, = 
ne D Sa ae! Vab '  atb 
l 2A, 4G 
A= G= LA = nr nal 
n 2 —A n-l TAG), A as G., 
Forn=>2 
no R 7 a ae Ges =e G ~ G,’ _ Ge 
=> = G, G 


2. (a) Asaand bare distinct, A, > H, 
= A,>A,>H,>H, 
> A >A,>A.>H.>H,>H, 
Thus A, >A, >A, 
3. (b) As Proved in Q. no. (2). 
15 rae oie 7 
Passage: B 
4. (c) S= 


(r| < 1); 


2 


b 
S,= — (|R| <1 
i =F (|R| < 1) 
Ss, =5,= 1 

a b a 

= => a 
l-r 1-R b 1-R 
=> r+ R=1asar= dR (given) 


5. (a) Sincer=1—aandR=1-5 
=> at+b=2-(Rtnrn=l 

6. (d) ar? = 1/8 
> (l-rnr =1/8 => 8r-8r’+1=0 
=> (2r—-1)(4r —-2r—-1)=0 


l-r 


=> 


, r terms of a G.P. with common k, 


Sequence and Progression < 3.135 


=> r=R=1/2 (impossible as in this case two series will be 


same) 
_ 145 1-5 
4° 4 
ifs v5 , then R= 1- el ier 
4 4 
1+/5 
— a ; 
7. (b) R=l-r > poi-[8 8 


Passage: C 
(n) = integer nearest to Vn 


> n c| k-Sk+3] 
2 2 
For the equation (n) = k 
8. (a) The number of solution of (n) = k is 2k 


Tae ee eee | 4, 2 +2” 
9. (d) s=> =a contain a term like F ; 


n=! 


whenever (n) = 2 


=> 4terms 
oo OW) 9a) GO) go) a2) gen?) 
10. (a) S= —— =e 
(a) 2 i 5 3 
1 1 21 21 ~=é21 ~=é21~=21€«~24 1 
=> 14+—+—+—+—4+—4+—4+—4+-4+— 4+... = 1414 
4 2 8 2 32 4 48 8 128 
1=3 
Passage: D ; : 
11. (b) Let(1 +9143) 1+] 0 =a taxta,x,t... 
x x) x) x) 
Replacing x by — , we get} 1+— | | 1+— |] }14+— oo 
Pp g v5 g ( ai =) | 
2 3 
_ x x 
=a,t a, +a,(= a +a,(=| 


Nw | & 
—_—*t 
+ 
Ge 


Ag r (41+ 42) 
= A, ‘ _ 
12. (d) A, = eee yD 
1 
=> A, (= }=2 => A= 
2 
4 20 
13. (d) a, = —(4+4+1)=— 
(a) a,= 7 —(441) => 
Passage: E 
14. (b) a,,a,,...a, are in AP. 


Per (a, —a,) 


l+aa, 


= tan"! a, — tan’! a, 


d 
tan” ( } 
l+aa, 
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tan"'(a,— 


a,) _ 


l+a,a, 


Similarly, tan”! d = 
a,a,+1 


Summing all the terms = tana, — tan“ a, = 
= tan? (n _ l)d 

l+aa, 
VA, _vhh 2 h, 


ort Jh, + fh, 
_ hi Uhh) Shah (iJ) 


15. (b) St ht 


(h, - h,) (h, —h;) os 
hy, (fh — VA, 
(h,_,—4,) 
_ Vial) hry), Sia VI) 
h, hy ie h, hy 
(ts | h,-h, (fh, . -—Vh, | Rcd | 
Be 
h, = h, (A,_, a h,) h,_ ~ h, 
ee Pe | 
vi, he) (Wa Ve h, Jfh,.; 
h-h,_h, —_ 
: hh, - h,h, a | 


I 
aN 
— 
= 
— 
~~ 
a 

> 

a 

7 
—__ 
ee” 


16. (c) a, =h, = 
aio 10 
a,,—a,+9d 
=> 3=2+9d => d= = 
Similarly os = cae (9).d, => 9d, = é = us — i 
h, fh a 2 6 
l 
=> ———— 
54 4 
a,=a,+3d=2+ —=-— 
3 3 
h h 2 9 18 
=> a,h,= ine 2g 
3. «7 
Passage: F 


Let the four integers be a — d, a, a + d, a + 2d, where d> 0 
a+ 2d=(a-d)+a’*+(a-dy 


tan”'(a,— 


-1 
tan a, — tan a, 


a,) 


(1+ a,a,) 


(1) 


(i) 


=> 2d?-—2d+ 3a*7-a=0 


1 
=> d= o| 1 vi+ 20-64" | 


Since d is a positive integer, then 1 + 2a — 6a? > 0 


eG ieA/7 
<a< 
6 6 
=> a=0 => d=lor0 


But since it is an increasing A.P. > d= 1 
Numbers are —1, 0, 1, 2 


17. (c) Smallest number = — 1 
18. (b) Common difference = 1 
19. (c) Sum of the 4 no.s = 2 


Passage: G 
A= a,, a,,a,(D) 
B= 2? b. (d) 


Doro =(a,+a,)=15 
=> a,+a,=10 
Similarly 5, + 6, = 10 
Replacing, we get 
a,=a,+2D 
b,=b,+2d 

=> 2a,+2D=10 

=> 2b, + 2d=10 


(iil) — (iv), we get (a, —b,) +(D- da) =0 

=> a,—b,=-1 => b,-a,=-1 

=> a4,-a, => a,=5 

=> =10-a, 

=> b,=a,+1 =b.=5 

=> b,=9-a, 

By the question, we get Rae 

(l+a,).5.9-a,) 8 

=> esc => a’-24a,+63=0 

(l+a,)(9-a,) 8 1 1 


—) a,=21 or 3 
Butd>0=> 
=> B=4,5,6 


20. (c) P= 105 
21. (b) g = 120 
22. (ce) D+ d=2+1=3 


A =3..5;.7 


Passage: H 
Leta: @:s2% a, be first A.P. and b,, b 


12 “2 12099. 9 


(i) 
(11) 


(iii) 
(iv) 


(v) 


b be second A.P. 


23. 


24. 


25. 


Similarly 


W(n-1)d,_ 1 
bh 


1 
2(n— 1)d, 


a, 


(1) 


=13 (ii) 


Dividing (1) by (iil), we get “ =15 7 x - =26 


(c) 


(b) 


(a) 


(i) 


=> 


=> 


=> 


(ii) 


y 


YUU J 


2 


SECTION-VI: (COLUMN MATCHING) 


- ()>(©); Gi)>(b); (iii) (b); (iv) >(b) 


a=p=ce 
a, b, careinG.P. 
b = ar and c = ar’ 
(a) = (ary = (ary = 

1 1 I 

- - > | ee ae 
kek? .k?? = — 
x, y, z are in H.P. 


+ +2 
fe are in H.P. 
2 Vé 


2 1 
xty yp ytz 
1 1 


are inA.P. 


al 


x+y yrzZ y 
yytztxy=atytz) 
xy + 2y + ye= xy + xz t y+ zy 
y+ xz 

x, y, z are in G.P. 


(iii) Given a, b, c are in A.P. 


atc 
2 


= bd (ii) 


Similarly d= 
C 


C= 


=> 
=> 


(iv) 


which can be written as 


2ce 


+e 
a+c \{ 2ce 
( 2 | Ge 
c? + ce=aet ce 
a,c, eareinGP. 
ee ea eee 
2(y—b) (y-x) y-z 2Ay-b) 
y~x7~2(y—6)_ 2(y—4)- (y= 2) 
2(y—b)(y-x) 2(y—-z)(y—- 49) 


=> 


=> 


(i) 


Applving AMG nedualia ons 
a 


=> 


(ii) 


(iii) A = 


Sequence and Progression < 3.137 


VEx—20° pre—2b 

x-y 7 y-z 

(x— b)+(y—6)_(y— 6)+ (Z— 5) 
(x—b)-(y-6) (y-6)-(Z-84) 
feet AS ge 

y-b z-b 

(x — b) (v— b) (2 — b) are in G.P 


- (i)>(©); Gi) > (a); Gili) > (a) 


1 
A= —+—+- 
a be 


oe | ( 1 ) . 
se ee | Pe (i) 
a be abc 


and clearly a + b + c>3 (abc)? 


1/3 
l 3 
|) ee 
a (a+b+c) 
ee ee | me eee | 9 
Putting in (1), we get —+—+-2 
a bc atb+te 
A=(a+t b)(b+ c)(e +a) 
at+b>2 Jab (i) 
a+b2>2 Jac (i1) 
b+e>2 vVbe (iii) 
Multiplying (1), (11) and (aii), we get (a + b) (a + c) (6 
+ c) > 8 abc (11) — (d) 


2 4 Us ee 
qatbte patbte catbte 


1 
This we can i as A = (a 2 . 
Applying > We get 


1 


at+bt+ce 
(a.a.a.. G22) )(C.C.€.. yes is greater than or 
ee YS CYT 


a times 5 times c times 
atb+e 
equal to 
1+1+1 
> A>-— 
3 
- (i) > (b); (ii) > (b); (iii) > (©) 
(i) S =a2"—btforn=2 
S,=4a—b 
S,=8a—b 
S,= 16a—b 
S,=32a—b 
S,=4a 
Ss. = 8a 
S, = 16a 
= The series is a G.P. 
.. atbe’ b+ce’ c+de’ 
(ii) = = 
a-—be’ b-ce’ c-—de’ ; 
Usingcomponendoand dividendo oe = z = ad 
2be” 2ce” 2de’ 
#836 
b cea 
=> a,b,c,dareinGP. 
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(iii) x — 6x? + 1lx-6=0 
One of the root is x = 1 = ay dO = a ls — 
x? (x -— 1)-5x(x-1)+6(«*-1)=0 
(x — 1) (x - 2) (x-3)=0 

Roots are 1, 2, 3. 

6x? — 11x? + 6x-—1=0 


Only possible values can take two and only 2 values. 

Clearly r = 1 will not satisfy the Pythagoras theorem 

=> Common ratio is either greater than or less than one. 
Option (b) is correct 


Y uy 
a 


=> 6x*(x-1)-5x(x-1)+(-1)=0 
aie : =< ) ee) 4. A: Sum of all angles of a convex polygon = Sn = (n — 2) 
=> (x-— 1) (6x’?—-5x+1)=0 : 
: - x 180°. If an angle is acute, then the corresponding 
=> (x- 1) (6x°-3x-2x+1)=0 ‘4 
exterior angle is greater than 90°. Let us assume that a 
=> (x- 1) Gx @x-1)-(2x- 1)) =0 ; 
convex polygon has four or more acute angles. Since 
=> (x-—1)3x- 1) @x-1)=0 ; ; " 
polygon is convex, all exterior angles are positive. 
=> x=], Lae = which are in HP = Sum of exterior angles > 360°, which is impossible 
32 = Largest number of acute angles in a convex polygon is 3. 
(iii) > (c) R= Sum of all angles of a polygon (n-sides) = sum of 


all angles of (n — 2) triangles = (n — 2) x 180° 
= Reason is correct 
option (b) is correct 


SECTION—VII: (ASSERTION AND REASON) 


5 
1. A: Suppose /2,V3,V5 are p® q® and r* terms of an AP. 5. A: A.M. of 2 numbers = 5” G.M.=2 


whose common difference is d. + HM= 8 ee ee 
oo. BAe 5 i= 
f-t = 
t, 27 i me => zc = Assertion is correct. 
> P > which is a rational number a+b 5 
f—', @-P R: (G.M.)?=(AM.) x (HM) 
522 _ atb 
= ee) F is a rational number For 2 numbers A.M. = 
(¥3- v2) V2) 2ab 
H.M. = 
=> (vis - J6 +10 — 3) is rational. at+b 
=> A.M. x H.M.=ab 
& 15=./64 pa is rational say r = Gi alab 
= /6-VJl0=V15—-r = (G.M)?+(A.M) x (HM) 
=> 15 is rational; which 1s a contradiction ephonKa jas cote 
= 2,V3,V5 can’t be terms of an A.P SECTION-VIII: (INTEGER TYPE) 
R: Already explained in Assertion 
", option (d) is correct. 1. a,,a,...a, are in A.P. 
5 
2. A: a=nt+nt+) he 
ye 5 1-10 
a, = 13 => a,=1l-— => i ae 
: A A 
a,= 37 ; 

10 10 5 24° —25A +50 
a,=8l Expression = | 1—— |+| 1—— || 1- — |= ————_ 
a,= 151 A A A A 

First order difference = 10, 24, 44, 70 _ 25 50 25 100 
= | 2-—-+— | when | —--—~— - 0 
Second order difference = 14, 20, 26 Ae A) Ae ge 
Which are in A.P. 1 4 = 
eat > —=— SAH 4 
= Assertion is correct. Ao. 2 
R: a, =a polynomial of degree n . eee p. iy. pas 


=> (n—-1)"order difference from an A.P 


log a+ log b+ log c=6 
= n" order difference are constant B¢ 8< 86 


=> abc=6° => b= 6° 
option (a) is correct ee ey 
3.A: Leta, b, c be sides of a right A => ac= 36 x 36 => b-a=N 
By Pythagoras c? = a* + b* = 36-a=M 
om ae bike + ona .. aisa factor of 2*3* = a=2718a possibility 
bob r => 


at+b+c=111 


Sequence and Progression < 3.139 


3. x,y,z >0 such thatx + y+z=1 1 1 . . 1 
Clearly, 1 -x=y+z>0, 1 ram. aaa phe: isaGP withr= — 
2-y=2-(1-x-z)=1+x+2z>0 and i de 
3-2=3-(l-x-y)=2+x+y>0 et a Os nN ee 
BYA.M.>GM.,(1-x» (2-y)3-D< a oe” 
1- x)+(2- y)+B-z)7 3 
Aan 8. Let the G.P. be a, ar,....ar" 
By the question 
_ [6-(+y+z)}_[o-1] _ 125 ar . ar? = 128 (i) 
3 Ue Be) 39 a(1 +r") = 66 (il) 
125 — 
= [(I-x)(2-»)3-2]. = 2) 4 “— = 126 (iii) 
= 
4. flx—1) + fle+ 1) = V3 fx) (i) By (i), (ii) and (iii =a(14+— 
: y (4), (al) and (111), we get 66 = a | 1+— 
a 
Replacing x by (x + 1), we get f(x) + flx + 2) = V3 fx + 1) = @+128-66a=0 => a=2,64 
(11) => 66=a(1+r™) or 66 = 64 (1 +7) 
Multiplying (i) by V3 , we get V3 fx + 1) + V3 fix + 1) => r=1/2,n=6 Or 66 =2(1 + 7"") 
= 3f(x) => prl=32 =>: 4r>—2:n=6 
=> V3 fx + 1) = 3fx)-v3 fx-1) (ii) | 9, a =2 ; 
‘. From (ii) and (iii), we get f(x) + fic + 2) + 3x) — V3 S,,=5(4+ 9d) =0 => d= = 
Kx 1) 25 4 
=> fx) + fix + 2) =3Kd) — [fe -2) +f] Sum of next 15 terms = S,,—S,, = S,, = = 4+24 ra 
=> Ix) + fle + 2) = 2flx) — fx — 2) _25(. 32) -2025  -250 A 
TO fet) uae 3 ae ae oe 
=> fix) =f + 2) + (Kx) + fx -49)] BS O50) 
=> fxt+2)=-fx-4 > fix) =-fx-6) 
=> fx) =-[-fx-12)] > fd) =f%-12) 10. Let the two quantities be a and b 
=> f(x) =f «+ 12) GN ee ae ac ee Cc 
=> f(x) Is periodic with period 12 3 3 
=> fS5+12r)=f(5)=10“0<r<19 ee en co 
19 3 
=> f(5+12r) = 20 (10) = 200 Z eh 
py 2G, CEO) agp yg PE) 
Pe ee ee 2k (b—a) (b- a) 
First sum has 1 term, second sum = 2 term, ..... and so on. kq-p=ak+ a eal = ae 
_ 6(64+1) © 
6 term will have S$, = ———=21 ee ae b Qk —1) 


— a an(ntl) (2n+)) 
A ae 
>> n’ +n) (2n+1) ->* +3n? +n 


(kp —q) (kq—p)=ab .. k=2 
11. LetX¥= lim(1 +59) (14+5-2)....1 +5”) 


n=1 


6 amy l 
n ant 5 ‘n+) (2n+1) => (1-5) = tim C=s) 043) +5 7)..0 +5" ”) 
Usin = 2 ners: 
g ie 5 ; 3 
6 3 2 = hm Gl =3°7) Ss 4) eee) 
_ ye +3n° +n) ~ 93076 aes 
n=1 6 5 
e? eg X= rs (1 _ =") 
6. d= —————_- 4 
AS—(£+a) => A=-5,y-4 => Apw=20 
By the question /=a+(n-1)d 0 ( 0) 
: = 12. 342°) =30+(2+ 2? +...4+ 2!) =30+2 ——_+= 28 
_, g- (2=*) “ 3 aa 2s >| ( ) ae 
2 d at+l i : 
=> ((l-a)+d)(1+a)=2ds Foe 28te => kK il 
=> (P-a’?)+d(1+a)=2ds - k-l\ 
13. 1+3 = C3) Pe ye a Sy ee 
=> (P-a’)=d25-pi(l+a)] p> ( as ( ) ( ) ( 
jg (3* -1) 1 
=> i —=d;i=2 14) — =ONeEs 15 = 
2s—(0+a) 3") ear ae 5 25: +3") => A= 15 
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14. 


15. 


16. 


17. 


18. 


HG) GY) 


(1 -—57?°) 
On comparison A = 10 


The total number of grains = 1+2+4+....+2% 


Sun = 2S 2 => A= 64 


To water 7, = 10 

To water 7’, = 25 

To water 7, = 35 

To water 7’, = 45 

= 10; 25, 35,:45,.55, 

= 13254 23:10= 255 


25 


Total distance = 10 + 12 (280) = 3370 meters 


-(2)-2 
2 8 


i=0 j=0 k=0 ; 
Leti#j =kandi,j,k € {0, 1, 2,3, ..} 
= = 1 ~~ l 
So= . 
2, 4 var %, % Foy 
1 1 - 
= = doy 
3 9 
28) 427) 16 1-5 | 16 26 
Zt 
= 139 
208 
Leti=j=k 
~1 4 1 | 27 
S= —_= — = quW~“-z=— 
: L5 Loy ;-1 26 
27 
Required sum (S) = S, — 3S, —S, 
_ 27 405 — 27_ 702 - 405 — 216 _ 81 
8 208 26 208 208 
=> Sp OE 
208 
=> [5S] = 
on ee A dD ok, 
a= = -+—+—+ — 
=n 1: 2? 3 my 
Clearly a> 1. 
1 1 1 1 
Nowa<1+ ag Pg gs ho 
242" Qe 2D 


=> l<a<2 => [al=1 


10 
16 x 26 


20. 


ae 


22. 


23. 


i FE Fes 
“sella Maile [simi 
= lim —- —— + Fn ae 5 rh han? a 
: 2h 22 )y 27.2. 253 2k 2 (R+)) 
1 l 1 
ge | Reslecheny = area (aay 
in| 3 2 rant 2 
=> ee Sele 
s 
405 
5S =——e(1,2 => [5S] =1 
me [55] 


SEC 

kat (kK? 

: ‘ 2 

Desi e (aoe) 
Iw( 

= tim (a Ceesst 


stim (2-2 (= {2 
= —lim| | --— |+| --—= |+]/--— f+ 
lin ( ay A TEAS 1B 


| 
Ps = 
| (+ nt+nt+l 
1. 
=> im 1- 5 ks 
2t28 not+n+l/) 2 


= (2550) (S) = (2550) ~) = 1275 


pi Lie ers ae 7 —(k) 
‘iba 0 ica! 


| 


2ab 
a+b 


= 4 => at+b+ab=27 


=> = ab= 27 => ab=18,a+b=9 


The two numbers are 6 and 3 
Squares root of the sum of the number = V9 =3 


and S, = 


19 


Yi (0? on 1) 


n=1 


Required sum 


19.20* 39 1990 +19 = 2869 


Let d= ch 
2 


L=sin d (sec a, seca,+.....+ seca, seca) 
1 2 n-1 n 


_ sin(@,~ 4) | sin(a,—a,) 


= tan A, — tan A, 


COSA, a, COS a, .cOS a, 


tana, — tana, 2 (t 
=2 (tana, — 


= Required sum = tan a,) 


k= 2 


Inequalities 


fs INTRODUCTION 


Theory of inequality has been introduced to understand the 
comparative analysis of two quantities. e.g., weight of two 
cricket balls may be equal, but the weight of a tennis ball 
or a football is not equal to that of a cricket ball. This is the 
concept of inequality used in mathematics and it basically 
arises from our habit of comparing two things. 

For solving complicated inequality problems, some 
theories have been introduced that will be dealt in this chap- 
ter. For our convenience, some signs have been introduced. 
For greater than “ > “, for less than “ <“ and for equality 


(<4 t4 


A number ‘a’ is said to be greater than another number 
‘b’, when a— bis positive. We write this as a> b. Also b 1s 
said to be less than a (6 < a) when b — ais negative. 

Inequalities have been discussed 1n various chapters in 
a discrete manner. Students are suggested a brief review of 
these topics before they proceed further in this chapter. 


1. Foundation Mathematics: Rational Inequalities, Irra- 
tional Inequalities, Modulus Inequalities 


2. Exponential Logarithm: Exponential Inequalities, 
Logarithmic Inequalities 


3. Sequence and Series: Inequality of Mean 


This chapter will provide a chassis of theory of in- 
equality 


ACLINEAR INEQUATIONS 


(i) The law of trichomy of real numbers asserts that any 
pair of real numbers x and y bear one of the three rela- 
tion: x =y,x>yorx<y the 2™ and third relations are 
signs of inequality. 


(il) 


(iii) 


- Ifa, >b,>0,a,>b 


CHAPTER 


These are the fundamental laws of inequalities. The 
statement of inequality can be defined as below: 

An inequation is a statement involving a sign of 
inequality. The signs of inequality are given as: <, >, 
os go Ss 

An inequation can have one or more variables 
eg.,ax+ b>0,ax+by+c>0 

The values of the unknown for which an inequation 
holds good are called the solutions of the inequation. 


iPROPERTIES OF THE INEQUALITIES 


. Same number can be added or subtracted to both sides 


of an inequation. 
Ifa>b,then)atc>bte 
(1)a—c>b-c VceR 
Ifa, >b,,a,> b, ee ee a> b, 


thena, + a, + a,t...... PD Dee DA sexes + b 
2 n 1 2 3 n 


VceR 


. If both sides of an inequality are multiplied (or 


divided) by a positive number, inequality does not 
change but inequality gets reversed when both of its 
sides are multiplied (or divided) by a negative number. 
If a> b, then 


(i) ac>be 
VYc>0 
(ii) a/c > Bie 
(iii) ac<be 
Vc<0 
(iv) a/ce< b/c 
Also if a/b > c/d, then 
(a) ad > bc if b and d are of same sign 
(b) ad < bc if b and d are of opposite sign. 
OG De Oye ca uies ,a,>b > 0; 


a> b,b,b,.........B 


Nad thes eee a 
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4. Ifa>b>0 >la<Il/ 


. If0<a<1 andr e€ R* (set of positive real numbers), 
then0<a’<a". 

. Again if a and 6 are any two positive numbers and a > 
6 then a’> b’if r> 0 and a’< b’ if r <0. 

. Most of the inequalities are based on the fact that “sum 
of squares of real numbers is always non-negative”. 
e.g.,ifx*?+y’*+z7>0 for allx, y, z € R and equality 
holds only when x = y=z=0 

~x<a&|x| <a, ‘a being a positive real constant. 
1€.,-asx<a 

Similarly, x* >a? |x|2aie,x<—-axza 


Again x* <a @&|x|<a@-a<x<a 


and x? >a? |x|>a@ax<-ax>a 


9. 


10. 


11. 


| |x|-| | |<|x ty|<|x|+]¥]. This is also known 


as Triangle inequality. 

|x+y| =|x|+]|y| if x and y are either of same sign 
or atleast one is zero > x.y => 0 

|x-y| =|x|+|y]| if x and y are either of opposite 
sign or at least one is zero > x.y < 0 


Ifx>y> 0 then 

(i) log x>log_y ifa>] 
(ii) log .x<log y% if0<a<1 
Ifx>y> 0 then 


a) a>a’, ifa>| 
(11) a®<a’, i1f0<a<]l 


Inequalities < 4.3 


ILLUSTRATION 4: Show that x? + 13a*x > 5ax* + 9@ ifx>a. 
SOLUTION: Since x° — 5ax’* + 13a*x — 9a? 
= x*(x — a) — 4ax(x — a) + 9a? (x — a) = (x — a)(x?- 4ax + 9a’) 
= (x — a){(x*— 4ax + 4a’) + 5a*} = (x + a){(x — 2a”) + 5a} 
By hypothesis, x > a or x —-a>01e., (x — a) 1s positive 
and (x — 2a)’ + 5a? is always positive 


x°— 5ax?+ 13a*x — 9a? > 0 or x°+ 13a*%x > 5ax?+ 9a? 


ILLUSTRATION 5: If x,y,z denote real quantities, then which is greater x? + y? + z* or xy + yz + 2x? 
SOLUTION: x?+y?>xy - (x-y)? 20 
Similarly, 7 + z? > 2yz and z* + x? > 22x 
Hence, by addition; we get x? + y* + z* >xy + yz + zx (equality occurs when x = y = z) 
ILLUSTRATION 6: If x,y,z denote positive quantities, then which one is greater 2(x* + y? + 2°) or xy(x + y) + yz 
(vy +z) + 2x (z +x)? 
SOLUTION: °." x? + y?> 2xy 
> P+y—-x>xy 
Multiplying (x + y) on both sides; we get 
xi + yxy (x + y) 
Similarly, y?> + 22>yz (y +z) 
and x3 + z7>xz (x + z) 
Hence, by addition; we get 
208+ y+ 27)>xy (yt x) t+ yey +z) + x (x+z) 


(equality occurs x = y = z) 


ILLUSTRATION 7: If a? + b*=1 and p? + g?= 1; then show that ap + bq <1 
SOLUTION: MethodI: a? + b? (i) and p? + q? =2 (ii) 
Adding of (1), (41), we get (a? + p”) + (b* + g*) =2 
Subtracting 2ap + 25g from both sides; we get 
(a—p)’ + (6-q)’ =2 (1 -(@p + bq)) 
LHS > 0 > RHS 20 
=> ap+bhq<1 
Method Ii: Put a=cos0, b= sinO, p = coso, g = sino 
ap + bq=cos0 coso + sinO sing = cos(08— 0) < 1 > ap+ bq<1 
ILLUSTRATION 8: If a? + b? + c? + d?=1 and p* + g* +r + s*=1 then show that ap + bg + cr + d<1. 
SOLUTION: Adding the two equations; we get, (@ + B+e?+@)t+ptgt+rts*)=2 
=> 2ap + 2bq + 2cr + 2ds on both sides; we get 
=> (a-p)+(b-q)*+ (c-n)* + (d-s)? =2(1 — (ap + bg + cr + dr)) 
LHS > 0 > RHS 20 
=> ap+ bq+er+dr<1 
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TEXTUAL EXERCISE-1 (SUBJECTIVE) 
1. Prove that x? + Sy? + z? — 2yz + 4xy = 0 for all x, y, 
zER. 


2. Prove that x? + y?+ z*- 2x — 4y—6z + 14 <0 for no 
real values of all x, y, z. 


3. Prove that x?- 4x + 7 >3 for allx € R. 


Answer Keys 
4.x=0 5.x =—2 andy =-1 


m@ LINEAR INEQUATIONS INTWO 
VARIABLES AND THEIR SOLUTION 
BY GRAPHICAL METHOD 


Let L=ax+by+c=0 bea line then by =—ax—c 


FIGURE 4.1 


Since P point satisfies the equation of the line 
aa + bB+c=0 
From the above diagram, we interpret that y > B 
by > bB =>aa + by>aa + bB 

> aat+byt+c> aat bBtr+e 

> aat+byt+c> 0 


Thus all the points lying in the half plane II above the 
line ax + by + c=0 satisfy the inequality ax + by + c>0. 

Similarly, in case b <0, we can prove that point satisfy- 
ing ax + by + c lies in the half plane I. 

Hence, we infer that all points satisfying ax + by + c> 
O lies in one of the half plane II or I according as b> 0 or b 
<0 and conversely. 


ALGORITHM TO FIND SOLUTION 
?SPACE OF LINEAR INEQUALITY 
1. A linear equation in two variables x and y 1s of the 


form ax + by +c<Oorax + by+c>O0orax+ by + 
c<0Oorax + by + c>0, where a #0 and b #0. 


. Find the greatest integral value of x in order that 7x? 


+ 11 may be greater than x°* + 17x. 


5. Solve for x, y the inequality x7 -— 4xy + 5y7+ 2y + 1<0. 
6. Prove that (« + y)\(y + z)\(z + x) > 8xyz V x,y,z € R*. 
7. Prove that (ab + cd)(ac + bd) = 4abcd. 


. The graphical representation of these types of inequa- 


tions will be studied with the help of an equality 
1.e., with the help of an equation. 


. Since every equation of the form ax + by + c= 0 


where a and b are not zero, represent a straight line in 
the plane. So, replace the inequality sign by equality 
in inequations (1) and plot the line. In case of strict 
inequalities > or < draw the line dotted and in case 
of > or <, the line must be thick. 


. Astraight line ax + by + c= 0 (if c > 0) divides the 


xy plane in to three regions (set of points). 


FIGURE 4.2 


R,={(a@, 8) : aa+bB+c=0} 

1.e., set of all points on the line. 

R,={(@,B) : aa+bB+c<0} 

i.e., set of all points on non-origin side of line. 
R,={(@,8) : aa+bB+c>0} 

1.e., set of all points on origin side of line. 
R,={(@,8) : aa+bB+c<sO}=R VR, 
R,={(a@,B) : aa+bB+cz203=R, UR, 


e The region containing all the solutions of an in- 
equality is called the solution region. 


Solving linear inequality 

In order to identify the half plane represented by the given 
inequality ax+ by+c>0 

Step I: Consider the equation from the inequality. 

Step Il: Draw the straight line representing the equation. 


Step Ill: Consider a point P (a, B) (not on the line) and 
find the sign of linear expression for P (a,f). 


Step IV: Check whether it satisfies the inequality or not. 
If it satisfies, then the inequality represents the half plane 
which contains the point and shade the region. 


Step V: Otherwise, the inequality represents that half 
plane which does not contain the point within it. 


e For convenience, the point (0, 0) is preferred. 


Inequalities < 4.5 


ax+by+c=0 


FIGURE 4.3 


. The set A is a straight line while the sets B and C are 


called open half planes. The set A U B represent the 
points, whose co-ordinates satisfy ax + by<c andA VU 
C represent the points whose co-ordinates satisfying 
ax + by>c. 


. The shaded region (feasible region) represents the 


solution space or solution set. The dotted line is not a 
part of the shaded region but the thick line is a part of 
the solution set. 
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ILLUSTRATION 10: Shade the region which satisfies the system of inequalities 5x + 4y < 20; x > 1 and y > 2 and 
hence, find the integral values of (x,y) which satisfy the above region. 


SOLUTION: Clearly, the integral pts (x,y) lying in the above region are (1,2), (2,2), (1,3), (1,4) and (2,2). 


FIGURE 4.9 


ILLUSTRATION 11. Solve the following system of in equations graphically x + 2y<4,x+y2>1,x-y<0,x20 
and y > 0. 


FIGURE 4.10 


Inequalities < 4.7 


TEXTUAL EXERCISE-2 (SUBJECTIVE) 


1. Find the solution set of the following in the interval 2. If x,y,z are real and satisfy the following set of 
notations. _ = 
inequalities 4x + 2 < oS , and 3-—y> Gee and 
(a) <0 5 
l=2x y > 0 then prove that x < z. 
2 
(b) a >5 3. There are two plans A and B for phone usage. Plan 
mie A charges a fixed rental of Rs 250 and charges calls 
(c) ae a at 75 p per min. Plan B has a fixed rental of Rs 175 
4=9- 2 and charges Rs lper min for every call. What should 
(d) (x + 5\(x-3) <2 be the minimum number of minutes (integrals) con- 
(ec) 3x—2>0 and 5x-1<0 sumed so that plan B proves expensive than A? 


() 3+x<5x-2<7 +x 4. Write the number of integral pairs (x,y) satisfying 


(g) z < ae the inequalities 3x + 2y < 12, x7 -x—6< 0 and 
x-2 x-2 y>0. 
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Answer Keys 


] 
Il. (a) xe =) (b) xe (3 -s| (c) (-~,-5)U(5,0) — @d) (-/18 -1,V18 -1} 


5 9 
i —00 0) 3. 301 
(e) > ( FA (g) (0,0) 


(INEQUALITIES CONTAINING 
7: MODULUS FUNCTIONS 


By definition, |x| < a= -a<x<a(a> 0) and |x| >a>x< 
—aandx>a 


Modular Test Condition-1 Test Condition-2 
Inequality 

f(|x|) < g(x) f(x) < g(x) if x >0 f(-x) < g(x) if x < 0 
lfx)| <9) = fix) <g(X) if fo) >0 = -f(x) < g(x) if f(x) < 0 
lfx)|>gbd0 fod >g(Xiffod 20 -f(x) > g(x) if fix) <0 
lf(lx)|>gx) [fool >gix)ifx2=0 — |f(-x)| > g(x) if x <0 


— 


‘THEOREM OF WEIGHTED MEAN 


Theorem of weighted mean implies 


| 
ma, +M,a, Te seees +m, 4, > (a ara” qr le cr, 
— 1 2 3 eoeeve n 


are equal. 


NOTE 


4. 30 


Here a,, a,, ,,...... a, are positive real numbers and m.,, 


1? “2? 


m,.....m, are positive rational numbers. 


Proof: Casel: Let (m,, m,, m,,....m,) be the set of ‘n’ 
positive integers. We may consider some number of the type 


m,, number 


then applying AM = GM on these (m, + m,+....m_,) num- 
bers; we get 


Casell: Ifm,,m, m,,........,m, are positive rational num- 
bers but not all integers; we can find out a positive number k 
for, which km,, km,, .............., km, are all integers 


By case I, we get 
km,a, + km,a,+km,a ee —— 


non km 
>(a, Vs Guach: ,a 


km, + km, + km, + ...km, 


The proof is also valid for positive irrational numbers as well. Hence, the above theorem is valid for all m,’s > 0 


ILLUSTRATION 13: If x and any positive number except | and a,b,c one distinct rationals which may _ be positive 
or negative then prove that xb —c) + x°(c-—a) + x° (a—b)>0 


SOLUTION: Without loss of generality we can assume that a> b>c now a—b and b —c are positive 


By the theorem of weighted mean, we get 


(b-c)x* +(a—b)x° 


=> >X 


x (b = c) oe a (a = b) 2 aes £ cle) im 


b-c+a-b 


=> (b-c)x* + (c—a)x’ + (a— b)x° > 0 


Inequalities < 4.9 


“ME AN OF M"™ POWER > M™ POWER In general, if there are ‘n’ positive real number 
; a,a .a then 


OF MEAN papiee, 


b> 0 be two real numbers then 


a +b)" 
ie >(¢ Ifm<Oorm>1 (2%) 
2 2 if me (0,1) 


nN 
a” +b" (2) iro2n <4 
2 2 


a, 
-[ 24) if either a, = a, =...a,OR m=0or 1 


n 
equality holds when a = 6 when me {0, 1} 
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m@ WEIGHTED POWER MEAN INEQUALITY when m ¢ (0,1) 


ba," +.....+b,a 


Ifa,,a,...a b, b.,....b are two sets of n rationals a's are not and * 
Se ae ' b +b, +...+d 
all equal m €Q (rational). pre n 
Then, m 
2 Bid; + Di Gs. F250 0,0, heme.) 
De Dy asics +b 


bay" +Bydty” +... BA,” A +b,d, +....+0,a, 


Equality occurs when either a, = a,=....=a,orme {0,1} 


ILLUSTRATION 18: If a* + 5*= 1 and x* + y? = 1 show that ax + by <1 


SOLUTION: We know that arithmetic mean of two quantities 1s greater than their geometic mean. 


2 2 
ate Sax?) = ax or (a@’ + x’) > 2ax (1) 


bo +y’ 


Similarly, > (b’y’)'”” = by or b? + y?>2by (ii) 


On adding (i) and (11), we geta?+b?=1l and x*+y?=1 
y*+a*+h*+x*>2ax + 2by 
2 > 2ax + 2by or ax + by <1 {a+ b*=1 andx’?+y?=1) 
ILLUSTRATION 19: If 7 be a positive integer, greater than 2, show that 2" >1+nV2"-1 
SOLUTION: If 7 is positive integer and greater than 2, then to show that 2” > 1+ /2" -1 or 27" >J2"'-1 


We know that arithmetic mean of any number of quantities 1s greater than their geometric mean 


2 n—l 
Ph 242 te” 5.2.22...) 


n 
tee 9 a | . cgii2+3+ me (oI) yl se 2” -1 m fone yh 
n(2—-1) n 
2” -1 aa ; — 
OF >v2 or 2">14+nV2 
n 


ILLUSTRATION 20: Show that 27(a' + b4 + c’)>(a+b+ cy. 


SOLUTION: The arithmetic mean of the mth powers of n positive quantities is greater than the mth power of 
their arithmetic mean except when m lies between 0 and 1. 


4 4 4 4 
eon) (ee) or 2a + bt +c)>(at+b+o) 
ILLUSTRATION 21: Show that the sum of the m™ powers of the first even numbers is greater than n(n + 1)" if m> 1. 


SOLUTION: The arithmetic mean of the m™ powers of n positive quantities is greater than the m™ power of 
their arithmetic mean except when m lies between 0 and 1. 


2” +4" +6" +...(2m)” Grae ss an 


n n 


2” +4" +6" +....(2n)” 7 ae oy} 
2.n 


or 27+ 4" 4 6" +4. Qn)" > n(n + 1)" 


n 


Inequalities < 4.11 


TEXTUAL EXERCISE-3 (SUBJECTIVE) 


1. Show that the sum of any real positive quantity and its 
reciprocal is never less than two. 

2. Ifa? +b +c=l1andx*?+y? + z= 1, show that ax 
+ by + ez <1. 

3. Prove that 6abe < be(b + c) + ca (ec + a) + 
ab(a + b). 


4. Show that nm + 1) < 8(1°+ 2°?4+33 +..... + n) for n 
> I. 


5. Let a,, a,,......a, are positive real number and not 


m 


all equal. also s = a, t+a,+.... + a; then show that 


(s- ] (s-1] _ [+ } = (m-1)' 

a, a, a, 

6. If a, b, c are positive real numbers such thata+b+c 
= 3, show that a’ b¢c? < 1. 


7. Let a, b,c >0 such that a+ b +c = 1, prove that a*b? 
ec +a btct+ co btc® < 1. 


m SPECIAL TYPE OF INEQUALITIES 


Cauchy-Schwarz inequality 


,a, and D,,b,,.....,5, are two sets of n real num- 
bers, then (a, b, + a,b, +...... OD SQ re Tai G7) 
(b>, + b’,+....b° ). with the equality holding if and only if 
sed a 
i. - 
Proof If x e R, then (ax - 
(ax—b)?>0 
=e (GO tk ee eR 2D eb ts PAD) x 
+ (Bb? + B?, +... +b?) 20 
We know that ar? — 2bt + c>O0 for each t € Rif and only 
ifb*-—ac<Oanda>Q0. 


DY NOS SDs) cx 


Thus, (1) holds for all x € R if and only if (a, b, + a,b, 
Pe PD) SG. aca De es D 
Another proof we have 


7°72 non 
—_— 2 4,2 2 4,2 2 4,2 2 B2 
=(4,b) tab -— 20,b.a.b.) + (a,b) Pa b= 2.0, 
GoD Dy Tie 
= 2 _ 2 
= (Gb = 0), -D,) + (GD, a Dt cin. > 0 


THUS (,6 rb a + GD) SIG a ts Te) 
(OFS Oe es De) 

Also, the equality holds if and only if a, b,— a, 6, = 0, 
a,b,— a,b, =0 


a 
that is if and only if 7" aa a 


n’ (n+l) 
ILLUSTRATION 22: Prove that /1+J2+....4Jn < a 


SOLUTION: Take a, = V1, a, = V2, 


=> (1°+17+ 


a, =n 
1 M3 ah el? +... hain 


and b, = b, =e) =] 


ee POCO fi st. Ja) 


ILLUSTRATION 23: If a,b,c be positive real numbers such that a* + b? + c? = 27; then show that a? +h? + c? >81. 


SOLUTION: Applying Cauchy—Schwartz inequality to the two sets of numbers a*” b*”, c®? and al”, b> ¢'” 
wehave (@ + bey sta’ +e +e (at b+ e) (1) 
Again applying Cauchy—Schwartz inequality to the two sets of number a,b,c; 1,1,1 
we have. (a4 b+ €7 <3 (a@+b* +c") 
Squarine both sides of (1); we have, (a> + b? + e’y s(@ +b +ey (a+ b+) 


4.12 >» Fundamentals of Mathematics—Algebra | 


m@ TCHEBYSHEFF'S INEQUALITY 


=> nxy,t... t+xy)2(, + eae Je 

For the equality to hold, at least one in every pair of 
x,— x, and y, — y, must be zero. This certainly happens if x, 
=x, =....=x, orify, =y, =...... =y,, and these are the only 


If x,,...x, and y,,..., y, are real numbers such that x , < x, 
S...5x, andy, <y,S.... sy, then n(xy, +.. +x y) 2 (x, +. 
+x) (yt. +y,). Fori #4), x,—x, and y,—y, are both non- 
positive or non-positive. ae 
_ 2 possibilities. 
(x,-x,) ,-¥)20 
> XY, TX VY, 2X YF XY, 


There are "C, = > n(n — 1) such types of inequalities. 


Adding the corresponding sides of these inequalities, we get 


BR REARRANGEMENT INEQUALITY 


Let <a> and <b> be sequences of n positive numbers in- 
creasing or decreasing in the same direction. 


That is either a, 2a,2.....2a,andb,26,2....26 or 
a,Sa,...<a_andb, <,...... <b , then for any permutation 
(C_) of the (6 ). 

we have ao 2) ee DGD a. 

i=l i=l i=1 


Inequalities < 4.13 


= Maximum of the sum occurs when two sequences are 
similarly sorted and minimum occurs when they are 
oppositely sorted. 


Proof; S=a,b,+a,b,+...... tab 
2 2 n 
S'=a,b,+a,b,+....ta,.b+....tab+....ta,b 
22 xy y x non 


S-S'=a,b,+a,b,—a,b,-—a,b,=(a,—a,) (6,—5,) 20 


Since both of a,— 4, and b. —a, and b — b, are either 
positive or negative. 


‘JENSEN'S INEQUALITY 


A function f(x) is called convex if the line segment joining 
any two points of the curve of function lies above the curve. 


e.g., f(x) = x? and f(x) = e* 
f(x) 


f(x) 


FIGURE 4.12 


Example of a convex function 


e A convex function is convex downward or concave 
upward. 


e f(x) 1s concave if —/(x) 1s convex. 


Jensen’s inequality says that if fis a continuous and convex 
function on an interval I, if x,, x,, ...... x are in] and 0 <t,, 


t,...¢,<l witht, +4,+4,+....+¢,=1, then fx, t, +x, 1, 
Te Sl ey Oe) iia k +t f(x,) 
e Basically Jensen’s inequality says that for a convex func- 
tion average of the function > function of the average. 


e Jensen’s inequality generalizes the fact that a secant 
line of a convex function lies above the curve. 
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BES WeiersTRAsS INEQUALITY 


For all a, ¢ IR* and n> l and a, < |. IfS =a, +a,+ a, 


Ch ead Pad, La) se a) 


is, 


otherwise 


if {S<1} 
CaS SU aye Say a ea. 


(l-a)< 


1+S, 
Proof: We prove this by mathematical induction. 
LHS=(1 +a,)(1 + a,) 

= Psa, 24,3) G, a; 
RLS = aaa; 


Step:1 forn=2: 


aX ee 


Proof: => ab+ bx>ab-+ax 


b+x 


which 1s true. Similarly, 2nd can be proved 


a,, 4, are real positive number then a, a, > 0. So 
L.H.S>R.H:S 


Step:2 forn=m: P(m): (1 + a,) (1 +a,)..d1 +a,)> 1+ 
a, tat... ta, 
Step:3 We have to prove that forn =m + I. 

Pim + 1): (1 +a,) 0 + 4,)...1 +a,)>1 +a, +a, +.... 
+a +a 


m mt+1 
LAS. (1 2a a,) (1 as Bs Jini @ Bs a) (1 + Pree 
+a,t...a,)( +a) 


=l+a.t-at..+astsa +a 
1 2 m 


m+ m+ 


> +a, 


(a, +a,+...+a,) 


1e.,(l +a) +a)... +a) +a,,,)>1lt+a,+ 


a, To. a T Ge 


This inequality is known as Weierstrass inequality. 


=> b>a 


Suppose that a 
is constant, then 


(a) Ifa, + a, + a, +...... + a = k (constant), the value of 


TEXTUAL EXERCISE-4 (SUBJECTIVE) 


Inequalities < 4.15 


1. By Cauchy's inequality, prove that 
tat (2+ eee Sal cae oa 
a et — || —+4+...4— |S 
eos << pe oe > 6 where a, b, c are all positive. bb, b, )\a a, a, 
a 
a! 4. Show that a,, a,, a,, ....a, are real numbers such that a, 
. If "C, =————_ then prove by Cauchy's Inequali 
' ri(n—r)! sees eerste +a,+...a,=1,then a?+a?+..a?>4 
n 
that JC, + +jC, +...+ fC, <an (2° -D). 5. Let a, b, c be positive real numbers such that abe = 1, 
. Ifa,, a,,.....,a, and B,, b,,.....,5, be any two sets of posi- prove that 5 ] fi 1 . ) 
tive numbers, use of Tcheychef's inequality to show a(b+c) b(ct+a) c(at+b) 2 
“ PPLICATION TO PROBLEMS OF (C) Tha sar iG ais + a, =k (constant) then according 


JMAXIMA AND MINIMA 


a,, a 


p> 4a2 432000 


a, are n positive variables and k 


cea: eg! eee a is greatest “when os ea? Wee? ere =a, 

so that the oreatest value of a,, a,, @,,...... a, 18 s den 
(b) If a,. a,. ay....... a =k (constant), the value of a,t+a,+ 

is eee $a. is least when a, = 0, > =21,0= 4, So the 


least value of a, ge? a? + aes + a,isn ae | 


(d) 


as m does not or does lie between 0 and 1, the least or 

the greatest value of a” + a" +a" + ...... +a” occurs 

when a, = a, = 4, =...... =a_, the value in question 
2 n 


being n'”".k". 


If a” + a” +a" eee +a” =k, then according as m 


does not or does lie between O and | the greatest or 
the least value of a, + a, + a, t...... + a, occurs when 
a. Qa, 
Pe Lm pelt 
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ILLUSTRATION 31: 


SOLUTION: 


ILLUSTRATION 32: 


SOLUTION: 


ILLUSTRATION 33: 
SOLUTION: 


ILLUSTRATION 34: 


SOLUTION: 


ILLUSTRATION 35: 


SOLUTION: 


Find the greatest value of x*y‘ 1f 2x + 3y = 7 andx >0, y> 0. 


To find the greatest value of ey ‘torxxxyyyy 
Here x repeat three times and y repeat four times 
Given 2x + 3y =7 
(then multiplying and dividing coefficient of x and y by 3 and 4 respectively) 
Rewrite 3} +-4(22) =7 or 2x 2x 2x By 3y  35Y  3Y =7 
3 4 3,3 3 4 4 4 4 
Here k= 7 andn=7 2 5 6 7 


1 3 4 
7 
Hence greatest value of (2) (=) (=) (22) (22 (22 (22 is G 
Z3AL3B A344) 4A 4 7 
344 


33-44 


or greatest value of x’ y* is 1; Thus greatest value of x3 y4 is 32/3. 


Ifa>0,b>0,c>0 and a‘*h*c?= - then find the minimum value of 2a + 45 + 3c. 


(a) 4 (b) 1 

(c) 2 (d) None of these 

Consider the positive numbers Sa aiMaal cay FY peal 
4°4° 4° 4 2 2 


Now these numbers are considered, so that the sum of these numbers give 2a + 4b + 3c and the 
product of these number give a number of the form k a‘ 5? c?. Where k 1s a constant 


Applying AM > GM on these numbers; 


Weg Ce) 093) yoo) 


2 
=> AON a x2? x xat xb? xe" 
8 2 2 
2 1 472 ,2 1 
> 2a+4b+3c> 8x3/3°x zy | abc = r 
9x4 ax4 


=> 2a+ 4b+3c> 8x 1l/4=2 “. minimum value of 2a + 4b + 3c=2 


Find the minimum value of bcx + cay + abz when xyz = abe. 


To find the minimum value of bcx + cay + abz write xyz = abc 
or (bcx)(cay)(abz) = a*b’c* = k (constant) 
Here n = 3. Hence minimum value of bex + cay + abz =n (k) “= 3(a*b'c*)'8 = 3abe 


Find the least value of x’ + y’ + z" for possible values of x, y, z which satify the condition 
ee yr 2 = 9. 
Given x + y + z=9=k (constant). Here m=—-1 andn=3,; .. value=n*™.k™ 


Hence the least value of x!+ y? + z1is3!~. 9116, 9/9=1 


Find the least value ofa + b+c+d+e+f+g +h for possible values of a, b,c, d, e, f g and 
h which satisfy the condtion a”? + 573 + c73 + d3 + 634+ f8 + 3+ pe=4 


Given a3 + 573 + 03 + P+ e8 + PS + g% + 8 = 4 (constant) 


Here m = 2/3 and n= 8 (0<m <1) 


< 4.17 


Inequalities 


Theorem 7: If a, B are two angles in Ist quadrant with 
given constant sum > then maximum value of sinasinB = 


l—cos@ 7) Wy) 


. Le, sin mr and that of sina +sinB = 2sin a and 
it occurs when a = B = . and similar result also holds good 


for cosine. 


Proof: Given a+ B=0 
=> 2sina sinB = cos(a —fB) — cos(a + B) 
cos(a~ — 8)-—cos@ 


=> sina sink = - 


then sin o sin B will be maximum when cos(a-f) is maxi- 
mum, i.e., 1 and it happens when o —- B= 2nTi.e.,a=2nn + B 
and for Ist quadrant a = B 


= Therefore maximum value = sin” rs 


=> Similarly,sino +sinB=2sin aee cos a-p =2sin 


2 
eae ee 2 
2 


which is maximum when « = B = 0/2 and 


Y 


equal to 2sin— . 
2 


Theorem 2: If ,,0,,0, are n angles each lying between 
(0,2/2) whose sum is constant A. To find maximum value of 


n n 
I] sing, and » sin, 
K=1 k=1 


Suppose that any two of the angles (say) a, and a, are 
unequal then if we replace two unequal factors sin a, and sin 


Z 


| , +a ts 
a, in the given product by two equal factors sin ian , bs sin a, 
k=1 


% *@) the value of product is increasing but the sum 


sin 
2 
of angles remains unaltered so so as long as any two of the 
angles are unequal the product is not max” this indicali- 
es that the product 1s max” when all the angles are equal 
so each angle is A/n. Therefore [[sin «) = sin" —, 
A k=l 
= nsin— 
n 


max 


max 
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8 
ILLUSTRATION 38: If a,, a,.............a, are 8 angles lying in first quadrant such that | | a; = 37 , then find the 
i=] 


maximum value of 
8 8 

Gi) [[sina, (ii) }'sina, 
i=l i=] 


8 
; _g A 
SOLUTION: (1) Maximum value of | sing, = sin* — 
n 


i=] 


)-a -emeesy -(H) 


va+1) _(v2+1) 


(2v2)" 64 


8 
(11) Maximum of value Y sina, = 8X sin (*) = 8xXsin (= = 8xXcos (=) 


i=] 


ILLUSTRATION 39: To find the greatest and least value of acos(® + a) + bcos(O + B) 


SOLUTION: y= a(cosO cosa - sin®O sina ) + b(cos0 cos - sinO sinf) 
= (acosa + bcos) cos@ - sinO(asina + bsinB) 


=> ll < Ja’+b? +2abcos(a—- 8) <|\a+d 


ILLUSTRATION 40: To find greatest and least value of atan’0 + b’cot?0 
SOLUTION: (atan 0 -bcot 0 >0 VOeR 
=> a’tan’0 + b’cot?@ >2ab VO ER 
= least value = 2ab ie when atan 9 = bcot 9 
Le., tan’0 = a 
a 


ILLUSTRATION 41: ‘To find the maximum value of 
(a) a secO - b tanO (b) a’sec’O + b’cosec”O 
SOLUTION: (a) Let y= asecO - b tanO i.e. y + btanO = a secO 
Squaring y’ + b* tan?0 + 2by tanO = a’ -sec’0 
=> (Bb -a’)tan’0 +2by tanO +y’ -a? =0, D>0 
=> Ab’*y’ > 4(y -a’) (Bb - a’) 
> yroa-b’ 
> |yl> Va? —b? similarly, for part (b) 
(b) y = a’sec’O + b’cosec’0 = a*+b? + a*tan’0 + b’cot0 
= (a? + b?4+2ab) + (a’tan70+b’cot’0 -2ab)= (a + b)* + (atanO -b cotO)? 
> y >(a+by 


:USE OF CALCULUS IN PROVING 
INEQUALITIES 


Mono tonicity 


A function fis defined on an interval [a, 5] said to be 
(a) Monotonically increasing function: If x, > x, > fix,) = 
Ax,) for all x,, x, € [a, 5]. 
(b) Strictly increasing function: If x, > x, > f(x,) > fix,) 
for all x,, x, € [a, 5]. 


(c) Monotonically decreasing function: If x, >x, > f\x,) < 
Ax,) for all x,, x, € [a, 5]. 


Inequalities < 4.19 


(d) Strictly decreasing function: If x, > x, > f(x,) < fx) 
for all x,, x, € [a, 5]. 


Test of mono tonicity 


(a) The function f (x) is monotonically increasing in the 
interval [a, b].1f f(x) = 0 in[a, 5]. 

(b) The function f(x) is strictly increasing 1n the interval 
[a, bj. if f(x) > 0 in [a, B}.. 

(c) The function f(x) is monotonically decreasing in the 
interval [a, 5]. if f() <0 in [a, B].. 

(d) The function f (x) 1s strictly decreasing in the interval 
[a, bj. if f(x) < 0 in [a, 5]. 


TEXTUAL EXERCISE-5 (SUBJECTIVE) 


1. Given that m+ n= 1, m> 0, n> 0 without using 

2 2 
A.M.-G.M. prove that lad fost >— 
x y 


2. Prove the following inequality 
1 2 3 n+l Ee i 
+ +n ~ 


— + 
nn-1l n-2 2 


3. Prove that 
(1) “Ce oe dee Cae 


Gi) tan A + tan B + tan C >3./3 ; where A, B, C 


4. Prove that if the number x, and Xs does not exceed | in 


2 
absolute value, then ,/1- x,’ +J1—x,? <2 h -(4 4) 
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MULTIPLE-CHOICE QUESTIONS 


SECTION-I 


OBJECTIVE-TYPE SOLVED EXAMPLES 


1. If A, B, C are angles of a triangle and C 1s obtuse then 


(a) tan A tan B < | 
(c) tan A tan B= | 


(b) tan A tan B> | 
(d) None of these 


Solution: (a) Since C is obtuse angle therefore other 
two angles A and B must be acute (4 + B+ C=2) 
So, tan A > 0 and tan B > O and tand + tanB > 0 
Now, tan (4 + B) = tan (7 — C) =— tanC > 0 
tan A+ tan B 
1—tan Atan B 
=> l|-tanAtanB>0O = tanA tanB < | 


>0 


. Let a, a,,...... a, be non-negative real numbers such 
that a, + a, +.... +a, =m and let S= yaa, then 

i<j 
(a) S< m?/2 
(c) S<m/2 


(b) S> m?/4 
(d) S> m?/2 


Solution: (a) = | = (Sa? +20 0a, (1) 


i<j 


E.g.,(a+b+cy=a’?+ b* + ¢?+2(ab + be + ca) 


=> (m)?= (Sa? +25 


=> S<~m’/2 


. The least value of 6 tan? + 54 cot? + 18 is 
I. 54 when A.M. = G.M. is applicable for 6 tan’9, 

54 cot’o, 18 

IT. 54 when A.M. > G.M. 1s applicable for 6 tan’9, 
54 cot? and 18 is added further. 

III. 78 when tan’ = cot’o 

(a) / 1s correct 

(b) J and II are correct 

(c) III 1s correct 

(d) None of the above are correct 


Solution: (b) Applying 4.M. > G.M. 
on 6 tan’, 54 cot’, 18 


= 6tan* 6+ 54cot* +18 


; > (6.54.18)? > 18 


=> tan’o = 3 and cot = 


| 


= / and II are correct. 


. If p,q and r are any real numbers, then 


(a) max (p, q) < max (9, q, r) 
1 
(b) min (p, g) + 5 (p+ q-|p-@q)) 


(c) min (p, g) < min (p, q, Yr) 
(d) None of these 


Solution: (b) If we take r < p, q then (a) and (c) can- 
not hold. For (b), if p > q, then| p-g|=p-q 


1 
Eta IP a) 

1 
= Be) g = min(p,q) 


Ifp<qthen|p-q|=q-p 
(p+q-|p- 4) 


1 
prior baad ve p=min(p,q) 


2 
X 


. fx e Rand a= , then 
l+x 
(a) OS a<2 (b) O<a<l 
(c) OSa<a (d) O<a<1/2 
2 
Solution: (d) For real x, we have Z ; > 0 
+X 


Also 1 + x*-— 2x? = (1 —x’)?>0 
= Iba 22x: 
2 


< 


Therefore eS : 
l+x 2 


. The inequality n! > 2”" is true for 


(a) allne N 
(c) n>2 


(b) n> 1 
(d) n¢N 


Solution: (c) For = | and n =2 

=> nlH=2" 

Forme 3.91.2 32.0 3120 .02=2"" 
«~~ 


(n—-1) times 


9. Ifa,b,carethesidesofatnangle, then 


7. If a, 6 and c are three positive real number such that 


a+b2>c, then 


(a) en ae 
I+a 1+b Il1+ce 

a b C 
— + ——_ a 
re 1+b Ite 


(c) ee + Zs < ae 
I+a 1+b Il+e 
(d) None of these 


Solution: 
We inve ta eg b = } 
It+a 14+b l+at+b l1+a+tb l 4] 
a+b 
Now, since a + b =c, we get 
eer ee <1+- 
I+a c a+b C 
+1 —+1 
a+b C 
a b Cc 
Thus, ——-+—— > = —— 
I+a 1+56 a/ct+l I1+e 


ie ape 0 and = >= (1 - 0) > and 
c(1 -a)> 4° 


(a) never possible 

(b) always true 

(c) cannot be discussed 
(d) None of these 


Solution: First we find the max value of x(1 —x)=x-—x 
Maximum value occurs at x = 1//2 
and maximum value 1s equal to 1/4 
x(l-x< 1/4 
we can geta(l-—a)< 1/4,5(1-56)< 1/4 andc 
(l-c)< 1/44 
Multiplying we get, 
abe (1-—a)(1 — 6) (1 —c)< 1/64 (1) 
And from the question; we have 
a(l—b)> 1/4,b(1-c)>1/4 andc(l-a)> 1/4 
multiplying; we get 
abe (1 — a) (1 — Bb) (1 -— ec) > 1/64, which 1s a 
contradiction to inequation (1) and hence 1s never 
possible. 


1 1 1 
b+ce cta atb 


are also the sides of the triangle is 


10. 


Inequalities < 4.21 

(a) always true 

(b) some times true 

(c) can not be discussed 

(d) never true 

Solution: Without loss of generality, we 

assume a>b>c>0 
at+b>b+candat+tb2>ct+a 


may 


oT. giG < 
a+b b+e a+b cta 
l 
> —< + 
b+ce cta atb 
2a+b+c l 


acta’+bc+ab b+c 


2ab+b* +be+2ac+be+c’ —ac— a’ —bce-ab 

> Hh  — 20 
(a+b)(b+c)(c+a) 

=> ab+h+c-a+ act+be2=0 
Now ab > be and ac > be 
b+cet+actbet+ab> b+c+3be 
(b? + c? + 2ab) + be> a? 
a<b+t+e 
Hence ab + Bb? + c?-a@+ac+be=0 
At 

b+c cta a+b 
l l l 


b+e cta at 


7 UY 


Hence 


are the sides of the triangle and 


hence the answer is option (a) 


If x,, x,..........,.%, are any real number and 7 is any 
1 2. n 
positive integer, then 


(a) nLes( Dx (b) mve{ Sx, 


2 
(c) bos > zp 7 (d) None of these 
i=l i=l 
Solution: 


a Fg ek eee x, 1 
Let x= > —_—>————"—+ 1x) 


Now, yx (x,-x)>0 = Y (2 —2x,xX+ x’)>0 
i=l 


i=l 
= Y= 25) x + > 0 
i=l i=] 
=> Vx 258 + nF” = ¥ x, - 1 = 0 


n n 2 n n 2 
= Sar m( 255) >0 > ny x (3s) 
i=l i=l 


i=l i=l 
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11. A straight line through the vertex P of a triangle 


PQR intersects the side QR at the point S and the 
circumcircle of the triangle POR at the point 7. If Sis 
not the centre of the circumcircle, then 


] | 2 
(a) —-+— <————— 
PS ST JOSxSR 
| ] 2 
PS ST JOSxSR 
] | 4 
PS ST QR 
| | 4 
PS ST QR 


(b) 


(C) 


(d) 


Solution: As Sis not the centre of the circumcircle, 
therefore PS # ST and OS # SR. 


Also (PS) (ST) = (QS)(SR) (From the properties of two 
intersecting chords in a circle) 


l | 
Applying, AM > GM t bers — —: 
pplying, > on two numbers PS and T° 
we get AG curd le eal 
° 2\ PS) ST) ([(Ps)(ST) 
ee Se 
PS ST J(QS)(SR) 
|. (PS)(ST) = (QS)(SR) | 
P 
Q R 
T 


We know that if x + y = A, a constant, then xy is 
maximum if x =y=A/2 


Thus, (OS) (SR) < (ory 


| 4 
= 
(QS)(SR) (QR) 
Thus, eee s 5 mae 
PS ST (OR) QR 
(b) and (d) are correct. 


12. Let S be a square of unit area. Consider any 


quadrilateral which has one vertex on each side of S, 


If a,b,c and d denote the lengths of the sides of the 
quadrilateral, then which of the following is correct 
(a) a+ Db reg a4 

(bb). hb? Ped Ss 3 

(CG) a> be Peed Se? 

(d) @+RP+e+a2 1/4 

Solution: Let us consider the square S with boundary 
lines asx =+ 1/2 andy=+ 1/2 

We have 

eae = 12) el 2 yy 

[By use of distance formula| 


=x +y—-x,+y,4+1/2 


(x,,1/2) 
R 


Similarly, 
be =x >+y,—-x,-y,+1/2 
C=xt+y;tx,-y,+1/2 

and d* =x’ +y3+x,-y,+1/2 
G+ B+ +P=Uxty+xtyj+2 
As 05 x7, 9; 5,5 <1/4, weget 
O<Sx ty t+xe+y;<l 
Thus, from (1), we get, 2<a°+b+ce4+d’ <4 


Option (a) and (c) are correct. 


. If a, a,,.......a, are real number such that (a, — 8) 


(a, — 8)....(a, — 8) = 12” and a, > 8 for 7 = 1,2,3,....n; 
then find the least value of I] a, . 


i=l 
(a) 16” (b) 20” 
(c) 18” (d) None of these 


Solution: We have, 


(2)( 45 *}481 : (ast) ‘P 


8+12 12 


14. 


15. 


re 4, 


the least value of Cae) POO a 20! 


If x,y,z be any three positive real number and 


_ x+y VEZ: yee 1 1 1 


= and B= —+—+—; 
ety yprt+z? x? +2? x y Zz 
then which of the following is true? 
(a) A>B (b) A<B 
(c) A=B (d) A<B 
Solution: — ee Dae 
x+y 2x y 
x+y x+y ] 
x+y xy ( (= +y =| 


d = (x+ —_——_—~~—_ |< 0 
- ( (ee 
ytz .1(1 1 
spall 
ye 2h 2 


+ 1/1 1 
and a = <o(t+4) 
X-HZ DS oz 


Adding; we get 


Similarly, 


it OR da 


x+y yp +27 
Hence A < B 


If a,, a, .....a, are ‘n’ distinct odd natural number not 
divisible by any prime greater than 7; then find the 


1 1 l l 
maximum value of —+—+—+4...—. 
a, a, a, a, 
(a) | (b) 2 
(c) 3 (d) None of these 


Solution: Since each a, is an odd number and not 
divisible by a prime number greater than 7; a, can be 
written in the form of 


16. 


Inequalities < 4.23 


a. = 3* 5° 7’ where a, B, y are non-negative integer 
Thus for all n € N 


1 1 1 1 ( 1 1 
—+—+—+4.,..— <| l+—-+—+.... 
3 3 


a, a, a; Qo 
l 1 1 
Pe aes || | a 
7 7 
| l ] 3: 3 735 
= | —— |x| —— |x =—X—xX—=— <3 
| | ] 2 4 6 16 
|-— l-— |-— 
3 > fi 
1 1 1] 
max integral value of —+—+W—+...— is 2 
aq a, a, a, 


If a and b are positive real numbers such that a + b= 1; 
2 2 
then find the minimum value of a + +) + l + 7 
a 
(a) 16 
(c) 25/2 


(b) 27/2 
(d) None of these 


Ph i) 
Solution: Let S = (a+ +(o+5] 
a 


1 1 
Then S = (a? + 67) + | —4+— 1/44 
( ) ( =| 


= (a? + b*) x 14 alt (1) 
avb 


Now a? + b* = 1/2 ((a+b) -(a—b) )>—(a+b) 


Nl 


=> a hb > li2 (a+ b=1) 
Also, since a,b are positive numbers, therefore 


at+b 


> (ab) 


or (ab)? < 1/2 orab<% 

=> ney >= 2 16 
ab a°b 
Substituting these values of a* +b’ and——, in 
equation (1); we get a’b 


=> s2(5)x(+16)+4=2 
2 2 


2 2 
Hence (a+ +(o+5] se 
a b 2 
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SECTION-II 


SUBJECTIVE-TYPE SOLVED EXAMPLES 


1. Show that ifn e N, 


Ghehh alpp St oe 2 ee 
V2 V3 
Solution: We first show that if m € N, then 


m+ Ee ee ee, 
m 


ars 
Now, 2m — 2m = 200 #1 Amdt) clon) 
m+il+vm 


eg Ee Ree San 

ian tee 

2m — Vm -1)(vm +Vm-1) 

Also 2 =i). 
onan eres 


] 


2 2 
7 Vm+Vm-1 7 od lh 
Thus 2./m+ 2m << Nm — 2h (1) 


m 
Putting m = 2, 3.,......, n in (1) 


we get, 213-22. << 2 -2i 


] 
eon 


2fn-+1 —2Vn < =< 2Jn-2Vn-1 
n 


Adding the above inequalities, we get 


1 1 I 
Dnt =242 eS < Wn 21 
V2 v3 vn 


Adding | to both sides, we get 


oF Pe es ee ee 2Jn +1-2V1 
J2 Vn 


We also have, Jy < J/n+1 and2J2 <3 
> 2n +1-3<2 Jat] +1- 2V2 


Thus 2J/n—2< peek eee 2Vn-1 


V2 v3 Vn 
. If a and 5b are two distinct positive real numbers, 
a+nb 


show that (ab"Y@t) < and hence prove that 
n+ 


( 1 y ( Ly f N 
1+—— >{1l+—] fornen. 
n+l n 


Solution: We have 


n times 
at+b+...+b 
n+ 


at - > (ab" yy 


Now, taking a = | and b = 1 + (1M), where 7 1s posi- 
tive integer, we get 
I+ 
n(l+I/n) ss 
n+1 


1/(n+1) 


[ 1. +1/n)" | 


1/(n+1) 


] 
=> ]+—>]|(14+l1/n)’ 
n+l ( ) | 
1 n+l 
= (1+) > (1+1/n)" 
n+l 


, prove that 


l 
YC, + Cy tout fC, $2" +Fa-) 
Solution: We have, 


G/C, -)? +(/C, -1) +... + JC, -D? <0 
=> 2/C,+2JC, +......+2/C, $C +C,+..4 


C tn=2"-l+n 


=> JcC,+JC,+....+J/C, < 


BET gigs ea) 
Z 2 
ie ii OR aa prove that for n > 2,,/C, +/C, 
r\(n—-r)! 


tot fC, S{n(2"- DP”. 

Solution: For x € R, we have 

=> (xJC, -1)? +(x JC, -1)? +......+ 
(xC, -1)? = 0 

= IOC iC, int C Ye CIC FC, Aes ot 
JC,)+n=0 

=> (2"-1yx?-2 (/C, + JC, t.......+ JC, xt 20 


We know that ax? + 2bx + c >0 for each x € Rif 
b?>-ac<Oanda>Q0. 
Since 2”— | > 0, then inequality in (1) will holdif and 


only if (/C, + fC, +......+/C,)° =2(2” -1) 


=> JC+ JC, t.......+JC, <[n(2" -p]}” 


5. If a, 6 and c are the sides of a triangle, show that 
l l l 1 1 1 
+ +———— > —+—4+-. 
b+c-a cta-b at+b-c 


a be 


Solution: Since a, 5 and c are the sides of a triangle, 
b+c-a,c+a-—banda+ b-c are positive. 


1 2c 
We have = > 
b+e-a cta-b {(b+c=a)lct+a—D) 
(1) 
We know that, c ?>c?-(a-by=(c-—a+b)(cet+ 
a-—b) 
= < a (11) 
c 806 (c-—atb)(c+a-—b) 
From (1) and (11), we get, 
+ Ze = 2 (111) 
bec=a c+a=0.°c Cc 
eet | Z , 
Similarly, + >— (iv) 
ct+a-b at+b-c a 
and + > z (v) 
a+b-c b+c-c b 
Adding (i11) and (iv) and (v) we get the required 
inequality 


6. In a triangle with base a, the ratio of the other two 
sides is r (< 1). Show that the altitude of the triangle 
is less than or equal to ar/(1 — 7’). 


Solution: We have =a = bc sin A (p is length of 


altitude) 
— be sinA  abc(sin* B-sin’ C)sin A 
a a’ (sin* B-sin’ C) 


_ abcsin(B + C)sin(B-—C)sin A 

7 a’ (sin? B— sin’ C) 
We know that in AABC, a sinB = b sinA, 
asinC = c sin A and sin (B + C) = sin ~P —- A) = 
sinA. Therefore 
abcsin(B-C)sin* A abc 


~(=e)sin? A (B= ec?) NBO 
abbr 
= ——— sin(B-C ‘c= br 
(b° ~*r’) ( ) [ ] 
ar ar 


= sin(B-—C)< 
1-r’ ( ) 1 


> [smB—-C)< 1] 


7. Prove that 2n > 1 + nj (2”") 


Solution: Since arithmetic mean > geometric mean 
14+24+2°4+...42"" 
n 


1225.0)" 


Inequalities < 4.25 


Ls 1) 
(2-1)n 


n (natn I/n 
n 


or = }>a0" or 2"—1>n,(2”"") 


1+2+3+...4(n-1) y1/n 
{ j 


n 


Hence 2”>1 +n (2”") 


8. If a, b, c, d be positive and not all equal to one 
3 3 3 


another, prove that —— + ——— + ————__+ 
b+c+d ctdt+a d+t+atb 


3 = 16 
atb+c atb+c+d. 


Solution: Since A.M of (—1)" powers > (—1)"™ power 
of A.M. 


(Brera fendeay 

gee ||" 3 ot ell ae 

3 3 

(dtatb)’ (arbre) 
3 3 


4 
b+c+d ctd+a dtatb atbtc) 
Serle SOB: 
4 
OT ee ee eee ee ee ee ee 
b+c+d ct+tdt+a dt+atb atbt+c 
» (ene e 
12 
3 3 3 3 
or = —— + ———_ + ——_ + > 
b+ct+d ctdt+a dt+at+b a+t+b+c 
ee ae 
3a+3b4+3c+3d 
3 3 
Hence ———— + ————__ + ——__+ 
b+c+d ctdt+a dt+atb 
3 16 
atb+c atb+c+d 


ab+bc+ca 


9. Ifa, b,c are the sides of the triangle, then oa 
a+b’ +c 


cannot be greater than | or less than 1/2. 
Solution: Since (a — b)? + (b-—c)? +(e -ay’=0 
Ghee Sapa be + ca 

ab+bc+ca 2 


OF 2 2 27 
a°+b°+c 

.  @ab+bct+ca ; 

1.€., =—+—; #1, again a, b, c are the sides of the 
a+b’ +c 


triangle 
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10. 


11. 


12. 


a>0,b>0,c>0 
andb+c>0O,ct+ta>bat+b>c 
or b+c-a>0,ct+a-b>0,at+b-—c>0 
or a(b+c-—a)+b(ct+a-—b)+c(at+b—-c)20 
or a2 +bh?+c¢?<2(ab+ be + ca) 
ab+be+ca 1 tence BP DERED pe: 
Gab Be 2 a+b’ +c 2 
If x > 0, y > 0, z > 0, prove that x'% 7 1874 
yee z—log, x a 708e x—log, y > 3 . 


Solution: Let log x = a, log y = b, and log. z= c 

x =e, y=e*, and z= e* then given inequality becomes 

ea) ste ee-a) at ecleb) > 3 

Since AM > GM 

a(b-c) + e(e-9) +e 
3 

or eae) au eb(c-a) ae ec(ah) > 3 [e°] 1/3 

or eb) be eh(c-9) ae ee) > 3 

Hence x'%? 8? + y 

Ifa? + a,” + a, +..... + a? =A then prove that 

nA>(a,t+a,t....+a)y>A. 


Solution: Since AM of 2nd powers > 2nd power of 


c(a—b) 


e > [ee ge) eur”) ‘cia 


log, z—log, x 4. 708. * log, y $3 


eo eeee 


AM. 

a eae + +a ad t+a,+....ta.\ 
then 1 2 eoveecee 1 2 eevee n 

n n 

A (a,+a,t....+a.)" 
or Ciara dear = n) 

n n 

nA>(a,+a,t+..+ay (1) 


Taking all a, a,....a, are + ve or — ve, then 

Dice: oD 2 2 
(QQ West Ay a de Tas 
TDG OF iis OA Ba ete TF 
a,ja4)=At+2[Sa,a,]>A 

2 
(a,ta,t...t+ayrad 
from (1) and (11), 

2 

we get nd >(a,+a,t...+tayrad 


Prove that the cube is the rectangular parallelopiped 
of maximum volume for given surface and of miuni- 
mum surface for given volume. 
Solution: Let a, b, c be the edges of the rectangular 
parallelopiped. Let volume and surface denoted by V’ 
and S respectively. }’= abc and s = 2(ab + be + ca) 
First Part: Surface given 
Here S' = constant > 2(ab + be + ca) = constant 
or 2ab + 2be + 2ca = constant 

Volume }"= abc 


13. 


14. 


P=A~hPce= ' (2ab) (2bc) (2ca) 


or 8)? = (ab) (2bc) (2ca) 
The product (2ab) (2bc) (2ca) will be maximum 
when all the factors are equal. 
1.e., When 2ab = 2bc = 2ca 
=> |I/c=l/a=1/4 
or a=b=c, hence parallelopiped is cube. 
Second part: Volume given 
Here J)” = constant 
= abc = constant 
or 8a’*b’c? = constant 
or (2ab)(2bc)(2ca) = constant 
. Surface S = 2ab + 2be + 2ca 
will be minimum when all the factors are equal 
1.e., 2ab = 2be = 2ca 
or I=l/fa=1/4 
Hence parallelopiped is a cube 


ora=b=c 


If a, b, x, y are positive natural numbers such that 
x y 


a 
1x + 1/4 = 1 then prove that a gs 2 ab. 


Solution: Consider the positive numbers a‘, a’,....ky 
times and b”, B’,......kx times. 
For all these numbers 


ata’ t+..... times {b* +b* +.....kx times 
Pere ky times}{ 


kx + ky 
_ kya +hka’ _ ya t+ya 
K(x+ y) (x+y) 


GM = {(a’. a’.....ky times)(b’.b’....kx times)}!*&*»” 
= (a, peo) x «ty = (ab roe ty) = (abyo"™ + y) 
(1) 
As 1x 4+ lv=l1,( + yxy = lie, x t+y=xy 


a“ +xa’ 
(1) becomes ge EE Sah 


or aYx + a@/y2ab 
For positive real numbers x, y, z prove that 
Fann in BES (xt+ytz) 
X ty +z Spee X+yt+z 
x+y+z 3 
Solution: Let x, y, z be three numbers with weights x, y, z 
1 


XX VV Z.Z x oe periiay 
YY Jeo WZ y' +y+z) 


respectively. Then| xt+ytz 


(weighted A.M = weighted G.A) 


aye e ze yr 
(ete) 2 (x*.y".Z") (i) 
X+yt+z 


Inequalities < 4.27 


x?7+2x-—24<0 andx?- 25 <0 
=> (x-6)(x-4)<0 and-5<x<5 


Again let 1/x, 1/y, 1/2 be three numbers with weights 
x, y, Zz respectively then 


| => -6<x<4and-5<x<5 
as rela . Gambins vonequaliticn 5 eA ; 
= x y Z > (Ue A/ yp? M27) om ining oth inequa utes x (1) 
X+tyt+z Now consider the following cases: 
(weighted A.M > weighted G.M) 95 — 
os. Ciel OS 
1 
=> | ——— > (/x* y*2z" 2 > 
(| ees => 9<x<25 (1i) 
nee x € (-5, -3) U G3, 5) 
> xyz > (=#2 2) (ii) The given inequation converts in the form 
be a 24-2x-x* 25-x° 
Using (1) and (11), we get the result => "a = ie 
15. Let a, b, c be three distinct positive real numbers in ee | ee, aid 


G.P., th that a* + 2be — 3ac > 0. ae ae 
ee Ore ee Combining (11) and (111), we get 
Solution: Since a, b,c € R* and distinct x € (3,5) but -5<x<4 


=> AM>GM>HM 


x € (3,4) (iv) 
since b = Jac and consider AM and HM of a 95 =x 
and c Case ll: If ie >1 

ae, OO 2ac => x e (-3, 3) (v) 

atc The given inequation convert in then form 

From first inequality (a + c) > 2b yy ee a 
a’ +ac—2ab>0 14 a 16 
From second inequality b (a + c) > 2ac x? + 16x -17>0 (v1) 
2ab + 2be — 4ac > 0 x € (-17, 1) 


Combining (v) and (v1), we get 

x € (-3, 1) but -5 <x <4 

x € (-3, 1) (Vil) 
Now combining (iv) and (vii), the inequation have 
the final solution is x € (-3, 1) U (3, 4) 


Adding the two inequalities a? + 2bc — 3ac > 0 
16. If 1 + log,(1 + cos2x) > log, 2 then find x. 


Solution: 1 + log, (2 cos’x) > _ log,2 = > 


or 2 + log, cos’x > 1/2 


or 2 log, cos x > —3/2 18. Solve the following inequations: 
= 2 
oS a (a) log x? -12x+30 og = o 
=> cosx>2°4= ee | 10 | 
Z (b) log, { 2° — 10x + 24) } 2 10g 2%, (x? — 9) 
Let cos a= FEL Le., @=cos” ma Solution: (a) This inequation is equivalent to the col- 


lection of following system: 


x? -12x+30 x* -12x+30 
—————— |> 110 < | ————__ !> 1 
10 10 . 


2 2 
flog, = }>0 0 < log, (= >t 


So, from the value scheme we get 2n m-a<x< 
2nt + a 
l 
2nn — cos’ —— <x < 2na + cos —— where 
3/4 Dla 


neZ 


aes | Solving the first system, we have 
17. Solve the inequation jog SK a x* -12x+20>0 
. : —>2 x>2 
Solution: The given inequation is valid for 5 
~Ix-? _ x? x< 2 and x> 10 
Bee os 
14 16 tS 
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(b 


aw 


Therefore the system has solution x > 10 
Solving the second system, we have 


0< x? -12x+30<10 


pees 
5 
x’? -12x+ 30< 0 and x’?-12x+20< 0 
- x< 5 
2 
aie = v6 and x< 6+ J6 and 2< x< 10 
O0< x< 5 


Therefore the system has solution 2 < x < 6 — V6 
combining both systems, then solution of the 


original inequations is x € (2, 6-— V6)U (10, 00) 


This inequation is equivalent to the collection of 
systems: 


2(x* -10x+24) > x°-9 
x -9>0 

x-3>1 

2(x* -10x+24) < x°-9 
2(x* -10x+24)>0 


0<x-3>1 
x? -10x+43>0 


Solving the first system, we have, (x + 3)(x— 3) > 0 
x>4 
x € (-0,10— 43] [10 + V43, 00) 
x € (-0,-3)U (3, o) 
x € (4, 0) 


Therefore the system, has solution x >10+ V43 
Les Xe [10 + V43,00) 


Solving the second system, we have 
x” -10x+43<0 


(x-6)(x-4) >0 

3<x<4 

xe (10-43, 10+ V43) 

x € (-0,4)U (6,0) 

x € (3,4) 
Therefore the system has solution 10 —- V43<x<4 
ie, xe [10-V43, 4) 


Combining the both systems, then solution of the 
original inequation is 


x €[10-J43, 4) [10+ V43, 0) 


19. 


20. 


21. 


Solve the inequality, ,/log;,, x+4log, Vx <2 
(4 — log, , x*). 


Solution: Given inequality is 
Vlog; x + 2log, x < J2 (4 — log, x) 
Vy +2y<V2(4-y) 


This will be true if; y+ 2 y>0;4-y2>0 
andy’?+2y<4(4-y)’1e., (v—- 16) (y-2)>0 
Hence solution set is y € [0, 2) U (— 0, —2] 


Let log, x =y 


Hence log, x < 2 > x<4 
log, x 2 0 = xo, 
Solution is [1, 4); 
again log, x<—2 > xel/4 
and log, x > — 0 = x= 0 
=> xe (0, 1/4] 


Therefore final solution is [1, 4) U (0, 1/4]. 


2 
Show that (n!)° < (2 


42°43? 4.n° 


Solution: S23 ae" 
{ AM.>GM.} 
ae as LS ayy 
ea + iy 


en) 


ey each side to the mth power, we have 


n[ “i >(n!y 


myn {—] 


or 
5+x)(2+ 
Find the minimum value of (OAT) 
(1+ x) 
Solution: Let GO+HE+x) = 
(1+ x) 


Then we have to find the minimum value of wu. 
Put(1 +x)=a 
_(4+ajl+a) oe 
a 


7 (F15+a+5 oru=(F--va] +9 


Hence uw is minimum when square term is zero: 


4 
u=—+5+a 
a 


2 
1.e., when Siang =01e, when a=2 


va 


or whenx=1 
Thus the required minimum value is 9. 


22. If a,b and c are in descending order of magnitude, 
a b 
show that (2*¢) = (>**) , 
a-Cc b-c 
Solution: Given that a > b > c¢ to show that 
a b 
(2 + | 2 ? + | 
a-Cc b-c . ; 
atc b+c 
Put c = ay and c = bx then ( >(F<] 
a-C 
cly c/n 
_(atay ? 4 ~) 
it | > —— | | 
a-ay b—bx 


if ie 
ie. if (72 < (**) 
l-y l-x 


It is possible when x > y. 
Since a, b, c are in descending order of magnitude 
hencea>b>c 


or c/y>c/kxorx>y 
23. If nm is a positive integer and x < 1, show that 


J-x""  1-x" 
—_—_ < ——__. 
n+l n 
; j=" 1— x” 
Solution: If x < 1, show that < 
n+l nN 
ey a ele ee) 
1+ x” l=" 
ie i 7 l 
2 nl 
TPN. eae ° a yl 
1? uk 
Since x < 1, each of the ” terms 
ae nee a is greater than 1, and hence 
XX. ' xX x 


their sum is greater than n. 


_ rt lex" nel 
Ja 
= nN pone? f nN 
J-x"" — 1-x" 
n+1 n 


24. If x 1s positive, show that log(] + x) <x and > — 
+X 


Solution: If 1 + x > e* 
2 3 


Since X 1s positive e* = Pee eg an eee 
1+x<e* | | 
Hence log (1 + x) <x 


Again log(1+x) > cen 
1+x 


25. 


26. 


Inequalities < 4.29 
if (+x) >— 
: —| 
Nogeiee oe (1-4) 
a ae +x 
1+x 1+x 
2 3 


X X x 
1+x)° =14+——+—— + —__ 
pe ea l+x (l¢xy (1+x) 


x x’ x 


(eee oe 
l+x 2'0+x) 3'14+x) 


x x 
that is (l1+x)>—— or e“*”) > —— 
er l+x 
Show that (x” + y")"< ("+ y")"1f m>nandx#y 


Solution: Dividing both sides by y"” we have to show 


that (1422) < C =| 
JY y 


Let us first suppose that x/y < 1. Since m>n 


or eater eee and hence +=) «(12 


y y y y" 


Hence the inequality holds for * <lorx< y; 
Again suppose x/y > 1 
Since m>n 


m n 


or 142 ieee and hence +2) {| 
x x x 


On multiplying both sides of the inequality by 


(x. /y) mn ; 7 

we have | < a and hence the 
i y" 

inequality still holds. 


Show that for any triangle with sides a,b and c. 
3(be + ca + ab) < (atbtcy < 4(be + ca + ab). When 
are the first two expression equal? 

Solution: Considering (a + b + c)?—3 (be + ca + ab) 
=a+bh?+c—be-—ca-—ab 


= s[(b-e) +(c-a)'+(a—by 20 (1) 


(2) 
Also, As a,b,c are the sides of a triangle, we have, 
a<xb+e> @<abtac 


(a+b+ cy >3(bc + ca + ab) 
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27. 


28. 


Similarly, b? < be + ca and c?<ca+ ab 
Adding the above inequalities, 
we geta?+ Bb? +c? <2 (be +ca+ab) 
Adding 2 (6c + ca + ab) to both the sides, we get 
(a+ b+ cP<(be+ca+ab)... (3) 
From (2) and (3); we get, 
3 (be + cat+ab)<(atbt+cy <4(be +cat 
ab) (4) 
From (1), we get the first two expressions in (4) 
will be equal if 
b—c=0,c—a=O0and b—b=0 

& a=b=c 


If Geese for all positive x where a > 0 and 
x 


b> 0, show that 27ab? > 4c? 
Solution: Applying AM = GM on three numbers 


, b »b ( *). ( ,. »d .) 
ax, —,— , we get, — ax? + =X Ph tS 
x 3 Kye 3 2x 2x 


Thus, least value of ax’ 


} ab? 1/3 
+— 1S (2 | 
x 4 


If A is the area of a triangle with sides of lengths a,b,c 
then show that A < 7 (a+b+c)abe 


Therefore we must have 


b? 1/3 
{= >¢ >27P 243 


Also show that the equality occurs in the above 
inequality if and only if a=b=c. 
Solution: 
We have a?> a? -(b-cy =(a+b+c)(a—-b+t+c) 
=> a’ > (2s — 2c) (2s — 2b) = 4 (s — b) (s —c) 
( a+b+c 
sS= 
2 
Similarly, b?> 4(s — c) (s — a) and c?> 4(s —c) (s — 5) 
Multiplying the above inequalities, we get, 
abc? > 64 (s — ay (s — bY (s — cy abc = 8 (s — a) (s —b) 
(s—c) 
=> abc(at+b+c)= 16 s(s—a)s — b)(s —c) 


= Ass (a+b+c)abe 


The equality holds if and only if (6 — cy = 0, 
(c — a) = 0 and (a — b)* = 0 that is, if and only if 


a=b=c 


29. 


30. 


31. 


32. 


Show that if a,b,c > 0; [(ita) (1 + 5b) (1te)]’ = 
TOD C- 

Solution: We have, (1 + a) (1 + 5b) (1+c) 
=l+at+b+ec+t+bet+ca+tab+ abc 

Applying A.M = G.M, on 7 numbers; a, b, c, be, 


ca,ab, abc; 
at+b+c+bc+cat+ab+abc _— ifana 

we get, ee > Va'b'c 

=> [(1t+a) (1 + bd) (1te)]’ = 7"(a’* 54 c*) 

Find the least value of 3x + 4y if x y’ =k. 


Solution: To find the least value of 3x + 4y where 

x,y = 0. 

We rewrite 3x + 4y as 

{2s ce malig icererararae aes 
yD SS 2 SD f Poh 2 ae a 

Now taking AM = GM of these 12 numbers; 


x, are all positive and distinct real 
number: then haw that the AM of the numbers 


ni Misha Madan Myke ee 


pe Senne er reree Mah ieee: bee. 

is less than the AM of the numbers x,,x_.x,......... Xx 
n(n-1) 

Solution: There are ©, = 7 number of the form 


X,+X 
/x,x, Where 1 <i<j<nandwehave, ./x, x, <———~* 


x, + 3 


and ./x,x, < 


X,-1%, y) 
By addition; we get, yx, x, <3 a 


(- each of x,, x,,.. 


_ Le 2s 
~ n(n=l) ~ 


..x occur (n — 1) times) 


2 
Prove that following "aie 
eee nate cane >2V¥n+1-2 


vi v2 V3 Fi 


Solution: For r > 0; we get, Jr<Vr+1 
=> Vrtvr<Vr+Vre4i 


1 1 
> WreVrtVr4+1 > ——>———— 
Wr Vr+14vVr 


; 7 ] 
= rationalizing the RHS; we get, a rs >vr+1-<vr 
r 


ie 


=> 5 > 2(Vr+i- Vr) 


For r= 1; 


I 
v1 


Inequalities < 4.31 


For r= 2; 


For r= 3; 


Forr=n; a> 2(Vn+1— vi) 


Adding; we get, 


] ] ] 
= + +4... => 2Vnt+1-2 
VI V2 Vn 


SECTION—III 


OBJECTIVE-TYPE (ONLY ONE CORRECT ANSWER) 


. The solution set of 4>**°° —7.2-*<O0(V xe R)is 


7 
(a) (— ©, «) (b) (—tog, 70 
(c) (2, %) (d) (2,7/2) 
x+2 1. 
. The number of integral solutions of —— >— is 
EL! 2 
(a) 4 (b) 5 
(c) 3 (d) None of these 


. If x? — 3x < 4 then the number of possible integral 
values of x is 
(a) 3 
(c) 6 


(b) 4 
(d) None of these 


. If the product of n positive number is unity, then their 
sum 1s 
(a) a positive integer (b) divisible by n 


(c) equalton+1/n_ (d) never less than n 


. Let a,, a,..,a, be non-positive real numbers such that 
a,+a,t.... +a =mand let S$ => aa, then 


i<j 
(a) S<m?/2 
(c) S<m2 


(b) S>m?7/4 

(d) S>m?/2 

~ If -n/2 < 0 < 7/2, then then minimum value of 
cos’ 8 + sec? 0 is 

(a) 1 (b) 2 

(c) O (d) None of these 


. Ifa>1,5> 1 then the minimum value of log ,a + 
log bis 


10. 


11. 


12. 


(a) O 
(c) 2 


(b) 1 
(d) None of these 


. If a, b, c are distinct positive real numbers then the 


expression (b + c—a)(c + a-— b\a+ b-—c)-abcis 
(a) positive (b) negative 
(c) non-positive (d) non-negative 


. If x and y are postive real numbers and m, n are any 


positive integer and F = __*Y then 
(l+x°")(1+ y*”) 
(a) EEA ) g>t 
4 2 
©) ext () E<- 
4 8 


For a positive integer n let q(n) = pe ga a: 
2 4 


a then 
is | 
(a) a(100) < 100 
(c) a(200) < 100 


(b) a(100) > 100 
(d) a(200) = 100 


If a, b, c, d are positive real numbers such that 
a+b+et+d=2andm=(a+ b)(c + d) then 


(a) O<m<l (b) O<m<2 

(c) 2<m<3 (d) 3<m<4 

Suppose n is a positive integer. Then the least value of 
2 

N for which ae < a when n= Nis 
3n°+1 3) 10 

(a) 4 (b) 5 

(c) 100 (d) 1000 
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13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


The number of solutions of the inequality 2“. 
6 aa ec nvm a, < nl where a,e(— @, 2) for 


(b) 2™4 
(d) infinite 


If a, > 1 for all n € N then log (a, + log (a, +... 


log a,, + log, a,has the minimum value 
(a) | (b) 2 
(c) O (d) None of these 
The inequality n! > 2n —1 1s true for 
(a) VneN (b) n>] 
(c) n>2 (d) None of these 
If x, y, z are positive numbers in AP then 
(a) y2>xz 
(b) y>2 Vxz 
+ + 
(c) En a en i has the minimum value 2. 
2y=% 2 SZ 
Cy ec ae | 
2y-x 2y-z 
If 3 *2 + 2*> 25 then the solution set is 
(a) R (b) (2, &) 
(c) (4, 0) (d) None of these 
If a, b and c are three positive real num- 
bers, then the minimum value of the expression 
be +c" ch +a" a" +b" 
1S 
a" 5" c 
(a) | (b) 2 
(c) 3 (d) 6 
Let a, = 1000”/n! for n ¢ N. Then a, is greatest when 
(a) n= 999 (b) n= 1000 
(c) n= 1001 (d) None of these 


The largest interval for which x’ —x? + x*-x+1>0 
iS 

(a) -4<x<0 
(c) O<x<] 
Let a, b, c be distinct real numbers such that 
a’ + b? + c? = 1. Then the quantity (ab + be + ca) 
satisfies the condition 


(a) (ab + be + ca) 1s constant 


(b) — 100 <x <100 
(d)-w<x<o 


(b) -=<(ab+be+ea)<1 
(c) -2<(ab+be+ca) <1 


(d) -l< (ab-+be-+ca) <= 


223 


23. 


24. 


25. 


26. 


Zils 


If a and 6 are positive numbers and c and d are real 

numbers, positive or negative then a‘ < b¢ 

(a) ifa<bandc<d 

(b) if eithera<borce<d 

(c) faz>lb=ldz=c 

(d) is not implied by one of the foregoing 
conditions 


If x, y, z are arbitrary real numbers satisfying the con- 
2 2 Z 

Aone ee end he 
xy + yz+2zx 

only one of the following statements 1s always correct. 

Which one 1s it? 

(a) -l<u<0O 

(b) u takes all negative real values 

(c) 2<u<-l 

(d) u<-2 


Ifxyz= 10, y z> 0) the minimum value of 
x + y +z must be 


(a) 10 (b) 10 
(c) 10% (d) 33/10 


Ifxyz=10 (x, y,z>0) the minimum value of x + 2y 

+ 3z must be 

(a) 10° (b) 201% 

(c) 608 (d) 3 x 608 

It is given that the numbers a = 0, 6 = 0, and c = 0 are 

such thata + b+ c=4 and (a+ b)(b+c)(c+a)= 

24, then only one of the following statements is cor- 

rect. Which is one 1s 1t? 

(a) More information is needed to determine the val- 
ues of a, 5 and c. 

(b) Even when a 1s given to be 1, more information is 
needed to determine the values of b and c. 

(c) These two equations are inconsistent. 

(d) There exist values of a and b from which the value 
of ac could be determined. 


A collections of points (x, y) of the plane 1s said to 
be convex, if whenever two points P = (u, v) and 0 = 
(s, t) belong S, every point one the line segment 
PQ also belongs to S. Let S, be the collection of all 
points (x, y) for which 1 <x? + y* <2 and let S, be the 
collection of all points (x, y) for which x and y have 
the same sign. Then 

(a) S| is convex and S, is not convex 

(b) S, and S, are both convex 

(c) neither S, nor S, is convex 

(d) S, is not convex and S, is convex 


28. 


29. 


30. 


31. 


iS 


Solution set of the inequality | > oe 
Pal? tea 


(b) 0, log, (+) 
@) 0, ise: (Fete 


What is the number of values that A» can take, if 
Vn? +1 =| vi +A whenn,A EN 

(a) 2n +1 (b) 2n 

(c) 3n (2) 3n+1 


Ifae (0, | thentheexpression x? +x + 


is always greater than or equal to 

(a) 2 tana (b) 2 

(c) 1 (d) sec?a 

If a,b,c are all +ve real numbers, which one of the 
following is true? 

(a) (6+c)(e+a) (at b)=8abe 

(b) (6+ c¢)(e+a)(at+ b)<8abe 


(c) [245 £\(<. f, £). 9 
e gia c 


(d) (a+b)( 242 |< 4 
a b 


(a) (1, ©) 


(c) (I, &) 


tan’? a 


Vx° +x 


Inequalities < 4.33 


32. If a and b are two positive quantities whose sum 1s A, 


then the minimum value of t we +) 1 ss ;| 1S 
a 

1 2 

(a) A-— (b) AZ -— 

A A 


O42 @ 
A 


. Ifa, b,c are positive distinct reals, then at + b*+ c*1s 


greater than 
(a) (at+b+c)3 
(c) 25 


(b) 49 
(d) abc(at+b+c) 


] 
; Mir feet ft is always less than or equal to 


n 
(a) (Qn -1)™ (b) Qn—-1) 
(c) Qn + 1) (d) Qn)" 


. The greatest value of (a + x)’ (a - x)* for any real value 


of x numerically less then a is 


6°.8° 6.8 , 
a a b a 
(a) . (b) 77 

68° 6.8" 
Cc a d a 
(Cc) 57 (d) 7 


SECTION-IV 


OBJECTIVE-TYPE (MORE THAN ONE CORRECT ANSWER) 


If a, b, c are three positive real numbers, which one of 
the following holds? 
(a) a+b? +c? >be+catab 
(b) a + Bb? + c3> 3abe 
(c) (a+ b)(c + a) (a + 5b) = 8abe 
(d) be/a + ca/b + able zat+b+e 
2 2 2 
If R >r>0 and d> 0, then 9< 1 
(a) is satisfied if|d — R| <r 
(b) is satisfied if -r<d —-—- R<r 
(c) 1s satisfied if|d — R|=>r 
(d) is not satisfied at all 


yay xr 4x°-x41 is real and finite for x 


belonging to 
(a) xe [1, «) (b) xe (-o, 0) 
(c) xe (0, 1) (d) x ER 


4. Which of the following is true for the function 


ix) = tanx + cotx? 
(a) fix) 1s bounded function 
(b) f(x) is unbounded function 


(C) Vre 0.5) om =2 


(d) vre(-2.0] (_—: 


. Which of the following is true about the function 


a‘sec’x + b‘cosec’x? 

(2) forin = (a° — b*)? 

(b) fii =(a° +b°)° 

(c) fi... > 

(d) fx) 1s bounded below but not bounded above 


. If y = sin*x — 6sin’x + 5 where x € R then which of 


the following is true about y? 


(a) y € [O, >] (b) ene > 4 Viva - 9 
(c)y,,~O&y,.=5 (d) None of the above 
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cf 


What is the minimum value of x? — 12x + 40 


(a) 4 (b) 6 
(c) 0 (d) 10 


. The value a*b + ab? — a‘ — b* is 


(a) positive 
(c) undefined 


(b) negative 
(d) zero 


9. If 2 <x <7, then the maximum value of (7 — x)*(2 + 


x) 1S 
(a) 44.59 (b) 2? 
(c) O (d) 47.5 


SECTION-V 


ASSERTION AND REASON TYPE 
A: If a,b,c are three distinct number in HP, then 


(2+? (2+) 
+ >4 
2a—b 2c—b 


R: A.M. > GM. 


A: a+b+c=12(a, b,c > 0), then maximum value 
of abc is 64. 


R: Maximum value occurs when a = b = c; where a 
+ b+c=constants 


A: If x? + y?=1, then |x + y| < /2 
R: AM>GM 


. A: Forne N,2"°>1+ 2% (2”"") 


R: GM > HM and (AM)(HM) = (GM) 


2n 
A: Forn e N; (ly < re 24) 

R: (n!) >n" 

A: If positive number a™, b,c"! are in AP, then prod- 


uct of roots of equation x? — Ax — 25"! — q’*! — ¢10! 
= 0 (AER) has -ve sign. 


R: If a, 6b, ec are in HP, then 
C.AM > HM) 


a” +c" 
<b” 


. Al 11315! ...(n-D!> (nly 


R: Co +- yy" < (x” 4- y"y" if m<n 


SECTION-VI 


LINKED COMPREHENSION TYPE 


: We are giving the concept of arithmetic mean of 


mth power. Let a, b > 0 and a # b and let m be a real 


a) IfmeR~(0, 1]. 


number then — > ( 


However, if me(O, 1), then wee ("| 


Obviously, if me {0,1}, then : . = (¢ oo . On 
the basis of above information, answer the following 


questions: 
If a, b be positive and a + b = 1 (a # D) and if 
A=3/a +3/b then the correct statment is 


2/3 
(a) A> 2 (b) A= = 
(c) A<2™ (d) A=28 


2. If x, y be positive real numbers such that x? + y?= 8, 


then the maximum value of x + y 1s 


(a) 2 (b) 4 
(c) 6 (d) 8 
. If a and Bb are positive (a # 6b) and a + 6b = 1 andif 
iy 1)’ 
A = (a+) [6 | , then the correct 
a b 
statment is 
(a) A>8 (b) A<8 
(c:) A> 2 @) 4< 2 
2 2 
. Ifa, b, c be positive and in Harmonic progression and 
if a=" = ,Vn € (0,1), then the correct statement 
1S 
(a) A<2 (b) A>2 
(c) A=2 (d) None of these 


: We are giving the concept of arithmatic mean of mth 
power, Let a,, a,, a,........ , a be n positive real numbers 


(not all equal) and let m be real number. 


An + ay tay te... +a 


Then “> 
n 
7h a) cy) eee +a, \" 
n b 


if me R ~ [0,1]. However, if m € (0, 1), 


then, 21. 1 TG Fives eG 


i i +a” 
n 
m 
3) OPO ete. +a 
n 


On the basis of the above information, answer the fol- 
lowing question: 


. If sum of the m™ power of first n odd natural number 
is A, V m> 1 then 


(a) A<n” (b) A> n™ 
(c) x < neti (d) Wn > nrtl 

. If a, b, c be positive real numbers, then the pos- 
sible best option of values + 2 + lies 

b+c cta ath 

between 
(a) C1, ©) (b) (0, ©) 
(c) - *) (d) [2, «) 


. fx>0,y>0,z>0andx+y+z=1, then the mini- 
5 fates Z 
2-x 2-y 2-2z 


mum value of is 


(a) 2 b) = 

5 5 

3 2 

(c) 5 (d) 5 
ge A SO eats , a, are all positive such that 
a; +a; +a; Bac aantde secs +a’ = A and if greatest and 
least values of (a, + a, + €, to... + a) are G and 


L respectively, then 


C: 


10. 


11. 


12. 


13. 


Inequalities < 4.35 
(a) G-L=2A (b) G—-L=nA 
(c) G-~L=(n-1)A_ (d) G-L=(n-2)A 


a, b, c, d be positive and not all equal to one another 
such thata + b +c +d= 4/3, then the minimum value 


of —————— |+_ || ———— [+ _|| ———— [+ 
b+c+d c+tdt+a d+a+b 
(i 
1S 
a+b+c 


(a) 2 
(c) 6 


(b) 4 
(d) 8 


It is easy to show that A.M.-G.M. inequality is a special 

case of the Jensen's inequality. 

Let a,, a,, ....,a, be positive real numbers. 

=> x,=loga,fori=1,2,...,m 

Take [p, g] be any interval containing x/s if f(x) = e* 

(f"(e) > 0) 

By Jensen’s inequality: 

pri ttytint%y — Cra tinnte™ 
m m 

=> e=a fori €{1, 2,....,m} 


a,ta,t....+a, 


Pe aot which is the 


m 


=> (, 4, 
: m 
A.M.-G.M. inequality. 


X 


What is the greatest value of f(x) = —, (a>0,b 
> 0 and x >0) ax” +b 
(a) 2ab (b) O ' 
(Cc) a (d) —— 
2Vab 
If a,, a,, 4, ....,a, are real numbers and (a, — 6) (a, — 


6)....(a, — 6) = 8n and a,> 6 @ = 1, 2,...n) . What is 

the least value of []2 
i=l 

(a) 3” 

(c) 14” 


(b) 6” 
(d) 6n 


If a, b, ec are real numbers such that 0 < a < 1, 0 
<h<1,0<ce< 1. What is the maximum value of 


Jab +./(1—a) (1—b) 
(a) 0 
(c) abc 


(b) 2 
(d) 1 


In part (3), what is the maximum of Vabc + 


Jd-a)(—b) (-c) 
(a) 1 
(c) 2 


(b) 0 
(d) -1 
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SECTION-VII 


2. Column I 


COLUMN MATCHING 


1. Column I 


(1) The AM of two positive numbers a and b exceed 
their GM by 3/2 and the GM exceed their HM by 
6/5, such that a + b= a, |a — b| = B, then 
(11) The AM of two positive numbers a and b exceeds 
their GM by 2 and HM 1s one fifth of the greater 
of a and b such thata + b=a, |la-b = 
then 
(111) The HM of two positive numbers a and b 1s 4, 


their AM is A and geometric mean G satisfy the 
relation 2A + G=27.Ifa+b=a4 |la—bl= 


then 
Column II 
(a) a+ B?=96 
(b) a+ f=74 
(c) a? + B= 234 
(d) a + P= 84 


(e) 1+{ =} 2] besceee ({&) = 364 
B B B 


(1) Sum of m™ powers of first n even numbers is 
(1) n!.n! is 
Gul) Ifm=a,+a,+..+a;(m< 1), then (1 + a,)(1 + 
a,)...(1+a)is 
Column II 
(a) greater than n(n + 1)” 
(b) greater than m” 
(c) greater than n” 
(d) less that 1/1 -m 


. Match the solution regions of the following inequalities, 


in column I to the corresponding values in column II. 
Column I 


x 


x x x-3 1 
(i) 3* (0.33333.....)*-3 < (— 


(1) log, (2x + 3x + 2) = log,, (2x), x > 0 
(iti) 3°” = log, (125) 

Column II 

(a) x=2 

(b) x= 12 


(c) x<— 


NO | Ge 


SECTION-VIII 


INTEGER-TYPE QUESTIONS 


. Given that n*< 10” for a fixed integer n > 2,and (n+1)* 
<k™': then find the maximum value of k. 


. if 0 < abc < 1 and a + b+ ec = 1 and 
(a) RO) then find the maximum 
a b C 
value of k 


. If |x—3| <2; and aces Lee then find the value 
x+3 \k, &k, 
of k, + k,. 
1 l-x 5 


If —<—<-— and 
11 l+x 7 


of k. 


1-5 < 7 then find the value 


5. If the values of ‘a’ for which the zeroes x, and x, of the 


polynomial f(x) = 2x? —2 (2a + 1)x + a (a-—1) satisfy 
the inequality x,<a<x, are given by (—,k,) U (k,, 
00); then find the value of |k, + k,]. 


. If ‘k’ be any integer such that the set of all real values 


of x, satisfy the equation (sin3*) (cos3*) < a : 


then find the minimum value k. 


. If fx) = 2*— 1)(2* — 2) 1s increasing in the interval 


(og, =) U(l,c¢) then find the value of k. 


: If — log (1+a*)< - log (1 + a’); 0<a< 1, then find the 


maximum value of [k], where [.] denotes the greatest 
integer function. 


Inequalities < 4.37 


9. How many solutions does the equation sin’x =x?+1/ | 12. Find the value of k for which out of all rectangular 


x” have? 


10. If r and s are non-negative integers such that r + s = 


2n + 1, then evaluate |r -—s| when r! s ! is least. 


11. Find the value of k for which out of all rectangular 
parallelopipes with given volume J; the cube has the 


minimum perimeter k J”. 


Answer Keys 


SECTION-III 
1. (b) 2. (c) 
I. (a) —-12. (a) 
21. (b) ~—-22 (d) 
31. (a) 32. (c) 


SECTION-IV 


1. (a,b,c,d) 2. (a,b) 


9, (a) 


SECTION-V 
1. (a) 2. (a) 


SECTION-VI 
1. (c) 2. (b) 
H.(c) = 12.(a) 


SECTION-VII 
1. @) > (a),(C) 
2. (1) > (a) 
3. (1) > (©), 


SECTION-VIII 
1. 100 


3. (b) 
13. (d) 
23. (d) 
33. (d) 


3. (a,b,c,d) 4. (b,c,d) 


3. (a) 


3. (c) 
13. (a) 


(11) > (b), 
(11) > (C), 
(11) > (a), 


4. (d) 
14. (d) 
24. (d) 
34, (a) 


4. (a) 


4. (b) 


parallelopipes with given volume J; the cube has the 
minimum area of faces 6 J’ 7/k. 


13. Find the value of k for which out of all triangles with 
a given semi-perimeter s, equilateral triangle has the 
2 


S 
3k 


maxium area 


5. (a) 6. (b) 7. (c) 8. (b) 9. (a) 10. (a) 
15. (c) 16. (a) 17. (c) 18. (d) 19. (a) 20. (d) 
25. (d) 26. (c) 27. (c) 28. (d) 29. (b) 30. (a) 
35. (Cc) 

5. (b,c,d) 6. (a,c) 7. (a) 8. (b) 

5. (b) 6. (c) 7. (b) 


3. 


(d) 6. (c) 7. (c) 8. (c) 9. (b) 10. (d) 


(111) > (d),(e) 
(iii) > (d) 
(iii) > (b) 


4.38 > Fundamentals of Mathematics—Algebra | 


HINTS AND SOLUTIONS 


TEXTUAL EXERCISE-1: (SUBJECTIVE) TEXTUAL EXERCISE—2: (SUBJECTIVE) 
1. x2 + 5y2 + 22 —2yz + Axy 0 1 
_ 1. (a) <0 
x? + Ay? + Axy = (x t+ 2yy 20 (i) (1—2x) 
Also, y?*z? — 2yz = (y—z)’ 20 (11) Multiplying the numerator and denominator by(1 — 2x), we 
Adding (i) and (11), we get x7 + 5j? + z*-2yz+4xy 20 get (1 — 2x) <0 
2. xP +y4+27-2x-4y-—6z+ 14=0 + Ix>] —, i a 
Consider the following 2 
x? —2x+1=(x—-1)720 (i) ss e[5.) 
y—4y+4=(y-2)20 (ii) y 
2—6z+9=(z-3)/20 (111) 2 2 
Adding (i), (ii) and (iii), we get x2+ 2 + 2? — 2x — 4y — 62 ree = ee ee 
+1420 >-15—5x 
Hence for no real values of x, y, z. It is negative. ad ~ eae >0 => (-5x-13)@+3)>0 


3. x?—4x + 72 3, which 1s true iff x7 -—4x+4 = 0 


ie => (5x+ 13\(x+3)<0 > [++] (x+3) <0 
=> (x-2) = 0, which is definitely true. 5 


Sox Ax 7 SS => ve(-23] 
5 
4. 7x?+11>2x°+ 17x e \ J i 
It is true when, x° — 7x? + 17-11 <0 (c) =o => 2a. >0 
Let us factories x° — 7x? + 17x — 11 pe eee 
=x*(x-1)-6x(@-1)+11@-1) = “Case (x+ 5)(x-5)>0 


= (x- 1)’ -6x+ 11) 


of te kets => x€(-0,-5)U(5,0 
Now x’?— 6x + 11 1s always positive, as the discriminate D ( yer) 


(d) (x+5)(%-3)<2 32> ¥+2x-15<2 


i a ee | => +2x-17<0 => (xt 1?-18<0 
Hence, - solution lies in the region, x — 1 <0 Clearly(x + 1) 20 

mene => (x+1-vi8)(x+1+Vi8) <0 

=> First integral value = 0 


Hence the solution setis xe (vis -1,V18-1) 
5. x°—4xy + 5+ 2y+1<0 


Which can be written as x? — 4xy + 47 +7 + 2y+1<0 (e) 3x-220 — ie ae GG 
> (e- By ++IP<0 , 
Which is true only when y + 1 = 0 and x-—2y= 0 =z. aa > xe 


=> y=-l,x=-2 


(f) Solving this as two different inequalities 3 + x < 5x —2 
6. (x+y) Vtz(zZ+ x) 2 8xyz 


Without loss of generality x > y2z => 4x25 > x22 and 

> x2y 

=> xt+y22y (i) 5x-2<7+x => 4x<9 

=> yreze22Z (11) ots. ae 2 as re|22) 

=> xrz2 2% (111) 4 ae 

Multiplying (i), (ii), (iii), we get (x + y) (v +z) (x +z) = 8xyz (g) 2 ext? = _2 _ (+2) 9 
XZ, B= Ka2> eZ 


7. (ab + cd) (ac + bd) = 4 abcd 


Pete > x €(—0,0)U(2, 0) 


Aabeeed - The other half of the inequality gives us ~ = <1 
> (abcd) (1) . 
x+2 KE2Z=x 2 
2 ac +bd ae - => -1<0 => — <0 
Similarly, > (abc) (ii) x—-2 x—-2 
=> Ax-2)<0 a ee 


Multiplying (1) and (11), we get (ab + cd) (ac + bd) = 4(abcd) Taking intersection of both the regions = x € (— ©, 0) 


Inequalities < 4.39 


A | 


22 


2. 4x+2 <= => 20x+10<8y-4 Let us try fin 
_ 


; 2 
=> 20x-8y+ 14<0 () mover al —~2>0 => r—2r+12>0 
7—-4z r 
=> (r—1) 20, which is always true 
Hence for no real positive value of r 


The other point is 3- y> 


=> 9-3y>7-42 => 4z-3y+2>0 
| 
oe 8 32 16 = 
Multiplying By ae get ae came => Ue 
39 16 2. e@t+ht+e= 
=> gy--“~_P<¢ (ii) Ptyte=] 
a oe 327 16 Applying A.M-G.M separately on a’, x’, b?, y”, c?, 2? 
Adding (1) and (11), we get 20x -—— +14-— We get, a? + x? > 2ax (i) 
3 3 : ss 
b? + y’ > 2 by (ii) 


=> 60x -—32z+ 42-16<0 
c?+2z*7>2 cz 


=> 60x —32z +26 <0 Pee ae ; ee eee a Sa 
Which is not possible if x > z Ee ag eee ee as ie alls 


> 2 (ax + by + cz) 
> X<Z 
=> 2>2(ax+ by+ cz) 
3. Let as consider that maximum number of minutes, so => axtbytez<1 


required is m, 
3. 6abce<be(b+c)+ca(at+c)+ab(at+b) 


3m 
Change of A = 250 + — 
e 4 ApplyingA.M-G.M on following quantities RRS, 
Change of B= 175+ m bc c.a.a.b Beare 3 
3 —+4+—4+—4+—4+—4- 
By the question, 175+m > 250 +7 > @ab5bec bcs (1) : 
6 
m 
= “5715 => m>300 eh SP Be se 


aace 
=> bce(b+c)+ca(at+c)+ab(a+ b)26 abc (after taking 
4. 3x+ 2y<12,x°-x-6<andy>0 LCM of abc) 
eeu ae a 4. n(n+1p<(P+24+3+...+7°) 
=> x€[-2,3]andy>0 2 12 
ipegie c.g eee 


Thus maximum of minutes m = 301 


=> n(nt+1)<2n’? (n+ 1) 
=> 2n=(n+1) 
= n> 1, whichis true 


5. By the weighted power mean inequality 


e-] jS-1 fea 
a, a, a, 

a, [2 -i}ea) Sa], || 
< a, a, an 


The shaded region gives the region 3x + 2y < 12 ran ya s 
; ; 2 : i mS —S s 
Total number of integral pairs in the region 1s equal to = 6 = ead | (m—1) 
«5 =30 D4 
Hence a, +a,+...a, =s 
TEXTUAL EXERCISE-3: (SUBJECTIVE) 6. a+ b+c=3 (given) 
atbtc  abtbctca > (a hic! —— 
1. Letr bea real positive quantity a SS eae (a 
By the question, r+i>2VreR => PAS) tag? 
r ‘ at +C 2 2b ¢\osbse 
Lr 4l 7. By weighted A.M-G.M ere vas (s b’c ) 


> rt+—= ; : 
r r > @+Piceczabcé (1) 
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a ee 2 > 
fice pe eee 1 (a? =a,~t+...a%).n21 


>(a° bic? )arere Bh pe eee aad ! 
atb+c Which in twin implies that (@,°+a,+....+a?)2 — 
=> abt+bet+cazradabh (11) n 
fos ee vA 1 1 1 
Similarly, ab + be + ca> a‘ b*c (111) 5, Let x=—, p=-,z=— 
Adding (i), (11) and (i111), we get (a+ b+c)?2a°b®?c& +a? ig b c 
hice 4B oh oe By the question xyz = 1 
SS Opvetr hora ho <1 y 1 -y x? 
a’(b+c) 7 ytz 
TEXTUAL EXERCISE—4: (SUBJECTIVE) . a? a? ae Cy oe 
Since —+——4+.....+— 2 
; b+e cta atb,. 2 b b, +b, +...+b 
; a b Z : 2s y og > etyt2) _(e+y+tz) . 33x yz 
Which can also be written as yt+z %(x+y+z) 2 2 


atb+c atbt+c atb+tec 
+—_—_._ + - 


32 6 
b 
Les : TEXTUAL EXERCISE—5: (SUBJECTIVE) 
=> (a tb+e)( 24242 > 9, which is true by Cauchy‘s 
a Cc 2 2 
inequality. 1. LetM= ed sf v4 
; 111 ~ y 
Taking a, b, c, as one set an | —,—,— 2 ) 
a b Cc M =r) aie 2 a I I 4 = x2 ae 2 aS dd y 4 
saa ie Mi SEE a ga 
a n! ae oe ed 
25. eer , Clearly "C_ is always a positive integer, Comer es - 
Consider two sets of numbers 1 1 
Similarly x? +j’°> —, xy > — 
D-CA an © 2 16 
2 2 
di). 1,.Ty 1 Ty sd > ntimes Multiplying ~ ae >8 
Applying Cauchy’s Inequality “aes 


(JC, +, tint JC) <(n)(C,+C, +...+C,) 


4 Gs + aC +. o+ on = Qn-l 
Replacing this value, we get 


(JG + JC, +/G +..4+JG,) <n(2"-1) 31> 5> D> Poe 
isk (Ong eae, & [n(2” 1) For S = {1,2,3,......n} and U= oat sistas | 


By Tchebychef’s inequality 


n{ 7 + = ee +n sme iy : +....41 
n-l n-l n 


ada a 3. (a) By weighted A.M.-G.M. 
(i) f aos A.M. of 4" power > 4" power of A.M. 


b b? sanee b : 
CC sage. it Ce Coa C 
b 9 bn sy | 8 
(ii) ( 1... 2 n n 
Gy 9 a, .\4 
n_1({a, a b, b —) bl Ore a On Br ented CS (=| 
=> | 4t..t— |l t4..44 n 
nn \b b j\.a, a, i 
Ae ati ANS NG Ce Takis eae re 
> n> i a ag 
oe mM Or (b) tan A + tan B+ tan C >3 V3 


. Using Cauchy-Schwarz with 6, = 6,=....= 6, =1 

Ge Go? Pace a eek ase I) AO haa 2 by 
=> (4° 2G) r...14) nea, 7a, aut ay 
Givena,t+ta,+....+a,=1 


Assume f(x) = tan x 
=> f(x) = Sec" x 


f' (x) = 2sec? x + tanx>OV x e| 05) 


A+B+C eL(A)tS (Dt fl) 
1 ar oe 3 


=> tanA+tanB+ tan C > 3 tan (A*¢) 


=> tanA +tan B+ tan C>3 V3 


. Satisfying the inequality criterion of squaring 
Squaring both sides, we get 1 —x,*+ 1-2’, 


= 2,/—x,7)(1-x,”) SAS (a oh 2x, XX) 


1.e.,2 (1-x,’) (1-x,”) = 2-25, x; 


=> (1-x,) (1-x,”) See 


1 1 2 2 2y 2 
Squaring again, we get 1 —x,?—x,° + x,*x,* <1 — 2x, x, 


ee Fe 
=> 0<(,-x,) 
Equating at x, = x, 


SECTION-III 


. (b) 4° 7.2*<0  »=6(VxER) 
=> 2%+1_72*<0=22%-72*<0 


Let 2“*=y 7 
> 2.y-Ty<0 => r[v-2] <0 
7 7 
=> €| 0,— => 0<y<- 
y 4 y 
aoe | 7 
=> 0<2*<— => -—log, 5 <x <0 
x+2 1 2x+4-x'°-1 
ae — ae ea = 
x'+1 2 2(x°+1) 


= ox ayes SO 
=> x*-2x-3<0 
=> x€(-l,3) 
Integral solutions are 0, 1, 2 


. (b) x -3x<4 

=> x-3x-4<0 => x(x-4)+(«-4)<0 
=> (x-4@011<0 => xE€(-1,4 
Number of integral values = 0, 1, 2, 3 


. (d) Leta,, a,, a,, a,,....,a, be n positive integers 
By the question a,,a,,...,@,=1 


By AM-G.M 


=> (x-3)(x+1)<0 


If their sum is S = 
=> Sn 
- (a) a, ta,+....6a =mand S= »4,4, 


i<j 
a,ta 
We have ,/a,a, < —+ 
2 


Equating at a, = a, = 0 
= Similarly for all product (a, a) @ <j) 


a,+a, 
1a a, < / 
2 


2 
Addition and squaring, we get S < = 


Inequalities < 4.41 


6. (b) In the region >< O< > cos and sec 8 are positive 


10. 


On applying A.M-G.M., we get 


3 3 
cos @ +sec @ 
—_—__ > /cos 9.sec@ 


2 
=> cos?8+sec?9>2 
=> Minimum value is 2 
(c) Min (log, a + log, 5) 
If log, a=x 


=> log b= 


1 ae 
x+—> => Minimum value is 2 


x 

(b) (6+ c—a)(c+a—b)(at+b—-c)-abe 
Without loss of generality we can assume, a> b> c 
Applying A.M.-G.M. pair wise 

(b+c)>2 Jbe 

(a+c)>2,Jac 

(a+b) >2,/(ab) 

Multiplying equation (1), (11), (111), we get 

(a+ b)(b+ce ) (c+ a)> 8abe 


Let us putb+ c=2p,;c+a=2g,a+b=2r 
=> a-—ptrt+q,b=p-—qtre=ptq-r 


=> 2p.2q2r2r28(qtrtp),(ptr—g),w+q-r) 


=> par2(qt+r—-p)(ptr—gq(ptr-r) 
Replacing p,g,rbyabec 


(i) 
(11) 
(iii) 


Without loss of generality, we get abe > (a + b-—c) (b+ 


c—a)(c+a—b) 
= The required expression is always negative 
_ x"y" 

(l+x°")(1+y°") 


Thisexpressioncan bere-arranged FE = 


(a) E 
1 


x+—2>2 
x 


Hence x" +x" >2 
=> (x*+x")Oo"+ym)24 


1 1 l 
(a) a(n)= 44s tent = 


<In(2” -1) +1 
ara 


<In(2” -1) +1 
wae 


9) + ine <4 
to be a value near 70. 
=> a(100)< 100 


(xn +x") (yh +y™) 


<In(2'” -1)+1 , which comes out 
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11. 


12. 


13. 


14. 


15. 


16. 


17. 


(a)at+bt+c+d=2 

m=(at b)(ct+d) 

Which can be written as (2 —(c + d))(c+d)=m 
Letx=ct+d 

(2—x) (x) =m 

—x+2x=x(-x+2)=m 

Clearly O<x<2 

=> mwill range fromo<m<1 


n+ntl1 1 1 |3n?+3n+3-3n’ -1 1 
(a) -——- =] <— [> —_ <— 
3n7+1 3) 10 3(3n?+1) 10 
3n+2 1 \3n+2| 1 
= a => 
3(3n?+1)} 10 3(3n?+1) 10 


Solve the above modules inequality 
By breaking zn into regions around n --= 


= Minimum possible value of n = 4 


1 1 1 
(d) eat 


9) sin 2a, 3 sin 2a, non 2a, 


In the region (—z, z) ata, =2 
L.H.S.=R.HS. 


Then any other value for which < 0 is a solu- 


sin 2a, 
tion as it will reduce the product on the left hand side. 


= Hence there are infinitely many solutions. 


(d) log, a,+log, a,+...+log, a, ,+log, a, 


ss sO Hire OBE oj CES 
loga, _loga, loga, 
Consider numbers EA weer BES, 
Og a, a, 


Sincea, >1Vn€ N 


= Allloga,>0 => byA.M.-G.M. 


> & >(loga, y" => Sum 2>n (log a)! 
n 
(c) n! >2n-1 


=> ni—-n>2n-1 

=> n(in—-1)!-1)>n-1 
Clearly (n-— 1)! >nforn>2 

=> (n-1)!-1>n-1 

=> For V n> 2 this holds 

(a) x,y, z are inA.P. 

— Ly eae 


Obviously x+z2 2J/xz 


= 2y2 2x7 SyeiioSy xz 
(c) 37+ (4)? > 25 
But (3)? + (4)? = 25 


=> a => x€ (4,0) 


18. 


19. 


22. 


23. (d) xy+yz+zx <0 and w= 


b° +c" c' +a" a’ +b" 


(d) ——— +——__+ : 


equal to 


They are positive real. Hence applying A.M-G.M. 
=" “_ sum , ye 


=> Required sum > 6 


oe ey: 5 ga 
‘o n.n—1)(n—2)....1 
By A.M-G.M, we get 


l 1 


jov0{ = + : + eee +1ll>n eee 
n n-l1 n-2 n! 
= jo00{ ++ + +ifp soe" 

no n- n! 


1000/ 1 | 1000” 
+ +....4¢1 [> 
n\n n-l n! 


1000” oe 1c 5c fends 
=> errs Maximizes when n is minimum 
n} 


= Out of given options n = 999 


~ (d) x'*—x° +x*—x+1>0; which can be written as x* (x? + 1) 


—x(x8+1)>0 
=> Q-x»O+D+1>0>%@¢-)DG?4+1)4+1>0 
= which is always positive 


“(bath eH 


Pep eo" >| ered 


3 3 
a+b’ +c jatere) 
=> >| ——_ 
3 3 
1 a+b’ +c’ +2(ab+be+ca) 
3° 6h 


3>1+2(ab+bce+ca) 
ab+be+ca<1 

Clearly, (a+b+cy>0 

=> @+bh?+c+2(abt+ bet+ca)>0 
=> 1+2(ab+be+ca)>0 


=> ab+bc tea>-— . Hence ~ <ab+bc+ca<l 


(d) Option (a), a < b and c <d does not empty 
a’ < cas there is a possibility a< 1 or b<1 
Option (b) and (c), none of the conditions necessary and 
sufficient for the inequality a“ <b* 


x+y +z 
xy + yz+2zx 
(Xtytzyprx ty +z’ + 2Zay + yz + 2x) 


(x+y+zyr2z0 
=. tay 2 2 ye x) 2 0 


= ey Zs — Day ye x) 
ee ane 2 

4 Bee 
xy + yz+zx 


24. (d) Given xyz = 10 


pe 


26. 


27. 


By A.M-G.M inequality 
=> xtytz>3(y27)8 > x+y4+z2 3(10) 


(d) xyz = 10 
Let us apply A.M.-G.M. on numbers 
Sai pI) Aa ae 


3°3°3' 3° 3 
By inequality, we get 


1/3 


saree eee BY GeY SY aie as ti 
3-3 3.3. 3..3 2 (| 


9 3° 
By the question xyz = 10 


: 1/3 1/3 
ie x+2y+3z, 8x10 
9 3° 
1/3 
=> r2y43229|| 220] 
3 


Making 9 inside the exponent 
=> x+2y+ 3z2>3 x (60)"” 


(c) a+ b+c=4 and (a+ b)(b+c)(b+c)=24 
Given a, b, c are all positive 
Applying A.M.-G.M. on (a + 5), (6 + c) and (¢ + a) 


—s AA EOEEE) ~ =e) > [(a +b)(b+c)(c+ a)}° 


=> : >[(a +b)(b+e)(c+a)]” 


512 
=> AONE Ta) 


=> (a+ b)(6+c) (c+ a) cannot be equal to 24. 


(c) IfP,OES 


= all points of PO € S, the collection of PQ is convex, 


Given 1 <x+y<2 
Ifx,y, ES, 
*,¥, ES, 


=> 1]<x’+y,<2 and 
= era 


The region S, is given by 


Now all points between P, and P, do not belong toS, 


= S, is not convex and similarly S, is not convex 
=> xy>0 => (x,y) ES, 


29. 


30. 


31. 


32. 


Inequalities < 4.43 
it l 
> 
2*-1 1-2"! 
Let us assume 2* = y — ee as = 
Substituting, we get 
y-l aes 
2 
1 2 l 2 
=> —>— > —-—>0 
y-l 2-y y-l 2-y 
2-—y-2yt+2 
> => (4-3y)~-1@-y)>0 
(y-D(2—-y) 
= By-)Y-DY-2)>0 
4 
= [y-4}(-0(-2)>0 
=> 1<y<4/3and2<y<o 
=> 1<2*<4/3 and2<2*<o 
=> o<x<log,{ =) Ut<x<e 


y 


to, () U(1,0) 


(b) n?+1=(n+1)+2n<(m+1PVneEN 
We haven <vVn’?4+1 <n+1 
[n?+1]=n 

Equation reduces to | Vn? +a| =n 

n< Vn +a <n+] 
nW<nw+K<(nt+ 1y 

0<A<2n+ 1 

X can take 2n different values . 


y 


YUUY 


(a) If wel0.=),0<a< 4 => 0 < tan a <0 


2 


tan’ @ 
=> Vx’+x and 
Vx? +x 


Applying A.M-G.M 
2 
=> Vx txt aa 22 (tan? x) 
x +x 


2 


tan” x 
=> Vx°+x+ 
Vx? +x 


(a) By A.M.-G.M. inequality 
&.. wae 
i 

(i) 5 

(iii) a+b 


Multiplying (1), (11), (111), we get (a + b) (a +c) (b+c)2 
8(abc) 


(c) By the question, a+b =A 


= va i) pepe - 


A l A 1 
te |) Sie + 
ab ab ). (ab). (ab)... | 


are positive quantities. 


> 2tana 


> (be)!” (ii) 2*°> (acy 


> (ab)! 


as 
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33. 


34. 


35. 


A> +41 +4 : 
(ett, 4) -{ (214244) _ ae 
VR A A 


(d) Without loss of generality, we assume that a< b<c 
Sab ae 
By Tchebychef<s inequality 


Gh ae a +b te" atb+c 
3 3 ee: 
3 3 3 

but oer e 5 abe 


=> at+bt+ct>abc(atb+c) 


(a) Consider two sets of numbers S, =| bp and 
n 
8,=| gegen 
2: 3 n 
By Tchebychef*<s inequality, 


l | l 1 
<|1+—r+..... + <| 14+1-—+....+ -1 
1.2 n(n—1) 2 n—-1\ 


2 
By Tchebychef*s inequality S, (vi : {t Sarre f and 
n 


=> vist ee 1) < n.{2n-1) 


<(2n-1)"" 


(c) fix) = (a+ x)’ (a— xy" 
Kix) 1s greatest when 


+x) (2-2) ; 
is greatest, 
3 4 


but the sum of the factors of this expression is 
3] 2] +4) or 2a, 
3 4 


Hence f(x) is greatest when 


atx a-xXx 


3 94 


7 
a 


Hence greatest value is —~ 
i 


SECTION-IV 


1. (a), (b), (c), (d) Parts (a), (b), (c), are correct; as we have 


proved in section III, now let us investigate option (d). 


be ac ab 
—+—+—2at+b+c 
a Cc 
Which is equivalent to b?c? + a’c* + a’b? > abc (a+ b+) 


By A.M-G.M on b?c? and a?c’ 


=> b+ ¢?>2abc? (1) 
Similarly 

COra th a2 a bc (11) 
abh?+bh?c?>2 abc (iii) 


Adding (i), (ii) and (iii), we get b?c* + a’c* + a*b? = abc 
(a+b+c) 
= All option (a), (b), (c), (d) are correct 


. (a), (b) Given R>r>Oandd>0 


2 2 2 
= AO ise ie 
2dR 
=> 0<(d+R-nr)(d+R+t+r) <2 AR; whichis true iff (¢# 
+ R?—r?) <2 dR, which is true iff d? + R? —2dR <r? 
=> (d—-RY<r 
=> |d—R| <r; whichis also—r<(d—R)<r 


- (a), (b), (€), 


8 5 2 - 
y=vx -x +x° —x+1 can be written as 


ae (x° -1) +(x? —x +1) 
= /(x°)(x-1) (x? +14+x)+(x? —x41) 


Now, let us analyze the value in various regions. 

(i) [1, 0] = The expression under the 
root is always positive 

y is real and finite 

y is real and finite as x°, x° — 1 
are simultaneously negative 


=> 
(i) [-,9) => 
(iii) x € (0, 1) = xe 
> r-x>0 

Similarly 1 > x 
=> 1-x>0 => x-x4+x7+1-x>0 
= yis real and finite 
= All the option (a), (b), (c) and (d) are correct 


. (b), (c), (d) fx) = tan x + cot x 


Iftanx=y 


=> ns 
y 


fo0<x< 4% 
2 


=> fx=y+ = 
y 


=> f= f(x)at x7 => f()=2 
ace te. 500 
Similarly if — 5 <x<0 


7 Frain (x) =-2 


The function does not have a unique bound. 
It is unbounded. 


v/a 
=> atx=- — 
4 


5. (b), (c), (d) E = a‘ (1 + tan? x) + bt (1 + cot? x) 


=a'+bh4+a'‘ tan?xt+bicot?x=at+h4+2adebh= 
- By A.M.> G.M. | 


a‘ tan’? x +b‘ cot? x>2a7b’ 


(a? -+- bh’) 


Tak m3 (a? a b* ) 
Clearly As x > > ,f (x) 


=> option (b) is correct. 


Range of f(x) = [(a? + b?)’, 0) 
= f(x) is bounded below, but not bounded above 
. (a), (c) y = sin* x —6 sin?’ x+ 5 
Let sin? x =p >y=p’?—6p+5=(p-5)(:p- 1) 


Clearly p 0 => p-52-5 
=> p-l2-l 
. sinx<1 => sinrx<l 


=> yj, — 9 and y 


. (a) x*- 12x + 40 =x?- 12x + 36+4=(@-6)+4 

=> Minimum at x = 6 

=> Value =4 

. (b) ab + ab’ — at — b* = —-(a*- a b + bt — ab?) 

— (a? (a— b) — Bb’ (a — D)) 

(a — b) (a? — Bb) => -—(a-—by(a*+ab+ bd’) 
which is always negative. 


» (a) (7—-x)'(x+2) | at a 2*)+5() is maximum 


PEG: ee 2 


=35 => yé (0,5) 


=> 
=> 


Which is maximum at 


5 
> x=3 => Value atx —3 = 415 
SECTION-V 
. (a) A: Given a, b, c are in H.P. 
i. 1. 2 2ac 
> SS =>. p= 
ac b ate 


Applying A.M.-G.M. on ( a 


b 
at+b b+c 
+ 1 
2a—b 2c—b (2% b+c J 
$$ ui“ > —————— x —_——_ 


=> 
2 2a-—b 2c -b 
eee 2 +b bt 
Substituting b = = , we get i joes >2.(4)!? 
atc 2a-b 2c-b 
Since a, b, c are distinct numbers, 
a+b b+te 

=> >4 

2a-—b 2c-b 


R: A.M. >G.M. Since a, 5, c are distinct numbers, 


= S; fae 


Which is true as (VJa-ve) >0 


= Both assertion and reason are correct and is the correct 
explanation. 


. (a) Aza+b+c=12 
.. By A.M-G.M inequality GPO obo! : 

= (4)> (abc) : 

Cubing both sides, we get 64 = (abc) 

Which is ata=b=c.. Assertion is correct 
R: ifa+b5+c=constant 

Then maximum of abc is when a= b=c 

Reason is correct and is the correct explanation 


Inequalities < 4.45 


3. (a) AVP tT VHl1Aw@tyPHrtyt 2xy=1+4 2xy 


Clearly, (x+y) @+y) <@?+ yy 
=> (ety s2 => |xt+y|< 2 
Assertion is correct is correct 
R: Reason is correct as already discussed in reason Q. No. (1) 


. (a) A: 2” >14nV2"" 


=> byAM>G.M 


=> 


a ‘ 1/2 
a Z = aa ae ae a 2 =] - [2 n(n 2] 
n 2 


=> 2”"-1>nV2"" => 2”">14+nvV2"! 


Assertion is correct 
R: (A.M). (H.M) = (G.M)* 


Also G.M > H.M 

Let us consider 3 nos. a, b, c 

=> Jac eee => ac> date" 
atc (a+b)? 


=> (a*+c’?+ 2ac) ac > 4a’*c 

=> act ca-—2a’c’>0 

=> 2a’c? —2a’*c* = 0, when atc + cba is maximum but if a, 
b, c are distinct 

ac+ ca>2a’c 

Reason is correct and is the correct explanation 


Y Jv 


. (b) A: BYA.M>GM 


et So ae Oe ln 
> (1°.2°.3° we x) 
n 


SS at) —>[ay']" > no >[any }" 


2n 2n 
+1 +] 
=> n"\" ) >aaly => (nl) <n"| = 
2 2 
= Assertion is correct 
R: For > 1 


We can write rm —r+1)>natr=1 
=> r(n-rt+l)=n 


(n—1)>n (1) 

A(n—2)>n (11) 

3(n — 1) (n) (111) 

2n-—1)>n (iv) 
and so on. 


Multiplying, we get (n!)?>n” => 
Reason is correct but not correct explanation of assertion. 


111 
. (c) A: By the question, ee are in A.P. 


a Cc 
=> a,b,c, areinH-P. 


ay Faw 2ac (i) 


atc 
Consider the equation —Ax + x? — 2b'" — qi! — cl!" = (0 


=> x2 —Ax— (2b! + gil + cll) =¢ 
Product of root —(26"" gq)" +c!) 


Which has a negative sign as a, b, c are always positive 


and b= 


2ac : : 
= Assertion is correct 


at+c 
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a” +c" atc | eee cag atc |’ 
R: > = ate >2 
2 | 2 | 2 | 


a*¢ isthe A.M. andA.M.>HM. 


=> q"+c'>2b" = Reason is incorrect. 
((2n-r)! 
7. (b) A: mene >nl (n>t) 
n! 


=> riQn-rn!i>@my > 1 @n-1)! aly 
(2n— 1)! 1!>(@!ly 
Multiplying all, we get 1! 3! 5! .....(Q2n-—1)! >qm!y 


R: (x” +y” ) < (x" +y")" 


rae i ge, 
_ ps] <|i+ q 
y y 


If <1 => =) (2) 
y y) \y 
=> 142 <14+> = ps] i+] 
y y y y 


Similarly proceeding for “31 


We get pe] < C a 
y y 


= Reason is correct but not correct explanation of assertion. 


SECTION-VI 


Passage A: 
1. (c) By the questiona+ b= 1 
a’ +b” {* xh)" 


2 2 
1/3 
=> #5) => is 
=> A < 278 


2. (b) re +y=8 
(x2)! 4.52) (2) 


2 2 
+ 
=> roa => xt+y<4 
= Maximum value is of x + y is 4 


ital 1] 
3. (ec) at+b =1,A -[a+e +642 
a b 


2 
A=a’ tae => aq’+b’>2 us 
a b 2 


=> a+b’ gi 
7 


1 1 a’ +b’ 16 
Similarly —+—- > =—(as at+tb=1 
y a’ b? ( a’ b’ ). 9) ( ) 
=> A es rhs ae 
2 2 2 


4. (b) ifa, b, c, arein HP 


a"+c"_, a” +c 
=> >b = z >2 
b 
=> xe 2 
Passage B: 


5. (d) Given sum of m™ power of first n odd numbers = A 


A n |" 
—> ——— 
n n 


x > yerl 


=> A>n. n™ 


=> 


6. (c) Assuming b+c<ct+a<atb 
1 1 1 


=> 2—2 
b+ce cta atb 
=> (a+b) +(at+c)+(b+c) [4 p 
b+e cta atb 
3] (b+c) : + (atc) Eat 
(b+ c) (atc) a+b 
=> 


a b Cc 3 3 
+ a 2—- >/-,0 
b+c cta ath 2 2 


XYZ 


(2—x)(2 naa 


: rashes 


(2—x)+(2-x)+@Q-z)=5 
= Product maximizes at equality 
1/3 
BB ne eT) 
278 - 2H 2=Z a 5 
27 
8. (c) a,, 4,, a,.....,a, are all positive 


RSG SOs Gr a 
Greatest value of (a, t+ a, + ...+a,)’ 


a ta? Biche" 


ln? >nA 


Least values of (a, +a,+...a)°=A 
=> G-L=nd-A=AMn-1) 


9. (b) atbte+d=— 


Required sum {78 +b rer)" ee 
4 4 
Passage-3 
10. (d) wt <Vax’b = xJab 
x x 1 
=> Vx>0fx)= ae =O eub. ouab 
gu © 


11. (c) for all a,’s we can write 


a, E =<" 
=> “>| 
1 8 


+] 8 
— 8 || 478] 6 
8+6 8 


12. 


13. 


8/14 
Similarly a,, a, ....a, 2 14” {a5 aa on =| 
= |[a,a,...a,]_,= 14" 


(d) Substitute a = sin’ x and b= sin’ y 


— Jab +./(1-a) (1-5) sinx. siny+cosy 


= cos [x -—y] <1 
=> Maximum value is 1 


(a) Given0<c<1 => 0Vve<1 => 0< Ve-1<1 


= Jabe +./(—a) (1-b) (l—-c) < Vab + /(1—a) (1-b) 
Which followsfrom(c)that Vabc + ./(1-a) (1-b) (1-c) <1 


SECTION-VII 


- @>€), (©) Gi)>(b); iii) >(d), (e) 


at+b 3 
= Ja 


(i) AM =6M += ars 
2ab 66 a+b 2ab 3 6 
a+b 5 2 a+b 2 5 
a+b 2ab 154+12 27 
=> —_ = —_—_ 
2 at+b 10 10 
ma a’ +b’ +2ab—4ab 27 (a—b)’ 27 
2(a+b) 10 a+b 5 
a4 2 
Which can be written as {a—b)" _ 81 
+b 15 


=> a= 15and B= 81 


=> + P2=96 => 424+B=225+9=234 
(ii) a>b 
a ab +2 (i) 
2ab a - 
= 11 
a+b 5 ) 
=> 2b “ 10b=a+b 
=> 9b=a => 5b=3b+2 
= 2b =2 => b=1 
> a=9 > at+b=10=a 
=> a-b=fB = 0-7. pe= 74 
(iii) ooh 
at 
a+b 


=A, Jab =G.M =G 


=> at+b+ab=27 => at+b+2(a+b)=27 
=> (at+b)=9 => a-6andb=3 
= @=9 


=> |a—b|=3=8 
> 14+6+62+65=364 


=> a+ B= 84 


- @>); GD(c); Gii)> (4) 


(i) Required sum is = 


2" +4" +....+(2m)" al 
2.n 
— i or ls ee (2n)” >n(n+1)” 


n 


Inequalities < 4.47 


(ii) n=n 
(n—1)>n 
4(n—2)>0 


=> (nly>n" 
(iii) if p is a positive real numbers less than unity, such that 
O<1l-p’<1l 


=> 0<l1-p< 
1+ p 
Replacing p by a,, a,...a, one by one and multiplying, 
we get 


1 
(l+a,)(1+a@,) 0... Oa akera= ey aay: 1m 


3. (i)>(c); (ii) >a); (iii) >(b) 
(i) We know that 0.3 = . 


1 x-3 
=> 3 *) a 3.4 
3 3 


=. 37434 => ces 


(ii) Obviously, x > 0 and (2x? + 3x + 2) = (2x) 
=> 2x7-3x-2=0 => x£=2Vx>0 
(iii) x -7>0 — ee a | (1) 


gies") = log, (125) = log, (125) = log, (5%) = 3 


=> log, (~-7)=1 


=>. x2=7=5 => «= 12 


SECTION—VIII: (INTEGER TYPE) 


n+1)\ Ly 
1. Consider } ——] =] 1+— 
n n 


1 1 1 3 
nz=2 => -<s-—->14+-<- 
n 2 n 2 
4 4 4 
= fi+4) </> (a*) <10 
n 2 n 
=> n‘(10)<(n+ 1% => (n+ 1)*<10""! 
=> k= 100 
2. 0<a,b,c<1;Givenat+bt+c=1 
By A.M.-H.M. inequality, GEG 8 
mae rere 
=> [A+++ }o9 abe 
abe 
now (=) SSH AEE) 
a b Cc a b Cc 
Iii, 


By AM.-G.M., ape 


9-3) _ ; 
For maximum values k < 3 7 


> (Required product)? 


=> k=8 (max) 
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3. Given |x — 3] <2 Case-(i): k > 5 => k=S5+h,h>0 
Ix—3| 
= =2< p= 3) <2 = OGreyadsay Sitar ssa" 
=> 1<x<5 (1) (1+a°) 
1 x-3 1 => |7-—|.( t+a)'<1 (i) 
—-—< <-— (1 +a™ ) 
k, x+3 k, 0297= 1 lt@t<lta@ 
Applying componendo and dividendo, we get ' a ¢ : 
-l+k, 2x -1-k k,-1 k,-1 Ita | 
emia 2 =» B.A => ee): >] => LHS. of(i)>and R.H.S <1 
-1-k, -6 -I+k, l+k, 3 k+l (1+a**") 
= On comparison k, = as = = => (i) 1s impossible “ ke(0,5) 
a 3 3 —> [k] ©{0,1,2,3,4} => Maximum value of [k] =4 
ao ete -5+(-5| oe 9, sin’x = x?+ = 
x 
4. “ Z — <2 By componendo and dividendo, we get Let us consider the R.HLS. rae equation. 
+ 
DD < iD Clearly by A.M.-G.M., x°+ 22 
x 
0 oe But |sin x| < 1 
sss 6 . 1 : 1 = 1 ae 5 = The equation has zero solutions. 
— — ar — xX — 
5 x " 6 ? 10. 7 n, s area non- negative integers. 
Fae OE Ne tt (ee | Se Let us consider ”*C_ which is an integer = ae 
3 2 3 : ris! 
> => ™C_maximum where 1! s! is leasti.e.,r =n 
5. fix) = 2x? -2(2a+ 1)x+ a(a—-1) => rt+s=2rt] => |r-s=l 
=> fla) <0 11. Consider a parallelepiped of dimensions /, b, h 
=> 2a’—2(2a+ l)at+a(a—-1) <0 .. Volume of the parallelepiped =1.b.h=V 
=> 2a°’—4a’—2a+a*—a<0 Applying A.M.-G.M. on, b, h 
=> -a—3a<0 => a+3a>0 C+b+h C+b +h 
=> a(at+3)>0 => aeée(—w,—-3)U(0, 0) ad > (¢bh)"” oe 
=> k,=—3,k,=0 => |k,+k,|=3 Clearly equality holds, when 1 = b =h=a 
6. Consider the L.H.S of the equation, (sin 3") (cos 3*) = => a2(Vv)"” 
2sin3‘.cos3° _ sin(2.3") _1 Perimeter of cube = 12 x edge length 
—— eee 7 7 = Perimeter> 12172 => k=2 
cage a | ; 12. Consider a rectangular parallelepiped with dimension 1, b, h 
s 2 but (3° + 3%) 22 By the question, lbh = V 
= Minimum value of k = 4 By AM.-GM. inequality, *2+”> (py 


7. Given f(x) = (2* — 1) (2*— 2) 


Let us assume 2*=y > f(x) =(y—1)(v-2) Equality holes when | = 6 =h=a say 


Si is increasing the started interval = ey 
ince f(x) is increasing the started interva Onn) eet =. 6g? > 6 YB 
Sa = k=5 
=> f'’'@W=20-)NQ0-2)+Qy-2¥>0=2y-6y+4+ 
. : } - a 0 2 ie - ae g>(0 PD 13. Here we are fixing the semi-perimeter of the triangle 
Which can be factorials = 3y* — 6y —-4y + 8 > 0 “. Area= A= Js(s—a)(s—6)(s—c) 
4 Applying A.M.-G.M. of s, s — a, s — b, s — c (which are 
= BMV 2) 8 y= 2) 0 a (y—2)>9 positive quantities) 
s+s—at+s—b+s—c 4 
Putting in the inequality, we get 2* € [eS] (2, 0) => (4) =A 
=> xE [-,1o8,$] U( 1,0) = Equality holds ats=s—a=s—b=s-—c 
3 => a=b=c (equilateral triangle) 
= On comparison k = 4 5 
, , _ Ba 
1 l Area of equilateral triangle = 
8. — log (1 + a°) < —log (1 + a*) 
5 k ee _ 3a 28 
Semi-perimeter S= — > a= — 
= log (1 +a*)'* <log (1 + a)" 2 
=> (1+a°)'* <(1 + a*) as base of log ise > 1 oh: pees V3.4.8? _ s° 


=> (1+a5¥<(1 + ak); Clearly k#5,k>0 4 94 3/3 


Theory of Equations 


PINTRODUCTION 
This chapter 1s concerned with various methods of finding 
solution to dependent quantities. Suppose there were two 
quantities which were dependent on each other and their 
dependence could be quantified. 

Now, you were asked to find out the numerical values 
which could satisfy both the quantities and give a solution. 
One way of finding such a solution can be to guess what 
value can satisfy the quantities and try to find out if they 
hold true by making simple calculation. Now this can take 
any amount of time. But all this time could be saved if we 
have some simple methodology to sort out this problem. In 
fact, there is a simple methodology to solve such problems. 
It is well developed and extensively used. This area of 
mathematics is called Quadratic Equations and Expression. 
This is extensively used in developing technologies. The 
basic objective of this chapter is to understand the concept. 

The notion of quadratic equation 1s a ancient one. 
Can you imagine that the babylonians knew about it some 
4000 years back and their clay tablets dating back to 
1600 Bc contain several quadratic equation. A quadratic 
equation can also be evident in some geometrical work 
of Euclid (300 Bc). An Indian mathematical text named 
Sulba Sutra dating back to 800 Bc Aryabhatta (476 ap), 
Brahamgupta (598 ap) Mahavira (850 ap) purposed 
solutions to many quadratic problems. But Shridharacharya 
(around 900 ap) was the first to provide an algebraic 
solution of general equation ax” + bx + c = 0 where a # 0 
using the method of completing squares and shown the 


—hb+b’ —4ac 


Harriot in 1631 ap ees the solution by factorisation 
and later on some modern mathematicians Leonard Euler, 
E. Bezout and Sylvester also contributed greatly to the 
development of theory of equations. 


roots to be equal to x = 


CHAPTER 


fe POLYNOMIALS AND EQUATION 


The algebraic expression a, + a,x + a,x’ + .....+ ax", 18 
called as polynomial in x with degree n, provided power of x 
in each term is a non negative integer and a, # 0. It is also de- 
noted by P (x). The constants a, (a, ¥ i = 0, 1,,.....2) are known 


as Coefficients of polynomial. 
Degree(n) of polynomial 


Degree of the polynomial is defined as power of highest 
power term in x in the polynomial expression. e.g., 4x* — 3x? 
+ 2x + 1 1s polynomial of degree 3. 


Zeros/roots of polynomial and its 
geometric significance 


‘Roots are values of independent variable x at which the 
polynomial expression vanishes’. 1.¢., 1f x = a is a root then 
PO) =O) Qa eet 4" = 0 

A polynomial P (x) is said to have roots x = @,, Gy «+. if 
P (a) = O1e., it vanishes atx = a. Since y = P (x) 1s an alge- 
braic function, so it possesses all properties of a function e.g., 
domain, range, monotonicity, maxima/minima, graph etc. 

The graph of polynomial is set of all points (x, P (x)) 
satisfying polynomial and thus geometrically real roots of 
polynomial are given by x-coordinate of those points where 
curve of polynomial intersects x-axis, since at these points 
the value of polynomial given by y-coordinate vanishes 
(1.e.,y = P (x) = 0). Clearly a, a,, a,, a, the roots of poly- 
nomial shown in the figure. 


FIGURE 5.1 
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NOTE 


A polynomial of n degree y = P(x) has exactly n root (not necessarily all real) (roots of polynomial are points) 
(complex number) at which polynomial cuts the Argand plane) 


Classification of polynomials Based on coefficient Since a,<¢ C where i = 0, 1, 2, 

. n therefore all the polynomial are called as complex 

Polynomial can be classified in following two ways: polynomials. If a,€ R where i = 0, 1, 2, ......n, then the 
(a) Based on coefficient polynomial is called a real polynomial. 


(b) Based on degree 


Complex Polynomial 


a, €C for alli 
a,eRVi . Atleast for one 1; a, ER(set of non-real numbers) 
Real Polynomial Non-real polynomial e.g., x? — 2ix + 1 
a; eQ (rational No. Set) Vi a,€ Q (Set of irrational numbers) 
Rational Polynomial For at least one i irrational Polynomial 
e.g. x? 4x + 3/4 e.g., 2x2 + V2x —3 
FIGURE 5.2 


Based ondegree Polynomials can be classified based on | (c) When n = 2, then the polynomial is called quadratic 
degree in following ways: polynomial and the degree of the polynomial 1s 2. 


(a) When » = 0 then the polynomial is called constant 
polynomial. It has no real roots. e.g., y = a,x YH=a,X’ +a,x+a,=x° (a, z foal 4: | 
x Xx 


y = AX" when x > +0, y +00 if a>0 and—o ifa<0 


a<0 
FIGURE 5.3 bi™ 


(b) When nv = | then the polynomial is called /inear poly- FIGURE 5.5 
nomial. €.g.,y = a,x + a, 

(d) When n = 3, polynomial is called cubic polynomial 
and the degree of the polynomzial is 3. 


ee ree pe ee ae 


3 
y =axX when x— 


when a,> 0: y > 0 asx 4-H; y >MOASX>O 


FIGURE 5.4 when a,<0: yo asx >-; y 4 -O asx > 


a>0O 
-X 
: a<0 
x 


FIGURE 5.6 


(ec) When n = 4, the polynomial is called Biguadratic 


polynomial. 
| a>0 
; a<0 


FIGURE 5.7 
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m@ POLYNOMIAL EQUATION AND IDENTITY 


When a polynomial expression is equated to zero, it be- 
comes a polynomial equation. 

OP 0. Ge Oe Fas +ax”" =0, (a, #0) is an 
equation of degree nv. The roots of this equation are same 
as the roots of the polynomial expression. So a polynomial 
equation of n® degree will have exactly n roots not neces- 
sarily all real because its expression can be factorized into 
n linear (real or imaginary) factors. 

A polynomial equation is called an identity if it is true 
for all values of x for which it is defined. The following 
points must be readily admitted. 


(i) Ifa polynomial equation of n™ degree has more than n 
roots then it will be true for all values of independent 
variable x, and therefore it becomes an identity in x. 


(ii) A polynomial equation P (x) =a, + ax+ a,x’ +... 
+ a x"=0 (a, # 0) will be an identity iff each of its 
coefficients vanish simultaneously. 


5.4 
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NOTE 


Whenever a polynomial equation of degree n has more than n roots then it turns out to be an identity. 


TEXTUAL EXERCISE-1 (SUBJECTIVE) 


1. 


Classify the following as rational/irrational/real/non- 

real complex polynomials and also state its degree. 

(a) (a- V2)P +(W-ay? +x+lata=1+Ww 

(b) (kh? —5k + 6) x° + (kK -2)x? + (K + 2)x? + (k -3)x 
+ latk=2,3 

(C) (Got ajar 2h (a a) + Sata, = 1 2, 
a,=1-2i 


. Find the value of a for which the polymial 


Va’ —4x° +/8-—ax+7 represents 


(1) Real polynomial (41) Non-real Polynomial. 


. Find the value of a belonging to set {2, 3, 4, 5} for which 


the equation Va’ -—9 x* +/14-a x—8 represents 


(1) Real polymial 

(ii) Non-real polynomial 
(111) Rational Polynomial 
(iv) Irational polynomial. 


. Find the number of values of p for which the equation, 


(p> — 3p + 2)x* —(p? —5p + 4)x + p — p’ = 0 possess 
more than two roots. 


Answer Keys 


1 


. (a) Real, Rational, 3 


_ (a-1)+Va’ -10a- 


. If (@-1)x? + (a-1)x + a’ —-4a + 3 = 01s an identity 


in x, then find all possible values of a. 


. Solve the equation 2x? — (a— 1)x + a + 1 = 0 for all 


values of a. 


. Solve the following equation for all permissible values 


of the parameter a. 

(a) (a-l)x+2=at+]1 

(b) (a+ 1)x?+2(at+ 1)x+a-2=0 
(c) axt+2x+3=1-x 


_ x-ab x-bce x-ca 
. Solve the equation, =f + = 
a+b b+c c+a 
] 1 
+b+e. + —— +— = 
a+b+c. What happens if Rap. ped ee 
show that g2l Gr D-9|, pf @-OG-a) | 
(a—b)(a-c) (b—c)(b—-a) 
e iC se at) = x* is an identity. 
(c—a)(c—b) 


(b) Real, Rational; D = 2, when k = 2; and D = 3, when k = 3 (c) Real, 2 


(iv) a = 3,4 


: ! For (—00,5—J32)U(5+ 32,29) 


2. (1) (0, — 2] U [2, 8] (1) (2, 2) U ©, @) 

3. (1) a = 3, 4,5 (ii) a=2 (1) a=5 

4. 1 5. | 6. Xx 

7. (a) For a not equal to one x = | and if a = 1 it is an identity. 


(b) No real roots for a <—1 and fora>-l; x=-1+ —_ (c)x= —_Vae R — {3} 
atl a+3 
~x=ab+be+ca.It ss + =” + 2 O => the given equation becomes an identity and is true for allx Ee R 
a+b b+c cta 


TEXTUAL EXERCISE-1 (OBJECTIVE) 


1. 


The number of values of the triplet (a, b, c) for which 
acos 2x + bsin*x + c = 01s satisfied by all real x 1s 
(a) 0 (b) 2 

(c) 3 (d) infinite 


2. The number of values of the pair (a, b) for which a(x 


+ 1)? + b(@’-3x—2)+x+1=01s anidentity in xis 
(a) O (b) 1 
(c) 2 (d) infinite 


3. The value of ‘a’ for which the polynomial ax?— Ja’ — 8 
x + 10 represents a real and rational polynomial is 
(a) | (b) -1 
(c) V-17 (d) All of these 


4. The value of ‘a’ for which the polynomial 


(V a’ +5at+ 6)x° + Ja—-7x+ Ja represents a real 


polynomial belong to 
(a) (00, -3] U [- 20) 


(b) G3, -2) 
Answer Keys 
1. (d) 2. (a),(b) 3. (a) 4. (c) 5. (d) 


=m REMAINDER THEOREM 


Division algorithm 

When a polynomial P(x) (of degree n) is divided by f(x) 
where Degree of divisor f (x) < Degree of dividend P(x) 1.e., 
Do Dx, then there exist two polynomials g(x) (quotient) 
and remainder r(x), such that P(x) = f(x).g(x) + r(x), pro- 
vided D i D oe 


Remainder theorem If we divide polynomial f(x) by 
(x — a), the remainder obtained is fc). 


Theory of Equations < 5.5 
(c) [7, ©) 
(d) —~, -3] U [- 2, 0) U [7, w) 


5. The value of ‘a’ for which the polynomial ax? + Ja—1 
x + ais real and has real zeros, belong to 


(a) [1, ©) (b) (-, -1] 
(c) (0, -1] (d) ¢ 

6. The value of a for which the polynomial Va? —7 x? + 
Vax+9 is non-real polynomial belong to 


(a) [-v7, v7] (b) [-v/, 0) 
(c) (0, V/) (d) None of these 
6. (Cc) 


Since remainder theorem mathematically states, f(x) = 
(x — a) g(x) + r(x); putting x = a, we get P(a) = r(a), and 
we know that degree of r(x) is non negative integer less than 
1, so in the above case, degree of r(x) = 0 1.e., remainder is 
constant. Hence r(x) = P(a). 


(When f (x) is divided by (x — a) (« — b) then remainder 


ae (Lo -f@) Jes [eo bf (a) } 
a—b a—b 
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f2) =m 27+ nC 2f-( 29+ 2(-2) +3 =4C2)+3 
=> l6om—8n—-5=-5 => 2m—-n=0 (1) 
Also, 1) =m+n—1+2+3=4(1)+3 
=> m+n =3;, From (1) and (2),m=1,n=2 
ILLUSTRATION 7: An unknown polynomial yields remainder 2 and 1 when divided by x — 1 and x — 2 respectively. 
Find the remainder when it 1s divided by (x — 1).(x — 2). 


SOLUTION: Let the unknown polynomial be P(x) where deg P(x) > 2. 


From the conditions given in the — we have, 


oe = O(x) + zz , S(x aa Fe Q(x) and S(x) are polynomials). 
; ai _ _ 3-x 
On subtracting, we get Ee. S(x)- O(x)+ GD) 


=> P(x) = S@) - O@)) & - I) - 2) + 3 —x. Clearly the remainder is 3 — x. 


ILLUSTRATION 8: What is the remainder when x + x"! + x’? + x* + x7 is divided by x° — x? 
SOLUTION: We havex + x! + x9 + x8 4x7 =x (1 4+ x 4+ x38 + x? + x”) 
=x [x -1) + @- 1) + w*-1)+ @&”-1)] + 5x 
= x(x?@_]) + x 1) + x? - 1) + xx” - 1) + Sx 
Now x? — x = x (x?— 1) and we know that each of x’°— 1, x’®- 1 , x**- 1, x”°-1 is divisible by x? - 1 
=> x(x!-1) + x &- 1) + x” - 1) + x(x” - 1) 18 divisible by x (x? - 1) 
Remainder 1s 5x 
ILLUSTRATION 9: Show that the expression (x — 1) (x + 1) & +2) (« + 4) + 91s a perfect square of a quadratic ex- 
pression and hence find the quadratic. 
SOLUTION: Let (x? + ax + 5) be the required quadratic 
(x? ++ ax + bY? =(x-1) (+1) +2) %4+4)+9 
=> x*+ 2a + (a+ 2b)x? + 2Zabx + Bb? = x* + 6x? + 7x? -— 6x + 1; 
Comparing the coefficients, we get 2a = 6 ; a? + 2b = 7; 2ab = -6 and b? = 1 
The value of ‘a’ and ‘b’ that satisfy all the above conditions are a = 3 and 5 = -1 


The required quadratic expression is x? + 3x — ] 


ILLUSTRATION 10: Find a polynomial in the variable x of the degree three such that the polynomial vanishes when 
x =2orx =-3 and will have the values 8 and 18 at x = —2 and 3 respectively. 
SOLUTION: Let the required polynomial be f{x) = a (x — a) (x— B) (x—y) 
f2)=0 => either of a, B, y, = 2 Leta =2 
ee {(-3) = 0 > either of B, y = —3 Let B = -3 
. fix) becomes a (x — 2) (x + 3) (x-¥) 


f@?) =8 > aQt+y)=2 (1) 
Similarly, 
J3) = 18 >a GB-y=3 (11) 


Dividing (1) and (11); we get, at == >y=0>a=1 
= 


f(x) = x(x — 2) (« + 3) 1s required polynomial. 


Theory of Equations < 5.7 


Factorizationtheorem _ If (x —«) divides P(x) completely then remainder r(x) must be equal to zero (1.e., r (x) = P(a) =0) 
=> x = a1s aroot, then x — a will be a factor of P(x). It is also known as factorization theorem. 


ILLUSTRATION 11: If ax? + bx + c has a factor of the form x” + px + 1, show that a*— c? = ab. 


ax’+bx+e R(x) 


= 5 where the remainder 
x + px+1 x + p(x)+1 


SOLUTION: By actual division we have 


polynomial is obtained as R(x) = (b—a+ap’)x+c+ap. 
Now if ax’+bx+c has a factor of the form x7 + px+1 then R(x) must be identically zero. 
Indeed, R(x) is identically zero if b —a + ap?=0 andc + ap =0 


2 
eee Cc 
Eliminating p between these equations, we get bD—a+a (-£) = 0 or a’-—c*=ab 
a 


ILLUSTRATION 12: Use the factorization theorem to find the value of A for which (a + 2), where a, 8 # Oisa 
factor of a* + 32f4 + a38 (A + 3). 


SOLUTION: Let f(a) = of + 32f' + of B(A + 3), Now, aso + 28 has to be factor thus « = —2B shall be root of f(x). 
=> f{-2B) = (— 2B)"+ 32f'+ (— 2B)’ B (A + 3) =0 
=> 48f8'- 8Bt(A + 3) =0 > 88 [6- (A + 3)] =0 
=> 88 3-A)=0 
Since B # 0, so, 3— A = 0, therefore A = 3. 
ILLUSTRATION 13: Simplify the equation (x + y + z)? =x? + y? + z3 and show that it holds good if atleast two of the 
three variable take value equal in magnitude and opposite in sign. 
SOLUTION: We havex?+y=(x+y +z)-2 
RHS. (e+yt+2—-2D(@ ty +2 +@?t+@+y+2@) 
=(x+ y) (Qe? + y? + 27+ Axy + 2yz + 2zx + 27+ xz + yz + 27) 
(x + y) (x? + y? + 327+ Axy + 3yz + 3zx) 
LHS: ty)’ + y—xy) 
Now L.H.S =R.H.S. > eitherx + y=0 or x? + y?—xy =x? + y?+ 327+ 2xy + 3yz + 3zx 
> 2v+imxt+yztxy=0 
Z+x)@+y)=0 
Equation becomes (x + y) (vy + z) (z+ x) =0 


ILLUSTRATION 14: Find the factorization of polynomial p(x) = (x? + 5x + 6) (x?+5x +7)- 12. 


SOLUTION: P(x) = (x? + 5x + 6) (x?+ 5x +7)- 12 
P(x) = (x7 + 5x + 6) (x? + 5x + 6) + 1)-12 
Letx? + 5x+6=y 
=> P(x)=y(y+1)-12 =( + 4) 0-3) 
Passing from y to x, we get (x? + 5x + 10) (x? + 5x + 3) 


= [SEY 2 SB Ne seat) 
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TEXTUAL EXERCISE-2 (SUBJECTIVE) 


1. Given that the expression 4x° + 5kx?— 3x + k has a remi- 3. If x + 1 is a factor of x*+ (p — 3)x?- (3p — 5) x? + 
nader of 5 when divided by x + 1 find the value of k. (2p — 9) x + 6 then find the remaining factors of the 


2. If y, 6 are the roots of the equation (x — a) (x — B)—k above biquadratic expression. 


= 0, prove thata, f are the roots of the equation (x — 7) 4. Find the factors of x° — 11x* + 33x? + 11x? — 154x + 
(c—8)+k=0. 120 =0. 


Answer Keys 
lk =1 Slee ea ee... 4 Ye ae Es 


TEXTUAL EXERCISE-2 (OBJECTIVE) 


1. Ifx?+x—618 a factor of 2x*+ x°- ax? + Ae + B-1, Then find the remainder when P(x) 1s divided by (x — a) 
then which of the following is/are correct? (x — b) (x—c) where a, b, c are distinct. 
(a) 9a + 2B = 134 (b) 4a—3B = 39 (a) 2x + 1 (b) x- 1 
(c) 7a = 96 (d) None of these (c) x (d) None of these 


2. The value of the parametre k for which x + 4 1s a factor EN Dae! asa Faiee BC ae the Ae eh OF 


of the polynomial expression (x + 3)?+ (3x + k)’. the following conditions are valid? 


(a) 13 (b) ll-@ (a) aticec=0 
(Cc) 11 (d) 12+ @ (b) b—a=ac 
3. A certain polynomial p(x), x € R when divided by x — a, Ce te ter a0 
x —b and x—c leaves remainders a, b and c respectively. (d) None of these 
Answer Keys 
1. (a, b, c) 2. (a, b, d) 3. (c) 4. (a, b, c) 
The above method was first proposed by Shridharacha- 
m QUADRATIC EQUATION rya in 900apD (approx). That is why itis also called as Shrid- 


ax? + bx + c = 0 is known as quadratic equation if a is non- | haracharya Vidhi. 
zero a, b,c € C. The roots of this equation can be obtained | Nature of roots: It is very evident from the following re- 
by method of completing the square as below: sults that roots of quadratic equation are functions of its co- 


( _: Z efficients. 
axe + bx +0=O00)>Da|x +-x4+-1=0 Z 
@) a a Mite do Raat Otten 2288? A 


b Cc _»_ [HH 2a 
= ee  a#0 aie = and ax? + bx + ce = a(x — a) (x — B) (11) 
a 
; b> wb ¢ Thus roots depends on nature of coefficients. 
= 2° 2——2% 5 ei = 0 
2a 4a 4a a 


e If D> 0, then roots of equation (1) are real and 


BY Heda Z dp = dae distinct. 
=> == eS e If D=O0, then roots of equation (1) will be real and 
4a 2a 2a b 
lLie,a= p= -— 
(b? — 4ac = Dis known as Discriminant of quadratic) eee 2a 


e If D<0O, then roots of equation (1) will be non-real 
complex conjugate. 


e For quadratic with non-real coefficient above con 
collusion may not hold good. 


O Ifa, b,c € Q and Disa perfect square of a rational 


number, then the roots are rational and in case it 1s 
not a perfect square then the roots are irrational. 
(conjugate surds) 


If a,b,c € Rand p + ig 1s one root of equation (i) (¢ #0) 
then the other must be the conjugate p — ig and vice 


versa. (p, g € R andi —/-1). 
If a, b,c € O and p + 
then the other must be the conjugate p ~Jq and vice 


g 1s one root of equation (7) 


versa. (where p 1s a rational and Ja is irrational) 


ax? + bx +c =0=a(x — a) (x — B) af aw and B are roots 
of the equation) 


* a #0); dividing both side of equation by a and 
comparing the coefficient 


a aes and ap = © 


a a JD 


= a -— B (difference of roots) = —— 
a 


Let D, and D, are discriminants of equation 
ax bere. = Vand ax bx +e: = 0 

Casel: D, + D,= 0, then at least one of D, and D, = 

O (must be pieater than or equal to zero) 1.e. vif De 0, 
then D, > 0 and if D, < 0 then D, = 0, 1e., at least one 
of the equations has both roots real 


Case ll: If D, + D, <0, then at least one of D, and 
D, must be negative. 1.e., If D, > 0, then D, < 0 and if 
D, < 0, then D, > 0 Gqaust be ies than Zero). At least 
Bne of the equation has both roots, non-real complex 
conjugates. 


ILLUSTRATION 15: For what values of m € R, the equation (1 + m)x?- 


(a) both roots imaginary 
(b) both roots equal 
(c) both roots real and distinct? 


Theory of Equations < 5.9 

WU Irrational roots for rational polynomial and non-real 
roots for real polynomials always occur in conjugate 
pairs. 

OU If the equation ax? + bx + c = 0 has more than two 
roots, then it will become an identity and this implies 
a= b=c=0 and it will have infinite real roots. 

U If a= 1 and 5b, c are integers and the root of equation 
(1) are rational numbers, 1.e., D > 0 and perfect square 
then these roots must be integers. 


Proof: If a= 1, band c integer and D= b?- 4c=k’andk es 
. Bb-4c=kh => b?-k? =4c 
=> bandk have same parity (.e., either both odd or both 


even 
—h+~Vb’ —4c 


=> Root a and B = 


pi 
~btVk? - 
=> a and B = ———— = 
2 2 
—b+tk -b+k -b-k 
= = ,——_ eZ 
2 2 2 
Converse: « and f be integer roots 
a+ p= - 
— P. root € O 
a.p=e 


If sum and product of two rational is integer then they 
both must be integer. 


UO Ifa+b+ec=0 anda, b,c are rational then 1 is a root 
of the equation (1) and roots of the equation (11) are 
rational. 


l 
Oa@+bh+c-ab-—be-ca= Pe a a 


(c —a)"} = -{(a— b) (6 —c) + (6 —e)(e —a) + (c —a) 
(a—b)} 


2(1 + 3m)x + (1 + 8m) = 0 has 


SOLUTION: Since discriminant D = 4(1 + 3m)? —4 (1 + m)(1 + 8m) 
=> 4m(m-3)<0 D> me(0,3) 


=> 4m (m -3)=0> m=, 3 


(a) roots are imaginary only if D < 0 
(b) both roots are equal when D = 0 
(c) both roots are real and distinct when D > 0 


=> 4m(m-3)>0 => m(m—-3)>0 


=> m é€ (-~,-1)U (1, 0) U GB, ~) 
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ILLUSTRATION 16: Prove that the roots of the following equations are real: 
(a) x?-2ax + a@— b*-c? =0 (b) (a—b + c)x?+ 4(a— b)x + (a-—b-c)=0 
SOLUTION: (a) The given equation is x” — 2ax + a’? — b*— c* = 0, the discriminant 
D = 4a* — 4(a? — b* — c*) = 4a’ — 4a? + 4B? + 4c? = 4(8? + ec?) > D>. Hence roots are real. 
(b) The given equation 1s (a— 5b + c)x? + 4(a— b)x + (a—b-—c)=0 
D = l6(a— by -4(a—-b+c)\(a—-b-c) 
= 16(a — b)* — 4[(a — b)? — c?] = 12(a — b)? + 4c? => D = 0; Hence both roots are real. 
ILLUSTRATION 17: Prove that roots of the equation sin? a x? + cosa x — 1 = 0 are rational. 
SOLUTION: Sum of coefficient sin? a + cos? a —1=0 
=> x = 11s one root of equation 
= Other roots must be rational because the given quadratic has rational coefficients, therefore 


if irrational roots occur, they must occur in conjugate pairs. So if one root 1s rational then 
other root must also be rational. 


ILLUSTRATION 18: Prove that the roots of ax? + 2bx + c = 0 will be real and distinct if and only if the roots of 
(a + c) (ax* + 2bx + c) = 2(ac — Bb”) (x? + 1) are imaginary. 
SOLUTION: Let D, be the discriminant of quadratic equation ax” + 2bx + c = 0 (1) 
=> D,=4(b’-ac); given D, > 0. 
The other equation (a + c) (ax? + 2hx + c) = 2(ac — b*) (x? + 1) can be wnitten as 
(a? + 2h? — ac) x? + 2(ab + be)x + (c*? + 2b? — ac) = 0 (ii) 
Let its discriminant be D, 
D,= 4(ab + be) — 4(c? + 2b*— ac)(a@’ + 2b? — ac) 
= 4(- a*b* — b’c? — 2a’*c? + 6ab’c — 4b* + ac} + ac) 
= —4 [4b* (b? — ac) + a? (Bb? — ac) + c? (b? -— ac) — 2ac(b? — ac)| 
= —4(b* — ac) (4b? + (a —c)*) 
Clearly, when 5? — ac > 0, D, will be negative. 
and if D, <0 > b’-ac>0 
therefore D, <0 <b? —ac>0 or, D,<0 =D, >0, 
the roots of (1) are real and distinct if and only if the roots of 
(11) are imaginary. 
ILLUSTRATION 19: If the roots of the equation x* — 8x + a* — 6a = 0 are real and distinct, then find all possible 
value of a. 
SOLUTION: Since the roots of the given equation are real and distinct, we must have D > 0. 
=> 64-4 (@- 6a) >0 > 4 [16 —-a’* + 6a] >0 > a’ -6a—- 16<0 
=> (a-8) (a+ 2)<0>2<a<8 


Hence, the roots of the given equation are real if a lies between —2 and 8. 
ILLUSTRATION 20: If cos@, sin ¢, sin 8 are in GP, then check the nature of roots of x? + 2(cotd)x + 1 =0. 
SOLUTION: We have, sin? ¢@ = cos@ sin@ 


The discriminant of the given equation is; D = 4cot? @ — 4 


= | 280° 2 “a Beeb) «4 0-200 ime) 


sin’ > sin’ > sin’ 
: 2 
= Jens = oa >0 = Roots of given equation will be real. 
sino 


Theory of Equations < 5.11 


ax 4+ bx +c =0 


D=0 D>0 
Roots are equal Roots are unequal 
a=f6 =-b/2a a#B 


Caution: If D < 0 and at least one of the 
coefficient a, b, c of quadratic are non-real 
then complex roots of quadratic equation may 
not necessarily be non-real conjugate pairs. 


a,b, ce RandD <0. Roots are a,b,c ER&D>O. 
non-real and always occur in Roots are real 
conjugate pairs. i.e., and p + ig, p—iq and distinct. 


a,b,c e Qand a,b, ce Qand Dis not! | Caution: Ifa, b,c ¢ Qand D > 0 but nota perfect 
Dis a perfect square} | @ perfect square. square then roots are irrational and they always occu 
= Roots are rational Roots are irrational n conjugate pairs. E.g., 2 + V5 and 2 — V5 are roots of 
i.e. p+ Vg, =p—vq equation x? — 4x —1. However, if all a, b, c ¢ Q and 

= D > 0 but not a perfect square, then the roots may 
a=1,b,ce Zand not occur in conjugate pairs. e.g., the roots of the 
D > 0 and Is a perfect equation x? — (3 + V2)x + 3V2 = 0 are 3 and V2. 
square, => both 
roots are integral. 


FIGURE 5.8 
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Determination of sign of roots without solving the 
Equation: 
Given: ax? + bx +c =0. 


b 


If a, B be roots = at+p=— 
a 


C 
> ap=— 
a 


Case 1: D> 0 
Sub-case 1: 0.8 <O anda+fB>0, 
Leta >0,B<0O => |al>||. 


=> a and B of opposite sign and magnitude of positive 
root is larger than negative root. 


Sub-case IT: «.8 <0 anda+B <0, 
Leta >0,B<0O => |a|</|B). 


=> a and B of opposite sign and magnitude negative root 
is larger than positive root. 


Sub-case III: a.8 <0 anda +B=0, 
Leta>0,B<O>|a]=| |. 


=> a and B of opposite sign and magnitude of negative 
root is same as that of positive root. 


Sub-case IV: «a.B > 0 anda +B <0 


=> a and B of same sign and both negative. 


Sub-case V: a.B > 0 anda+ p> 0, 

=> a and B of same sign and both positive. 
Sub-case VI. a .B =0 anda+fB<0O, 

= One of o and B = 0 and other is negative, 
Sub-case VII: a.8 =O anda+fp> 0, 

= One root zero and other positive, 
Sub-case VIII: o.8 =0 anda +B =0, 

=> Both roots zero. 

Case (2): D<0 

Sub-case (I) a .B>0;a+B>0 

= Both roots imaginary with positive real part. 
Sub-case (II) a + B =0 

= Both roots purely imaginary. 
Sub-case (IID a + B <0 

= Both roots imaginary with negative real part. 

Case (3): D=0 

Sub-case (I): a + B > 0 

= Both roots are equal and are positive 
Sub-case (II): a + B <0 

= Both roots are equal and are negative 
Sub-case (IID: a + B =0 

= Both roots are equal and are zeros 


THINK YOURSELF 


Theory of Equations < 5.13 


1. Why a quadratic equation cannot have more than two roots? 


TEXTUAL EXERCISE-3 (SUBJECTIVE) 


1. 


Answer Keys 
1. real and distinct 2. real and unequal 3. ab <0 
5. imaginary 6. m = 3, -3/4 
7. (a) ae (-L~) (b) a (-~,—I) (Cc) ae to} 
9 


Find the nature of roots of equation x? + k = 0, where 
k<0. 


If /, m are real / # m, find the nature of roots of the 
equation (/ — m)x?-— 5d. + m) x— 21 —m) = 0. 


If the roots of ax? + b = 0 are real and distinct then find 
the condition for which it is true. 


Find the value of k (k > 0) for which the equation x? + kx 
+ 64 =0 and x?-— 8x + k = 0, both will have real roots. 


If b e€ R* then find nature of the roots of the equation 
(2+ b)x?+(3 + bx + (44+ b)=0. 


For what values of m will the expression (m + 1)x? - 
4(m + 2)x + 25 be a perfect square? 


Find the set of values of a for which quadratic equation 
(a+ 1)x?+2(a+1)x+a-—2=0 

(a) has two distinct real roots 

(b) has no real roots 

(c) has two equal real roots. 


root larger, a = 3/2 


10. 


12. 


13. 


. Find out whether 10 — 2/5 is a root of equation x” — 


20x + 80 = 0. 


. Without solving the following equations, determine 


the sign of its roots. 

(a) x?+ (3 -—2a)x -3a+2=0 

(b) x2 +5x+4=0 

Show that the roots of equation px”? — 3qx — 4p = 0 are 


all real and distinct V p, g € R and also analyses the 
nature of root when p, g are purely imaginary. 


. Find the roots of the equation (b — c)x? + (c — a)x 
+ (a—b)=0. 
If a(b — c)x? + b(e — a)xy + c(a — b)y* 1s a perfect 


square, then prove that a, b, c are in H.P. 


If a, b € R and the quadratic equation x? + (a — b) 
x—a—b+1=0 has unequal real roots for all b € R, 
then show that a >1. 


4. 16 


8. yes 


. (a) both roots negative for a < 2/3, one root —ve and other is zero if a = 2/3, a € (2/3, 3/2) opposite sign and —ve 


= equal magnitude and opposite sign a > 3/2: opposite and + ve roots 1s larger in magnitude. 


(b) both roots negative 
a—b 


yl 
b-c 


TEXTUAL EXERCISE-3 (OBJECTIVE) 


1. 


If the roots of the equation 9x? + 4ax + 4=0 are imag- 
inary, then 

(a) a € (-3, 3) 

(b) a € [-3, 3] 

(c) a € (-~, -3] U [3, &) 

(d) None of these 


Zz 


The value of & for which the expression x? + (2 —k) x 
+ k — 3/4 will be a perfect square, is 

(a) 1 

(b) 6 

(c) 7 

(d) None of these 
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3. The equation x? + 3|x| + 2 = 0 have 
(b) no roots 
(d) None of these 


4. If /, m are real, / # m, then the roots of the equation 
(i— m)x? — (1 + m)x — 2(1— m) = 0 

(b) complex 

(d) None of these 


5. The value of m for which the equation x? — x + m* = 0 
has no real roots is given as 
(a) m> 1/2 (b) m=0 
(c) m<1/2 (d) m<1/2 


6. The equation x?- (2 tan ~) x— 1 = 0 has always 


(a) 4 real roots 
(c) 2 real roots 


(a) real and equal 
(c) real and unequal 


(b) real roots 
(d) None of these 


(a) integer roots 
(c) equal roots 


7. Ifx’—4x + log, ,a* = 0 does not have two distinct real 
roots, then maximum value of ais 


(a) 1/4 (b) 1/16 
(c) -1/4 (d) None of these 

8. The polynomial (ax? + bx + c) (ax? — dx — c) = 0; 
ac #0, has 


(a) four real zeros 
(b) at least two real zeros 
(c) at most two real zeros 
(d) no real zeros 
9. If roots of the equation (a? + b*)y? - 2(ac + bd)y + ¢? 
+ d’ = 0 are equal, then 


(a) ab = be (b) ac = bd 
(c) ad + be =0 (d) aor 
Answer Keys 
1. (a) 2. (a), (c) 3. &) 4. (c) 5. (a) 
11. (a) 12. (a) 13.(d) 14. (a) 15. (a) 


‘RELATION BETWEEN ROOTS AND 


Let the roots of the equation ax’ + bx + c be given by (a, f), 
then by factor theorem (x — «) and (x — B) are factor. 


=> ax?+bx+c=a(x-a)(x- f) 
b Cc 

Sr Se — =o) oe =p) 
a a 


, Oo % 
SS ea 
a a 


x?-(a + B)x+ af 


10. The value of m for which the equation (1 + m)x? - 2(1 
+ 3m) x + (1 + 8m) = 0 has equal roots, 1s 
(a) 0,3 (b) 1 
(c) 2 (d) 3 


11. If the roots of the equation (6 — c) x7 + (c—a)x + 
(a — b) = 0 are equal, then a, b, c are in 


(a) A.P. (b) G.P. 
(c) AP. (d) None of these 
12. The roots of the equation (« — a)(x — b) = abx’ are al- 
ways 
(a) real (b) imaginary 


(c) cannot be discussed (d) None of these 


13. The quadratic equation 8 sec?0— 6sec 8 + 1 = 0 has: 
(a) infinitely many roots 
(b) exactly two roots 
(c) exactly four roots 
(d) no real roots 


14. Let a, b andc be real numbers such that 4a + 2b +c¢= 
O and ab > 0. Then the quadratic equation ax? + bx + ¢ 
= 0 has: 

(a) real roots 

(b) complex roots 

(c) purely imaginary roots 
(d) only one root 


15. The condition that the equation (c? + a”)x?— 2(a + b) 
cx + (b? + c?) = 0 has equal roots is 


(a) c?=ab (b) b> =ac 
(c) 2b=a+b (d) None of these 
6. (b) 7. (a) 8. (b) 9. (d) 10. (a) 


Comparing the coefficients of x and constant term, we 
get a + B= —b/a and aB = c/a. 


For cubic polynomial equation 


If ax’? + bx? + cx + d=Ohas roots a, B, y then 
~La=at p+ y= —b/a;, Lap = ap + fy + ya = ca, 
apy = —dWa 
Similarity, for biquadratic polynomial 
If ax* + bx’? + cx? + dx + e = Ohas roots a, B, y, 6 then 
La =—b/a, LaB = c/a, LaBy = —d/a, La Pyd = e/a 
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For general polynomial equation a, 
e “a Ds OOP eas j= 2 a, =— 
In general, if (4,40), thena,x” + ax"! + a,x"? +... +a, = ; : : ay 
0 be a polynomial equation of degree n. 
Let OOO ics a. be the roots of the above equation. 
eae aes ‘ : Ricoh (045.0 a Pa ee ee )= Yaa, =- 
Therefore a)(x -—Q,) (x-Q,) ...... (x-Q,) : < Ay 


|S RN ce SO I a a ate | ||| aaa a a 
(where S| denotes sum of product of roots taken r at 
a time). Comparing the coefficients of L.H.S. and R.H.S. ira a; ae y= [[o., = (-1)" un 


polynomial expression. k=l 0 


ILLUSTRATION 25: Find the sum of cubes of roots of equation x* — 12x* + 48x — 64 = 0 


SOLUTION: Comparing the given equation with a, x° + a, x° + a,x + a, =0, we have a) = 1, a, =— 12, a, = 
48. a,=—64 


> Ya= 5 eee =(-17“ =48, a Br=(-ly 2 =64 
Ay l Ay Ay 
. fh=-P-12P-48t-64<0Vt2=0 


= All roots of given equation are non- negative. 
Furthera +B+y=12,a By=64 = MEE 244 aBy=4 
=> AM. of a, B, y= 4, GM. of a, B, y=4 : 
=> AM. = GM. 
=> a=p=y=4 = me By = 3 ya 100 


Formation/transformation of quadratic Since a + B = —b/a and af = c/a and the equation 
equation whose summation of roots is S and product of roots is P can 


be written as x? — Sx + P = 0. Therefore 
If all the roots of a polynomial are transformed by same 


function (say f(x)), then the equation obtained can be gener- (i) S= pra P= Vap>x?- Bra x + l/aB =0 
ated directly as described below: ap ap 
Step-I: Let the equation ax? + bx + c = 0 has root a => apx’ —(B + aje+1=O> cx’ + bx +a=0 
and f. (The reciprocal equation of ax? + bx + c = 0 can be 
Step II: To obtain the equation with root fa) and f(B) obtained by replacing x with 1/x in the later equa- 
consider x = f (a) tion i.e., interchanging the coefficients of equidistant 
Express a in terms of x > a =f! (x) terms from beginning and end.) 


Step III: Substitute the value of a in equation aa? + (Gi) S=Ha+ p),P=aB>x2+(at Bx + af=0 


ba +c=0 he he 6 
Then we obtain the transformed equation a(f! (x)) . eee 2 
+h (f(x) +c=0 (The equation whose roots are negative of the roots of 


equation ax? + bx + c =0 can be obtained by replac- 


A quadratic equation whose summation of roots is S' and , 
ing x with —x is the ax* + bx +c =0) 


product of roots is P can be written as x — Sx + P = 0. 
Hence a, B be the roots of equation ax* + bx +c = 0, then | (ii) S=k(a + B), P=Kap>x°-ka+ B)x + Pap =0 


to obtain the equation whose roots are => ax’? +kbx + ke =0 
(1) Va, 1/B (1) —a, —B (The equation whose roots are k times of the roots of 
(1) ka, kB (iv) —l/a, —1/B ax? + bx + c =0 can be obtained by replacing x with 


(v) pa + q, pB + g, Now we proceed as: x/k in the ax? + bx +c =0) 
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Hence the required equation 


: —(B +0) 2 
iv) S= ———,P= l/ap> apr’? + (P+ ax+1=0 ‘ : : 
~ of pene we) => xX -[p(a+ B)+2g]x + [pra + pq (a+ B) + @]=0 
See nae a => ax’ + [pb —2q]x + [p’e —pqb + ¢|=0 
(The negative reciprocal of roots of equation ax* + bx = 
+ c = 0 whose roots can be obtained by replacing x | Alternatively, for the new equation x = pa + g, a = ——. 


by —1/x in the given equation) Therefore the required equation can be obtained by replac- 


v) S=p(a+ B)+2¢, = 
(v) Pt Peed ing x by oe q in the ax? + bx +c =0 
Pp 


P=papt+ pq(at B+ ¢ 
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ILLUSTRATION 29: If a, 6 and c are in A.P, and one root of the equation ax” — 2bx + c = 01s 3 then find the other 
root and harmonic mean of both the roots. 
SOLUTION: Let a be the other root, then 92-65 +c =Oand2b=a+c 
=> 6a-—2c =0 => cla=3 
Now product of roots = 3a = cla = 3 
> a=! 


H.M. of the roots = 23)0) = 3 
3+1 2 


ILLUSTRATION 30: Find the condition that the one root of ax? + bx + c = 0 shall be » times of the other. 
SOLUTION: Let one root of ax? + bx + c = 01sa, the other is na. 
‘. Sum of the roots1.e., a + na = —b/aora(1 +n)=-— bla (1) 


Product of roots 1.e, a&.na = cla or no? = cla (11) 


2 
From (i) and (ii), we get @? = ms iis 
a (i+n) an 


Thus required condition is b’n = ac(1+n)’ 


ILLUSTRATION 31: If the roots of the quadratic equation x? + ax + b = 0 are tan 30° and tan 15°, respectively, then 


find the value of angle @ € (0, 1) such that tang = = — hence show that “ +bv3 is a root 
a— a— 
of given quadratic equation. 
SOLUTION: The equation x” + ax + b = 0 has roots tan 30° and tan 15° therefore, 
tan 30° + tan 15° = -a (1) 
tan 30°. tan 15° = b (2) 


Now, tan 45° = tan (30° + 15°) 
tan 30° + tan 15° —a 
~ 1—tan 30° tan15° ake 1-b RPEne Waae NG) 
> 1-b=-a>b-a=l 
tan 30° is root of the given equation 
 W3+alv¥3+b=0 
> a+b v= -1/v3 


op EE EE 
a- _ 


=> = 7/6 hence GeiN2 


is Clearly a root of given quadratic equation. 


ILLUSTRATION 32: 0 <a <b <c and the roots a, £ of the equation ax” + bx + c = O are imaginary, then prove that 
|a| = |B| and |a| > 1. 
SOLUTION: Since roots are imaginary, D = b? — 4ac <0 
> a — ~b+iN4ac—b* and p= ~b—iv4ac— bt 
2a 2a 
Clearly, B =a => |o|=|B| =16 


2 2 
Also |a| = z + meee = |= >1 => |a| > 1. (Think how can you solve the problem 
4a’ 4a’ a 


graphically) 
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TEXTUAL EXERCISE-4 (SUBJECTIVE) 


1. 


If fix) = 2x? + mx? — 13x + n and 2, 3 are roots of the 
equation f(x) = 0, then find the value of m and n. 


Find the value of m for which the equation x? — mx? + 
3x — 2 = 0 has two roots equal in magnitude but op- 
posite in sign. 

If a, B are roots of equation 2x? — 3x — 6 = 0 then find 
the equation whose roots are a? + 2, B? + 2. 


If « and f are the roots of ax? + bx + c = 0 then find 
the roots of the quadratic equation ax? — bx(x — 1) + 
c(x—1)/ =0. 

Find the quadratic equation whose roots are cubes of 
the roots of x7 + bx + ¢ =0. 


Roots of x? — 9x? + kx — 24 = 0 are in A.P. then find 
roots and k. 


10. 


. Suppose a, b are complex numbers and x* + ax + b=0 


has a pair of complex conjugate roots, then show that 
a and b are real. 


. If cot 0, cosec 9 are the roots of the equation 


ax? + bx + c = 0 and A = b?- 4ac, then find the value 
of a’. 


. If a, B are the roots of equation A(x? — x) +x +5 =0 


and A 


eae 


, are two values of 4 for which the roots a, B 
are related by: a/B + B/a = 4/5. Then find the values 
of AJA, + A/A,. 


Let [a] denote the greatest integer less than or equal 
to a. Given that the quadratic equation x” + [a? — 5a 
+ b + 4]x + b = 0 has roots — 5 and 1, find all the 
values of a. 


Answer Keys 


1. —5, 30 
5. x? + b(b*> -3c)x +c =0 


9. 254 


2. 2/3 


10. oe ; 


6. 2,3, 4 and k = 26 


5-35 
2 
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a  B6 
3. 4x? - 49x + 118 =0 Yr 
ao+1 B+1 
8. DA. 


4 


TEXTUAL EXERCISE-4 (OBJECTIVE) 


1. 


If a, B are the roots of 9x” + 6x + 1 =0, then the equa- 


tion with roots iS 


a °B 
(a) 2x7 + 3x +18=0 (b) x? + 6x—-9=0 
(c) x7 +6x+9=0 (d) x?7-6x + 9=0 


If a, B are the roots of the equation x? + px + gq = 0, 
1 1 
then — mom B are the roots of the equation 


(b) gx? + px +1=0 
(d) x?-px+q=0 


(a) gx?- px +1=0 
(c) x7 + pxt+q=0 


The equation formed by decreasing each root of ax” + 
bx +c =0 by 1 1s 2x” + 8x + 2 =0, then: 

(a) a=-b (b) b=-c 

(Cc) c=-a (d) b=a+e 


If a, B be roots of equation ax* + bx + c = 0 then equa- 
tion having roots a + B, aBis 

(a) a’x*—a(c—b)x + be =0 

(b) a’x*-—a(c—b)x— be =0 

(c) a’x*—abx—be =0 

(d) None of these 


If a, B be roots of equation ax” + bx + c = 0 then equa- 
tion having roots 1/a’, 1/B? is 

(a) c*x? —(b?-2ac)x + a’? =0 

(b) c*x? + (6? -2ac) x + a*=0 

(c) c*x? — (b? — 2ac) x — a? =0 

(d) None of these 


If a, B are the roots of the equation ax? + bx + c =0, 


] 
then the equation whose roots are ———- and_,__—_ 1s 
aat+b aBp+b 


(a) cax?—bx +1=0 (db) cax* + bx + 1=0 
(c) cax?+bx—-1=0 (d) None of these 


le 


10. 


12. 


If a and b are rational and b is not a perfect square, 
then the quadratic equation with rational co-efficients 


] 
+b is 
(a) x?-2ax + (a’— b)=0 
(b) (a?— b) x? -2ax +1=0 
(c) (a?— b)x? -2ax + 1=0 
(d) None of these 


whose one root is 


. 12 +iVv3 is a root of x? + px + q = 0, where p, q are 


real then (p, qg) 1s equal to 
(a) (4,7) (b) (4, -7) 
(c) (-7, 4) (d) (4,7) 


. If the roots of x? — p(x + 1) + c = 0 are « and B, then 


the value of a? + (2 + p)aB+ BP is 


(a) pe (b) p’ + pe 

(c) p*—pe (d) —pe 

If the roots of x° — 12x? + 39x — 28 = 0 are in A.P. then 
their common difference is 

(a) +1 (b) +2 

(c) +3 (d) +4 


If the roots of ax” — bx — c = 0 change by the same 
quantity then the expression in a, b, c that does not 
change 1s 


b* — 4ac b-—4c 
(a) 72 (b) ; 
2 
(c) e - = (d) None of these 


The quadratic equation whose roots are A.M. and H.M. 
between the roots of the equation ax? + bx + c = Ois 
(a) abx? + (b? + ac)x + be =0 

(b) 2abx? + (b? + 4ac)x + 2be = 0 

(c) 2abx? + (b? + ac)x + be = 0 

(d) None of these 
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13. If the sum of the roots of the quadratic equation ax? + 
bx + c = 01s equal to the sum of the squares of their 


2 
reciprocals, then Pusee 1S 
ac a 
(a) 2 (b) -2 


(c) | (d) -1 
14. If a, B are the roots of the quadratic equation 6x? — 6x 
] ] 
+ 1] =0, then A (a+ ba + cao? + da?) + ro Me das 
cB? + dB °*) is equal to 
I2d + 6c+4b+a 
(a) ———__—_——_ 


12 
(b) 12a + 6b + 4c + 9d 


Answer Keys 
1. (c) 2. (a) 3. (b) 4. (b) 5. (a) 
11. (c) 12. (b) 13. (a) 14. (c) 15. (d) 


=m CONDITION FOR COMMON ROOTS 


Consider two quadratic equations: ax? + bx + c =0 and a’x’ 
+ b’x + e'=0 (where aa’ # 0 and ab’— a’ b #0) have a root 
common 

Let a be a common root then 

aa’ + ba +c =0(i) anda’a? + b’a + c’=0 (11) 

Equation (i) and (ii), using cross multiplication method, 
we get 


9 
OU Oo _ l 
bce’—b’c ca’—c’a_ ab’-a’b 
bc’ —b’c 
From first two relations, we get: a = a 
ca’ —-ca 
ca’—c’a 
and from the last two relations, we get: a@ =————— 
ab’ —a’b 
eliminating a, from these two obtained relations we get, 
be’—b’c _ ca’—c’a 
ca’—c’a_ = ab’-a’b 
NOTE 


| 
(c) ao + 6b + 4c + 3d) 


(d) None of these 


15. The set of possible values of A for which x? — (A? -— 5A 
+ 5)x + (2A? — 3A — 4) = 0 has roots, whose sum and 
product are both less than 1, is 


5 
(a) (1.5 (b) (1,4) 
5 a 
© [5 (443) 
6. (a) 7. (b) 8. (a) 9. (a) 10. (c) 


= (bc’ —b’c)(ab’ —a’b) = (ca’ —c’ay 


a b| |b ¢ 

a’ bY |b’ oc’ 
(Remember this is the required condition for one root 

of two quadratic equations to be common). 


This condition can easily be remembered by cross- 
multiplication method as shown in the following figure: 


or x 


ax? + bx + c=0 


ax? + bx + c= 0 
FIGURE 5.9 


(Bigger cross product)? = Product of the two smaller 
crosses. 


The common root can also be obtained by making the coefficient of x* common to the two given equations and then 
subtracting the two equations. The other roots of the given equations can be determined by using the relations between 


their roots and co-efficients. 


Condition for both roots to be common 


a_b_e¢ 
8 aah 


Ifa + B=—bla =—b’a' and ap = cla= c’la'1.e., — = — 
a 


equations to be identical. 


this is the required condition for both roots of two quadratic 
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NOTES 


1. /ftwo quadratic equations with real coefficients have a non-real complex common root then both the roots will be 
common, i.e., both the equation will be the same. So the co-efficients of the corresponding powers of x will have 
proportional values. 


2. If two quadratic equations with rational co-efficients have acommon irrational root p + vq then both the roots will 
be common, i.e., no two different quadratic equations with rational co-efficients can have a common irrational 
root p + vq. 

3. If any one equation has all coefficients numerically known then find its roots and then proceed. 


ILLUSTRATION 36: Find the value of k, so that the equations x? — x — 12 = 0 and kx” + 10x + 3 =O may have one 
root in common. Also find the common root. 


SOLUTION: Let o be the common root of two equations then a? —-a—12=O and ko? + 10a+3=0 


Solving the two equations: ee = 
117 -12k-3 10+k 
=> (-12k -3) =11700+4& => (4k + 17 = 13(10 + k) 
=> 16h -5k -129=0 
or (k—3) (16k + 43) =0 . k=30rk =-43/16 
from (1) we have a = ae cided Hence, a = —3 or 4 
10+k 


Aliter: Roots of x? — x — 12 = 0 are 4 and -3, therefore if 4 is common root then & = —43/16 and 
when —3 is common root, then k = 3 


ILLUSTRATION 37: If every pair of equations x? + ax + bc = 0, x* + bx + ca = 0, x? + cx + ab = 0 have a common 
root, then find the sum and product of these common roots. 


SOLUTION: Let a, f be the roots of the first equation; a, y the roots of the second and f, y the roots of the third. 

Since a is common root to the first and second equations, we have a? + aa + bc = 0 and a? + 
ba + ca = 0. 
One subtracting these, we get (a — b)a + c(b — a) = 01.e., a = c. From the first equation, the 
product of roots af = bc, so b = B. 
Similarly, from the second equation ay = ca, so that y = a. Hence a. B .y = abc. 
Hencea+ B+y=a+5+c and apy = abc 

ILLUSTRATION 38: If the equation x? — 7x* + 11x +3 =0 and x? — 8x? + 15x = 4 = 0 has a common root, then find their 


other roots. 


SOLUTION: Let o be the common root of given equations. 
=> ao -7a*+ 1lla+3=0 (1) 
and a? — 8a? + 15a +4=0 (11) 
(1) — (11) gives, a? - 4a —1=0 
= 4+/16+4 
2 


=> a=2+ V5 1.e., both roots 2 + V5 and 2 — V5 are common, as the irrational roots always 
exists in conjugate pairs. 


Thus for equation x? —7x? + 1lx + 3 = 0, roots be 2 + V5 and B 
=> (2+5)(2-V5) (B)= C1? 3) =-3 
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=> B =3 and for equation x? — 8x2 + 15x + 4 = 0, roots be 2+ V5 and y 


=> (2+V5)(2-V5) M=Cl? @) 


> y=4 
Thus respective roots are 2+ V5 ,3and2+/5,4 


THINK YOURSELF 


On subtracting any two quadratic equation after making their leading coefficients same we get some value of x, even 
if the equations do not have that as a common root. What does that value represents? 


ILLUSTRATION 39: If x? + 3x + 5=0 and ax? + bx + c = 0 have common roots a, 5, c € N, then find the minimum 
value ofa +b+c. 


SOLUTION: The roots of x? + 3x + 5=0 are non-real. Thus the given equation will have two common roots. 
Wenvet a8 225 
1 3 5 
> at+b+c=9 


Thus minimum value of a+ 6+ cis 9. 


ILLUSTRATION 40: The equations ax” + bx + a = 0 and x? — 2x? + 2x — 1 = 0 have two roots common. Then find the 
value of a + b. Given a, b are real number. 


SOLUTION: We have x° — 2x? + 2x—-1=0 
> (««-)l’-x+1)=0 => x=lorx=-a, -a@’ 
Since ax? + bx + a = 0 and x? — 2x? + 2x — 1 = 0 have two roots in common, therefore, —@ 
and —@* are common roots (as both the roots of a real quadratic equation are either real or 
non-real). Now, —@ 1s a root of ax? + bx + a = 0. Hence, a(1 + 7) — bo = 0. 
=> a(-o)-— ba =0 (as1+@+ @*7=0) 
> at+bh=0 


ILLUSTRATION 41: If a, 8 are the roots of x* + px + g = 0 and y, 6 are the roots of x? + rx + s = 0, evaluate (a — 7) 


(a — d) (B — y) (B — 5) in term of p, g, r and s. Deduce the condition that the equation may have 
a common root. 


SOLUTION: a+ B=-—-p,aB=q,;7+6=—4r6=s 
=> (a- y)(a— 0)(B — p(B — 0) = {a? — aly + 0) + yd} {A?— Bly + 0) + yd} 
=(a?+ ar + s)(f? + Br+s) 
= (af)’ + r(a’B + B’a) + s(a’ + B*) + afr’ + rs(a + B) + 8? 
= q’— prq + s{p’ — 2g} + gr’— prs + s’ 
=(s—q) + q(r— py — p(s — 9) — p) = (S — 9)’ + (7 — p)(gr — ps) 
If the two equations have a common root, then either a = yor a = dor B = yor B=56 


Hence one of the factors of (a — y)(a — 6)(8 — y)(8 — 0) must be zero. Therefore 
(s — g)? + (r— p)(gr — ps) = 01s the condition for the equations to have a common root. 


Condition for integer roots 


If a = 1 and 5b, c are integers and the root of equation (1) are 
rational numbers, 1.e., D > 0 and perfect square then these 
roots must be integers. 
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ee ae e Zand ap = = eZ 
a a 


a and f must be integers (if a and f are rational). 


tAPPLICATION OF QUADRATIC 


cnn 


1. Rational factorization of 2nd degree 
equation 


ax? + 2hxy + by? + 2gx + 2fy + cin x and y may be resolved 
into two linear rational factors: 


Proof: The quadratic expression ax? + 2hxy + by? + 2gx + 
2fv + c can be written in the form of the quadratic equation 
in x as ax? + 2x(hy + g) + by? + 2fvt+c=0. 

Solving for x, 


we get, 
—2(hy+ g)+ J4(hy +2) —4a(by’ +2fytc) 
SS SS SS 
2a 
where a + 0 


The given equation has rational linear factor only 
when quantity under the square root is perfect square. 1.e., 
quadratic equation in y: 4(hy + gy —4a(by + 2fv + ce) =0 
has real and equal roots. So its discriminant must be zero. 
1.e., abe + 2fgh —af? —bg’ —ch* =0 


ah g 
orjh b f\=0 
g fc 
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2. To find the domain and range of 
quadratic expressions 


Consider the function f(x) = ax? + bx + ¢ 


—D 
Ifa>0 then domain = R and Range= =~) 
4a i 


FIGURE 5.10 


Ifa <0 then domain = R and Range= (>| 
a 
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3. To find the range of quadratic expression 
ax’? + bx + cin restricted domain 
Consider f(x) = ax? + bx +c;x € [a, B] and a> 0. 
Evaluate f(x) at « and B the following points and chose 
the least and greatest values of f(x) as described below: 


Casel: If p<  fix)is) Vx € [a, B] 
a<x<8 => fix) € [KB).A@)] 


FIGURE 5.12 


b —b) -—D 
C lii):If x =—-—e(a@,f),; then find — |=— 
ase (iii):If x - (a,); then find f =") re 


Clearly f(x)e [2 maxi stan, £08) | 


FIGURE 5.11 
Case II: If a> > : 3 fix) iS ‘i Vxe [o, B] 
a<x<B => fla) <fo)sfBp)] 


a 


=fix) € [Ka), AB)] FIGURE 5.13 
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4. Consider the function of the form Cross-multiply and form a quadratic in x (containing 


2 
a,x°+b,x+e, 


2 
a,x’ +b,x+e, 


domain: R ~ {a, B}; where «, b are roots of a,x’ + bx +c¢,#0 


For range: Put y= 


ILLUSTRATION 49: 


SOLUTION: 


ILLUSTRATION 50: 


SOLUTION: 


ILLUSTRATION 51: 


SOLUTION: 


terms of y). And apply the condition x to be real D = 0. 
Which will give a required quadratic inequality in y 
and from that, we will be able to get the range of the rational 


3 function, as set of all possible values of y. 
ax +bx+e, 


a,x’ +b,x+c, 


2 

. . —x+l1 
Find the range of rational expression y= —— id 
x°+x+1 


if x is real. 


2 
y= 4 Sy Pt yt l)ety-1=0 (1) 
x°+x+1 
Case (i) Ify #1, then equation (1) 1s quadratic in x 
And °." x is real . D220 


> Vvt+1y¥-40-1¥%2 0> (y-3) By-1)<0 
1 
ye| 23) —{1 
3 
Case (ii) If y = 1, then equations becomes 2x = 0 > x = 0 which 1s possible as x 1s real 
1 
Range | —,3 
° F | 


x+2 


Find the range of y= —,—-—_ , if x 1s real. 
2x +3x+6 
x+2 
Saray ear 
2x +3x+6 
=> 2yx? +3yx + 6y=x+2 => 2yx* + Gy- 1)x + 6y-2=0 (1) 
Case (i) Ify #0, then equation (1) 1s quadratic in x 
x 1s real > D2=0 
=> (Gy-1yY-8y G-2)<0 => Gy-1)03y+1)<0 
1 1 
E}/-—,7-|-}70 
ye|- 5 {0} 
Case (ii) If y = 0, then equation becomes x = — 2 which 1s possible as x 1s real 
1 1 
Range ye} —-—,-— 
a 13 4 
2 
Find the range of the expression an ne for xe R. 
xX — 
oa —1)(x-3 — 
x 4x+3 _ (x-I)(x-3) _ x 3 pete 
x°-7x+6 (x-I)(x-6) x-6 
Lety. 273 >x-3=x-6y => feo! ae RAT 


l-y 


oN 


x-— 
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- 2 
For x = 1,.7> 1-6 see dame 5° but original expression do not assume this value as 1 does 


not lie in its domain. 


2 
Hence range of expression will be R— {1} 


* + axt 
ILLUSTRATION 52: If me takes all real values for possible real values of x then prove that 4a* + 39 <0. 
x +xX+@a 


x’ +ax+3 
SOLUTION: Let———— = 
x +x+a 


=> x(1-y)-x(y-a)+3-a=0 

For x to be real (vy — a)?— 4 (1 -—y) G — ay) 20 

y? + &@-2ay —- 4 (3 —- ay —- 3y + ay’) = 0 for all real y 

y’? (1 - 4a) + y (4a + 12-2a)+a@-12>0VyeER 

For above expression to be true for all values of y, 1 -4a>0 and D < O14, 
a< 1/4 and 4 (a + 6)? —4 (a? - 12) (1 —4a) < 0 

1.¢e., (a + 6)?- (a? — 4a*° — 12 + 48a) < 0 

=> @+12a+ 36-a’ + 4a° + 12 -48a<0 

or, 4a*— 36a + 48 < 0, or 4a’ < 36a — 48 

or, 4a? < —39 (as < 1/4) > 4a°+ 39 <0 


y 


y 


ILLUSTRATION 53: If (y? — Sy + 3) (x? + x + 1) < 2x for all x © R, then show the interval in which y lies is 


as 18) 


z 2 
SOLUTION: ()7- 5y + 3) (x? +x+1)<2xforallxe R 


2 
> y-S5y+3 er eee) forallxe R 


Let a = p> px’*+(p-—2)x+p=0 
x°+x+1 
Since x is real, (p — 2)? — 4p? >0 
=> 2<p<2/3 


Minimum value of = is —2 
+ 


So,y7-5y+3<—2 >y*-Sy+5<0 


Ge an 
S y.6)—.— 


2 9 


2 
ILLUSTRATION 54: If the inequality ”"*_+3*+4 _ « is satisfied for all x « R, then 
x’ +2x+2 
(a) l<m<5 (b) -l<m<5 


(c) l<m<6 (d) m < 71/24 
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5. To find the value of x and y for where an Which will give the all posible value of y, that expres- 


equation of the type ax? + by” + 29x + 2fy + sion can generate. | 
2hxy + c= Ois valid Similarly, for finding the required value of x; we can 


also represent the above equation as a quadratic in y. 
Now, the above equation can be written in the terms of a 


quadratic in x i.e., ax? + x(2g + 2hy) + (by + 2fV +c) =0 Le., by’ + y (2f + 2hx) + (ax + 2gx + c) = 0 and here 
and «. for real input x the, the discriminant D must be non- | 2/80) 20 
negative. => (2f+ 2hx)’- 4 (ax? + 2gx + c) (b) 20 
=> D20 Which will return all possible values of x which gener- 
=> (g++ 2hyy -4 (by + 2fp + c)az0 ate real y. 


TEXTUAL EXERCISE-5 (SUBJECTIVE) 


1. Find the value of parameter k so that 2. If the roots of a,x? + bx + c, = 0 are a,, B, and those 
(a) x? — 3x + 2 = 0 has a common root with of a,x? + bx +c, =O are a, £,, such that a,.a, = B,.B, 
x?>-(2k + 1)x+k=0 a bh «, 
(b) x? —2kx + 3 =0 has acommon root with x? — 5x + = | then prove that ~~ = he = a 
4=0. ie: 


3. Let a, b, c are the sides of AABC, predict the nature 
of triangle if ax” + bx + c has a common root with the 
equations: 

a) x7 +x+1=0 
(ii) x? +xJ2+1=0 
(ili) 3x? + 4x +5=0 
(iv) x? +3x+5=0 

4. Prove that if p and g are odd numbers, then the equa- 
tion x!° + px? + g = 0 does not have integral solutions. 

5. If 2x?+ 3x+4=0 and ax’+ bx + c = 0, where a, b,c 
€ N have acommon root, then find the least value of a 
an? ea ae 3 


6. If x?— bx + c = 0 has equal integral roots then prove 
that 5 and c both are integers where 6 is even and c is 
a perfect square. 


7. If ax? + bx + c = p has both roots integer then show 
that ax? + bx + c = 2p can never have both integral 
roots where p is a prime number p # a anda# 1. 


8. Find all integral values of a for which the quadratic 
expression (x — a) (x — 10) + 1 can be factored as a 
product (x + a) (x + B) of two factors and a, B e Z. 


9. If each pair of the following three equations x? + ax + 
b=0,x? + cx + d=0 and x’ + ex + f= 0 has exactly 


Answer Keys 
1. (a) k = 2/3, 0 (b) k = 2, 19/8 


3. (1) equilateral triangle 
(111) right angled triangle 


3. 9 8. 8, 12 


Il. (i) xe[-V5,V5],ye[-V2,V2] ii) xy, e R 
13. (i) (-~, 4] ~—s Gi) [2,3] ~—s Gti) [B, 6] 


Theory of Equations < 5.29 


one root in common, then show that (a + c + e)?= 4(ac 
+ ce + ea—b-—d-—f). 
10. Find k if 
(i) x7 + ky’ + 3xy-—x-2y =0 
(11) x? + 4xy + 4y? + 2kx + 4y + 1=0 
can be represented as a product of two rational 


factors. 


11. Find the range of x and y of the equations: 
x? +4Axy + 4+ 2kx + 4y+1=0 


12. Ifx+y+z=6, xy + yz + zx = 7, find range of x, y, z 
where x, y, Z ER. 


13. Find the range of following quadratic expressions: 


Qa) f(x) =-x?+ 2x + 3 VxeR 
(il) f(x) =x?-2x + 3 Vxe [0, 2] 
Gu) f(x) =x?-4x + 6 Vxe [0, 1] 


14. If x be real, then find the range of the following ratio- 
nal expressions: 


(i) x +x4 
x? +] 
2 
(ii) pee 2x+9 
x°+2x4+9 


(11) Isosceles right angled triangle 


(iv) triangle does not exist 


10.@ 2 &#(Gi) 1 
6—/60 6+ /60 
5126] 


TEXTUAL EXERCISE-5 (OBJECTIVE) 


1. The values of A so that the following equations 
x?—x—12=0 and Ax? + 10x + 3 =0 acommon root is 
(a) 3,1 (b) 3, -43/16 
(c) 3, -16/43 (d) None of these 


2. Leta, b, c are sides of AABC then nature of triangle if 
ax’ + bx + c = 0 has common roots with equation 


i) 3x7 +x+3=0 
(a) right angle triangle 
(b) isosceles triangle 
(c) equilateral triangle 
(d) None of these 

(1) 5x? + 12x +13=0 
(a) right angle triangle 
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(b) isosceles triangle 
(c) equilateral triangle 
(d) None of these 
(ili) 2x? + 3x +5=0 
(a) right angle triangle 
(b) isosceles triangle 
(c) scalene triangle 
(d) AABC does not exists 


3. If the quadratic equations ax” + 2cx + b = 0 and ax? + 
2bx + c =0(b #c) have a common root, then a + 4b 
+ 4c is equal to 
(a) —2 
(c) 0 


(0 ied 
(d) 1 


4. The value of k for which the equations x* + x?- 4x — 
k = 0 and x?+ x— 2 =0 have a common root 
(a) 2 (b) 4 
(c) —2 (d) 4 


5. If equations ax? + bx + c =O and x? + 2x + 3 =0 have 
a common root, then a: b: c is 


(a) 1:2:3 (b) 3:2: 1 
(c) 4:9: 16 (d) None of these 
Answer Keys 
1. (b) 2.(1) b(t) (a) (iii) (d) 3. (Cc) 
9. (c) 10. (b) 


‘EXPRESSION REDUCIBLE TO 
SQUADRATIC FORM 


Involving variable as powers 


In these questions, a particular number with some variable 
power is (exponential function) substituted as a new 
variable, in order to make the equation quadratic in new 
variable. Or we can say that, if we have an equation of the 
form a* = b (a> 0), then 

a) xef{ }ifb<0 

(i) x =log bifb>0,a¥1 
au) xe{}sifa=1,b541 
av) x=Rifa=1,b=1 Since (1* = 1Vx e€ R) 
These kind of equations may appear in following types: 
Typel: An equation of the form a) = 1, a> 0, a # 1 is 
equivalent to the equation f(x) = 0 
Type ll: An equation of the form f(a‘) = 0 1s equivalent to 
the equation f(z) = 0 when z = a‘ 


6. If the equation ax? + bx + c =O and x - 2x? + 2x- 1 
= 0 have two common roots, then 
(a) a=b#c (b) a=-b=c 
(c) a=b=c (d) None of these 
7. For what integral values of a, the eqn. x” — x(1 — a) - 
(a + 2) =0 has integral roots. The roots are 
(a) For a = —2; (0, 3), for a = 0; (-1, 2) 
(b) For a = -2; (0, 2), for a = 0; (-1, 1) 
(c) For a = —2; (0, 3), for a = 0; (-1, 1) 
(d) None of these 


x 
8. Consider Y = =——z, where x 1s real, then the range of 


1+x 
expression y” + y— 2 is 
(a) [-I, 1] (b) [0, 1] 
(c) [-9/4, 0] (d) [-9/4, 1] 


9. The least value of expression x? + 2xy + 2y?+4y + 71s 
(a) -l (b) 1 
(c) 3 (d) 7 
10. 12x?- 10xy + 2 + 11x - 5y + kis resolvable into two 
linear factors. Then k = 


(a) 1 (b) 2 
(c) 4 (d) -2 

4. (b,c) 5. (a) 6. (Cc) 7. (a) 8. (c) 
LEZ seas tes , Zz, are the roots of f(z) = 0, then a* = z,, 


Type Ill: An equation of the form aa) + Bb™) + yc) =0 
where a, B, y € R and a, B, y # O and the bases satisfy the 
condition b” = ac is equivalent to the equation az? + Bz + y 


= 0 when z = (6/cY™. If roots of this equation are z, and z, 
then (b/cY = z, and (b/cy™ = z, 


Type lV: An equation of the form aa + Bb +c =0 
when a, B,c € Rand a, B,c #0 and ab = 1 (aand b are +ve 
reciprocals) is equivalent to the equation az” + cz + B =0 
when z = a. If roots of this equation are z, and z,, then a 
= z, and a&® = z, will give the equivalent equations for f(x). 


TypeV: An equation of the form a® + b® = c where a, b,c 
€ R anda, b, c satisfies the condition a” + b? = c, then solution 
of the equation is fx) = 2 and no other solution of this equation. 


Type VI: An equation of the form {f(x)}* is equivalent to 
the equation {f{x)}# = 1028, where f(x) > 0 and log,, 
used is common log 1.e., having base 10.. 


Theory of Equations < 5.31 


ILLUSTRATION 56: Solve 2° * — 2° * = 1. 


SOLUTION: Let 2" * =z=> 2” =2/z>z-2/z=1 
> (z7-2)(+1)=052=20rz=-1 


= 25" =2 or 2 * =-] (not possible) 


= sintx = 1 > x= Qn 41) neZ 


ILLUSTRATION 57: Solve the equation 64.9* — 84.12* + 27.16% = 0. 
SOLUTION: Here 9 x 16 = (12) 
Then we divide its both sides by 12” and obtain 
=> 64.(3/4¥ — 84 + 27.(4/3¥ =0 
Let (3/4) * = t, then equation (1) reduces in the form 
647 — 84¢ + 27 = 0 therefore roots are ¢ = 3/4 or 9/16 
then (3/4) = (3/4)! or (3/4 = (3/4) > x=lorx=2 


= Roots of the original equation are | and 2. 


ILLUSTRATION 58: Solve the equation 15.27"! + 15.277 = 135. 


SOLUTION: 15.27"! + 15.2?* = 135 => 30.2* + = 135 


Let ¢ = 2%, then 30.# — 1354 + 60 =0 => 6.f-27t+ 12=0 
> 6 -24t-31+ 12=0 => (t- 4)(6t-3)=0 => t=4ort=1/2 
Thus equation is equivalent to 2*= 4 and 2*= 1/2 > x=-1,2 


Hence roots of the original equation are 2 and —1. 


Involving logarithms and they have the same base, we use following basic 
theorem 

By using basic definition of logarithm 1.e., log. b = x > a* 

=bVa,b>0 and a # 1, we change logarithmic equation 

to exponential equation and proceed, but if equation or 

inequation compares two different logarithmic expressions and log x = log y > x=yV¥a>0,#1 


1.e., log x > log y 


=> x>yifta>land x<yif0<a<]1 


ILLUSTRATION 59: Solve log, (3*-—8)=2-—x 
SOLUTION: Given equation is log,(3*— 8) = log,(3**) 
9 


9 
= Ss = 4°" = —— pits = 22s = = 
3 Z 


=> 7-8z-9=0 > (z-9)zZ+1)=0 


=> z=9andz = -1 => 3*=9 


= x = 2 whichis the only solution (-. z = —1 = 3* =—1 which 1s not possible) 
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Involving modulus e.g., the equation of the type | f(x) | = k, k e R is equivalent 
to the system of equation. 
By using the basic definition of modulus 1.e., 


no solution; when k <0 
| fx) | = tee iba vighe f (x)= 0; when k = 0 
ae) ae st f()=k: when k, f(x) <0 
To find x such that f(x) 1s > or <0 we use Wavy curve f(x) =-k; whenk > 0, f(x) <0 


method if f(x) can be factorized, or any other suitable 
method. The equation involving modulus may appear in the | Type Il: The equation of the formh (| f(x)|)= g(x) 
following types: (when / is the function of |f/(x)| 1s equivalent to the system 


Typel: The equation of the form f(|x|) = g(x) 1s equivalent of equation) 


to the system of equation ie f(x))= 2(x), if f(x) 20 
1 (x)= 2(x), if x20 A(—f(x)) = g(x), if f(x) <0 


f(—x) = g(x), if x< 0 Type lV: The equation of the form |f,(x)| + [£(@)| + |£00| 
aoe + [f(x)| = g(x) when f(x), f,(), ... st, (x), 2(x) 


are functions of x and g(x) may be a constant. Equations of 
this form is solved by the method of intervals. We first find 
| f(x) = (x), if g(x)>0, f(x) 20 all critical points of f\(x), f,(*), ......f,(x) . We pass from 
; equation (1) to a collection of systems which do not contain 

Ley BONE) S0 the modulus sign). 


Typell: The equation of the form | f(x)| = g (x) is equiva- 
lent to the system of equation 


NOTE 
If | f(x) + g(x) + h(x)| = | fx) | + | g(x) | + | AC) | 


If F(x), g(x), h(x) are all non-positive or all non-negative 


ILLUSTRATION 60: Solve | x?—3|+|2—x]=|x?—x-—1]. 
SOLUTION: |x?—x-— 1| = |(x?-—3) + (2—x)| Now, |a| + |b] = |a + b| 1ff ab >0 
This 1s true Vx which 1s satisfying the inequality 
=> (x?-3)2-x) 20 = & 3) + W9)@—2)=0 
=> xe (-m, v3] u 3, 2] 
ILLUSTRATION 61: Solve the equation x* —5|x|+6=0. 


SOLUTION: The given equation 1s equivalent to the system of equation 


a i x20 ieee if x>0 
—> 


x°+5x+6=0, if x<0 (x+2)(x+3)=0 if x<0 


Hence the solutions of the given equation are x, = 2, x, = 3, x, = —2, x, = -3. 


Equation of the form (a+ Vb)?’ +(a— Vb )%*« = p, where a?- b = 1, (k € Z) 


Theory of Equations < 5.33 


4 


aes 


ILLUSTRATION 62: Find the solutions of (2+ V3)" ?*"'+(2-3)" 7"! = 


1 


SOLUTION: Given equation is (2+V3)? x (2+ V3)" >! + ————_ = 4(2+ v3) 
Ler (aay ay 


(2 =" way —2x— 


l 
So, equation becomes, (2 + AA ype = =40 me ) 
Le., ((2+ V3)’ y? -4(2+ V3) yt+1=0, As i sum of the co-efficients = 0 => y= 1 isa root 


Cc 
If the other root isa, then. [= —=——_ 
a (2+43) 


aes |iue (24/3)? Now CEE ee = and (24+/3)" 24 =(2+3)? 


=> x=1+ /2 andx=1 


‘RATIONAL AND IRRATIONAL 


A rational/irrational expression when equated to zero, 1s 
2x-1 


called rational/irrational equation. 1.e., =0 is a 


| | xt+3 
rational equation whereas ¥2x+1l=x is an trrational 
equation. While solving such equations, following concepts 
are needed: 


1. Equivalent equations: Two equations f(x) = g, 
(x) and f(x) = g,(x) are equivalent if the sets of all 
their solutions are coincident or neither of them 
has a solution. It follows from the definition of the 
equivalence of equations that instead of solving a 
given equation, we can solve an equivalent equation. 

The concept of equivalence possesses the property 
of transitivity, 1.e., if the equation f(x) = g(x) 1s 
equivalent to a(x) = B(x), and the equation a(x) = B(x) 


NOTE 


is equivalent to m (x) = p(x), then the equation f(x) = 
g(x) 1s equivalent to m(x) = p(x). A replacement of an 
equation by an equivalent equation or by an equivalent 
collection of equations (inequalities system) is an 
equivalent transition. 


2. Domain of equation and extraneous roots: Set of 
the values of independent variables x for which each 
function used in the equation is defined 1.e., it takes up 
finite real values. While solving an equation one must 
take care of the fact that, the final solution obtained 
while solving any equation must satisfy the domain of 


the parent equation. Consider an equation ¥5-—x =x+l1 
squaring both sides, we get 
5-x=x°+2x4+] > x°+3x-4 


—34/25  -3+5 -3-5 
x= i ara 1,-4. 
But at x = —4 the equation does not remain valid 
due to RHS being — ve and LHS being + ve 
quantity. Thus x = 1 is the only solution. 


The transformation leading to expansion of domain of equation e.g., squaring etc., should be avoided; if it is not possible 
then the final solution obtained must be cross-verified to satisfy the original equation. 


3. Misconception and loss of roots: Cancellation of 
common factors from both sides of equation or many 
other such transformation may lead to loss of roots and 
while writing the answer; proper care should be taken 
to reaccomodate the roots which are lost in the process 
e.g., consider an equation 


x?>-3x=2x-6 > x(x-3)=20—-3) 
=> x =21s an incomplete solution. 


Correct way of solving it 1s as folloows: 


x? —3x =2x-6> x(x—-3)-2(x-3)=0 
=> (x—3)(x-2)=0 
=>x-3=O0orx-2=0 1¢,x=2or3 
Irrational equations 


Here we consider equations of the type which contain the 
unknown under the radical sign and the value under the rad- 
ical sign is known as radicand. e.g., ¥2x-3 , here 2x — 3 
is radicand. 
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NOTES 


1. /f radical (i.e., Vx : aly ; oly 5 aetaee etc.) of an equation are all even, then equation is defined only for non-negative 
values of radicand. In other words, 


if the radicand is negative (i.e., x < 0), then the root is imaginary. 
lf the radicand is zero, then the root is also zero. 
If the radicand is positive, then the value of the root is positive as well as negative. 


2. If radicals (i.e, (3/x : lx : Ux ,.....etc.) of an equation are all odd, then it is defined for all real values of the radicand. 
If the radicand is negative, then the root is negative. 


If the radicand is zero, then the root is zero. 


If the radicand is positive, then the root is positive. 


Method of solving irrational equations 1 Wf We = 2 fe if  f>0,g>0 
and inequations a 

24] f 
Step 1: Reduce the given irrational (equation or 2. ae = AS /g if f20,g>0 
inequality) to an equivalent system of (rational equation or § 
inequalities) including the domains of functions involved. Pe ey 
Step 2: Solve the reduced system of rational equalities 3. If “1g = vt" 8 if g20 
and inequalities and find the common solutions. 

2k | f 


4. 241 f'/e = | 
«| g | 

If f and g be functions of x and k is a natural number, then . 
following results hold good. Ss. QIS=NISIN IS] if fe 20, 


Some standard formulae to solve irrational equations 


ILLUSTRATION 63: Solve the irrational equation V3x—-2 =4. 


SOLUTION: Domain of L.H.S. function 1s {x: 3x —2 => 0} = {x: x = 2/3} = [ 2/3, «) 
Squaring the given equation, we get, 3x-2=16 => 3x=18>x=6e [2/3, w) 


ILLUSTRATION 64: Solve Vx-—2+V/7- x =3. 


SOLUTION: For the domain of functions involved on L.H.S 

We must have, x — 2 >0 => x & (2, :0) 

and 7—x=0 = so / 

> xe (-~,7] 
From the given equation, we have, ./x—2 =3—./7—x 
Squaring, (x — 2) =9+(7—x)-6 V7-x 

=> -18+2x =-6 V7-x => x-9=-3V7-x 
Squaring again, we get x7 + 81 — 18x = 63 -9x => x*- 9x + 18=0 

=> x =3 orx —6 => xe {3,6} 
Taking intersection of (1), (11) and (111) we must have x = 3 or 6 

ILLUSTRATION 65: Prove that the following equations has no solution: 


(a) f@—4)=-5 (b) VxtVx+16=3 89306) Vx—3 4x49 =vx-1 


SOLUTION: (a) Wehave ,/(x-—4) =-5 


Theory of Equations < 5.35 


Some standard types to solve irrational equations Then find the roots of this equation. If a root of this 

equation satisfies the original equation, then its a root of 
Type-I: An equation of the type aa Love a] g(x), nEN | the original equation otherwise we say that this root is its 
is equivalent to f(x) = g(x), fx) > 0 extraneous root. 


2(x)20 
f (x)= 3°" (x) 


Type-ll: | An equation of the type 4 f(x) = g(x), née N 1s equivalent to the system of equations 
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=> xel-3- V13 ,-3+ 13 ], x >—4 as solution of lower and upper inequality 


Solving the equation x* + 7x+6=0, we find % = —liaidx, = =6 


Only x, = -1 satisfies the condition x > — 4 and x €[-3- V13,-3+ v13] 


Consequently, the number —1 1s the only solution of the given equation. 


Type-ill: An equation of the type 
V A(X) +48 (x) = h(x) (1) 


where f (x), g (x) are the functions of x, but / (x) 1s either 
a function of x or constant, can be solved by cubing 
both sides of the equation and rearranging mentioned 
below: 


F(x)+ B(x) +3 YS(x) B(x) YF (x) + Ye(x)) = W(x) 


> f(x)t g(x) +3 YS) g(x) (AQ) = W(x) 


{from (1)} 
We find its roots and then substituting into the original 
equation, we choose those which satisfy the original equation. 


ILLUSTRATION 68: Solve the equation Vx” +Vx* = 2. 


SOLUTION: Given equation is 4 +t =). 
Cubing both sides, we get x? + x* +3(x’x*)” (3/x? + xt )=8 
=> x*+x4+ 6x7=8 => x*+7x?-8=0 
> P+ 7t-8=0 > (@#+8@-1=0 > t=1,t=3 
=> x*=lorx?=-8 > x=+lor+ 22i 


ILLUSTRATION 69: Solve the equation /2x? +5x—2 —J2x7 +5x—9 =1. 


SOLUTION: Let u = /2x?+5x-2 andv = y2x?+5x—-9 
". u? = 2x? + Sx —2 and v? = 2x* + 5x-9 
Then the equation reduces to the solution of the system of algebraic equations u —v = 1 
u*—y*=7 > ut+v)(u-v)=7 
> ut+ve=T7 (." u—v= 1), we getu =4,v=3 
 ¥2x?4+5x-2=4, 2x? +5x_-9 =3 
=> 2x’?+ 5x— 18=0 => x, =2andx, = -9/2 
Both roots satisfy the original equation. 


Hence x, = 2 and x, = —9/2 are the roots of the original equation. 


ILLUSTRATION 70: Solve the equation for real ‘x’, #/1—x + 4/26+ x =3. 


SOLUTION: Let us assume u = ai—x and y= 4/26+.x, then equation ¥1—x+ /26+x =3 
becomes w+ v=2 anduw?=1-x andv=26+x > #+YV=27 
Thus, for finding u, v, we have the following symmetric system of equations 
u+v=3andu?+v=27 
Solving this system, we find vu, =0,v,=3 oru,=3 andv,=0 
(considering only the real solutions) 


. ly ' = 


¥26+x=3 ¥26+x=0 


Solving this collection, we find x, = 1 and x, = —26 


Theory of Equations < 5.37 


TEXTUAL EXERCISE-6 (SUBJECTIVE) 


1. Solve the following irrational equations for x: 4. Find the value of a and B for which the equation 
() Vx-44+42-x =2 xt ax + +V¥x=4 has infinitely many real 
(ii) Vx-2+V4-x =2 solutions. 
(iii) J2x-1 =-4 5. Find the number of real roots of equation 
(iv) (2-4) Vx? -4x4+3 =0 Fe ee eee | 
(Vv) Vx? =1 = 2/2 6. Show that the equation 
(vi) vx-3.x—4 = 30 N43 S44 x1 ale 419-8 x1 22 has infinite 
2. Solve for the value of x. number of real roots. 
(a) a SSA 7. Solve the equation for real roots 
v5—x re 2x— 5+ Q(x? — 5x) +2J/(x—5) + 2Vx = 48. 
ee Pa | 8. Find the real values of x satisfying the 


(c) ¥64—x° =8-x (Vx —5x+6—Vx? —5x+4)7 4 
2+ 19-2x x4 
(d) ——_——_—_= 1 (Vx? —5x+6+Vx? —5x+4)"? =2 4 


x 
(e) Vl-x+V15+x =2 9. Solve for all x, y € R the system of equations 
3. Assume that ‘a’ a real number. Find the value of ‘a’ so reducible to quadratics. Bale ce — ey) 
that 3/x+3q+1=1+3/x has real solutions. and 4y*—1=3y(x-1) 2x 3x—2y 
Answer Keys 
l @) > Gi) {3} Ga) > (iv) {1, - 2, 3} (V)4 = 2,53 (vi) {9} 
2V5 
2. (a) {3} (b) peas (c) xe {9} (d) {5} (e) 1,-15 
3. ae|—.= | 4.a=88=16 5 xe(5,177. 19! gx, =041 9, teak 
m SOME IMPORTANT EQUATIONS Pie ogy OE 
REDUCIBLE TO QUADRATIC FORM : 


e Equation of the form (x — a) (x — 5) (x - ¢) au (Or CHG) 


(x —d) =A; wherea<b<c<d,a+b=c+d,canbe 4 
solved by a change of variable. 


ILLUSTRATION 71: Solve (x — 1)(x — 2)(x — 3) (x — 4) =3. 


SOLUTION: (x? —5x + 6)(x?—5x + 4) =3 
Letx?-5x+6=t => tt-2)=3 > f -2t-3=0>5t=3 ort=-l 


= x*— 5x + 6=3 orx*—S5x+6==-!1 
=> x —- 3x 3 —O ore —5r 4 70 


> y= —— or x= — 1.e., two real and two non-real roots. 
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e Equation of the form 


(x — a) (x — b) (x — c) (x — da) = Ax’, where ab = cd, can be reduced to a collection of two quadratic equations by a 


change of variable y = x + on 


x 


e Equation of the form: (x — a)‘+ («— 5)‘ =A 
(x-a)+(x-b) 


It can also be solved by a change of variable, i1.e., making a substitution y = - 


2 ie le 
x? 


x+— 
x 


p-l 


e Reciprocal equation of the standard form: 
[ 7] ( 7 "s , 
x 


It can be reduced to an equation of half of its dimen- Now x?" + yet — 
sions. Let the equation be ax?" + bx"! + cx? +... + 
kx +... + cx? + bx + a = 0. Dividing by x” and rear- 
ranging the terms, we have 


Hence, writing z for x + 1/x, and giving to p 1n succession 

the values 1, 2, 3, ..., we obtain x? + I/x? =z? —2 andx? + 1/2 
= 2(27 —-2) -z=2 —3zandx* + I/* =2(2 —3z) -(7 -2) = 
a(x +5}: s(x + a }: an + =} .+k=0 | 2 —4z? +2 and so on; and generally x” + 1/°” is of m dimen- 
z x - sions in z and therefore, the equations in z is of m dimensions. 


Theory of Equations < 5.39 


e Trinomial equations: Equations of the form ax?” + equation, then equation is equivalent to the collection 
bx" +c =0,a#0,n>2,nEN (1) x"=y, 
are called trinomial equations. For n = 2 the Sr edanons | 4 = y, 
tri ial ti lled biquadrati © pit gs , 
Seer tue, rat Serer Bee Sea lrencrnr If y, = y,, then equation (1) is equivalent to the equa- 
equation. ’ ie 
tion x” = y,. 
Putting y = x", we can write equation as ay’ + by + If the equation ay? + by + c = 0 has no real solution, 
c = 0. If y, and y, are two different roots of the last then equation (i) has no real solution. 


TEXTUAL EXERCISE-7 (SUBJECTIVE) 


1. Solve the following equations for x: 4. Solve the following equations for x: 
(i) Ge — 1)(x — 2) — 3)(x — 4) = 3 G) 4° +6°=9 (1) log, (3" -8)=2-x 
(il) (x + 2)(x + 3)(x + 8)(x + 12) = 4° 5. Solve the following quadratic equations reducible for 
(iii) (6 — x) + (8— x) =-16 real roots. 


(a) | x-1 pee core: (x- 1)’ 
log, x _ log, 4x 
(i 4( x ) = log,2x log, 8x 
x-1 (c) log. (3x7 +10x) =3 
(i) x{(S—x)/(x+)}{x4+[(S5—-x)/(x+)D} = 6 


2. Solve the following equation for real roots: 


6. (i) |x? -2]+|x-1)=|x?-x-1] 


. = ee 2 2 
3. Show that & * —e —4= Ohas no real root. (1) [x° -—2|+|x-1l|=|x°+x-3| 
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Answer Keys 


9 Ha 62 ae ee pees ee saa 


5. (a) 81, 2 


+ +i 
—— = Gi) 6, 4 


Gi) 1,2, 14;J3 


3417 


-3-Ji7 
(b) ; . 3-17 


,2 ° 


—15+129 
2 


(c) 5 6. Gi) (-~,V-2] Uf, v2] 


4. G@) log,), (A 


a) (ii) x =2 


(ii) [-V2,1]ULV2,-) 


TEXTUAL EXERCISE-6 (OBJECTIVE) 


1. 


The number of real roots of (x + 3)4 + (x + 5)*= 161s 


(a) 0 (b) 2 
(c) 4 (d) None of these 


If x pee 5, then (2 +5 }s(e +5} [r+ is 
x x x x 


equal to 
(a) O (b) 5 
(c) -5 (d) 10 


If (2x? — 3x + 1) (2x? + 5x + 1) = 9x? then equation has 
(a) four real roots 

(b) two real and two imaginary roots 

(c) all imaginary 

(d) none of the above 


If (x — 2)° +  — 4)° = 64, then equation has 
(a) real and irrational roots 
(b) real and rational roots 


(c) two real and two uirrational roots 
(d) None of these 


. If (4+ vi5y¥ + (4— v15)* = 62 then x is 


(a) +5 (b) +4 
(c) +3 (d) +2 
. Number of roots of the equation Vx+ Vx-vVl-—x =lis 
(a) O (b) 1 
(c) 2 (d) 3 


. The solution set of log, ,, (2x* + 2 —4x) 2-2 


(a) [1-V2,1+ J2]~{1}(b) (2+ v13) 
(c) (-0o, 2) (d) None of these 


- Number of integers, which satisfy the inequality 


(1 6)" 
P) 


> 1 is equal to 


10. 


12. 


(b) 0 
(d) 4 


(a) infinite 


(c) | 


. Iflog, (ax +x + a)=1V xe R, then exhaustive set 


of value of ‘a’ is 


(a) gene (b) 1-8 | 
(c) (01-8 (d) 148] 


Given the following set of equations: 
(i) x? —2 |x| — 
(il) |jx—2/? + |x-2|- 
(i) |jx?-x-6]=x+2 
Which of the following is true about the above 
equations? 
(a) has only one solution 
(b) has atleast two solutions 
(c) has more then two solutions 
(d) has no solution 


. Solution of the equation 2x* + x°- 1lx?+x+2=0 are 


(a) = 20:10 


(b) 328 21 

2 a "2 

(c) _, +2 
5 2 41 

2 


Solution of equation (5+ 2/6 " 4 (5- 2/6 \* *=10 
are 

(a) +2 
(c) + v2 


(b) +1/2 
(d) None of these 


Theory of Equations < 5.41 


13. Solution of the system of equations (a) (xo, 1/8) (b) (0, 1/8) 
(x + y/?? + 2(x — yy? = 3(x?— y”)!? and 3x — 2y = 13 are (c) (1/8, «) (d) None of these 
(a) x = 13/3, y =0 (b) x=9,y=7 7 
(c) x= 13/3,y=7 @) x=9,y=0 15. Solution set of the inequality 5**? > =] is 
14. The values of a for which the equation 2 (log,x) — - 
llog.x| + a = 0 possess four distinct real solutions be- (a) (-2, 0) (b) (2, 2) 
long to (c) (-5, 5) (d) (0, 0) 
Answer Keys 


1. (b) 2. (a) 3. (a) 4. (d) 5. (d) 6. (b) 7a) 8. (a) 9. (d) 10. (b) 
ll. (b)  12.(ac) 13. (a,b) 14 (6) 15. (d) 


} GEOMETRICAL REPRESENTATION OF A 
4QUADRATIC EXPRESSION 


Consider the quadratic expression y = ax? + bx + c (a#0) 
and a, b, c are real numbers. 


(-b/2a, —D/4a) 


Thus y = ax’ + bx +c=q rr2Frrs| 


2a a 
eles 6 FIGURE 5.16 
= a\|x Be ocee c arge xa Semmes ' 8 : 
2 4a" a 4a Maximum/minimum value and sign of quad- 
- G Bb )+ 4ac—b’ ratic expression: 
2a 4a’ Extreme value of any quadratic expression y = ax” + bx + 


ing parabola and it occurs at x = x-co-ordinate of vertex. 


oe ) ( } c is given by y-coordinate of vertex — D/4a of correspond- 
= fa 
(—b/2a). Consider two cases for a> 0 anda <0. 


2 
= (y+? J af x4] Case (1): For a> 0; D € R: The curve y = ax? + bx + cisa 
2a parabola opening upwards such that 
Shifting the origin at (— b/2a, — D/4a ), 1.e., substituting Vion ae atx = =. andy > + 
a a 
X=x+t us and Y=y+ ol eee ae bY D 
which is the equation of a parabola having its vertex at 2a 4a _p 
Clearly, =o whenx >+0;y . = — when 
=O —D us ae hae da 
2a’ 4a [ . 
Re Oe 
The parabola opens upwards or downwards according a 2a 
to as a> O (Figure—5.11) or a < 0 (Figure—5. 12). Case (11): Fora <0; D € R: The curve y = ax’ + bx + cisa 
y parabola opening downwards such that 
y=ax?+bx+c Yas = at x = — andy, > —00 
a 
=a| X+ i = 
x neh 2a) 4a 
Clearly, y_,, = oo whenx > +0;y = = ——— when 


(—b/2a, —D/4a) 


y’ ( b ) b 
x+— | =0 1€.,x = -— 
FIGURE 5.15 2a 2a 
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NOTE 


Let a, be a root of the quadratic equation ax’ + bx +c, then aa’ + ba+c=0. Point (a, 0) lies on y= ax? + bx +c. "Thus 


every real root is represented by the point of intersection of the parabola with x-axis and vice versa and the expres- 
sion can change its sign only at its roots and no where else." 


Case (i) D > 0: The parabola will intersect the x-axis in two 
distinct points iff D> 0 (Figure 5.17 and 5.18) 
In this case, the parabola meets x-axis at 


-b-JD -b+ JD 
o =———_ and B = ——— 
2a a 


y 
y=ax?+ bx +c 


2 
Sub-casel: a> 0, 
<0 for a<x<B 
Thus y= f(x):4 0 for x=a,B 
>0 for x<aorx>f TURE SSG 
y 


Sub-case ll: a<0O: 


<Q for x#a 
y=f): 
0 for x=a 


y=ax?+bx+c 


¥ 
(—b/2a, —D/4a) 


(-b/2a, 0) 
x’ 
FIGURE 5.17 


Sub-casell: a<0O, 


>0 for a<x<fB 


y =ax?+bx+c 
y=fx):; 0 for x=a,B 


y’ 
<0 for x<a or x>B FIGURE 5.20 
‘ Case (iii) D < 0: The parabola will not intersect x-axis iff 
(—b/2a, —D/4a) 


D <0: In this case, the parabola will remain either 
completely above x-axis or completely below x-axis 
according as a > 0 or a <0 respectively. 


Sub-casel: a>0: y = f(x) > 0 for all x as shown below: 


FIGURE 5.18 ‘ y=ax*+bx+c 
Case (ii): D= 0: The parabola will just touch the x-axis at (a> 0) 
one point iff D = 0 (Figure 5.19 and 5.20) 


In this case, the parabola touches x-axis at (—b/2a, —D/4a) 


X’ 
x = —b/2a 
Sub-casel: a>0O 
>0Q for x#oa j 
y =f) j 
0 for x=a 


FIGURE 5.21 


Theory of Equations < 5.43 


Case ll: a<0O, we have 


= — at x=— and 
¥ me Aq 2a >min ice 


and y = f(x) < 0 for all x as shown below: 


Subcase (ii): a< 0 


FIGURE 5.22 


Detailed analysis of quadratic equation For D = b’ — 4ac =0, 


For D = b’ — 4ac > 0, Sr.No Nature of | Analysis of Na- 
Co-efficients ture of Roots 
Sr. No. Nature of | Analysis of Na- 
Co-efficients ture of Roots an 0, beter jar Pat. apo 


Ee bate eO |e a et ap 0 
(a COVED) Cayo 


Barb 0.e=0farp>oap=o] |S =| #<0.b<0.e<0 [a+ B<0, af>0 
[fa 0,80, <0 2 praapet 


FIGURE 5.23 FIGURE 5.24 
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For D=b'°- 


4ac < 0; 


S. No. Nature of | Analysis of Na- 
Co-efficients Seo of Roots 


a+ BAD, ape ap > 0 


a —‘daxo.b<0.c<0]a* pao, ap>0 


12 3s 


b> Op=0] b<0O 


FIGURE 5.25 


TEXTUAL EXERCISE-8 (SUBJECTIVE) 


1. 


Find the set of value of k for which entire graph of the 
equation y = x? + kx —x + 91s strictly above the x-axis. 


Find the values of kif graph of kx? + 2kx — 2 lies below 
x-axis and also find k if graph lies above x-axis. 


If xe [2, 4], then find the least and greatest value of the 
expression x? — 6x + 5. 


If a and B be the roots of the equation ax? + 2bx + c = 
O and a+k, B + k be the roots of Ax? + 2Bx + C = 0. 
Then prove that A? (b? — ac) = a’? (B?- AC). 


Given that the equation ax? + bx + c = 0 has both of 
its roots non-real (a, b, c € R) then, state whether the 
following statements is true/false: 

G4) a.c<0O 

(1) ada +b+c)>0 
(1) c(4c — 25 + a)>0 
(iv) ac(la+b+c)(a—b+c)>0 


Answer Keys 


1-5 <k<7 2. 
5.) F di) T Gu) T Gv) T 60) T Gi) F Gu) F 8a € [2, 0) 


k € (2,0), ke 3} 


10. 


. If both roots of ax? + bx + ¢ are real (1.e., b? — 


4ac> 0) 

and given by a and f such that 2> a such that 0 <a< 

1 and f= 5 then state whether the following 1s true. 
G) aa+b+e)<0O 

(i) ac(9a + 3b + c)>0 

Gu) (a—b+c) (1l6a- 4b +c)<0 


. If wand B where ais less then f are the roots of equa- 


tion x? + bx + c =0, where c is <0 and bis greater than 
0,c <0 <5, then show that a <0 < B<|al. 


. Find all values of a for which the equation 4* — a2* — 
a + 3=0Ohas at least one solution. ; 
oe 
. Ifx be real, then show that the expression a 
X — 


can take all values which do not lie in the open interval 
(4, 12). 


Show that the value of we 
tan 3x 


never lies between 1/3 and 3. 


wherever it 1s defined 


3.Greatest value is —3, Least value —4 


TEXTUAL EXERCISE-7 (OBJECTIVE) 


1. 


The following figure shows the graph of 
fix) = ax’? + bx +. 


FIGURE 5.26 


(a) a<O 

(b) b? < 4ac 

(c) c>0 

(d) a and bd are of opposite sign 


The value of x? + 2bx + c is positive V xe R if: 
(a) b>-4c>0 (b) b?-4c <0 
(c) c?<b (d) b°’<e 


Theory of Equations < 5.45 
3. Given that ax? + bx + c = 0 has no real root and (a) [1, ©) (b) (0, 4] 
a+b+ce<0Othen (c) (0, 1] (d) None of these 
(a) c=0 (b) c>0 
(c) c<O (d) c<0 11. The expression — a* x? + bx—c; a #0 1s negative for all 
4. Ifc>Oand 4a + c < 2b then ax?— bx + c = Ohas aroot ‘ie ; : 
(a) b°>4a’c 
in the interval ore 
a < a 
(a) (0,2) (b) (2.4) is 
c) (0, 1 d) (-2,0 
() (0,1) (d) (-2, 0) a aeenk: 
5. Value of ‘a’ for which the quadratic equation 
3x? + 2(a? + 1)x + (a? —3a + 2) =0 possesses roots of | 12. The greatest negative integer satisfying x* + 3x— 10 < 
opposite sign, lies in O and x? > 9is 
(a) (—0, 1) (b) (—«, 0) (a) -3 (b) -4 
3 (c) -5 (d) -6 
(c) C1, 2) (d) re 
13. The greatest positive integral value of x for which 200 
6. Let a>0, b> 0 and c> 0. Then both the roots of the —x (10 + x) 1s positive, 1s 
equation ax? + bx +c =0 (a) 11 (b) 9 
(a) are real and negative (c) 10 (d) 19 
(6) have DE SeUve real parts 14. Fora#bandxe€ R,x-(at+b)x+a@-ab+bh 
(c) are rational number (a) >0 (b) >0 
(d) None of these (c) <0 (d) <0 
7. If IR, b € R then th tion x?— abx—a?=Oh 
BOE IIS STIS ON EE ASS | 15, If 4x2 + hoc + 3 20 for all x, then k € 
(a) one positive root and one negative root 
(b) both positive roots (a) (4/3, 4V3) (b) | 4/3 Aa | 
(c) both negative roots 33 
(d) none real roots (c) | --—,— (d) _3 3 
4 4 4’ 4 
8. If the equation ax? + 2bx — 3c = 0 has non-real roots 
and (3c/4) < (a + 5); then c 1s always 16. The number of values of the pair (a, 6) for which a 
(a) <0 (b) >0 (x + a)’ + BG? -— 3x — 2) + x + 1 = 0 1s an identify 
(c) 20 (d) zero in x is 
9. If b> a, then the equation (x — a) (x — b) — 1 = 0, has ni 
(a) both roots in [a, b] oy} 
(b) both roots in (—00, a) ©) : : 
(c) both roots in (6, ©) ae 
6G) One TOOL I-20) ANG OWRD 22) 17. The number of real roots of the equation /x-—5 
x -x . (x? -—5x + 4) =Ois 
10. Complete set of values of ‘a’ such that attains (a) one (b) two 
all real values, is (c) three (d) four 
Answer Keys 
l. (c,d) 2. (d) 3. (Cc) 4. (a) 3.40) 6. (b) 7. (a) 8. (b) 9. (d) 10. (a) 
11. (b) 12. (b) 13. (d) 14. (b) 15. (b) 16. (a) 17. (a) 
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‘LOCATION OF ROOTS 


Let f(x) = ax? + bx + c, where a, b, c € R be a quadratic 
expression and k, k,,k, be real numbers such that k, < k, and 


if a, B be the roots of equation f(x) = 0. 


<pon D sae 


Then a = = and B = ; where D is the 
discriminant of the equation. f(x)=ax2+bx+c 
(a) Conditions for a number k to lie between the roots 
of a quadratic equation OR under what condition do y 
the roots of ax? + bx + c = Olie on either side of num- FIGRUE 5.27 
ber k? (Figure 5.27 and 5.28) y 


If a number k lies between the roots of a quadratic 

equation f(x) = ax? + bx + c = 0, then the sign of fk) 

is opposite to the sign of ‘a’ 

Condition area) D>O and 

(1) a f(k) <0 > afk) <0 x! 
In fact, above two conditions are equivalent to single 

condition af(k) <0 because sign of ais sign of quadratic 

expression when x — +00, so af(k) > 0 as x —> too 

So af(k) < 0 > Quadratic expression changes its sign 

so must have real roots. 1.e., D> 0 FIGRUE 5.28 


f(x)=ax?+bx+c 


ILLUSTRATION 77: Find the value of p, for which 6 lie between the roots of the equation x? + 2(p — 3)x + 9=0. 
SOLUTION: (a) D>0 (b) 1. (6) <0 
=> 4@ -3) -36>0 => 36+ 12 —3)'4+9 <0 
=> p(p—6)>0 => 12p+9<0 
=> p<0Oorp>6(i) => p<-3/4 (a) 
Taking intersection of (1) and (11), we get p € (-«o, —3/4) 


(b) Condition for exactly one root of a quadratic y 
equation to lie in the interval (k,, k,); where k, < k, 
(Figure 5.29 and 5.30) 
If exactly one root of the equation ax? + bx + c = 0 x! 
lies in the interval (K,, k,), then f(k,) and f (k,) must 
be of opposite signs.Thus exactly one root of the 
equation ax’ + bx + c = 0 lies in the interval (,, k,) Y, 
if 

FIGURE 5.29 

a) D>0 


(1) f(k,). f(K,) <0 
=> fk.) -f(&) <9 


f(x) = ax*+bx+c 


y 


f(x) = ax? + bx +c 


In fact, above two conditions are equivalent to single 
condition f(K,). f(k,) < 0 because sign of quadratic ex- 
pression at k, and k, is opposite. Therefore it must have 
one real rer between kK, and k,. So, both roots are real. y' 

1e., D>0 FIGURE 5.30 


(-b/2a, —D/4a) 


Theory of Equations < 5.47 


(c) Conditions for a number k to be less than the roots y 
of a quadratic equation or Under what condition will 
both roots of ax’ + bx + c = 0 be greater than a cer- 
tain specified number, k? 

Thus a number k is smaller than both the roots of a 
quadratic equation ax? + bx + c = Oiff 


(i) D>0 (ii) aff)>0 (iii) k<—b/2a 


f(x) = ax?+ bx +c 


(-b/2a, —D/4a) FIGURE 5.32 


FIGURE 5.31 
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(e) Condition for a number ‘k’ to be more than the roots 
of a quadratic equation: (Figure—5.33 and 5.34) 


If a number & is more than the roots of a quadratic 
equation ax? + bx + c =0, then 


(i) D>0 
(ii) a fk) >0 
(iii) k>— b/2a 


(-b/2a, —D/4a) 


(-b/2a, —D/4a) 


y 
FIGURE 5.34 


(f) Condition for both the roots of a quadratic equation 
to lie between numbers k, and k, or in the interval (k,, 
k,) Figure—5.35 and 5.36): If both the roots a and 6 of 
a quadratic equation lie between number k, and k, 
a) D=0 
(ul) af(k,) >0, af(k,) > 0 
(il) k, <— b/2a <k, 


ai f(x) = ax2+bx+c 
f(k,) > 0 
f(k,) > 0 : 

D=0 “f(k,) | 


a k 


FIGURE 5.35 


a<0 
f(k,)<0 
f(k,)<0 (—b/2a, —D/4a) 


D<0 


FIGURE 5.36 
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ILLUSTRATION 82: Find the values of a for which one root of equation x? — (a + 1)x + a? + a— 8 = 01s greater than 


2 and the other root smaller than 2. 


SOLUTION: The given quadratic equation is f(x) = x?- (a+ 1)x + a?+a—-8=0 


Since, one root of equation (1) 1s greater than 2 and the other root is smaller than 2, then 


(a + 1)? —4(a@? + a— 8) > 0 and f(2) <0 
(a) (a+1)?-4(a@+a—8)>0 


=> a@’?+2a+1>4a* + 4a- 32 => 3a’ + 2a-—33 <0 

=> (a—3)3a+ 11)<0 > -11l/3<a<3 
b) 2) <0 

=> 4-2(a+1)+a@+a-8<0 => a’-a-6<0 

=> (a—3\(a+2)<0 > -2<a<3 


From equations (1), (11) and (111), we get -2<a<3 
ILLUSTRATION 83: Let x? — (m—3)x + m = 0; (m © R) be a quadratic equation. Find the values of 'm' for 
(1) real and distinct roots 
(11) equal roots 
(111) no real roots 
(iv) roots opposite in sign 
(v) roots equal in magnitude but opposite in sign 
(v1) positive roots 
(vi1) negative roots 
(vii1) at least one positive roots 
(ix) one root smaller than 2 and other root greater than 2 
(x) both the roots greater than 2 
(x1) both the roots smaller than 2 
(xi1) exactly one root lying in the interval (1, 2) 
(xi11) both roots lying in the interval (1, 2) 
(xiv) at least one root lying in the interval (1, 2) 
(xv) one root greater than 2 and the other root smaller than 1. 
SOLUTION: Let f(x) =x? -—(m—-—3)x +m=0 
(1) Both the roots are real and distinct > D>O0 
=> (m-3)? —4m>0 => m*-10m+9>0 
=> (m-1)(@n-9)>0 => me (-, 1) U (9, 0) 
(11) Both the roots are equal > D=05>m=9orm=1 
(111) Both the roots are imaginary => 


(1) 


(11) 


(iii) 


D<0=>(m-1)(m-9)<0>™me (1,9) 


(iv) Both the roots are opposite in sign = product of roots<O0> m<0>me (-o,0) 


(v) Roots are equal in magnitude but opposite in sign 
= sum of roots = 0 and product of roots < 0 
=> m=3andm<0O => no 'm' exists 
(vi) Both the roots are positive => D2>0, sum of roots > 0, product of roots > 0 
=> m-3>0,m>O0andme (-~, 1]U [9,0) > me [9, w). 
(vi1) Both roots are negative > D2>0; sum 1s negative but product 1s positive 
> m-3<0,m>0,me (-~,1]U[9,0) DSme(0,1] 
(vi11) At least one root is positive 
= either one root positive or both roots positive. 
= union of (iv) and (vi) => me (-0, 0) uv [9, 0) 
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(ix) One root smaller than 2 and other root greater than 2 

=> 2 lies between the roots => fA2)<0 

=> 4-2(m -3)+m<0>5m> 101e.,m € (10, w) 

Both roots greater than 2 = f2)>0, D=0,-—b2a>aA 
=> m<10andmeé (-, 1] U [9, 0) andm -3>4> me [9, 10) 
Both the roots are smaller than 2 
=> f(2)>0,D=2 0, —bdb/2a< 2 
Exactly one root lies in (1, 2) 


(x) 


=> me (-o, 1] 


= (1). f2) <0 


=> 410 -m)<0>~meé (10, 0) 
Both roots lie in the interval (1, 2). Then D = 0, f(1) > 0, f2)>0, —b/2a € (1, 2) 


=> (m—1)(m—9)>0,4>0,10—-m>0 and 5<m<7 


No such m exists 


(iii) 


Union of (x11) and (x11) > m € (10, ») 
One root greater than 2 and other smaller than 1 


= fl) <0 and f2) <0 


4 <0 and 10 —m <0 which 1s impossible. 


Thus no such m exists. 


TEXTUAL EXERCISE-9 (SUBJECTIVE) 


1. 


If the roots of x? — 2ax + a? + a— 3 =O are real and less 
than 3, then show that a <2. 


. Finda 


(i) If both the roots of the equation x? — 6ax + 2 — 2a 
+ 9a” = 0 exceed the real number 3. 

(11) Exactly one root of x? + 2ax + 2a* -— 1 = 0, lies 
between 0 and 1. 


. Find the values of parameter k of equation x? + (2k— 1) 


x +4=0so that even number of real roots lie in (-1, 1) 


. Find all the values of parameter & for which one of the 


roots of the equation (hk? +k + 1)x?+ (k-1)x +k =0 
is greater than 3 and other is less than 3. 


. Find the set of all real value of k. 


(a) x7 + 2kx + 1 has both roots smaller than 1. 
(b) x? + 2kx + 1 has both roots larger than 0. 


. Find all values of p, so that 6 lies between roots of the 


equation x? + 2(p —3)x + 9=0 


10. 


11. 


12. 


. Find the values of m for which both roots of equation 


x? mx + 1=0 are less than unity. 


. Ifa<b<c<d then show that (x — a) (x—c)+3(x— b) 


(x — d) = 0 has real and distinct roots. 


. Ifxisreal, find the values of k for which 


x t+kxt+l 
—____—_—__| <7 
x-+x4+1 


If m is positive but not greater than 3, then show that the 
roots of the equation (m — 2) x*— (8 — 2m) x — (8 - 3m) = 
O are real. Find the range of values of m for which one 
root is positive and the other root is negative. 


Find the value (s) of a for which the inequality tan’x 
+ (a + 1) tan x + 2a— 1 <0O, is true for at least one 
x € (0, 7/2). 


Find the value of a for which the inequality x? + ax + 
a’ + 6a < 01s satisfied for all x € (1, 2). 


Answer Keys 
A VNeedis.e: Gi ae(-1 JU(0.5| 3: ke(-22]]5.3) 4 kee 
SOR OVeces.i 6. [—-.- | 16,29) 
9.0<k<4 102<m<83 Ul. ace («,-3-2V5)U(B,0) 12. siden ete 
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TEXTUAL EXERCISE-8 (OBJECTIVE) 


1. 


Values of a for which exactly one root of 5x? + 
(a+ 1)x+a=0 lies in the interval 1 <x <3 is 


(a) a>2 (b) -12<a<-3 
(c) a>O (d) None of these 

2. The value of a for which the equation; x? — 2(a— 1)x + 
(2a + 1) = Ohas both roots positive, is 
(a) 1 (b) 2 
(c) O (d) None of these 

3. All the values of parameter k for which one of the 
roots of the equation (k* + k + 1)x?+(k-l1)x+k = 
0 is less than 4 and other belongs to (1, 3) are 
(a) k € (-1, 0) (b) ke (-l1, 1) 
(c) ke (0, 1) (d) None of these 

4. If the roots of the equation x? -— 2ax + a* +a—3=Oare 
real and less than 3, then 
(a) a<2 (b) 2<a<3 
(c) 3<a<3 (d) a>4 

5. If x*-(a-—3)x + a = 0 has at least one positive root, 
then 
(a) ae (0, 0) U[7, 9] 
(b) ae (-~, 0) U [7, ©] 
(Cc) ae -~, 0] U [9, &) 
(d) None of these 

6. If roots of x? - (a— 3)x + a = 0 are such that both of 
them is greater than 2, then 
(a) ae€ [7,9] (b) ae [7, «) 
(c) ae [9, 10) (d) ae [7, 9) 

7. Let S denotes the set of real values of ‘a for which the 
roots of the equation x? — ax — a” = 0 exceeds ‘a’, then 
S equals to 

1 
(a) (00, 0) (b) (-2,-5) 
(c) eee (d) null set 
2 4 
Answer Keys 
1. (b) 2. (b) 3. (a) 4. (a) De. €C) 
11. (a) 12. (c) 13. (a) 14. (a) 


8. 


10. 


12. 


13. 


The values of a for which the equation 2x? — 2(2a + 1) 
x + a(a— 1) = 0 has roots @ and f satisfying the 
condition a <a < f are: 

(a) (-3, 0) (b) (0, ~) 

(c) (-0o, -3)U (0,0) (d) None of these 


. The values of p, for which 6 lie between the roots of the 


equation x” + 2(p — 3)x + 9=0, is 
(a) (3/4, 2) (b) (0, -3/4) 
(c) (—3/4, 3/4) (d) None of these 


The values of m, for which exactly one root of the 
equation x” — 2mx + m? — 1 = 0 lies in the interval 
(—2, 4) is 

(a). (-3.-)) 
(c) (0, 0) 


(b) G, 5) 
(d) (-3,-1)U G, 5) 


- One set of values of ‘a’ for which the equation 


4x? — 2x + a = 0 has two roots belonging to (-1, 1) are 
(a) —-2<a <2 (b) a>-4 


(c) a<4 (d) none of these. 


If a, B be the roots of x* + px +q =Oandath, Bt+ 
h are the roots of x7 + rx + s = 0, then 


me are! 
walle 


(d) None of these. 


(ay ==4 
r S 


(c) p>-—4q =r —-4s 


The co-efficient of x in the equation x? + 13x + q =0 
was wrongly written as 17 in place of 13 and the roots 
thus found were —2 and —15. The roots of the correct 
equation are 
(a) (10, —3) 
(c) (2, 5) 


(b) (G3, 10) 
(d) (-2, -15) 


. If the equation x° + ax”? + bx — 4 = 0 has two roots 


equal to 2, then the ordered pair (a, 5) 1s 


(a) (-5, 8) (b) G, -8) 
(c) C, 1) (d) (2, 2). 
6. (c) 7. (d) 8. (c) 9.(b) 10. (d) 


5.52 >» Fundamentals of Mathematics—Algebra | 


ROLLE'S THEOREM 


Let f(x) be a function defined on a closed interval [a, 5] 
such that 
(a) fx) is continuous on [a, b| 
(b) f(x) 1s derivable on (a, b) 
(c) fla) = fd) 
Then, there exists at least one point c € (a, b)s.t. f'(c) =0 FIGURE 5.37 


Application of Rolle's theorem not true. /fP (x) 1s a polynomial of degree n such that P (,) 
=P (a) =... =P (a) = 0, then there exist 7, 4, B; 


Between any two consecutive roots of P (x) = 0, the equa- | 
‘ ae B, € (O, &, 1) and p' (p:) = 0. 


tion P '(x) = 0 must have atleast one root but vice versa is 


Theory of Equations < 5.53 


Application of concept of inverse function in So whenever f(x) and f~'(x) happen to meet they meet 
solving equations on the line y = x or y=-—x +c which mathematically means 


=> f(x) = f(x) => fx) = x or fx) = — + c. However for 
later case f(x) must contain atleast one pair (a, B) such that 


(B, a) € fix) 


Since a function f(x.) = {@, y): y = fx) V x € Domain}, 
then its inverse f(y) = (x) is defined as {(y, x) : (x, y) € f} 
and therefore graph of f(x) and f~'(x) are mirror reflection of 
each other in the line y = x. 


Position of roots of a polynomial equation 1.e., L, and L, are of opposite signs then P(x) must have at 
least one real root € (a, b) 
Since we know that a polynomial is a continuous function In view of the above discussion, the truth of the follow- 


for all x € R. Therefore if it its expression changes its sign ing points can be readily admitted: 
at x = a means x = a is a root of polynomial therefore if 
sign of expression of the polynomial at a and b (a <b) 1s op- 
posite then it evidently implies that polynomial has at least 
one real root larger than a not exceeding b. 


Mathematically, if P(x) 1s a polynomial of degree 
n(>l)anda,beR (b) If fa). f(b) > 0, then either no real root or an 


even number of real roots of f(x) = 0 lies between a 
iim P(x)=L,, lim P(x)=L, such that L., L, <0 and b. 


(a) If f(x) = 01s an equation and a, b are two real numbers 
such that f(a) . f(b) < 0, then the equation f(x) = 0 has 
at least one real root or an odd number of real roots 
between a and b. 
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Repeated root and multiplicity of root P(x) =(x -a) .O(%) + O@)r (x - a) 


If x = wis a root of P(x) = 0 repeated r times, then o is said = (x — a [r. Oe) + & — a) O'®)] 
to be root of multiplicity r. which clearly shows that « will also be a root of P'(x) = 0 
=> PHr)=(e-a)" OC): repeated (r — 1) times. 
O (a) # 0 where degree of P(x) =n So we can say that multiplicity of a root decreases by | 
degree of O(x) =n-—r after each differentiation. 
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ESENTATION 


a<0Q 


FIGURE 5.39 
(b) When two roots are real and repeated (a, a, f) 


Cubic polynomials 


ix) = ax? + bx? + cx + dis acubic polynomial with leading 


co-efficient (a #0). Let a, B, y be the roots of above polyno- 
mial, then at least one of them must be real because f(-<o). a>Oo ee 
f (@) <0 so at least one real root must be present between 
(—00, 00). B a 
Graphical analysis for different combination of roots is 
given below: 
(a) When all roots are real and distinct (a, PB, y) say 
(a <<) or 
a<0 
fx) = a (x — a) (x — B) (x - 7) 
forx<a: fix) =a() (J (0 =-a 
1.e., sign of expression is opposite to sign of leading Sy \ 
co-efficients. o B 


fora<x<P:fx)-a((JO=+a 


1.e., sign is same as that of leading co-efficients. 
for B<x<y. fix) = a(+) (+) ( = -a sign 1s opposite 


to leading co-efficient. for x > y: f(x) = a (+) (+) (+) = 
a same as that of leading co-efficient. . Bi 
a>Q 
O B y ane a<0 


FIGURE 5.38 FIGURE 5.41 


FIGURE 5.40 


(c) When all three roots are real and equal: (a, a, a) 
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Solving cubic equation By using factor theorem 
together with some intelligent guessing, we can factorize 
polynomials of higher degree. In summary, to solve a cubic 
equation of the form ax’ + bx? + cx + d=0, 

1. Obtain one factor (x — ) by trial and error 

2. Factorize ax? + bx? + cx + d =0 as (x — a)(hx? + 

kx + s)=0 

3. Solve the quadratic hx? + kx + s = 0 for other roots. 
Necessary and Sufficient Condition that a cubic equa- 
tion has all roots real 
Necessary Condition: 
Let foc) = ax? + bx? + ex + d=0 

=> f(x) = 3ax? + 2bx +c =0 


Let the roots of f(x) = 0 are a and B 


fic) = ax’? + bx? + cx + d=0 has all roots real, 


=> f(x) = 3ax? + 2bx + c = 0 also has all roots real 


=> 4b*>-12ac>0 > b? —3ac>0 


Ka) JB) <0 
FIGURE 5.42 


Sufficient Condition: Let a, B be the real roots of f(x) = 0, 
then f(a). f(B) < 0 


= Cubic must have all real roots. 
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Biquadratic polynomials (b) a, BY, y 


fix) = ax* + bx’? + cx? + dx + e is known as biquadrat- 


ic polynomial and it has exactly four roots a, f, y, 6. \ - Sed Ss 
& ¢ 


* f(x). fc) > 0 therefore it may or may not have real 


roots we analyze this polynomial graphically as below: FIGURE 5.46 
Casel: All roots real (say a < B< y< 6) and distinct (co) @, 2. 8. ¥ 
Y ) 
a Ce ee NY 


FIGURE 5.47 
(d) a, a B, B 


FIGURE 5.44 ee B 
Case Il: Repeated roots (real) Ot B ) ; 


FIGURE 5.48 


(a) Oh, O, B, t (e) OA, A, A, B 


ei BAN Ss NB 
a B Y a B 


FIGURE 5.45 FIGURE 5.49 
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(f) A, A, A, 0 
Q 


OL 
FIGURE 5.50 
Case III: 
(a) Two real distinct and two non-real roots. a, b, p + iq, 


p-iq 


FIGURE 5.51 


(b) Two real repeated and two non-real complex roots. 


Vt PN 


FIGURE 5.52 


(c) All roots non-real complex. 


FIGURE 5.53 


Let f(x) = x? + ax? + bx + c be the given cubic polynomial 
and f(x) = 0 be the corresponding cubic equation where a, 
b,c ER. 

Now f(x) = 3x? + 2ax + b. 

Let D = 4a? — 12b = 4(a* — 3b), be the discriminant of 
the equation /(x) = 0. Then the following cases arise: 
Casel: If D<0 => f(x) > 0 for allx € R. That means fx) 
would be an increasing function of x. Also lim f(—x) = —ce 
and lim f(x) =o. thus the graph of f(x) would look like 
given in the figure. It is clear that the graph of y = f(x) 
would cut the x-axis only once. That means we would have 
just one real root (say x,). 


y 
c> 
c<0 
x 
x 
-~a 
3 


FIGURE 5.55 


Cleatly x >* OM @¢<= 0 ade, <= O Tf @¢ > 0. 
Case Il: If D > 0, then f(x) = 0 would have two real roots 
(say x, and x,, let x, <x,) 
> Jin—31@—x) (x —x,) 
Clearly, f(x) < 0, x € (x,, x,); 


f(x) > 0, x € (0, x1) U (29) 


That means f(x) would increases in (0, x,) and (x, 00) and 
would decrease in (x,, x,). Hence x = x, would be a point of lo- 
cal maxima and x = x, would be a point of local minima. Thus 
the graph of y = fx) poulel have these five possibilities. Thus 
following results are obtained from the above graph: 


(a) fix,) Kx,) > 0 > f(x) = 0 would have just one real root. 
y f(x,)>0, f(x,)> 0 y 


f(x,)<0, f(x,) < 0 


FIGURE 5.56 


Here f(x) = O with one real root x = o and two imagi- 
nary roots. 
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(b) f(x,) fx,) < 0 > f(x) = 0 would have three real and fix) = 0 with three roots x = a, x 
distinct root. root) 
y — f(x,)>0, f(x,) < 0 


x, (x, being repeated 


4? 


Caselli: If D =0, f(x) =3(@ —x,)’; where x, is root of f(x) 
=0 
=> fix)=(«-x,) +k. (where kis any constant), Then 
fix) = 0 has three real roots if k = 0 
fix) = 0 have one real root, if k # 0. 


FIGURE 5.57 
ee — x) = 0 with three real roots x = x,,x,, a, (x, being 
Here f(x) = 0 with three distinct real roots x = a, B, y repeated root) 
(c) fix,) fx,) = 0 > f(x) = 0 would have three real roots 


but one of the root would be repeated. 


f(x,)>0, f(x,) = 0 


FIGURE 5.58 FIGURE 5.59 
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Case 3: p—128 <0, p=0,p-3=0 


1.e., p = 0. Thus for all four real roots p € [0, 3] 
(b) For two real roots the possibilities of f(x) 1s as follows: 
p-128<0 > p<128 
Case 1: p-3<0 => p<3 ~>=>p<O0 
p<90 => p<0 


p-128<0 => p<128 
Case ll: p-3>0 => p>3 (¢=>3< p<128 
p>od = p>0 


FIGURE 5.64 
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Eee-pes CARTES’ RULE There are two changes in sign => at most two positive roots. 


Step 2: Check at most negative roots in f(x) = 0 
An equation fx) = 0 can't have more positive roots than 


number of changes of sign in f(x), and can't have more neg- 
ative roots than number of changes of sign in f(-x). 


The number of changes 1n sign = most number of nega- 
tive roots 


= 550 8 43 
Step 1: To check at most positive roots in f(x) = 0 €.g., fix) =x + Sx8—x° + Ix +2 


Check change in sign = most number of positive roots => fx) = + 5x8 +x -Tx +2 
eg, fx) =x? + Sx®-x° + 7x +2 =0 = + + as + 
+ + ~ + + 1 2 3 
N74 — FIGURE 5.68 


There are 3 changes in sign 
FIGURE 5.67 = At most 3 negative roots. 
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ILLUSTRATION 101: 


ILLUSTRATION 102: 


x°— 3x° + Ax? + 3x? + 4=0 


SOLUTION: Let f(x) = x°-—3x° + 4x° + 3x’? +4 


ILLUSTRATION 100: Find the number of maximum possible positive/negative roots of the eqaution. 


Here f(x) has 2 changes in sign of co-efficients, applying Descartes rule of sign, first change 1s 
from positive to negative for x° to x° and second change is from negative to positive for x° to x’. 
So /(x) = 0 has at most two positive real roots. 

S(—&) = x° + 3x° —4x? + 3x? + 4 has 2 changes in sign so f(x) = 0 has atmost 2 negative real roots. 
Since the least degree in f(x) 1s zero, so f(x) has no root at x = 0. 

Hence f(x) = 0 has at most four real roots, therefore it has at least two complex roots. 


SOLUTION: 
P(O) =~) = 2. 


Prove that a2x* + bx? — cx? + dx — e* has at least two real roots? 


We know that if we have even degree polynomial with positive co-efficient of highest degree, then 


The given fourth degree equation becomes negative between (—0, 0) 1.e., atx = 0 which implies 


that it has at least two real roots. 
Aliter: 


C 


’ b 
=> lim f(x)=limx*| a*+—-—+ 
X00 X00 D ee 


D «¢ 
= lim f(x)= lim x*| a’°+—-—+ 
x—>—00 x—>—00 x 


X 


Mathematically, we can say, 
fix) = a’x* + bx? — cx” + dx — e? 


d 


3 


2 
= fo 


i) 
e 
riew 
x 


and f(0) = -e* < 0, means f(x) crosses x-axis once between (—co, 0) and again between 
(0, 0). So equation has at least two real roots. 


Prove the number of the + ve real roots of the equation x*— x — 1 = 0 1s one and number of nega- 


tive real root 1s also one and show that above equation has exactly two non-real complex root. 


SOLUTION: f(x) = x*—x —1 has only one change in sign so at most one positive real root. 


f (-—*) = x*+ x —1 has only one change in sign so at most one negative real root. 
= Above equation has at least two complex real roots. 


Since f(-—<c) is positive, f(oc) is also positive, but (0) is —1 therefore the above equation has 
at least one negative real root and at least one positive real root. 


Now we can conclude that the above equation has exactly one positive real root, exactly one 
negative real root and exactly two non-real complex roots. 


TEXTUAL EXERCISE-10 (SUBJECTIVE) 


1. 


Show that f(x) = x* + ax? + bx + c has at least one real 
root. 


Show that fx) = x*-— 2x” + 3x — 4 has at least two real 
roots which are of opposite sign. 


3. Show that f(x) = x° — 9x + 1 =0 has all roots real. 


4. Find the values of k and m so that x° + 3kx? + mx + 1 


has x = | as twice repeated roots. 


Predict the nature of roots using descarte rule of sign 
if a, b, c, d are positive real number and e < 0. of the 
polynomial equation ax? + bx* + cx? + de + e. 


6. 


Find the maximum number of positive/negative real 
roots and minimum number of possible non-real roots 
of the following equations 

Ga) x’-—4x° + 3x + 1 (i) x° + 3x7 - 1 

Find the set of values of 'a' for which equation x* — 3x 
+ a = 0 has three distinct real roots. 

Find the values of parameter k for which all the roots 
of the equation x* — 4x° — 8x” + k = 0 are real. 

Ifa, b,c € R anda+b+c =O, then prove that the 
quadratic equation 3ax? + 2bx + c = 0 has at least one 
root in (0, 1). 


Answer Keys 


4. k = -1/3, m = -1, roots are l, 1, -l, -l 
5. one positive, two negative, other two may none real. 


Theory of Equations < 5.63 


6. (4) max: 6; min: 2 (1) max: 4, min: 4 12,2) 8. 0<k<3 
TEXTUAL EXERCISE-9 (OBJECTIVE) 
1. Let a, b, c be three real numbers such that 2a + 3b + 6c (a) q (b) -q 
= (0. Then the quadratic equation ax? + bx + c = 0 has (c) p (d) —p 


(a) imaginary roots 

(b) at least one roots in (0, 1) 
(c) at least one root in (—1, 0) 
(d) both roots in (1, 2) 
x*—4x-—1=Ohas 

(a) exactly two postive real root 
(b) exatly two negative real root 


(c) exactly two real roots 
(d) None of these 


- Root of the equation ax’? + bx? + cx + d = 0 remain 


unchanged by increasing each coefficient by one unit, 
then 

(a) a=b=c=d#0 (b) a=b¥c=d#0 

(c) a#b=c=d#0 (d) a=b=c#d#0 


. If — 1)*1s a factor of x* + ax’? + bx”? + cx— 1, then the 


other factor 1s: 
(a) x-—3 
(Cc) + 2 


(b) x + 1 
(d) None of these 


. If 16—x?>|x-al isto be satisfied by at least one nega- 


tive value of x, then complete set of values of ‘a’ is 


65 65 
ah b) | —-8 — 
@ (-6.5]  (-8$) 


(c) (65/4, 16) (d) (8, 8) 


. The number of solutions of the equation |x — || = e* 


(a) 0 
(c) 2 


(b) 1 
(d) 3 


. If a, B, yare the roots fo x° — px — q = 0, then the value 


of (2a+ f+ y)(2B+y+a)2Qy+ a+ B)is 


Answer Keys 
1. (b) 2. (c) 3. (a) 4. (b) 5. (c) 
11. (b) 12. (c) 13. (b) 


10. 


12. 


13. 


6. (b) 


. The expression 2x* — 7x? + 2x?— x + | when divided 


by x? — | leaves a remainder px + qg. Then the ordered 
pair (p, q) 1s 
(a) (5, -8) 
(c) (8, 5) 


(b) (-8, 5) 
(d) (-5, -8). 


. The roots of the equation x? + 7x? — 36 = 0, given that 


one root is double the other, are 
(a) =2,-45,<6 (b) -2, 3,6 
(c) 2,-3,6 (d) None of these. 


If the equation x*° + ax? + bx — 4 = 0 has two roots 
equal to 2, then the ordered pair (a, b) is 


(a) (—5, 8) (b) 6, -8) 
(c) CL, J) (d) (@, 2) 


. The roots of the equation 4x°? + 16x” — 9x — 36 = 0, 


given that sum of two of its roots 1s zero are 
+ 3 
(b) 


(a) 35 —3, —| —4, eae See 
2 
(d) es —l, -9 


2 
Oa 
2 2 
If x — y and y — 2x are two factors of the expression 
x? — 3x’*y + Axy” + wy’, then 
(a) A=1l,u =-3 (b) A=3, yu =-ll1 


See 
4 4 


(d) None of these 

If x + y and y + 3x are two factors of the expression 
Ax? — ux’y + xy* + y’, then the third factor is 

(a) y + 3x (b) y— 3x 

(Cc) y—-x (d) None of these 


7. (a) 8. (b) 9. (d) 10. (a) 
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REMARKS 


The truth of the following statements will be readily admitted 


1. /fall the co-efficients are real, then the imaginary roots occur in pairs i.e., number of complex roots is always even. 


. Ifthe degree of a polynomial equation is odd, then the number of real roots will also be odd. It follows that at least 


one of the roots will be real. 


. Every equation of an odd degree has at least one real root whose sign is opposite to that of its last term. 


4. Every equation which is of even degree and has its last term negative has at least two real roots; one positive and 


one negative. 


. Ifais repeated roots repeating 'r'times of a polynomial equation f(x) = 0 of degree ni.e., 


f(x) = (x — a)" g(x), where g(x) is a polynmial of degree (n—r) and g (a) #0, then 


f(a) = f(a) = f"(a) =.... =f” (a) = 0 and f'(a) #0 and vice versa. 
f(x) F(x) — F(x) f(x) 
If a, b, G, ....,k are roots of the equation f(x) = 0, then f’(x) = f Aue see a 
X-a x-b x-c x—k 


. If the co-efficients are all positive, the equation has no positive root; thus the equation x° + x° ++ 2x + 1=Ocan't 


have a positive root. 


. If the co-efficients of the even powers of x are all of one sign, and the co-efficients of the odd powers are all of the 


contrary sign, the equation has no negative root; thus the equation x’ + x°— 2x* + x* — 3x* + 7x5 =O cannot have 
a negative root. 


. If the equation contains only even powers of x and the co-efficients are all of the same sign, the equation has no 


10. 


real root; thus the equation 2x° + 3x* + x? + 7 =0 cannot have a real root. 


Ifthe equation contains only odd powers of x and the co-efficients are all of the same sign, the equation has no real 
root except x = 0; thus the equation x? + 2x° + 3x? +x =0 has no real root except x = 0. 
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MULTIPLE-CHOICE QUESTIONS 


SECTION-I 


OBJECTIVE-TYPE SOLVED EXAMPLES 


1. If sina, cosa are the roots of the equation ax? + bx + 


c = 0, (c # 0) then 
(a) @—b*+2ac=0 (b) (atceyr=h +e? 
(c) a2 +b?-2ac=0 (d) (a-cY =P? +e? 


Solution: (a) and (b) Sum and product of the roots 
sina + cosa = —b/a, sin a cosa = cla 
1 = sin? a + cos’a = (sina + cosa)?— 2 sina cosa 


=> a@=b?-2ac (a) 1s correct 
Sa -etlae=b +e S(arey=b +e 
Thus (c) also correct. 


. If the sum of roots of the quadratic equation ax” + bx 
+ ¢ =0, (a, b, c #0) is equal to sum of the squares of 
their reciprocals, then a/c, b/a, c/b, are in 

(a) arithmetic progression (A.P.) 

(b) geometric progression (G.P.) 

(c) harmonic progression (H.P.) 

(d) None of these 


Solution: (c) Let a, B be the roots of quadratic equa- 
tion ax? + bx +c =0 
1 1 a*+f? 


Then a+ B= ae ae = are 
— +B) -208 
a°B? 
2 2 2 
= _5 _ Bla ~2cla _ b’ —2ac 
a ce? /a’ C? 
2a b bd ab’ +be’ 
—> eo = 7 
C 2 a ac 
=> 2a’c = ab* + be? 
Se [dividing by abc] 
b cia 
cab . 
=> —> 7» areinAP. 
abe 
=> ed Bane are in H.P. 
ca b 


3. If 0 < x < 1000 and [x/2] + [x/3] + [x/5] = 


30° 
, where [x] is the greatest integer less than or equal 


to x, the number of possible values of x is 
(a) 34 (b) 32 
(c) 33 (d) None of these 


Solution: (c) [x/2] + [x/3] + [x/5] = — 


= x/2 + x/3 + x/5 
=> x/2,x/3,x/S are all integers. 
So, x = multiple of the LCM of 2, 3, 5 
x = 30 x 1, 30 x 2, 30 x 3, .....30 x 33. 
[0 <x < 1000] 
1.e., 33 values of x are possible. 


. Ifa, b,c, d are four consecutive terms of an increasing 


AP, then the roots of the equation 
(x — a) (x—c) +2 (x— b) (x-d)=0 are 
(a) real and distinct (b) non-real complex 


(c) real and equal (d) integers 


Solution: (a) If k @ 0) be the common difference of 

A.P., then b =a+k,c=a+t+2k,d=a-+t 3k 

Equation is 3x? -— [(a + c) + 2(b + ad)|] x + 

(ac + 2bd) =0 

=> 3x? - (6a + 10k)x + ala + 2k) + 2(a + k) 
(a+ 3k) =0 
D = (6a + 10k)? — 4.3. {a + 2ak + 2a? + 8ak + 
6k7} = 28k > 0 [-s k#0] 
so real and distinct roots 


. If ax + by = 1, cx* + dy = | have only one solution, 


then 

(a) ale + Bid=1 — (b) x=ale 

(c) y=bld (d) None of these 
Solution: (a, b,c) ax + by=1l>y= <2 


Putting this value in the second equation, 
Cer <( —ax)y =] 


=> (bc + a’d)x*-2adx + d-—b? =0 
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This quadratic equation will have equal roots if 
D =4 a’d’? —4 (b’c + a’d) (d — 6b?) =0 
ad’ + (b’c + a’d) b* — b’cd -a’d’ = 0 
b? [b*c + a’d —cd| =0 
°c + ad =cd 
b? a’ 


=> —-+-— =] also, in this case 
dc 


Y Ud 


2ad ad a 


*"2Rct+ad) cd c 


. The equation ,/(x +1) —./(x—-1) =./(4x—-1) has 
(a) no solution (b) one solution 


(c) two solution (d) more than one solutions 


Solution: (a) The domain of admissible values of the 
equation is given by x => 1. Squaring both the sides of 
the equation, we get (x + 1) + @#-1) -2J,?-] = 
4x —-lor2V/x?-1 =1-2x 

Squaring again, we get 4(x? — 1) = 1 —4x + 4x 

=> 4x =Sorx = 5/4 


Forx = 5/4, LHS= ./5/441—/5/4— = 5-551 


And the RHS = {3} = /4=2 

x = 5/4 1s not a root of the equation. 1.e., this equa- 
tion has no real solution. 

. Ifthe expression y* + 2xy + 2x + my — 3 can be resolved 
mto two rational linear factors, then m must be 

(a) any positive real number 


(b) -2 

(c) any negative real number 

(d) 3 

Solution: (b) abc + 2fgh — af — bg’ — ch? =0 

> m=-2 
and h? — ab = 1 > 01s satisfied. Hence correct an- 
swer 1s (b). 


. The smallest value of x? — 3x + 3 in the interval 


[-3, 3/2] is 
(a) 3/4 (b) 5 
(c) -15 (d) -20 


Solution: (a) x? — 3x + 3 = (x — 3/2)? + 3/4 
Smallest value = 3/4 at x € 3/2, which lie in [-3, 
3/2]. 


9. Let fe)s= le 2 Be: + (n + 1)x”, where n is 


even. Then the number of real roots of the equation 
f(x) = 0 
(a) 0 
(Cc) n 


Solution: (a) For x > 0, f(x) > 0 

so there is no positive real roots of f(x) = 0 

Now /(0) = 1; so x = 0 is not a root 

= Axa Lae t3e ta, Hin 1) x, 

= XI aH 2 en OE Lyx 

=> (l-x) fxs =(ltx4+x?4+... +x" -(nt+ l)x™! 


= 
= ae —(n+1)x 
l-x 


(b) 1 
(d) None of these 


ntl 


1x" (n+1)x 


=> fix) = 


(l-x)’ = (l-x) 
_ 1-(n+2)x"" + (n+I)x"” 
(l—x)’ 


The equation f(x) = O is equivalent to P(x) = 
(n+ 1)x"t?-(n + 2)x"*!+1=0 

P(-x) =(n + 1) x"? + (n+ 2) x! 4+ 1 =0 which 
has no change of sign so has no negative real root. 
Hence fix) = 0 has no real root. 


10. Roots of the quadratic equation (x? — 4x + 3) + 


11. 


A(x? — 6x + 8)=0,A € R will be 
(a) always real 

(b) real only when A is positive 
(c) real only when A is negative 
(d) always imaginary 


Solution: (a) Let fix) = (x? — 4x + 3) + A? — 6x + 8) 
=(« -1)@ -3) + Aw -2) & -4) 
Now /(2). f(4) < 0, so f(x) = 0 has a root in (2, 4). 


Thus roots are always real. 


Suppose f(x) 1s a quadratic expression which is 
negative for all real x. If g(x) = f(x) + f(x) + f"(%), 
then for any real x 
(a) g(x) <0 
(c) g(x) =0 


Solution: (a) Let f~) = ax’? + bx + ¢ 
where a < 0 and b*— 4ac <0 
g(x) = ax’? + bx + e+ (Qax + b)+ 2a 
=ar x Qa b) + 2a +b +c 
Consider, 
(Qa + b)?—4a (Qa + b+ c) = (b* —-4ac) —4a* <0 
=> g(x)<O0OVxeER 


(b) g(x) >0 
(d) None of these 


12. 


13. 


14. 


The equation (v5 + 2)* + (v5 —2)*! = 18 has 
(a) only one solution 

(b) no solution 

(c) any number of solutions 

(d) two solutions 


Solution: (d) Since (V5 + 2) + (v5 — 2) = 1, on taking 

a = (V5 + 2)kl = (v5 — 2)! the equation reduces to 

=> a’?-18a+1=0 
_ - 184V324-4 


2 
Thus|x|=2>x=+2 


=944% 


The values of a and b such that x* + 12x° + 46x? + ax + b 
= () 1s square of a quadratic expression are 
(a) a=30,b=25 (b) a = 60, b = 25 
(c) a=60,b5=100 (d) a=60,b=64 
Solution: (b) Let x* + 12x° + 46 x? + ax + b 
=(@ +ax+ By 
= x4 126 4+46x + ax t+ b= x + 2ax? + OB +o’) 
x20 Re Pf 
> 12=2a > a=6 
and 46=2B+a7 => B=5 
Now a=2a0B=60> b=f£=25 
If the equation x? + 2(k + 1)x + 9k —- 5 =0 has only 
negative roots, then 
(a) k<O (b) k>0 
(c) kK<6 (d) k>6ork € (5/9, 1] 
Solution: (d) Let f(x) =x*+2(k + 1)x+9k-5=0 


b 
> f0)>0, -F~ <0, D20 > k26 ork € (5/9, 1] 


15. Let x, y € [0, 10], then number of solutions (x, y) 


of the inequation 3° *"', 19 y’ -6y+2 <1is 


(a) 4 (b) 2 
(c) 1 (d) infinite 
Solution: (a) Given equation can be rewritten as 
perf ac 
9 
2 
2 ] ] 
=> aie x 2 Waser 1 
[> | 9 
2 
Now, 3°°* >3 and [y-3) eth > I 
3 9 3 
l 
so we should have sec? x = 1, y = 7 


=> x =0,27, 27, 32. 


16. 


17. 


18. 


19. 
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The number of real solutions of the equation tan” 
Vx" —3x+2 +cos!V4x—-x° —3 =zis equal to 

(a) one (b) two 

(c) zero (d) infinite 


Solution: (c) Since Vx? —3x+2 > 0 
=> 0<tan'! Vx? 3x42 < > 

-: V4x-x?-3 20 

and cos /4x— x? -3 € 0,5 


2 


> 0<LHS.<2z 

= The given equation has no solution. 

The values of ‘a’ for which the equation 2x? — 
2(2a + 1)x + a(a-—1)=0 has roots a and f, where 
a<a< Bare such that 
(a) a>-3 

(c) a>Oora<-—3 
Solution: (c) Let f(x) = 2x? -2 Qa + 1)x + a(a-1) 
has roots a, B such that a<xa< B 

=> fla)<0 

=> 2a?-2(2a+ lhat+a(a-l)<0 

=> alat+3)>0>a<-3o0ra>0 


(b) a<O 
(d) None of these 


If ax? + bx +c =0,a#0, a,b,c € R has distinct real 
roots belonging to (1, 2), then signs of ‘a’ and 5a + 
26 + ¢ are; 

(a) of same type (b) of opposite type 


(c) undetermined (d) None of these 


Solution. (a) Let the roots be x, and x, 


Now a (5a + 2b +c) =a [s+2245] 
a a 


= (Sak, = 2) = 20, = 2) 4) 
=> a’ ((x, —2) (x, —2) + 1) = Positive number 
= signs of a and 5a + 2b + c are same 


If a and 5b are distinct positive real numbers such that 
bareinA.P;a,b,,6,,b,,6,, b., b are 


? 1? 2? 3? 4? 5? 
b are in H.P., then roots 


A, A), Ay, Ay, Ay Az, 


i G:P and 45. @ CCC nC. 
of a,x’ + b,x +c, = 0 are; 
(b) real and equal 


(c) imaginary (d) None of these 


Solution: (c) Clearly, a,, b, and c, are A.M., G.M. and 
H.M. respectively of a and b. Thus b,* = a,c,. Now 
discriminant of the given equation is 6, — 4a,c,, which 
is negative. 


(a) real and distinct 
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20. If a, b, c are positive and a = 2b + 3c, then roots of the 


21. 


22. 


23. 


equation ax” + bx + c = 0 are real for 


(a) > 4] (b) > 4) 


sede | 
Cc 


a 6 
a 


(c) >2V7 (d) >2V7 


Solution: (a, c ) ax? + bx +c = 0 


For real roots, b? — 4ac > 0 
2 
=> (4%) —4dac>=0 
2 
Solving it, a* —22ac + 9c? >0 


2 
Dividing by c’; (=) — 22 (<) +920 
C C 


= 
C 


(1) 
a a 
We have a <11-4V/ or ‘5 >11-4v/ 


aa eee | >2Vv/ 


> 4 V7, similarly a 4 
C C 


If a, b, c € R, and quadratic equation x? + (a+ b)x +c 
= 0 has no real root, then 

(a) c(lat+b+c)>0 

(b) c+c(at+b+ec)>0 

(c) c—c(at+b—c)>0 

(d) c(a+b+c)>0 


Solution: (6, c ) Since f(x) = 0 has no real roots. Hence 
ix) have same sign V x > f(0). f1) > 0, 0). K-1) > 0. 


If°C, +2°C,,, + °C,,,> °C;, then the quadratic equation 
whose roots are a, B and a*"', BF! have 
(a) nocommon root (b) 1 common root 


(c) 2 common root (d) imaginary roots 


Solution: (c) Given °C, + 2°C,,, + °C,,,> °C, 
CG A nC aC, oe. 
aa Caer ora Os 


ae CAC) 
. k+2=4 => k=2 
all = a, pe = p. 


Hence quadratic equations having roots @ and B 
and a*' and fp! are identical. Hence they have 
both roots common. 


Let f(x) =x?° + 3x” + 6x + 9 sinx, then roots of equation 
1 2 3 
+ + 
z—f(l) z-f(2) z-f(@) 
(a) no real root (b) 1 real root 
(d) more than 2 real roots 


= 0 has 


(c) 2 real root 


24. 


29s 


26. 


Solution:(c) f(x) = 0, increasing function 


fd) <fQ) <f3) 
Let fl) = a, f(2) = 6, f(3) =c, thena<b<c 
Given equation is a 2 ef 3 =0 
Z-a z-b z-c 


=> g(z)=(-b) @-c) +2 -a)(@ -c) +3 -a) 
(z — b) 

=> g(a) > 0, g(b) <9, 
Hence g(z) = 0 has one real root between a and 6 
and other lies between b and c as g(c) > 0. 


The solution of equation 3°7*) + 3C 2c08%) = 30 


forx € 0,5 
2 


(a) 2/3 
(c) 7 


(b) 2/4 
(d) None of these 


Solution: Given <a: 9.3°°* — 30, put3°*** = ¢ 


6 


=> = +91=30= t=353 => 37 = 3 


Ww | 


1 1 T™ 1 
=> cos 2x=-—,—->x=—,— 
22 3 6 


Ifa? + b> + c?=1, then ab + be + ca lies in 
(a) [1/2, 2] (b) [-1, 2] 
(c) [-1/2, 1] (d) [1, 1/2] 
Solution: (c) We have (a + b +c)? =0 
=> @+bh+e¢+2(@b+be+ca)20 
=> ab+be+caz>-1/2 

Again (a— b)? + (b—c)?+ (c-ay20 
=> 2(a+ b?+c’)-2[ab+ be + cal] =0 
=> ab+be+ca<1 


ab+be+caeé 5] 
2 
Let a, b, c be the sides of a triangle. No two of them 


are equal and A € R. If the roots of the equation x’ + 
2(a+ b+ c)x + 3h(ab + be + ca) = 0 are real, then 


(a) aes 
3 

© ae(25) 
3 3 


Solution: (a)x’?+ 2(a+ b+ c)x + 3X(ab + be + ca) =0, 
since roots are real. 

D=0 

=> 4a+b+cy-—43X(ab + be + ca)>0 


5 
b — 
Ce 


(a+b+cy—3h(ab + be + ca)=0 
a’ + b? + ¢?+2ab + 2be + 3ca—3X(ab + be + ca) 
>0 
a+ bh?+c+(2-3)) (ab+ be + ca)=0 
a’ t+ b? + c?> (34-2) (ab + be + ca) 
2 2 2 
=> SHO 352 (rahe> = 
ab+bc+ca 


YU 


YU 


b?+0-a 
In AABC, cosA = ————— < 1 
2bc 


=> §°+c?-a@’<2be 
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Similarly, c? + a?— b*<2ca, and 
a’? + b?-c*?<2ab 
Adding the above equations, we get 
a+ bh?+c?<2(ab+ be + ca) 

a+b’ +c? 

ab+bc+ca 
Hence from equation (i), 3A —2 <2 
> 31<4 

4 


> Acer 
3 


SECTION—II 


SUBJECTIVE-TYPE SOLVED EXAMPLES 


. If —-,—+,—+ are in AP and the equations 
a, b, Cy 


a,x’? +2bx+c,=0 and a,x°+2b,x+c,=0 have a 
common root, prove that a,,b,,c, are in G.P. 
Solution: Let a be the common root. 

Then, a,@7+2b,a@+¢,=0 and 4,a@°+2b,a+c, =0 


2 


a -—a 
> 
2 (D,c,—b,C,) ac, — a,¢, 
_ l 
2 (a,b, — a,6,) 
— 2(b, c,-—b 
= ns a ee (D, Cc, —6,¢,) 


a = 
2 (a,b, —a,b,) Ca, — a,c, 


=> (ca,-a,c,)*= 4(b, c, —b, c,)(a, b, — a, b,) 


= 4a, bs c, 4 ale 4 
2 C, a, b, 
a, b, C 
Since, A} a are in A.P, 
2 2 


a ar area eed 
a, C, 


Hence, a,,b,,c, are in GP. 


2. If a,b,c are real and ax’? +bx+c=0 has two real 


roots a and B where a <—1 and B > 1, then show that 


a 


ig ce <Q. 


a 


Solution: It can be seen that 

if a> 0, K-1) <0 and f(1) <0 

ifa <0, f-1)> 0 and f(1) > 0 
f(x) 


Ifa>Oa—-b+c<Oanda+b+c<0O 


=> eee and ie? yo 2G (1) 
aa aa 
andifa<0O;a—b+ec>0 anda+b+c>0 
gua’ eS og apd ee (2) 
aa aoa 


From (1) and (2) G.e., in both cases) 


eae and ie 5 SG. 
a a a a 


b 


a 


<0 


Therefore, 1+ = + 
a 
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3. For what values of the parameter ‘a’, the equation 
x + 2ax° +x? +2ax+1=0 has at least two distinct 


negative roots? 


Solution. Dividing the equation by x’, we get, 


[s+ Je2a[ x44 ]+1=0 
x . 


1 
Let X+—=tT 
X 


Then, for two distinct negative real roots of x, t < —2. 


(Since sum of a number and its reciprocal is greater 
than or equal to 2 or less than or equal to —2) 
The equation now becomes (ft? — 2)+ 2at+1=0 


= f?+2at-1=0 
~Iat+ld¢? 
p= NE = nat Va? +1 


=> For two distinct negative real roots of x, 
=> -a-Va’+1<-2 => Va’4+1>2-a 


Ifa<2,RHS. is tve> a’?+1>4+a’—-4a 


=> 4da>0 > a>3/4 (1) 
Ifa>=2,RHS. <0 andL.HS. >0 
which 1s true for all a> 2, (2) 


From (1) and (2), we conclude a > 3/4 


4. If a, b are the roots of x? + px +1 =0 and c, d are the 
roots of x? + gx+1 = 0, show that q? — p* = (a — c) 
(b—c)(a + ab + a). 

Solution: Since a, b are the roots of x? + px +1 =0 
Soa+b=-p;ab=1 (1) 
Similarly, c +d =—q;cd=1 
R.H.S. = (a—c)(b-c)(a+da)(b+ ad) 
= (ab — ac — be +c”)(ab + ad + bd + d’) 
= {(ab—c(a + b) + c*} {ab +d(a + b) + a} 
=(1+pet+ec’)\1 -pd+ da) (from (1)) 
=(cd + pe + c’*)(ed — pd +d’) 
( *s ab = cd =1) 
= c{(d + c) + p}df(c + d)— p} 
= cd(-q + p—4q-p) 
=-P-Qet+gQ=gr-pP 


5. Find the set of values of ‘a’ for which the equation, 


Y 2 Pe 
d+a|—s —3a > + da = 0 has real 
x +1 x +1 


roots. 


Solution: Put =y>ye [0, 1) 


2 
Xx 


=> (a+ 1l)y-3ay+4a=0 


Find ‘a’ for which the equation has at least one 
solution, fory =0;a=O1e.,x=Ofora=0 (1) 


Casel: Exactly one root between 0 and 1 
4 
fora=-1; y= ria (0,1) 


3a 4a 
—— y+——_ = 0 
a+] atl 
(i) D> 0 and (11) f(O) . f(1) < O 
=> aé€&(-1/2, 0) combining with (1) > a € (1/2, 0] 


fora#—-1; y*- 


Case Il: when both roots lie in (0, 1) 
(i) f(O) > 90; (ul) fC) > 0; 


b 
oa = oe 
Gu) D=0; (av) O 5A 1 
No solution 1n this case. 


l 
Therefore the values of 'a' are given by — 5 <a<0. 


. Solve the equation x* — 3x? — 42x — 40 =0 


Solution: Given equation is x* — 3x? — 42 x —- 40 =0 
Let, x* — 3x? — 42x —- 40 = (x? + px + q) (x°?-px+q) 
Comparing the co-efficients, we get 


> q+q'-p=-3orgt+q'=p'-3 (i) 
=4) 
pice ee ile a aaa (11) 
and gq’ = — 40 


Now (q-q')°=(q+4')*—4qq' 

(— 42 / py’ = (p’- 3)? + 160 

p° — 6p* + 169 p? - 1764 =0 

Putting p* = 4, we get P- 6 + 169 t- 1764 =0 
Here ¢t = 9 satisfies the above equation 


YU 


. p=9..p=3o0r-3 
gq =—4and qg = 10, p =3 (without loss of generality) 
Hence x* — 3x? — 42 x — 40 = @ + 3x + 10) 
(x? - 3x -4) =0 

—3+-31 

x?+ 3x+ 10=O0orx = a a 
and when x” — 3x —-4 =0 

> x=4,-l 


] 
A, -1, ae (3 +V-31 ) are the roots. 


. Solve the equation (12x — 1) (6x — 1) (x — 1) 


(3x—1)=5. 


Solution: The given equation can be written as 


(allel) a) meas 


Since, 1/12 < 1/6 < 1/4 < 1/3 
and 1/6-1/12=1/3-1/4 


=o Hed eab ede) 


=> yp=x-5/24 
Substituting x = y + 5/24 in (1), we get 


= (Slo )o-deaka 
-[e)-B ete 


49 
Hence we find that y” = (24? 
=> y, = 7/24 andy, = —7/24 
The corresponding roots of the orginal equation 
] 


| 
are —-— and —. 
12 2 


. Find all possible parameters ‘a’ for which f(x) = 
(a? + a—2)x*-(a+5)x-2 1s non-positive for every 
x € [0, 1]. 

Solution: f(x) = (a + 2) (a-—1)x*-(a+5)x-2<0 
for a =—2; f(x) = —3x — 2 which 1s negative in [0, 1] 
for a = 1; f(x) =— 6x — 2 which is negative in [0, 1] 
Now analyse the following cases: 


Casel: fora? +a-—2>01¢e,a>lora<-2_ (1) 
(i) f(O) < O always true 

(ii) f(1) <0 

=> ae [-3,3] (2) 


from (1) and (2), a € [-3, -2) U C1, 3] 
Casell: a®+a-2<0O1e, -—2<a<1 
In this case: 
Ga) D>O>(a+2yYyz0>aeER 
(11) f(1) < O and f(O) <0 (always true) 
=> aé(-3,3) 
Common solution is (— 2, 1) 
Thus, the final solution set 1s given by a € [—3, 3] 


. Solve the following equation 1+ 3”? = 2°. 


Solution: We have 1+ 3”? = 2" 

Dividing both sides by 2*, we obtain 
Bre 

+ =1(° 2*>0 

in ( ) 


- Gy" S- 


Theory of Equations < 5.71 
=> (cosz/3)'+(sinz/3) =1 


which is possible only when x = 2 


10. If each pair of the following three equations 
xr t+axt+b=0,x°+cex+d=0, and x*+ex+f=0 
has exactly one root in common, then show that 
(at+ct+e)y =4 (act+cet+ea-b-d-f). 


Solution: Given equations are x? + ax + b=0 (1) 
x+ex+d=0 (11) 
x +ext+ f=0 (111) 


Let a, B be the roots of (1), B, y be the roots of (11) 
and y, 5 be the roots of (111) 


> at+Bp=-a,apB=5b (iv) 
Bt+y=-c, By=d (v) 
yO =e, =f. (v1) 


LHS. =(a+ct+eyY=(a-B-B-y-y-a)y 
(Using (iv), (v) and (v1)) 

=4(a +B +y)° 

R.H.S. = 4(ac + ce + ea—b —d—f) 
=4{(a +B) B+y Y+a)+(¥ +a) (a +B) — af 
— By — yo 

(Using (iv), (v) and (v1)) 

=4(a? + BP + + 20.8 + 2By + 2ya) 
=4(a +B +) 

From (vi) and (viii), we get 
(a+ct+e)=A4(ac + ce + ea—b—d-f) 


(vil) 


(viii) 


11. Show that the equation 
A’ B’ ce K? 
x-a x-b x-Cc x- 
has no imaginary root, where A, B, C, ...K, a, b, c,.., k 
and # are real. 


=xt+é 


Solution: Assume « + if is an imaginary root of 
the given equation, then conjugte of this root a — if 
is also root of this equation. Putting x = a + if and 
x = a —if in the given equation, we have 


A? B’ Cc 
+ ——____ + ——_} + 
a+iB-a at+iBP-b atif-c 

i a 
————— =a+ifr+e (i) 
a+iBp—-k 

A B’ Cc 
and ————_—_ + ———_—__ + ——- + .....+ 
a-ip-a a-iBP-b a-if-c 
K* 

———=a-iB+é (11) 

a-ip-k 
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12. 


13. 


Subtracting (1) from (11), we get 


A° B’ 
(a—ay +B (a—by +f 
=> 2if = -2if8 
C° K’ 
pet ss 
(a-c)y +B (a-k) +B 
A’ B’ 
a-a a— 
=> 2i8 =0 
C° K? 
oe tet — 
(a-c) +B (a-k) +f 
The expression in bracket # 0 
(.. itis sum of non-negative quantities) 
2ip =O > B =0 
Hence all roots of the given equation are real. 
Find the real roots of the equation 


PL Sane | a a3 |20< a= 14 
16 16 


Solution: We have 


oa +2ax+— = —at+.|(a* +x-1/16) 


2 I | 
Let y=xX° +2ax+— (i) 
16 
and y, =—at+,/(a’ + x-1/16) (11) 
A. VHA Vi (111) 


From (ii) y, +a = Va’ +x-1/6 
=> x= yy +2ay,+1/16 (iv) 

(from (111), equations (1) and (iv) represents 

parabolas, both parabolas symmetrical about the 

line) 
> yrx (v) 
From (1) and (v), we get, 


1 | 
2 2 
x= x°+2ax+— x -—(-2a)x+—=0 
= ee re ae 


a (1—2a)+./(1- 2a)? -1/4 


2 
1—2a (22) 1 
+ ee 

2 2 16 


1-2a (22) 1 
and x, = — — 


Hence x, = 


2 2 16 


If « 1s a root of the equation ax? + bx +c =0, Bisa 
root of the equation —ax? + bx + c = 0 and y is a root 


14. 


a 
of the equation a + bx+c=0, then prove that y lies 


between a and B. 


Solution: For a = 0, the three given equations become 

linear in x and have a single root. 

ie: C= p=7 

For c = O, the three given equations have roots 
b 


b 2b ; 
0, — 2 0, e and 0, - a respectively because in 


this case, the root y = 0 lies between any root of ax? + 
bx + c = 0 and any root of — ax? + bx +c =0 


Again, qqv*+ba+c=0 asa 1s aroot (1) 
Z 


a a 
then, ao +ba+c= (aa +ba+c)- 


a | eee 
2 2 


Also, -af’?+bB+c=0 as Bis a root, 


[Grom (1)] 


then <p? +B +c=-af? +b +c+= ap" 


3 3 
= 0+—af* = —ap’ 

2 p 2 P 
Consequently, the expressions 
G3 ac’ a 3aB? 
—a’ + ba@+c=-—— and — f? = —— 
> C 5 an 5 P +bB+c : 
are of different signs. 

a 

y= fa sx tbrte is a parabola and (a, 


f(a)) and (B, f(B)) belonging to the parabola on op- 
posite side of x-axis and the parabola intersect x- 
axis at (y, 0). Hence y is an intermediate point 1.e., 
a<y<pora>y=>B. 
Find a quadratic equation whose sum and prod- 
uct of the roots are the values of the expressions 
(cos 10° — V3 sec 10°) and (0.5 cosec 10°— 2 sin 70°) 
respectively. Also express the roots of this quadratic in 
terms of tangent of an angle lying in (0, 7/2). 


Solution. (cosec 10° — ./3 sec10” ) 
: | 


1 
7 sae ~ 2c0s10° 


5 sin30° cos30° | 2x2sin20° 
sin 10° 2sin 10° cos10° 
and 0.5 cosec 10° —2 sin 70° 
_ sin30° sin70° | 2sin’ 30° —2sin10° sin 70° 
sinlO° sin30° 2sin10° sin30° 


cos10° 


15. 


16. 


= (cos60° —cos80°) 


2s8in10° sin 30° 
a Ma sin 10° 
ee eae eee 1 
2sin10° sin 30° 2x= 


Required quadratic equation 1s x?- 4x + 1 
=> Roots = pe a See =a, B (say), then 


Xt 57 
a =tan— , # = tan— 
12 12 
If th f the functi ga 
e range of the function f(x) = a eee 


[-5, 4]; a, b € N, then find the value of (a? + b’). 


x’ +ax+b 
x’ +2x+3 
=> (v-1)x’+ Qy-—ax + By-b)=0 
> 2y—a)y—4(y— 1) By—b)>0asxE R 
> 8+ (da + 4b + 12)y + a?—4b>0 

, (4a-4b-12 4b—a’ 
ape ee 


Solution: Y= 


<0 


As-5<y<4 => (v+5)yv-4)<0 
y+y-20<0 
4a-—4b-12 
—§§—=l > a-b=5 
8 
4 - 2 
and une = —20 => 4b-(6+5yY=- 160 


=> b*+6b-135=0 => (6-9)(6+ 15)=0 
=> b=9anda= 14 
> @+hP=9+144=81+4+ 196 =277 


(a) If a, B are the roots of the quadratic equation 
ax’? + bx + c = 0, then which of the following expres- 
sions in a, B will denote the symmetric functions of 
roots? Give proper reasoning. 
(i) fla, B)=a°-B (ai) fla, B) = a°B + ap? 
a 

(iii) S(O P)= ne (iv) fla, B) = cos (a B) 

(b) Ifa, B are the roots of the equation x’ — px + g = 0, 
then find the quadratic equation the roots of which 
are (a? — B).(a* — B®) and a°B? + aB’. 

Solution: (a) B =—a+p 

(i) fla, B) = 02 B=02+a-p 


AB, &) = BP- a = (a + py—a =a + p’—2ap—o 
~ f(a, B) #/(B, a) > fis not symmetric function 


17. 


18. 


Theory of Equations < 5.73 


f(a, B)= a B+ op" 
f(B,a)= Bat Bor 


=> fis symmetric function 


(il) => fla, B) = AB; o) 


f(a, B) = ¢n— 
(iii) af = Ae B) ANB, 0) 
f(B,a)= tne 


=> fis not symmetric function 

(iv) f(a, B) = cos (a — B) and 
AB, &) = cos (B — a) = cos (a — B) 

fla, B) = fp, a) => fis symmetric function 

(b) Given equation is x? — px + g =0 

‘" , B are the roots of this equation, «+ B =p,aB =q 
Now finding the equation whose roots are 


(a? - B?).@°— 8°), (af? + a°B’) 


or (a — 8) (a +B) ((a + B)?— a8) and ap? (a + B) 
i.e., (p* — 4g) (p) (p* — q) and q°* p 
i.e., (p' — Sqp’ + 4q’) (p) and q? p 
. The required equation is x” — p(p* — 5p’q + 5q’)x + 
Pa (P’— 49) (P’— 9) = 0 


A quadratic polynomial y = /f{x) satisfies f(x) = 


F(x+)— f(x—-)) 
2 
co-efficient of the quadratic polynomial and hence find 
the value of [f(0) —A-1)] + [K0) —(1)] 
Solution: f(x) = ax? + bx + c;a#0 


fot) fe-)) 


y 
for all real x. Find the leading 


“ae + be +0 =fe)=| 5 


2 
7 2 


4ax+2b 


2 
- = 4a’x’ + dabx + b’ 


or ax + bx +0 = ( 


On comparing, 4a” =a,> a=1/4 


Now [ (9) —fC1)] + [A9)-AD)] 


=[c-(a—b+c)]+[e-(a+b+c)]=-2a= -5 


If the quadratic equations x? + bx + ca = 0 and x”? + 
cx + ab = 0 have a common root, prove that the equa- 
tion containing their other root is x7 + ax + bx = 0. 
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19. 


20. 


Solution: Let x? + bx + ca = 0; x?+ cx + ab = 0 have 
roots a, B and a, y respectively 
=> a’?+ bat+ca=0;0?+ca+ab=0 (i) 
=> a?=- (ba + ca) 
Putting the value of «7 in equation (i), we have 
—~ba-cat+ca+ab=0 
> a(c—b)+a(b-c)=0 > a-a=0>0=a 
Also, a.f8 = ca and a.y = ab 
=> a.B = ca and ay = ab 
=> B=candy=b) 
a? + ba + ca=0 
(.. a is a root of equation x? + bx + ca=0) 
> a@+ba+ca=0 > at+bt+c=0 (ii) 
A quadratic equation whose roots are f, y is given 
by x°—(B + y)x + By = 0 
> x -(bt+c)x+bce=0 
x>+ax+bce=0 (from equation (ii)) is the 
equation having roots B and y. 
We call ‘p' a good number if the inequality 
2x? +2x+3 


x +x41 
smallest integral good number. 


< p is satisfied for every real x. Find the 


ox pO + 3 


x +x41 
= ye Pye ry = 2 7 le 3 
=> xr(y-2)+x(v-2)+(—-3)=0;xE R 
> (y-2yY-4(y-2)(-3)20 
> 
> 


Solution: Let y= 


3y” — l6y + 20 <0 
(y— 2) 3y—10)<0 


10 
E| 2,— 
e ( 4 


2x°+2x+3 _ lO ae 
vaeeL 8 Be eee 


= smallest integer p = 4 


y 


Find all real numbers x such that, 
1 1 
(ese 3] 
|| Sep | Sy, 
x x 
1 


| l 
Solution: Given that, : 7 +) + (1 — +) =X 
x x 
Using rationalization, 


ed} es) 


21. 


Des 


23. 


(2) 


x \ x x 
l 1 
(1)+ (2) > | 1-—]4+x=2,/x-— 
x x 
; l 
Putting Jx-— = 1, we have 1 +? =2t 
x 
l 
or (t—1?=0>t=1lor A nee Le 


144/5: 


ys 


as (—)ve value is rejected. 


6 
(+2) -(+5)-2 
x x 


Find the minimum value of 


for x > 0. 


Solution: Y= 


| 
ap Vos 6 since x+—2>2 for >0) 
x 


Find the product of the real roots of the equation, 


x7 +18x+30=2Vx? 418x445. 


Solution: x? +18x+ 45-15 = 2Vx7 +18x+45 
Putting Vx? +18x+45 =, we get? —-15=21 


=> ¢P-2t-15=0 => (t-5)(¢+3)=0 
=> t=-3,5 => t=5(—3 is rejected) 
t= Vx? +18x445=5 > x°+18x+20=0 


= product of roots for this equation = 20 


(1) 


Letx?+y+xy+1lea(x+y)Vx,ye R. Find the 
possible integer(s) in the range of a. 


Solution: x? + y?+ xy + 1l>a(x+y) 

> rt+xy-a)t+y-ay+120> D<0 

=> (y-ay-4(0"-a+1)<0 

=> -3y+ day + a&’-4<0> 3y -2ay + 4-a° 20 


24. 


=> D<0=> 4a’-12(4-@)<0 
= da?—48+12a?<0 => ae[-v3,V3] 
= Integers values of a € {-1, 0, 1} 


Solve the following for x € R. 

(a) (x— 1)|)x?-4x% +3 |+2x?+3x-5=0 

(b) 3\x?-4x + 2|=5x-4 

(c) bP +1) +x?-x-2=0 

(d) For a < 0, determine all real roots of the equation 
x? — 2a |x — a| — 3a’=0. 

Solution: (a) (x — 1) |x? — 4x + 3] + 2x?+ 3x-5=0 

when x’— 4x + 3 = 0, then x € (—o, 1]U [3, 0) 


=> (x- 1) (?-3x—x + 3) +2x*+ 5x—-2x-5=0 
=> («-1)@’?-3x-x+3+2x+5)=0 

=> (x- 1) (?-2x + 8)=0 

> x-1=0 => x=] 


when x?- 4x +3 <0>-xe (1, 3) 

(x— 1) CG x? + 4x—-3+2x + 5)=0 

(x — 1)(-x? + 6x + 2) =0 

—~x?+6x+2=Oasx#l 

x’-6x-2=0 => x=34+V11 

Both values will not satisfy 

= x = 1 is the only solution 

(b) 3|x?- 4x + 2|=5x-4 
Forx?—4x+22>0i.e., x € (00, 2— J2) U[2+ V2, 00) 
3x? - 12x + 6=5x-4 > 3x’- 17x + 10=0 


YU 


2 2 
=> x=5,—,butx4— > ¥=5 
3 3 
Forx?- 4x +2<Oie., xe(2—-V2,2+V2) 
] 
—3x?+ 12x-6=5x-4> pe 


1 
=> x=2as ser? 


Thus x = 2 and x = 5 are the only possible roots. 

(c) bP +1) 4+x-x-2=0 
whenx?+12>0ie,x2>-1, 
xe+1+x-x-2=0 

> «+1)@-)I«+)=0>x=-1,1 
when x°+ 1<Oie,x<-1 
—-x-1l+x-x-2=0 

=> (x + 1)@?-2x+3)=0 

But x #-— 1 andx’?-2x+3>0 
so x =-1, 1 are the only roots. 

(d) Fora>0 > x? -2a |x — al -3a°=0 
forx—a=0;forx-a<0>3>x20;x<a 

=> x’?-2ax + 2a’- 3a” = 0; x?+ 2ax — 2a’ — 3a’=0 


25. 


26. 


Theory of Equations < 5.75 


= x=ataVJ2 : x=-at 6a 
but a—aV2 will be rejected since, then x <a 


Also x #-a(l- 6) , since then x > a. 
Thus x=a(1+ V2) and x=—a(V6 +1) 
If «, B are the roots of the equation, x7 — 2x — a’ + 
1 = 0 and y, 5 are the roots of the equation, x? — 


2 (a+ 1)x + a(a— 1)=0 such that a, B € (7, 5), then 
find the values of ‘a’. 


Solution: 


g(X)=x?-2x-a?+ 1 


g(x) =x?-2x+1-a=0 
> a+f8=2andaB =(1-a)(1 +a) 


> a=l-a,p=lta 

=> fla)<0 => fl-a)<0 

=> (l-ay-2(1 + a)(1-a)+ a(a-1)<0 

=> (l-a)[l-a-2(1+a)-a]<0 

=> (l1-a)(l-a-2-2a-a)<0 

=> (a-1)(4a+ 1)<0 
l 

=> ae{-5.1 (1) 

Also f(p) < 0 => flat+1)<0 

=> (a+ 1y-2(a+ 1)(a+1)+a(a-1)<0 

=> a+1+2a—-2a-2-4a+a—-a<0 

=> -3a-1<0 => 3a+1>0 

=> ae{ - | (2) 
3. 


1 
From (1) 7 (2), we have @€ (=. 


At what values of 'a' do all the zeroes of the func- 
tion, f(x) = (a — 2)x? + 2ax + a + 3 lie on the interval 
(-2, 1)? 


Solution: f(x) = (a—2)x*?+2ax+a+3 


Case-I: (a—2)>0 = a2 (1) 
(i) D200 => 4a’-4 (a-2) (a+ 3)20 
=> 4a’-4A(a +a-6)2>0>-4a>-24> aK<6 (2) 
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Zi. 


(ii) f(-2)>0 
=> (a—2) (-2)? + 2a(-2) +a +3>0 


> a-5>0 > a>5 (3) 
(iii) f1)>0 => a-2+2a+a+3>0 
1 
a>-— 
Si (4) 
—b —2a 
iv) -2<—<]l —2< <1 
Oe a Wa—2) 
E9)s Gand ee 
(a- 2) 


=> ae(-,]l)U(2,%) and ae -,2)U (4,0) ...(5) 


From all of their intersections > a € (5, 6] 


Casell a—-2<Q0> a<2 ou. (6) 
D20S>456-° Basins (7) 
b 
and ae or => ae (-~, 1)U (4, ~)....(8) 
Sf 25 0S O55" Adstend (9) 
_] - 
Also f1)<O0>a< ve >ae (2 vor (10) 


—] 
In this case (11), a € (—,] 


Caselll whena =2;x =- 1.25 € (2, 1) 
=> a=2 is possible 
which lies between —2 and 1 


—] 
we have @é (=. U (5,6]vU {2} 


Suppose a cubic polynomial f(x) = x° + px? + gx + 72 
is divisible by both x? + ax + b and x? + bx + a (where 
a, b, p, q are constants and a # b). Find the sum of the 
squares of the roots of the cubic polynomial. 


Solution: Let the roots of x? + ax + b bea, B and that 
of x? + bx +abea, y 

=> a’+aa+b=0,0?=-(aa + bd) 

and a?+ ba +a=0 

=> —aa-—b+ ba +a=(0 (from (1) and (2)) 

=> (a-1)(6-a)=0 > a=lasatb 

=> anne ee as 

yv=a, ay=a 

Since f(x) is divisible by both the equations, so 1, 
a, B are roots of f(x) = 0 


(1) 
(2) 


a= 1 


=> (1+ P+ P= (+ 8+) - (28 +27+ 287) 


= (1+ b+a) —(2b+2a+2ab) 


28. 


29. 


30. 


Also, whena =1,5a+6b+1=051+86?+Y¥ 
= (0 — [2(a + b) + 2ab] =-— (-2 - 144) = 146 
Find the complete set of real values of ‘a' for 
which both roots of the quadratic equation 
(a? —6a + 5)x?— Ja? +2a x + (6a—a?- 8)=0 lie on 
either side of the origin. 
Solution: (a? — 6a + 5)x’— Jq?+2qx+ 
(6a — a’ —8)=0, Le R — (-2, 0) 
Both roots lie on either side of origin, AO) < 0 

=> (a’-6a+ 5) (6a-a’*-8)<0 
=> (a’-6a + 8)(a’-6a+5)>0 
=> (a-4)(a-2)(a-1)(a—5)>0 

+ = + = + 

1 2 4 5 

> ae (oo, 1)U (2,4) U (5, &) 
=> ae (—0co,—2] U (0,1) U (2,4) U (5,00) 


Given x, y € R, x? + y’ > 0. If the maximum and 
2 2 

oe ; Ber 

minimum value of the expression FE = a a 
x +xy+4y 

are Mf and m, and A denotes the average value of 


M and m, compute (2007)A. 


2 
1+ @ 
Solution: FE = pee 


> 5 putting ost 
1+ Z+al 2 
x x 
2 
ee oe ee ee ee ee 
14+¢4+4? 
=> P(4E-1)+ (FE) + E-1=0, forte R, D=0 
=> F?-4(4F°-5E + 1)2>0> 15F’-20E+4<0 
es 10= 2V10 10+ 2v10 
15 15 
_, M+m _10-2V10+10+2V10 _ 10 _ 
a 15x2 15 
10 
2007A = 2007 x 15 = 1338 
Find the range of values of ¢ for which 
ve 1-2x+4+ 5x? 1 4 
si {=—>,——_ > E ——,—|. 
3x° —2x-1 2D 
1-2x4+5x’ 
Solution: 2sin¢ = 
3x° —2x-1 
4 — 5x°-2x+1 
consider, Y Bey 


=> 3yx*-2yx-—y = 5x?-2x 4+ 1 


31. 


32. 


3yx? — 2yx —y — 5x? +2x-1=0 
x3y—5)-2(v- 1lx-(v+1=0>D20;xER 
4(v—1% +40 + 1) By—5) 20 

(yv-1¥%+(+ 1) By-—5)20 

y-y-120 


faaf5' || | Pel 
ROA e ae Halt ioe 


2sint = y €[-2,2] 


WY QVUUYY 


=> aint e| 2°28 J a] 
2 2 
> sinte perce) 


eaearae es 

Prove that the equation 

2cos” 3 sin XEX4+x°,0<xs7/2 
has no real solution. 


Solution: For 0 <x < 7/2,x?+ x? >2. 


=> 2cos? (=| sin’x > 2 (1) 


But 2cos? (=| sin’x <2 (2) 


COs?” (=| sin’x = 1 [from (1) and (2)] 
But this is possible if and only if 
cos” (=| = 1 and sin*x = 1, which is impossible 


Hence given equation no real solution. 
Let a, b, c be non-zero real numbers such that 


1 
J +cos* x) (ax? + bx+ c)dx 
0 


2 
= Ja+ cos® x)(ax” + bx+ c)dx 
0 


then prove that the quadratic equation ax? + bx + 
c = Ohas at least one real root in [1, 2]. 


Solution: The given relation gives 
2 

= J (1+ cos® x)(ax” + bx+c)dx = 0 
] 


Casel If ax? + bx+c>Oforl<x<2, then 
Since 1 + cos®x > 1, we get 


2 
J+ cos® x) (ax? + bx+ c)dx >0 
1 


34. 


35. 


Theory of Equations < 5.77 
which is a contradiction and hence no solution. 

Case ll Similarly, if ax? + bx +c <0 

for1<x<2, then 


2 

J (1+ cos* x)(ax? + bx+ c)dx <0 

1 
Which is a contradiction and hence no solution again. 
Thus, ax? + bx + ¢ assumes both positive and negative 
values in [1,2], therefore, by the intermediate value the- 
orem there exists a € [1,2] such that aa? + ba + c =0 


. Let a,b,c be real numbers, a # O. If & is a root of 


a’x? + bx + c = 0,8 1s a root of a’x? — bx — c = 0 and 
O<a<f, then prove that the equation a’x? + 2bx + 2c 
= 0 has a root y that always satisfy a <y<fB. 


Solution: We have a? a? + ba +c =0 (1) 
and a’B? — bB — c = 0 (11); where 0 <a <P, anda #0 
Let f(x) = a’x”? + 2bx + 2c 
Since fis a polynomial function, fis continuous on R 
and hence on [a, B]. 
Also, f(a) = a? 7+ 2ba + 2c 

=2(aa? + ba +c¢)-a ao’ 

= 2(0) — a a? =-a’ a? <0 [Using (1)] 
And f(B) = a? B? + 2bB + 2c 

= 3a’ B? — 2(a’ B? — bB—c) 

= 3a’ B? — 2(0) = 3a’ B? > 0 [Using (2)] 

Since fis continuous on [a, B] and f(a) <0 , f(B)>0 
= fmust vanish at least once in (a, B) say at y. 


Let f(x) be a quadratic expression which 1s positive for 
all real x. If g(x) = f(x) + f'(x) + f" (x), then for all real 
x prove that g(x) > 0. 


Solution: Let f(x) = ax? + bx +c 
As fix) >0 VxeR,a>0 and b?- 4ac <0 
Now, g(x) = ax? + bx + c+ (Qax + b)+2a 
=ax’+(b+2a)x+2a+bt+e 
Here a> 0 and (b + 2a)? —4a (2a + b+c) 
= (b? — 4ac) — 4a’ < 0. Thus g(x) >0 VxeR 


If the roots of the equation x? — 2ax + a? + a—3 =Oare 
real less than 3, then prove that a < 2. 


Solution: The equation can be written as (x— a)’ = 3-—a 


Thus 3-—a>0Oandx = atv3-a 
Both the roots will be less than 3 if the larger of the 


two is less than3 > a+~v3-a<3 


> V3-a<3-a=>v3-a>1>3-a>lora<z2. 
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36. 


37. 


38. 


39. 


Let a, b, c be the sides of a triangle, where a # c and 
AeéeR. If the roots of the equation x? + 2(a + b + c)x 
+ 3X(ab + be + ca) = 0 are real, then find the values of 
Xr. 


Solution: As roots are real, 
D=4(a+b6+c)?-12A (be + ca + ab)>0 
(at+b+c) 
3(bc+ca+ab) 
As a, b, c are the sides of a triangle b + c>a,e¢ + 
a>bandat+b>c 
=> adbt+c)+b(e+a)+c(at+b)>aa+t+ bb+cc 


> AK 


(1) 


=> 4(be + cat+ab)>(at+b+cy (2) 
From (1) and (2), we get 
i. < 4/3 >i € (0, 4/3) 
(x-—a)(x-c) 


For real x, prove that the function 
(x—b) 


will assume all real values, provided 5 lie between 
a and c. 


x’? -(a+c)x+ac 
Solution: Let y= Se 


=> x-(atcty)xt+act by=O0........ (1) 
Since x 1s real, the discriminant of (1) > 0 
(a+et+yy-A(ac + by)>0 
yt+2(a+c)y+(a+c)-—4ac—4by >0 
yt2(a+e-2b)yt(ateyv>0 = (2) 

Since y takes all real values, (2) is possible if and 
only if 4a + c-—2by -—4 (a—c)y <0 

& (at+c-2b+a-c)(at+c-2b-at+c)<0 

& (2a- 2b) (2c —- 2b) < 0 b hies between a and c. 


YuY 


Prove that if (x — r) is a factor of the polynomial 
Ax) = Ax" +.a,x" +....4.a, repeated m times. (1<m< 
n), then r 1s a root of f(x) = 0, repeated (m — 1) times. 


Solution: As x — ris a factor of 

fix) = AX" +a,x" "+ +a, 

repeated m times, we can write f(x) = (x — r)” p(x), 

where p(x) is a polynomial of degree n— m and p(r) #0 

=> f(x) =m (wry p(x) + er)" px) = -nY 
q(x); where g(x) = mp(x) + (x— 1) p'@) 

=> q(r) = mp (x) #0 

=> ris aroot of f(x) = 0, repeated (m — 1) times. 

Let a, b, c, p, g be real numbers. Suppose a, B are the 

roots of the equation x7 + 2px +q=QOand -— are 


the roots of the equation ax? + 2bx + c = 0, where 
B° Z ae 0, 1} 


40. 


41. 


Assertion: (p’— q) (6? — ac) <0 

Reason: b # pa orc # qa 

Solution: (b) Suppose @ ¢ R 

As a, b, c, p, g € R, the other root of x? + 2px + 
q = 0 and ax? + 2bx + c = O must be q@. Thus 
a= B=1/B = B* =1But B? ¢ {-1, 0, 1} (given) 

> aeR>B8,1/PeER 

=> D,=4(- q) = 0 and D, = 4(b* — ac) = 0 

Thus, Assertion is correct. 

Next let b = pa and c = ga, then 

ax? + 2bx + ¢ =a(x?+ 2px + q) 

both the roots of the two equations are common 

B = 1/B => p= 1. (acontradiction) 
Thus b # pa orc #qa 


YU 


Reason is true but is not the correct explanation 
Assertion 
Find the smallest value of k € Z, for which both the 
roots of the equation x” — 8kx + 16 (k?-k + 1)=O are 
real, distinct and have value at least 4. 
Solution: As x? — 8kx + 16 (k?-—k + 1)=0 
has real and distinct roots, 
(-8k)? — (4) (16) (#?-k+1)>0 > k-1>0 
As kis an integer, k > 2 
If «,B are roots of (1), then a, B > 4. 
> a+ B>8anda. p> 16 
=> &k>8 and 16 (k’?-k+1)>16 
=> k>landk(k-1)>0> k2>1 
Thus, smallest value of kis 2. 


(1) 


If a, B are roots of x? + px + g =0 andy, 6 are the roots 
of x? + rx + s = 0, then evaluate E = (a— y) (B—Y) (a 
—6) (fh —95) 1n terms of p, g, r and s. Deduce the condi- 
tion that equations have a common root. 
Solution: x? + px + gq =(x-«a) (x- B) 
Now, E = (y— a) (y— B)( — a) (6 — B) 

= (7° + py + q)@° + pd +4) 

=(Cry-s+ py + g(1r5—s + po + q) 
Thus, F = [(q—s)-(@—p)y]l @-s5)-(—p)0] 


= (r= ph|(H2) oo EA) e8 


=(q-sy +r(q—-s)(r—p) +s (r—py 
The two equations have a common root if and only 
ifk =0 

= (q-syt+rq-s)r-p)+ sr—-py=0 


42. For a < O determine all real roots of the equation 


43. 


44. 


— 3a’ =0. 
Solution: Put |x — a| = 
=> y>Oandx=aty 
Putting in given equation, we get 
(at y) —2ay—- 3a’ =0 
>y- Aday — 2a’ =0 
> y=- “/9. aory=a(i2- V6 )asy <0 
=> x=(14V2)a, 3- V6)a, (V6 - 1) 4 
But x = (1 +-/2) a and x = a 3 — V6) do not 
satisfy the given equation. 
x=(1- J2)aandx =(VJ6-1l)a 
Let a,, a, and B,, 8, be the roots of ax* + bx + c =O and 


px’ + qx + r =0 respectively. If the system of equa- 
tions ay + a,z = 0 and By + B,z = 0 has non-trivial 


2a |x —al 


2a? =Oory’?- 


2 
solutions, then prove that a ee 
q pr 
Solution: oy + o,z = 0 and By + Bz = 0 has non- 
a a a 
trivial solution if and only if |’ ~=7] =O @—+= A 
B, PB, a, By 
Applying dividendo and componendo, we get 
_B-B,_,(%=%) _(B-B,) 

a,+a, B+ B, ~ (a, +a,) (B+ B,) 

= Ata ABB 
(a, +a) (6,+ B,) 
Aa, = DP, 
(@,+@,) (B,+ By) 
2 

an c/a Z A Ee 

(-b/a) (-q/p) G pr 
A function f: R — R, where R is the set of real number, 

2 — 
is defined by fix) = ae Find the interval of 
A+ 6x- 8x 


values of a for which fis onto. Is the function one to 
one for a = 3? Justify your answer. 


Solution: Let ye R, f(x)= 
> (a@+8y)x*°+6(1- y)x-(8+ay)=0 

As x is real, 36 (1 —y)?+4 (a + 8y) (8 + ay) <0 
=> (9+ 8a)y? + (46 + ay + (9 + 8a) <0 

This is true for each ye R. Therefore, 

9+ 8a> 0 and (46 + ao’) -4 (9+ 8a)’ <0 


45. 


46. 


Theory of Equations < 5.79 
=> a>-—9/8 and (a? + 16a + 64) (a? — 16a + 28) < 0 
=> a>-—9/8 and (a +8) (a — 2) (a—- 14) <0 
> 2<a<l4 
3x° + 6x-8 
3+ 6x-8x° 

And f(1) = f1) = 1 => fis not one one for a = 3 
Find the set of all solutions of the equations 
2h — |2y1 - 1] =27' +1. 
Solution: When y < 0, |y| = -y and |2”'- 1] = 1-2”! 
In this case, the equation can be written as 
27-1 -2")=2)'+1>527=2! 
> -y=lory=-l 

When 0 < y < 1, the equation becomes 

2-2 )H=2'4+1 SV? =2>yH=1 

Not possible 

When y > 1, the equation becomes 

2”—(2%'- 1) =2%'+1 
=> 220+" 

which 1s an identity. 

Thus, the solution set is {-1} U [1, 0). 


Let f(x) = Ax? + Bx + C where A, B, C are real numbers. 
Prove that if f(x) 1s an integer whenever x is an integer, 
then the numbers 2A, A + B and C are all integers. 
Conversely, prove that if the numbers 24, A + B and 
C are integers, then f(x) is an integer whenever x is an 
integer. 


For @ = 3, f (x)= 


Solution: Assume f(x) = Ax? + Bx + C 1s an integer 

whenever x is an integer. 

=> f-1), (0) and f(1) are integers. 

=> A-B+C,CandA +B + C are integers 

=> A-B,A+ B and C are integers. 

=> 2A,A + B and C are integers. 
Conversely, assume 2A, A+ B and C are integers. 
Let x = 2m, where m 1s an integer; 
Then f(x) = 4 Am?+ 2Bm + C = 2Am (2m - 1) + 
2(A4+B)m+C 
As 2A,A+ B,C and m are integers, f(x) is an integer. 
Next, let x = 2m + 1, where m 1s an integer, then 
fix) = AQm +1) + B (Qm + 1)4+ C = 2Am 
(2m +1)+(4+B)Qm+1)+C 
As 2A,A + B,C and m are integers, f(x) is also an 
integer. 


Thus, f(x) 1s an integer whenever x 1s an integer. 


47. Let a, b, c, d be real numbers in G-P. If u, v, w satisfy 


the system of equations: u + 2v + 3w = 6; 4u + 5v + 
6w = 12 and 6u + 9v = 4, then show that the roots of 


5.80 >» Fundamentals of Mathematics—Algebra | 


48. 


49. 


the equation (4 aa ) x’?+ [(b-—c)?+ (c-a)t+(d 
uovow 


dy x-9= 


—b)|x+u+v+w =Oand 20x? + 10 (a- 
0 are reciprocal of each other. 


Solution: Solving for u, v and w, we get u = —-1/3, 
v = 2/3 and w = 5/3 
Now, (b —c)? + (c- a)? + (d— by 
=a+2b?+ 2c? + d& —2be —2ca—2bd 
Asa, b,c, d are in G.P. be = ad, ca = b* and bd = c? 
(b-—cy+(c-ayt+(d—by=(a- dy 
The quadratic equation 


(4 ae ) x’°+[(b-c)+(c—-a)’+(d—by|x+ut 
uv wW 


v +w =O, becomes [-F ]x2+(a-ayar+2 =0 
or —9x”? + (10)(a — d)? + 20 = 0 whose roots are 


reciprocal of those of 20x? + 10(a — d)2x —-9 =0 


Let -1< <1. Show that the equation 4x° -— 3x — 
p = 0 has a unique root in the interval [1/2, 1] and 
identify it. 


Solution: Let f(x) = 4x° — 3x —p 
We have, (5) =-]—-p<0Oand fl)=1-p2>0 
By the intermediate value theorem, f(x) = 0 has a root 


in the interval [1/2,1]. 
Suppose a, B € [1/2, 1] are a < B are such that 


Koa) =f(B) = 0 


By Rolle’s theorem, there exists y € (a, B) Cc 
(1/2, 1) such that f(y) = 0 => 4y7- 1 =0 
> y=+1/2 ¢ (1/2,1) 
Thus, there is a unique root of 4x° — 3x — p = O in 
the interval [1/2,1] 
Let x = cos@ € [1/2, 1] > 9 € [0,2/3] 
Putting x = cosO in 4x” - 3x — p = 0, we get 
4cos*0 — 3 cosO — p = 0 


=> p=cos(30)> @= : cos |(p) 


Let a and 5 be the roots of the equation x? — 10cx — 11d 
= 0 and those of x? — 10ax — 116 = 0 are c, d, then find 
the value of a + b + c + d, assuming that a, b, c, d 
are distinct. 


Solution: a+ 56 =10c,ab=-—-lld 
=> ct+d=10a,cd=-11b 
=> at+b+ec+t+d=10(a+c) and abcd = 121 bd 


30. 


=> b+d=9(a+c)andac = 121 
Also a? — 10 ac— 1ld =0 
And c?— 10ac— 115 =0 
a’+c?—20ac-11 (b+ ad)=0 
(a + c)?—-(11) (9) (a + ec) -22 ac = 0 
(a+ c)-—99 (a+c)-22.(121)=O> (Ct+ec- 
121)(a+e+22)=0 
=> a+c=121,-22 
But a + c = -22, ac =121 >a=c=-ll 
GHCFHa22 (Co AFC) 
Thus,a+cec=121 
at+b+e+d=10(a+c)=1210 
Solve for integer x, y,z;x t+y=1-z,xe+ye= 
Solution: (1 — z?)=(1 —z) (1+ 2z)=( + y’) 


3 3 


Kory 
4 


Y UY 


| ae aah 


> (l+z)= =x +y—xy 


Now 1-z=xty 
> z=l1-x-y 
l+z=x+y—-xy 
l+1l-x-yH=xr+y—-xy 
rt+y-xyt+xt+y-2=0 
2tx(1-yt(Fty—2)=0 
_-(I-y)y(1-) -4(0? + y-2) 
: 2 
-3(y +3)(y-1) 
2 
Now, —3 (vy + 3) (y— 1) 20 


vt+3)y-1)<0 => ye [-3, 1] 
y € {-3,-2,-1,0,l}asyeZ 
For y = -3;x =-—2 andz =6 


YUU: 


=> 
=> 


For y =-—2;x =Oandz=3 orx=-3,z=6 
Fory=-l;x¢Z => y#-l 
For y = 0;x = 1 andz =O0orx =-2;z=3 
Fory = 1;x =0Oandz=0 
Required solution are (—2, —3, 6), (O, —2, 3), (-3, 
—2, 6), (1, 0, 0), (-2, 0, 3) and (0, 1, 0) 


Match the column: 


Sl. 


x -6x+5 
x? —5x+6 
Column I 
a) If—1<x<1, then f(x) satisfies 
(i) If 1 <x <2, then f(x) satisfies 
(1) If 3 <x <5, then f(x) satisfies 
(iv) Ifx> 5, then f(x) satisfies 


Let f(x) = 


Column II 
(p) 0<f(x) <1 
(q) Ax) <0 
(r) f(x) > 0 
(s) fix) <1 
x -6x+5 x41 
Solution: (b) fx) = —=———— = 


=a (x? —5x+6) 


(xt 2x4 lt) _ 2x1 
(x2—5xt+6)2  ( — 5x46)" 
(x - (-1- 2V3)) (x- (-14+ 2v3)) 
= (x? —5x+ 6)’ 


sign of f'(x) 


+ 


$4 +______+—__*_ 


ce: + 
1-23 44+ 2/3 


x -6x45 (4-1) G5) 
a5x+6 (X-2)(x-3) 
Further, Lim f(x)= +o; Lim f(x) =-00 


Also, f(x) = 


and Lim f(x) = -0o; Lim f(x) = +c ; 
x33" x33 
and f(1) = 0, (5) =0 
x* -6x+5 
Next, Lim f(x) = Lim->—_—_ 
RIES xFe0 ¥"° —5X+6 
1-6/x+5/x° 
im —————__; = 
x0 ]— 5/x + 6/x? 
Graph of f(x) will be as shown below 


(i) For-l1<x<1 (. f(x) decreasing) 
= fll) <fx) <fCI) 


= f(x) € (, 1) = (i)—(®), (R), () 
(ii)Forl<x<2 (- f(x) decreasing) 


=> f2) <fx) <f) 
=> fix) € (—, 0) 


=> -o< f(x) <0 


=> G)—>(Q), (S) 


V-—5x+6  x7°-5x+6 
L(x? —5x+6)—(x+1)(2x-5) 


52. 


33. 


Theory of Equations < 5.81 


(iii)For3<x<5 (. f(x) increasing) 

> f3)<fx)<fS5) > -0<fx) <0 
=> (ii)—-(Q), (SS) 

(iv) Forx>5 (f(x) increasing) 


=> fi5) <fx) <fle) => 0<fx)<1 


=> fix) € (0, 1) = (iv)—(P), (R), (S) 
The set of value (s) of A € R for which 
Column-I 


(i) Ax?-(A + 1) x + 3A—1 =O has no real roots 

(i) x°- 2 (44 -— 1) x + 154A? - 22 —7 = 0 for each 
real x. 

(111) Sum of the roots of x? + (6—A-— /A’)x — A? = 01s 
Zero. 

(iv) The roots of x7 + (QA-—1)x + A? +2 =0 are in 
the ratio 1 : 2. 
Column-Il 

(a) {-3, 23 

(b) (0, —1/5) U (2, «) 

(c) {43 

(d) [2, 4] 

Solution: (1) (A + 1)?-— 4A GA- 1) <0 

=> AV4+204+1-122?+ 40 <0 

=> -11V°+61+1<0 

=> 1117-6A-1>0 


eee 


2 >) 


22 22 
> jAeE [-w,2=28 } (3285. 


Clearly, range set of A is a super set of sets given 
in options (a), (b), (c) and (d). 

(1) Disc. < 0 
(4A — 1)?- (152? - 2A —7)< 0 
(A—2)(A-—4) <0 

> Ae[2,4) > 04) 9 @) 

(1) Sum of roots = ~“6— A— A’) =0 

=> A7+/A-6=0 => (A+ 3)(A-2)=0 

=> A=-3,2 (111) —> (a) 

(iv) Let the roots be a and 2a 
a+2a=-(2A—-1)anda .2a=/7+2 


(20-1) 
=> 9/2= ——— > (A+ 4)?=0>/)A=H44 
(27 +2) 
(iv) > c 
If ax? + bx + c = 0, where a # 0 1s satisfied by 
a, B, a and B’, then: 
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Column-lI 

(a) The value of a + #can be 

(b) The number of unordered pairs (a, B) 1s (where af 
#0) 

(c) The value of af can be 

(d) The value of a? + B can be 
Column-lIlI 


(p) 3 
(q) 1 
(r) 2 
(s) —l 
Solution: (a) > (q, r, 8), (b) > (p), 
()>(@s), )>@,n8) 
Since ax? + bx + c = 01s satisfied by a, B, a? and Bp” 
=> a’ and f must belong to {a, B} 
Let oc =a, P= B 
=> (a, B) is (0, 1) or C1, 1) or (0, 0) or C1, 0) 
or @ =f, P=ara=a 
= (a, B) is (1, 1) or (@, w7) 
or @ =$,P=p> W=P>a=+fB 
(a, B) is -1, 1) 
a + #can be equal to 1, 2,0 or— 1 
also number of un-ordered pairs a, B such that af 
# 01s (1, 1), (1, 1) or (@, @”) 
ap can be equal to 0, 1 or —1. 
The value of a” + f* can be equal to 0, 1, 2 or—1. 
If a, B be the roots of the equation px’ + 3gx + r = 0. 
The equation whose roots are 
Column-I 
(1) +3a,+ 3B 
(1) +1/a, + 1/B 
(ii) +a7, + f° 
(iv) +1/a?, + 1/p° 
Column_Il 
(a) rx’ + p’y— pr — 9q")'x" = 0 
(b) (x? + PF)? - Qpr—9¢2P-x? = 0 
(c) p*x*+ 9 (Qpr— 9q’)x’+ 81 r= 0 
(d) r°x*+ (2pr — 9q")x? + p*=0 
Solution: ‘ 
(i) 3a, 3 are roots of (=| + 3q (=) +r=0 
=> px’ + 9qx + 9r = 0 and —3a, -3B are roots of 
p(x”) — 9qx + 9r =0 
Required equation 1s (px? + 9r)?— 81 q’x?=0 
or p*x'+ (18 pr— 81g’)x* + 81° =0 
or p*x'+ 9(2pr—9q?) x? + 81r°=0 .. (1) > (c) 


(11) 1/a, 1/B are roots of equation rx? + 3gx + p = 0; 
— 1/a, -1/B are roots of equation rx?— 3gx + p =0 
Required equation is (rx? + p)?— 9q’x? = 0 

or rx‘*+ (Qpr—9q’?) x? + p?=0 ..(41) > (d) 

(iii) «2, Bare roots of px + 3g Vx + r=0 

or (px + r)= 9q’x or p*x? + r? + 2prx — 9q’x = 0 

or p’x?+ (2pr — 9q’) x + r°= 0 and —a’ and — f’ are 
roots of p’x?- (2pr— 9q*)x + r°=0 

= The required equation is 
(p’x? + r*)? — (Qpr—9q’)* x? =0 .. a1) > (b) 

(iv) + @, + fF are roots of equation 
(p’x? + r°)? — (2pr — 9q’)’x” = 0 
+ I/a?,+ 1/f? will be the roots of equation 


2 2 
1 
aa —(2pr—-—9q’) = =0 
X X 
oe te) (2pr—-99°y 
x? 


4 
X 


(2pr — 9q7)’x? = 0 .. (iv) > (a) 


=0 or (p? + rx’y- 


Comprehension passage 


A: 


35. 


36. 


ie 


Sometimes, the concept of theory of equation and 
symmetric functions of roots and their relations with 
co-efficients of equation can be applied in evaluation 
optimization of real valued function of several variable 
parameters. Given three distinct real numbers a, b, c 
satisfying the relation a’(a + p) = b°(b + p)=c?(ce + 
p) =k, where p € R. 

Based on above discussion, answer the following 
questions: 


The values of ab + bc + cais 
(a) 2v3 (b) -2¥3 
(c) O (d) None of these 


If the value of parameter p be —5. Then the value of 
a+b+ cis equal to 
(a) —5 
(c) 10 


(b) 5 
(d) None of these 


The range of possible values of a, b, c if p = 3 1s given 
as 

(a) ke (-4, 0) 
(c) k € (0, 2) 


(b) ke (0,4) 
(d) None of these 


Solution: 55. °°. a? (a+ p)=b? (b+ pb=c(ce+ p)= 

k holds for three distinct real values a, b and c; pe R 

=> x(x + p) =khas 3 real and different roots a, b, c, 
where p € R 

=> x°+ px’—k =0 has 3 real and different roots a, b, 
c, where p € R 


36. 


37. 


38. 


59. 


60. 


=> Ya=at+b+c=-p, 
“ab =ab+be+ca=0,abe =k 

= The value of ab + be + ca =0 
Ans. (c) 

The value ofa+b+c=-p 
If p =-5, thena+bt+e=-(-5)=5 
Ans. (b) 

Let f(x) =x? + px’-k 

=> f'(x) =3x*+ 2px =0 >x = Oorx = -2p/3 
for 3 distinct real roots 


f0).5 [= |< 0 


=> f(0). K(-2)<0( p =3) 
=> (-k) (8+ 12)-k) <0 
=> (4) (*+4)<0> k(k-4)<0 
=> ke (0,4) 
Ans. (b) 


: Consider the biquadratic equation (x? + 2x + 3)?- 


(A — 3) (x? + 2x + 3) + A = 0, where Ais a parameter. 
This biquadratic equation can be transferred to f(t) = 
P—(A-—3)t+A=0 by substituting x7 + 2x +3 =24 
Then find 


All the values of A for which the given biquadratic 
equation has all 4 roots real form the set 

(a) (0, 1JU[9,0) — (b) [9, 10] 

(c) [9, 00) (d) None of these 


All the values of A for which the given biquadratic 
equation has two real roots form the set 

(a) (-00, IJU [9,20) = (b) (-~, 10] 

(c) [10, 0) (d) None of these 


All the values of A for which the given biquadratic 
equation has no real root form the set 

(a) (-, 1) (b) (0, 1)U (9, ~) 

(c) (9, 0) (d) None of these 


Solution: Let x7 + 2x +3 =f 
. fi =P-(A-3)t+a=0 01 
is a quadratic in ¢ 
Also, minimum value of x”? + 2x + 3 =—D/4a 


— (4-12) _ 
sae ak 
t € [2, «) 


2 


Solution 58. The given biquadratic would have all 
real roots if (11) has both real roots and both are greater 
than or equal to 2 


39. 


60. 


Theory of Equations < 5.83 


Let they be aand f. If we put t = ai.e,x* + 2x +3 
=a 

We would get two real roots and if we put t = #1.e, 
x? + 2x + 3 = B We would get two real roots. 

we will get all four real roots, so for all 4 
real roots, we must have disc. of (11) = 0; 


f2)=0; aa) >2 


(A—3P-4420;4-(A-3) Q) +A20;A>7 


=> 4-100 +920;-2A +44 1020;4>7 
=> (A-9)A-1)20;1< 10;4>7 
=> Ae [9, 10] 

Ans. (b) 


The given biquadratic equation has 2 roots real if one 
root of equation (11) is < 2 and other is greater than or 
equal to 2. 


f(t) 


0 


=> f2)<s0>4-(A-3)2)+A<0 

=> 4-242+A+6<0 

> A+10<O0OD>Az210 SAe€e[I10, «) 
Ans. (c) 


The given biquadratic equation has no real root if both 
the roots are less than 2. 


K(t) 


= #2)>0, A-® 


< 2;Disc > 0 
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61. 


62. 


63. 


=> A+ 10>0;A<7;A-1)A-9)>0 

> A<10;1 <7, 2 € —~, LUG, «) 

> A<7T,;1€ eo, 1IUY, 0) DSA E (~~, 1) 
Ans. (a) 


: If jax? + bx + c| < |Ax? + Bx + C| V x € R and 


d = b* —4ac>0 and D = B* — 4AC > 0, then 


Which of the following must be true? 


(a) |a| 2 |A| (b) |a| <|A| 

(c) |a| =|A| (d) all the above 
Ans. (b) 

Which of the following must be true? 

(a) d<D (b) d=>D 

(c) d=D (d) none of these 
Ans. (a) 


If D and d are not necessarily positive, then which of 
the following must be true? 


(a) the roots of ax? + bx + c = 0 and Ax? + Bx + 
C = 0 are equal 

(b) the roots of ax? + bx + c = 0 and Ax? + Bx + 
C = 0 are equal only when they are real 

(c) the roots of ax? + bx + c = 0 and Ax? + Bx + 


C = 0 are equal only when they are imaginary 

(d) the roots of ax? + bx + c = 0 and Ax? + Bx + 
C = 0 may not be equal 

Ans. (d) 


Solution: (61 to 63) 
Let a and f are the roots of Ax? + Bx + C =0 
since |ax? + bx + c| <|Ax? + Bx +C|VxeER 
= the roots of ax? + bx + c = 0 are also aand B 
= |ax’ + bx + e| = lal |x— a |x—- B 
and |Ax* + Bx + C| =|A||x-— a |x—- Bl 
=> |a| <|A|; Also difference of roots 1s same 
b*-4ac  B’-4AC 
a’ A’ 
since |a| < |A| 
=> (b’-4ac)< (B?-44C)> d<D 
Now, if D, d <0 then also a/b = A/B (vertices of 
the two graphs must have same x — coordinate) 


=> 


= sum of the roots is same but the roots of the two 
equations may be unequal. 


: Every even function is symmetric about y-axis. [1.e, 


K-) =f) Vx Ee D / and therefore fx) possess same 
properties (continuity, diff, value of function, roots ex- 
tremities) atx andx-xVxeD fe If f(x) is an even 
function, then f(x) = 0 always has even no. of real roots 


64. 


65. 


66. 


67. 


65. 


unless x = 0 is one of its root (because if f(a) = 0, then 
fia) = 0). Graph of f(|x|) can be drawn by deleting the 
portion of f(x) for x <0 and reflecting the retained por- 
tion of f(x) for x => 0 in y-axis. Using these facts answer 
the following problems, related to equation x?— (2|a| + 
1) |x| + a -4=0 (1) 
The set of real values of ‘a’ for which equation (1) has 
exactly three real roots 1s 


(a) {2, -2} (b) {2} 

(c) {-23 (d) {1,2} 

The set of values ‘a’ for which equation (1) has four 
real roots 1s 

(a) (0, -2) (b) (0, -2) U (2, «) 

(c) (-2, 2) (d) None of these 

The set of values of ‘a’ for which equation(i) has two 
real roots 1s 

(a) (-l, 1) (b) (0, -2) U (2, «) 

(c) (-2, 2) (d) None of these 


The set of values ‘a’ for which equation (1) has no real 
roots 1s 


(a) (-l, 1) (b) (-«, -1) 

(c) (I, 0) (d) {3 

Solution: 64. Given equation is x?- (2|a| + 1) |x| + 
a—-4=0 

Put |x| =y 


=> y—-(la|\+l)y+a-4=0 
Disc. = [2ja| + 1]?-4 (1) (@’-4) 
= 4la\?+ 1+ 4]la|—4a*+ 16 
= 4la| + 17 >0 
equation (11) must have two different roots 


(11) 


(1) will have three real roots if 

y = 01s aroot of (11) 

then, fv) =0 > a -4=0=>a = +2. Also; 
we have, y’— (2|a| + 1) y = 0 

y ly- Qla| + DI] =0 

y =Oory = 2la| + 1>0 

. y =O andy =2\a| + 1 > 0 are roots of (11) 

lx| = 0 and |x| = 2|a| + 1=5 

x = 0 and x = +S are three real roots 
a=+2 Ans. (a, b, c) 

Equation (1) would have four real roots if both the 
roots of (11) are + ve and different. 


— | 
— | 


=> 
=> 


=> sum of roots > 0; product of roots >0 

=> 2\al\+1>0;a°-4>0 

=> always true; a € (—-«, —2) U (2, 0) 
Ans. (a, b) 


66. 


67. 


The given equation (1) will have 2 real roots, if roots 
of equation (11) are of opposite signs 1.e, a*- 4 < 0 
=> aeé (-2, 2) 

Ans. (a, Cc) 


The given equation (1) will have no real roots, if both 
roots of equation (11) are — ve 
=> 2la| + 1 <0 and a? —4> 0, which is impossible 
> ae {} 

Ans. (d) 


Assertion/Reason 


68. 


69. 


A: If all the four roots of x*— 8x? + ax?- bx + 16=0 
are positive, then a = 24 and b = 32 


R: If polynomial equation p(x) = 0 has ‘n’ positive 
roots, then p’ (x) = 0 has (n — 1) positive roots. 
Ans. (d) 


Solution: Let a, B, y, 6 be the four roots, then a+ 2+ 


rey ne ee =8 
A ] 
-l)‘a, a, 16 
and a. B.y .6= A ie 4G 
Ay a, 1 
Paice zo =2 and (a.f y.d)'4= (16)'4= 2 
. A.M. = GM > a=f=yp=0=2 
_1\2 
Qo 
4x3 


> BA) ea x 4= 24 


3 
and X apy = Des, ON ay 
Ay | 
> b= *C,, (8) = 32 
Assertion 1s correct. 
Reason follows from Rolle’s theorm but has no 
connection with Assertion. 


Ans. (b) 


A: a+b+c>0,ab+be+ca>0,abec>0 Sa>0, 
b>0,c>0 

R: If p, g, r> 0, then equation x°— px? + gx -—r=0 
can't have negative roots. 

Solution: (a) If x <0, then 

x°— px’ + qx -—r <0, as p,q,r>0 


70. 


71. 


Theory of Equations < 5.85 

x? — px? + qx —r = 0 can't have negative roots. 

Reason 1s correct. 

Now, let a, b, c be the roots of a cubic given by 

(x— a) (x- 6b) (x-c)=0 

or x°—(a+ b+ c)x?+ (ab + be + ca)x-— abe = 0 
(1) 

Leta+b+c=p,ab+ be+ca=q,abc=r 

(1) becomes, x3— px? + gx-—r=0 

Clearly, if a, b, c > 0, then 

a+b+e>0,ab+ be + ca>0,abe>0 

and conversely, ifa+b+c>0,ab+ be+ca>0O 

and abc > 0 

1.e., p> 0,q>0,r> 0, then from (2) and by reason 

we find roots of (2) can't be negative and abc > 0 

a,b,c #0 

a>0,b>0,c>0 

Assertion and reason both are correct and reason 1s 

the correct explanation of reason. 

Ans. (a) 

Consider the function fix) = In (ax? + (a + b)x’ 

(b + c)x + c),; where a> 0, b? — 4ac =0 

A: Domain of the function is (-1, 0) ~ {(-b/2a)} 

R: ax? + bx + ¢ = 

b> —4ac = 0. 

Solution: (a) ax? + (a+ b)x*+(b+e)x+ec>0 

> ar(x+1l)+bxa~+1+e+1)>0 

=> («+ 1) (ae + bx-+-c)>0 


(2) 


YU 


O has equal roots when 


2 
= a(x (x42) >0 as b?= 4ac 
a 


=> x>-—]and4- = 
2a 

A: If a,b,c € Z and ax’?+ bx + ec = Ohas an irrational 
root, then | f(A)| = 1/qg’, where A € QO and f(x) = ax’ 
Bae 6) crea ae oo 

R: If a, b,c € Q and b*- 4ac 1s positive but not a per- 
fect square, then roots of equation x? + bx + ¢ = 
O are irrational and always occur in conjugate pair 
like 2 + v3 and 2 — v3. 


Solution: (a) Let fx) = ax’? + bx + c. Since co-efficient 
are integers and one root is irrational so both the roots are 
irrational. Hence, for any A € O; fA)4 0 => |KA)| > 0 

2 
| a 
q q 


>0, where A = p/qg p,q €Z,q#0 


1 ; . 
=> —|ap’ +bpq+cq’| >0 = lap’ + bpg + cq"|> 0 
q 
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. If x € R, the expression 


Now a, b, c, p, g € Z. Hence, |ap* + bpg + cq’|> 1 


1 
= |fW|25 
q 


A: If equations ax? + bx + c = 0 and x*- 3x +4=0 
have exactly one root common, then at least one of 
a, b, c is imaginary. 

R: Ifa, 5, c are not all real, then equation ax? + bx + c 
= 0 can have one root real and one root imaginary. 


Solution: (a) ax? + bx + c = O has two complex 
conjugate roots only if all the coefficients are real. If all 
the co-efficients are not real, then it is not necessary that 
both the roots are imaginary, Hence, statement | 1s true. 
Now, equation x*— 3x + 4 =0 has two complex conju- 
gate roots. If ax? + bx + c = 0 has all co-effcients real, 
then there will be two common roots. But if there 1s 
only one root common, then at least one of a, b, c must 
be non-real. 


SECTION-—III 


OBJECTIVE-TYPE (ONLY ONE CORRECT ANSWER) 


. Let a, B be the roots of the equation (x — a) (x — b) = 


c,c #0. Then the roots of the equation (x — a) (x — B) 
+e=Oare 
(a) (a,c) 
(c) (a, 5) 


(b) (8, c) 

(d) (at+ec,b +c) 
2 

pee Se takes all values 


which do not lie between a and b; then the values of 
a, b are 


(a) 12, 16 
(c) 3,9 


(b) 4, 12 
(d) 8, 16 


. The number of real solutions of the equation 


(9/10)* = -3 +x —-x7 1s 
(a) none (b) one 


(c) two (d) more than two 


. The value of 8+ 2/8 +2/8+2V8 1S 


(a) 10 
(c) 8 


(b) 6 
(d) 4 


. If the roots of the equation (a? + b*)x* -2b(a+c)x + 


(b? + c*) = 0 are equal then a, b, c are in 
(a) GP (b) AP 
(c) HP (d) None of these 


. The two equation x? —cx + d=Oandx’*-ax+b=0 


have a common root and the second has equal roots, 
then 2 (6 + d) is equal to 

(a) ate (b) 3a+ 2a 

(c) ac (d) None of these 


. If the quadratic equations ax” + 2bx + c = 0 and ax” + 


2cx + b = 0 (6 #c) have a common root, then a + 4b 
+ 4e 1s 


10. 


11. 


12. 


13. 


(a) O 
(c) 2 


(b) -1/2 
(d) | 


If a, B are the roots of the equation ax? + bx + c = 0, 
then (1 + a+ a’)(1 + #+ PB) 1s equal to 

(a) O (b) positive 

(c) negative (d) None of these 

The value of m for which the equation —————— + 
(x+a+m) 


Caan = |, has roots equal in magnitude but op- 


posite in sign 1s 
a+b 


(a) ai (b) 0 
a—b 2(a—b) 
(c) ae (d) er 


If a> 1, roots of the equation (1 — a) x? + 3ax —1 =O are 
(a) one positive and one negative 

(b) both non-real complex 

(c) both negative 

(d) both positive 


If the quadratic equation x? + ax + b =0 and x’? + bx 
+ a=0 (a#b) have a common root, then numerical 
value of a + bis 
(a) | 
(c) 0 


(b) -l 
(d) None of these 


The real roots of the equation, 5°*,@-** = x — ] 
are 

(a) 1 and 2 
(c) 3 and 4 


(b) 2 and 3 
(d) 4and5 


If the quadratic equations ax” + 2cx + b = 0 and ax? + 


is 


+ 
2bx + c =0 (b#c) have a common root, then oe 


equal to 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


(a) O 
l 
(c) 4 


(b) | 
(d) = 


Given that tan A and tan B are the roots of x? — px + 2 
= (0, then the value of cos?(A + B) 1s equal to 


1 2 
@) = (eee 
p -| p +l 
(c) E (d) None of these 
p +l 
x°>+2x+0e 
If x is real, then —————— can take all values if 
x° +4x+4+3c 
(a) O0<c<2 (b) 0<c<] 


(c) -l<c<] (d) None of these 


The number of solutions of log, 3 = 2x —3 is 


(a) 3 (b) | 
(c) 2 (d) 0 


Let a>0,b>0andc>0. Then both the roots of the 
equation ax? + bx +c =0 

(a) are real and negative 

(b) have negative real parts 

(c) are rational numbers 

(d) None of these 


If the quadratic equations, x” + abx + c = 0 and x? + 
acx + b = 0 have a common root, then the equation 
containing their other roots 1s/are: 

(a) x°+a(b+c)x-abe =0 

(b) x7 + a(b+c)x+a*bc =0 

(c) a(b+c)x?-(b + c)x + abc =0 

(d) a(b + c)x?+(b + c)x-—abc = 0 

If a, B are the roots of the equation x? —2x + 4=0, then 
the value of a’ + £#" 1s 


2 
(a) 2”*' cos > a 


2” cos —— 
(b) 3 


(c) 2”*! cos ~ (d) None of these 


If tan x tan y = a and x + y = 7/6, then tan x and tan y 
satisfy the equation 


(a) x2 -./3 (l-a)x+a=0 

(b) v3 x?-(l—a)x + av3 =0 

(c) x2+ V3 (1 t+a)x—-a=0 

(d) ¥3x2+(1 + a)x—avV3=0 

If a, B are the roots of ax? — 2bx + c = 0, then a BP + 
CB + CR= 
(a) c? (ce + 2b)/a? 
(c) be*/a? 


(b) c?/a’ (c —2b) 
(d) None of these 


22. 


23. 


24. 


25. 


26. 


21. 


28. 


29. 


30. 


31. 


32. 


Theory of Equations < 5.87 
' l l 
The number of real solutions of x — a 
x°-4 x -4 
is 
(a) 0 (b) | 
(c) 2 (d) infinite 


The value of a for which the sum of the squares of the 
roots of the equation x? — (a —2) x —a — 1 =0 assume 
the least value is 
(a) 0 
(c) 2 


(b) 1 

(d) 3 

The number of values of the triplet (a, 6, c) for which 
acos 2x + b sin’x + c = 01s satisfied by all real x is 


(a) 2 (b) 4 

(c) 6 (d) infinite 

If a, B are the roots of the equation 8x? — 3x + 27 = 0, 
then the value of [(a?/B)!* + (B?/a)'?] is equal to 

(a) 1/3 (b) 1/4 

(c) 1/5 (d) 1/6 

If the roots of the equation x? + a? = 8x + 6a are real, 
then 

(a) ae(—, —2) (b) ae(-2, 8) 

(c) ae(8, ©) (d) None of these 

If the roots of (b — c) x? + (ec-— a) x + (a— b)=0 are 
equal, then a + c is equal to 

(a) b* (b) b 

(c) 2b (d) 3b 

If ax? + bx +e = a(x — a) (x — B), then a(ax + 1) 


(Bx + 1) 1s equal to 
(a) cx?— bx -a 
(c) cx?— bx +a 


(b) cx? + bx +a 
(d) cx’+ bx +c 


The quadratic equation 8sec?@— 6secO + | = 0 has 
(a) exactly two roots (b) exactly four roots 


(c) intfinitly many roots (d) no real roots 


If the ratio of the roots of x? +bx +c = 0 and x? + qx + 
r = 0 be the same, then 

(a) rc =b’q (b) rb=c'q 

(c) rb* = cq? (d) rc? = bq 

If a.3"™* + a.3-*™* —2 =0 has only real solution, 4 7/2, 
O <x <1, then the set of the values of parameter a 1s 
(a) [-I, 1] (b) [-I, 0] 

(c) @, 1] (d) [0, 2) 


If a, B are the roots of ax? + c = bx then the equation 
(a+ cy) = b’yiny has the roots 

(a) ot, Bo (b) a’, B° 

(c) ab’, a'p (d) a, B~ 
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33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


If a and 6 are odd integers, then the roots of the equa- 
tion 2ax? + (2a + b)x + b =0; a #0, will be 


(a) rational (b) irrational 


(c) non-real (d) equal 
2x-1 
If Sis the set of all real x such that — is 
positive, then S contains 2x +3x° +x 
(a) (00, -3/2) (b) (1/4, 3/2) 


(c) (-1/4, 1/2) (d) None of these 


If the roots of the equation x? —2ax + a* + a—3 =0 are 
real and less than 3 

(a) a<2 (b) 2<a<3 

(c) 3<a<4 (d) a>4 

If the product of the roots of the equation x? + 3kx + 
(2e?”* _])=0 1s 7, then the roots are real only if 


(a) k=2 (b) k=-2 

(c) k=4 (d) k=—+4 

The given equation x+3-—4Jx—-1+x+8-6Vx-1 
= | has 


(a) no solution (b) only one solution 


(c) only two solution (d) more than two solution 
Both the roots of the equation (x — b) (x -c) + (x — a) 
(x —c) + (x -—a)x — b) = 0 are always 

(a) positive (b) negative 

(c) real (d) None of these 


If a, B are the roots of ax? + bx + c = 0, then the equa- 
tion ax? — bx (x — 1) + ec («x — 1)? = 0 has roots 


o B l-a 1-8 
(a) 1-0 ’1-B (b) ae as 
Gj: 2? fay eee 

a+1°B +1 a 8B 


The value of p for which both the roots of the equation 
4x? —20px + (25p* + 15p — 66) =0, are less than 2, lies in 
(a) (4/5, 2) (b) (2, 2) 

(c) (-l, -4/5) (d) (-«, -1) 

If the equation ax? + 2bx — 3c = 0 has non-real roots 
and (3c/4) < (a + b); then 

(a) c<O (b) c>0 

(c) c20 (d) c=0 


If a > b > O are two real nos., the value of, 


ab +(a-—b),fab+(a-b) Jab + (a — D)... 


is equal to: 

(a) independent of 5 

(b) independent of a 

(c) independent of both a and b 
(d) dependent on both a and b 


43. 


44. 


45. 


46. 


47. 


48. 


If the sum of the squares of the roots of a quadratic 
equation 1s equal to twice the product of those roots. 
Then the discriminant of the quadratic equation 1s: 

(a) negative 

(b) positive 

(c) neither negative nor positive 

(d) nothing definite can be said 


The roots of the equation (3 — x)*+ (2 — x)*= (5 — 2x)‘ are 
(a) all real 

(b) all imaginary 

(c) two real and two imaginary 

(d) None of these 


The roots a and B of the equation ax? + bx + c = 0 are 
real and of opposite sign. Then the roots of the equa- 
tion a(x — PB?) + B (x— a) =0 are 

(a) positive 

(b) negative 

(c) real and of opposite sign 

(d) imaginary 

If the absolute value of the difference of roots of the 
equation x” + px + 1 = 0 exceeds \3p then p cannot 
take the integer values. 
(a) 0,+1, 2, 3,4 

(c) that are positive 


If f(x) = x? + 2bx + 2c? and g(x) = -—x* - 2cx + Bb’ are 
such that min f(x) > max g(x), then relation between b 
and c, 1S 

(a) no relation 


(b) 0, +1, +2, +3, +4 
(d) none of these 


b 
b) 0<c>— 
(b) ; 


(c) |x|< V2 |d| (d) |c|>V2|d| 


The equation eae = 2x’ has aroot x = | Therefore, 
x 


it will have 

(a) no other root 

(b) one more root only that is real 

(c) two more roots only which are both non real 
(d) two more roots which are also real. 


49. The number of +ve integral pairs (x,y) satisfying the 
equation x” — y? = 35370 1s 
(a) 0 (b) | 
(c) 2 (d) none of these 

50. The number of real roots of the equation (3/5) + 7/5 =2* 
(a) 0 (b) | 
(c) 2 (d) 3 


S1. 


Number of ordered pairs , (x,y) satisfying x7 + 1 = y 
and y7 + 1 =x, is 


32. 


53. 


34. 


55. 


36. 


a1. 


38. 


59. 


(a) 0 (b) 1 
(c) 2 (d) 4 

The number of positive integral solutions of x* — y* = 
3789108 is 
(a) 0 

(c) 2 


(b) | 

(d) 4 

If x and y are real numbers such that x? + xy — y? + 2x 
—y+1=0, then 

(a) y cannot be between 0 and 8/5 

(b) y cannot be between —8/5 and 8/5 

(c) y cannot be between —8/5 and 0 

(d) none of the foregoing statments 1s correct 


If a, b, c are non-zero, unequal rational numbers then 
the roots of the equation abc? x? +2 (3a? +b*)cx— 6a’ 
—ab — 2b? =0 
(a) rational (b) imaginary 


(c) irrational (d) none 


The equation (a +2)x? + (a— 3) x = 2a— 1,a#-—2 has 
roots rational for: 

(a) all rational values of a except a = —2 

(b) all real values of a except a = —2 

(c) rational values of a> 1/2 

(d) none of these 


The value of 'a', for which the equations x* + ax 
+ 1 =0 and x* + ax + 1 = 0 have a common root, 
then ais 
(a) 2 
(c) 0 


(b) -2 
(d) none of these 


Total number of roots of the equation 3°* = |sin xl, 
belonging to [—-27, 27], are: 

(a) 6 (b) 8 

(c) 10 (d) 12 


Let a, b and c are real numbers, a + 0. If ais a root of 
a’ x? + bx +c = 0, Bis aroot of a’x?— bx—c = 0 and 0 
<a< B, then the equation a’*x* + 2bx + 2c has a root 
that always satisfies 


@ y= PF & y=0+5 
© y=. (@) a<B<y 


In a triangle ABC, if a, b and A are given, then one of 
the roots of the equation 

x? —2bx cosd + b?- a? =O01s 

(b) x=b 

(d) None of these 


(a) x=a 
(c)x=c 


60. 


61. 


62. 


63. 


64. 


65. 


66. 


67. 


Theory of Equations < 5.89 
If every pair from among the equations x” + px + pr = 
0,x? + gx + rq =O and x? + rx + pg = 0 has acommon 
root, then the product of the common roots 1s 

(a) par (b) 2pqr 

(c) p’¢’r (d) None of these 


The set of all real numbers a such that a? + 2a, 2a + 3 
and a” + 3a + 8 are the sides of a triangle 1s 

(a) [5, 0) (b) G, ©) 

(c) (-~, 5) (d) (-~, 5] 


If aand B are the roots of x? + px + g = 0 and a‘ and p* 
are roots of x” —rx + ps = 0, then the equation x”? — 4gx 
+ 2q7 —r = 0 has always 

(a) two real roots 

(b) two negative roots 

(c) two positive roots 

(d) one positive and one negative root. 


The number of real solutions of 1 +|e*—1 | = e*(e*—-2) 
is 

(a) 0 
(c) 2 


(b) 1 
(d) 4 


If the roots of the equation, x” + 2ax + b = 0, are real 
and distinct and they differ by at most 2m, then 6 lies 
in the interval 

(a) (a’—m’, a’) 


(c) (a, a° + m’) 


(b) [a’ 7 m?, a’) 
(d) None of these 


If a, b, c be positive real numbers, the following 


Z 2 2 
Sees x. . 2 
system of equations in x, yandz: —+-;-=+=1, 
a eb ¢ 
2 Zz 2 Pa 2 2 
x Z x Zz 
Soe Sy Shas. 
a b ¢ a b ¢ 


(a) no solution 

(b) unique solution 

(c) infinitely many solution 
(d) finitely many solutions 


If a <0, the positive root of the equation x? -2a|x—-a 
| -3a7=Ois 

(a) a(-1 - 6) 
(c) a(-l + ) 


(b) a(1 - v2) 
(d) a(1 + v2) 


The set of real value(s) of p for which the equation, 
| 2x + 3 | + | 2x -3 | = px + 6 has more than two 
solutions 1s: 

(a) [0, 4} 

(C) = {4405 


(b) (+4, 4) 
(d) {03 


5.90 >» Fundamentals of Mathematics—Algebra | 


68. 


69. 


70. 


71. 


72. 


73. 


74. 


The maximum value of the expression, f(x, y, Z) = xyz 
(4d — ax — by — cz) where a, b, c, d are positive constants, 
x, y, Z are positive variables and 4d — ax — by —cz> 01s 


abc d? 
(a) 7 (b) Te 
abc d* 
©) d° © abc 


If a and B are two distinct roots of x? + px + q = 0 and 
a’, B* are the roots of x? — rx + s = 0, then the equation 
x? —4gx + 2q*-—r = 0 has always (p, qg, r, s € R): 

(a) two real roots 

(b) two positive roots 

(c) two negative roots 

(d) one positive and one negative root. 


If cos? = is a root of the equation, x? + bx + c = 0 
where b, c € Q, then the ordered pair (8, c) 1s: 

(a) C1, 1/8) (b) (-l, 1/8) 

(c) C1, -1/8) (d) (-l, -1/8) 


If a, B and y are the roots of the equation, x? — x — 
l+a 1+B 1+y 


1 = O then, has the value 
-qa 1-86 I1- 

equal to: 

(a) zero (b) -1 

(c) —7 (d) | 


Let [a] denote the greatest integer less than or equal to 
a. The set of all values of x satisfying the inequality, 


\2x? — 4x — 7| < ca — cos ee 
7 2 \ cos@/2 — sin 0/2 2 
< @< — 18: 
2 
(a) (-1,3) 


(b) d- V5,1+ V5) 

(c) (- V5,-1)UG,1+ V5) 

(d) None of these 

If a, b, c, x, y and z are real and a? + b? + c? = 16, x 
+ y? + 27=9 and ax + by + cz = 12, then the value of 
at+b+c 


is equal to 
x+y+z 
(a) 4/3 (b) 16/9 
(c) | (d) None of these 


If the quadratic equations, 3x? + ax + 1 =0 and 2x” + 
bx + | =O have a common root, then the value of the 
given expression Sab — 2a” —3b* is 

(a) 0 (b) 1 

(c) -1 (d) None of these 


73. 


76. 


4s 


78. 


79. 


80. 


$1. 


$2. 


If a, 6, c are real numbers satisfying the condition 
a+b+c#=0O, then the roots of the quadratic equation 
3ax? + S5bx + 7c = 0 are 
(a) positive (b) negative 


(c) real and distinct (d) imaginary 


Let f(x), g(x) and h(x) be quadratic polynomials hav- 
ing positive leading co-efficients and real and distinct 
roots. If each pair of them has a common root, then the 
roots of fix) + g(x) + h(x) = 0 are 

(a) always real and distinct 

(b) always real and may be equal 

(c) may be imaginary 

(d) always imaginary 


The range of value of a so that all the roots of the 
equation 2x°— 3x?- 12x + a = 0 are real and distinct 
belong to 
(a) (7, 20) 
(c) (20, 7) 


(b) (-7, 20) 
(d) (-7,7) 


The number of integral value(s) of x satisfying 


V—x? +10x-16 <x —2 18 
(a) 0 (b) | 
(c) 2 (d) 3 


If x? + ax — 3x —(a + 2) =0 has real and distinct roots, 


a’ +] 


a’ +2 
(b) 0 


(d) 1/4 


then minimum value of 1S 
(a) | 
(c) 1/2 


The set of values of a for which inequation (a — 1) x?- 
(a+ 1)x+a—12O0istrue forallx>2 


@ [12 (b) (2, 1 
3 
(d) None of these 


Suppose f(x) 1s a quadratic expression which 1s posi- 
tive for all real x and g(x) = f(x) + f(x) + f(x) where 
f(x) and /"(x) are the derivatives of f(x) of first and 
second order, then g(x) is 

(a) O (b) positive 

(c) negative (d) non-positive 


If ax? + bx + 8 =0 does not have 2 distinct real roots, 
then the minimum value of 2a + bis 

(a) 4 (b) 2 

(c) +4 (d) 6 


Theory of Equations < 5.91 


SECTION—IV 


OBJECTIVE-TYPE (MORE THAN ONE CORRECT ANSWER) 


. Leta>0O, b>0,c>0, then both roots of the equation 
ax? + bx +c =0 

(a) are real and negative 

(b) have negative real parts 


(c) have positive real parts 
(d) None of these 


. If a, b, c are in GP. where a, c are positive, then the 

equation ax? + bx +c =0 has 

(a) real roots 

(b) imaginary roots 

(c) ratio of roots = | 
root of unity 

(d) ratio of roots = b: ac 


- @ where @ 1S a non-real cube 


. The common roots of the equations x*? + 2x? + 2x + | 
= 0 and | + x!3° + x!°88 = 0 are (where @ is a non-real 
cube root of unity) 


(a) @ 
(c) -l 
. Fora>0# 1, the roots of the equation log, a+ log a’ 
+ log ,,a° = 0, are given by 

(a) q73 (b) 3/4 

(c) qi? (d) q 


. The real value of A for which the equation 3x° + x? —7x 
+ A = 0 has two distinct real roots in [0, 1] lie in the 
interval(s) 

(a) (3, 833/243) (b) [3, 4] 

(c) [1, 2] (d) (0, 0) 

. If0<a<b<c, and the roots a, B of the equation ax’ 
+ bx + c = 0 are non-real complex numbers, then 


(a) |a|=|B| (b) |a|>1 
(c) | Bl <1 (d) None of these 


. If a, b, c € R and the equation ax” — bx + c = 0 has 
complex roots which are reciprocal of each other, then 
(a) |5|s|a| (b) |5|sIe| 

(Cc) a=c (d) b<a 


. Ifa,b,c € Randa+b+c =0, then the equation 3ax’ 
+ 2bx +c =Ohas 

(a) at least one root in [0, 1] 

(b) at least one root in [-1, 1] 

(c) at least one root in [0, 2] 

(d) None of these 


(b) w? 
(d) o-@? 


9. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


If the equation ax” + bx + ¢ = 0 (a> 0) has two roots 
aand B such that a< —2 and B> 2, then 

(a) b> -4ac>0O (b) c<0O 

(c) at+|b|+ce<0O (d) 4a+2/b|+ce<0 

The value of c for which x* + cx? + x -2 =0 must have 
at least two real roots are 

(a) 2 (b) 3 

(c) 4 (d) None of these 

The roots of the equation (a? +b”)x? +2x(ac + bd) + c¢? 
+ d’ =0, are real, then these are equal. This statement 
is (a, b,c, de R) 

(a) true (b) false 

(c) true if a, b,c,d eR’ (d) trueif a, b,c,de R 

If the quadratic equaiton (ab — be) x? + be — ca) x + 
ca — ab = 0, has equal root then 

(a) both roots are equal to 0 

(b) both roots are equal to | 

(c) a,c, b are in harmonic progression 

(d) ab’c’, b’a’*c, a’c’b are in arithmetic progression 
If a,b,c € R (a@#0) anda+ 2b + 4c = 0, then equa- 
tion ax? + bx + c =Ohas 

(a) at least one positive root 

(b) at least one non integral root 

(c) no irrational root if a/b 1s rational 

(d) no irrational root 


Let p and q be roots of the equation x” — 2x + A and let 
rand s be the roots of the equation x? — 18x + B =0. If 
p<q<r<s are in AP, then 

(a) p+qt+rt+s=20 (b) g=3,r=7 

(c) A=-83,B=-3 (d) A=-3,B=77 


If x? — 2x + sin’a = 0, then 

(a) xeE[-2, 2] (b) xe[0, 2] 

(c) xeE[]1, 2] (d) xe[-l, 1] 

The quadratic equation x* — (m — 3)x? + m = 0 
(a) has no real roots iff m € (O, 1) 

(b) has four real roots iff m > 9. 

(c) has no real roots iff m € (0, 9) 

(d) has root as zero iff m = 0 


If the roots of the equation ax? + b(2x + 1) = 0 are 
imaginary, then those of the equation bx? + (b— c)x = 
c+a-—bwill not be 
(a) real and unequal 
(c) imaginary 


(b) real and equal 
(d) real 
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18. 


Consider the quadratic equation (a + c — b)x?+ 2cx + 


(b 


+ c—a)=0, where a, b, c are distinct real numbers 


and a + c— 5 #0. Suppose that both the roots of the 
equation are rational, then 


(a) a, b and c are rational 


(b) 


. As 


- Are BF 


A: 


R: 


sIf px?+ qx tre= 


19. 


(C) 


b 
(c—a 


is rational 


(d) None of these 


If the system of inequations x? + 2x + k <0, x? — 4x — 
6k < 0 has a unique solution, then 


(a) 
(C) 


SECTION—V 


is rational 
(a— 5) 
ASSERTION AND REASON TYPE 
If cos? 2/8 1s a root of the equation x? + ax + b = 


O where a, b € Q (set of rational numbers) then 
ordered pair (a, b) 1s (-1, (1/8)). 


: If a + mb = 0 and mis irrational, then a, b = 0. 


: ix>+ (i— 1)x- (1/2) —i = 0 has imaginary roots. 
:Ifa=i,b=i-—1andc =(-1/5) —i, then b?- 4ac <0. 


:If f(x) is a quadratic polynomial satisfying 


f(2) + f4) = 0. If unity is a root of f(x) = 0, then the 
other root is 3.5. 


: If g(x) = px? + qx + r= O has roots a, f, then a + B 


= —q/p and af = (rip). 


O is a quadratic equation 
(p, g, r € IR) such that its roots are a, B and 
p+q+r<0,p—q+r<0 andr> 0, then [a] +[f] 
= —], where [.] denotes G.I.F 


: If for any two real numbers a and 5b, function fx) 


is such that fia) f(b) < 0 => f(x) has at least one real 
root lying in (a, b); when fis continuous 1n (a, 5). 


: If equation ax? + bx + c = 0; (a, b, c € R) and 


2x7 + 3x + 4 = 0 have a common root, then 
a: b: c = 2: 3: 4. 


: Roots of 2x? + 3x + 4=0 are imaginary. 


:If a, B are the roots of equation x? + 2 (a — 3) 


x +9=0;a e€ R and a<6< ®B, then a <— 3/4 


If f(x) = x7 + 2(a—3)x + 9, then f(6)<0>a<- 


3/4. 


Ifa<b<c<d, then (x— a) (x—c)+3(x—- 5) (x-d) 
= 0 has real and distinct root 

Let fx) = (x— a) (x—c) +3 (x— 5) (x—d) and let A and 
4 be two real numbers. If f(A) and fw) are of opposite 
signs, then one root of f(x) lie between A and yz. 


10. 


11. 


12. 


13. 


14. 


15. 


x A 


k= 0 
k=-] 


(b) k = 48/49 
(d) ke[0, 1) 


The minimum possible number complex roots of 
x®— 3x° + 4x? + 3x? + 4=0 1s two. 


: Let f(x) = x°- 3x° + 4x3 + 3x7 + 4 => f(x) has two 


changes in sign. 


: The greatest integral value of 2 for which (2A — 1) 


x?— 4x + (2A — 1) =0 has real roots is 2. 


: For real roots of ax? + bx +c =O D2=0. 


sIfa+b+e>0 anda <0 <b <ce, then the 


roots of the equation a(x — b) (x — c) + b (x - c) 
(x — a) + c (x—a) (x— b) = 0 are of both negative. 


: If both roots are negative, then sum of roots < O and 


product of roots > 0. 


:If a8 + b°? + c? = 3abc, then the equation ax” + bx 


+ c = Ohas one positive and one negative real root 
always. 


: If roots of opposite nature, then product of roots < 


0 and |sum of roots| > 0. 


: Let (a, a, a, a, a.) denote a re-arrangement of 


(1, -4, 6, 7, -10). Then the equation a,x* + a,x? + 
ax ae t a= O has at least two real roots 


:Ifax?+ bx +c =Oanda+b+c=0,thenx = 11s 


root of ax? + bx +c =0 


: The maximum number of non-real roots of the 


equation eI Ie ee ae tee 
Tx —3 = 01s 98. 


: If ax? + bx + ec = 0 has real roots, then D = b*- 4ac 


> 0. 


: The equation ax” + bx + c = 0 cannot have rational 


roots if a, b, c are odd integers. 


: If an odd number does not leave remainder | when 


divided by 8, then it cannot be a perfect square. 


: The equation (x — a)(x — c) + A(x — b\(x — d) = 0 


where a < b <c <d has non-real roots, if 2 > 0. 


: The equation (a, b, c € IR) ax? + bx + c = 0 has 


non-real roots, if b? — 4ac < 0. 


16. A: Ifx* + px* + gx* + rx + s = 0 has four positive roots 


then pr— l6s < 0,r>0. 
R: AM => GM for positive numbers. 


17. Let a,x + bx + ¢,= 0 and ax + b,x + c, = 0 be the 


quadratic equations such that A, = b? — 4a,c,and A,= 


2 
b; —4a,c.. 


Theory of Equations < 5.93 


A: At least one of the given equations have real roots 
if and only if A, + A, >= 0 because 

R: If A, + A, 2 0, then at least one of the A, and A, is 
non-negative. 


SECTION—VI 


LINKED COMPREHENSION TYPE 


: If roots of the biquadratic equation x* — 12x° + 2bx? + 
3cx + 81 =0 are positive, then 


. Value of bis 


(a) —54 (b) 54 

(c) 27 (d) —27 
. Value of c is 

(a) 108 (b) —108 

(c) 54 (d) —36 
. Root of equation 2bx + c = 01s 

(a) -1/2 (b) 1/2 

(c) 2/3 (d) -1 


: In the given figure, vertices of AABC lie on the curve y = 
tx) = ax’ + bx + c. Let the tnangle, ABC is nght angled 
isosceles whose hypotaneous AC = 63 units, then 


y=f(x) 
=ax’+ bx +c 


X 


2 


x 
(a) y 58 33 
x? 
(b) y= -3 
(c) y=x°-27 
(d) y=x°-3V3 
~» Minimum value of y = f(x) 1s 
(a) 3V3 (b) -3 v3 


(c) 3 (d) -3 


6. Number of integral value of k for which k/2 lies 


between the roots of f(x) = 0, 1s 
(a) 19 (b) 20 
(c) 21 (d) 22 


: a.g(A) < 0' is the necessary and sufficient condition 


for a particular real A to lie between the roots of 
a quadratic equation g(x) = 0, where g(x) = ax’ + 
bx + c. Again if g(A,)g(A,) < 0, then exactly one of the 
roots will lie between 4, and A. 


. If |2b| >|4a + cl, then 


(a) one root of g(x) = 0 is positive, the other is negative 
(b) exactly one of the root of g(x) = 0 lies in (—2, 2) 
(c) | lies between the roots of g(x) = 0 

(d) both the roots of g(x) = 0 are less than | 


. Ifa(la—b+c)<0<(a—b+c)c, then 


(a) one root is less than — | the other is greater than 0 
(b) exactly one of the roots lies in (-1, 0) 

(c) both the roots lie outside (-1, 0) 

(d) at least one of the roots lies in (—1, 0) 


. If(a+b+ec)ce<0<a(at+b+c), then 


(a) one root is less than O, the other 1s greater than | 
(b) one root lies in (—00, 0) and other in (0, 1) 

(c) both the roots lie in (0, 1) 

(d) one roots lies in (O, 1) and other in (1, 0) 


: Let fx) = ax’ + bx + c be a quadratic expression and 


y = f(x) has graph as shown in figure. 
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10. 


11. 


12. 


Which of the following 1s false? 

(a) ab>0 (b) abe <0 

(c) ac<0O (d) be <O 

Which of the following 1s true? 
(a)at+b+e>0 (b) a~b+c>0 
(c)a+3b+9e<0 # £(d) a—3b+ 9c >0 


If f(x) 1s an integer whenever x is an integer, then 
which of the following is always correct? 

(a) ais an integer 
(c) 51s an integer 


(b) 2a is an integer 
(d) c/2 1s an integer 


: Consider two quadratic polynomials fx) = x* + b,x + 


ce, and g(x) =x*+ b,x + c,. Let a and B be two real roots 
of equation f(x) = 0. Let the roots of the equation g(x) 


13. 


14. 


15. 


= 0 exceeds the roots of f(x) = 0 by same quantity. If 
least value of f(x) is — 1/8 and that for g(x) occurs at x 
= 7/4, then 


The least value of g(x) 1s 

(a) -l (b) -1/2 
(c) -1/8 (d) -1/3 
The value of 5, is 

(a) 3/2 (b) -7/2 
(c) 7/2 (d) 0 


The product of the root of g(x) = 0 1s 
(a) 42 (b) 45/16 
(c) 47/16 (d) None of these 


SECTION—VII 


COLUMN MATCHING 


Column-I 

(1) Number of real solutions of a? + b? + c? = x7 1s 

(11) The number of non-negative real roots of 2x* — x 

— 1 =0 equals 

(111) Let p and q be the roots of the quadratic equation 
x*-(a-—2)x-a—1=0. What is the minimum 
possible value of p* + q? when a # 0. 

(iv) The value of ‘c’ for which |? — B?| = = where @ 


and f are the roots of 2x? + 7x + ¢ =0 


Column-Il 
(a) 2 
(b) « 
(c) 6 
(d) 5 


Column-I 

(i) a, B are the roots of x?-3x +a=0,ae Randa 
<1<f. 

(1) The equation (cx? + 2bx — 3a = 0) has non-real 


roots and ~ <(b +c). 


(ii) If sin’x + snx-a=0,VxeER. 
ax’ +3x+4 


iv) If 
~ as ee, 


<5,VxeER 


Column-_IlI 
(a) a € (-~, 0) 


] 
(b) ae 4, A 


(c) a € (-©, 2) 


(d) ae [—. 7] 


Column-I 
a) «— l)@-3) + kx—2)(x- 4) =0 (kK E€ BR), has real 
roots fork € 


- ; x-1 . 
(11) Range of the function rae does not contain 
+ 


x - 
any value in the interval [—1, 1] fork € 

(111) The equation x? + 2(k— 1)x +k + 5=0 has roots 
positive and distinct, if k € 

Column-IlI 

(a) (97-1) 

(b) ¢ 

(c) (0, 2) 

(d) [2V2,e°) 


Column-I 


Ga) If x*+ ux + v = 0 has roots a, Band x? + mx + 
n = 0 has roots — 2/a, y, then 

(i) If x7 + ux + v = 0 has roots a, B and x? + mx + 
n = 0 has roots — a, y, then 


(i) If x2 + ux + v = 0 has roots a, B and x? + mx + 
n = O has roots |/a, y, then 


Column-Il 
(a) (4—vn)?= (4u + 2mv) (-2m — un) 
(b) (1 — vn)?= (u— mv) (m — un) 
(c) (n— v)?= (un + vm) (m —u) 
(d) (1 — 4vn)?= (u + 2vm) (-2m — 4un) 


5. Column-I 


(i) If p, g,r ands are four non-zero real numbers such 
that (s + p—q)’+ (s + q—r)=0 and the roots of 
the equation p(q —r)x? + q(r—p)x + rp—q)=0 
are real and equal then 


Theory of Equations < 5.95 

(11) If the roots of the equation (p? + q”) x°-2q (p + r) 
+ (q* + r’) =0 are real and equal, then 

(1) If the equation px? + gx + r = 0 and x° — 3x? + 3x 
— | =O have a common real root, then 

(iv) Let p, g, r be positive real numbers such that the 


expression gx’ +(,/(pt+r)’ +4q° )x+(p+r) is 


non-negative V € R, then 


Column II 
(a) p+q+r=0 
(b) p, g, r are in A.P. 
(c) p,g,rin GP. 
(d) p,g,rin HP. 


SECTION—VIII 


INTEGER-TYPE QUESTIONS 


. Given a, Bas the roots of the equation 6x?— 6x + 1 =0, 
If 1/2 (a+ ba + ca? + do?) + 1/2 (a+ bB+ cf’ + dp?) 
4 


=alk, + blk, + clk, + dik,,then evaluate ¥' k,. 


i=] 


. If the sum of the roots of the equation I/(x — h) + 
1/(x — k) = 1/m1s zero, and the product of the roots is — 
1/a (h* + k*); then find the value of a. 


. If the sum of the roots of the equation (a + 1) x? + 
(Qa + 7)x + Ga + 4) = 01s — 3, then find the value 
of [P]; where P denotes the product of roots and [.] 1s 
gint function. 


. If the values of the parameter A € (a, b) for which the 
roots a, B of the equation 3x” + 6x — 4 = 0 satisfy the 
inequality 0 < (a/# + A/a) < 2; then find the value of 
la| + |b]. 


. Let a and f are the abscissa of the pts. of intersection 
of parabola y = x’ and the st. line y = 4x — 1, then the 
equation whose roots are a/f and B/a be x*- kx + 1 = 
O, then find the value of k. 


. Ifthe roots of x?+ bx + c = 0 are both real and greater 
then unity, then (6 + c)e (k, «) then find the value 
of k. 


. If p, g, r are positive and are in A.P, then the roots of 
the quadratic equation px’ + gx + r = 0 are real for 


= ] > k v3 then find the value of k. 
Pp 


8. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


The sum of the integral values of a € {5, 6, 7, 12} for 
which the equation ax? + (2a — 1)x + (a— 2) = 0 has 
rational roots. 


If the expression ax‘ + bx°?— x? + 2x + 3 has remainder 4x 
+ 3 when divided by x* + x — 2, find the value of |a + 5]. 


If a «| U “l+VA for which 


2 2 
both the roots of the equation 2x” + ax +a? -5=0 
are less than unity, then evaluate A. 

x +mxt 


x°+x+1 
holds for all x € R, then evaluate log, 625. 


If m € (a, b), so that the inequality 


epee _ If all the real 


x°-x4+]1 x4+1 x41 
values of x for which y takes real values are given by x 


(—oo, -A) U [0, 1], then find x. 


Let y= 


Suppose x, and x, are the roots of the equation x* + 
2(k — 3)x + 9 = 0. If the greatest integral value of k 
for which both 6 and 3 lie between x, and x, 1s A, then 
evaluate A. 


Find the least integral value of parameter ‘a’, for 
which the equation x* + 2ax* + x? + 2ax + 1 =0 has at 
least two distinct negative roots. 


Find the least integeral solution of the equation 2"*!! — 
2* = |2*- 1|+1 


If k, and k, are such that [K,, &,] are the value of a for 
which (1 + a)y” —3ay + 4a = 0 has real roots. Evaluate 


Jk, 


5.96 >» Fundamentals of Mathematics—Algebra | 


17. 


18. 


Solve the equation 5* /8*'=500 and find the 


positive root. 


Find the least positive integral value of a for which the 
equation 4*— a2*— a + 3 =O has at least one solution. 


Answer Keys 


SECTION-III 


- (c) 
- (b) 
- (a) 
- (Cc) 
- (a) 
- (a) 
- (b) 
- (Cc) 
- (b) 


SECTION-IV 


1 
9 
16 


. (a, b) 
. (a, b, c, d) 


. (a, b, c, d) 


SECTION-V 


1 
11 


2. (c) 
12. (a) 


- (a) 
- (d) 


SECTION-VI 


1 
11 


2. (d) 
12. (b) 


- (Cc) 
. (d) 


SECTION-VII 


1 
2 
3 
4 
5 


- 1) > (0), 
- (i) > (©), 
- (i) > (©), 
- (1) > (a), 
- (i) > ©, ¢, d), 


SECTION-VIII 


1 
11 


. 10 
4 


2s 2 
12. -] 


10. 
17. 


. (a) 4. 
. (d) 14. 
. (d) 24 
. (a) 34 
- (Cc) 44 
- (Cc) 34 
. (b) 64 
- (a) 74 
-(a,b) 4. 
(a, b, c) 11. 
(b,c) 18. 
. (a) 4. 
- (b) 14. 
- (c) 4. 
. (Cc) 14 
(11) > (a), 
(1) > (a), 
(1) — (b), 
(1) > (Cc), 
(1) > (C), 
3 4. 
—] 14. 


(d) S 
(c) 15 
(d) 25 
(a) 35 
(c) 45 
(a) 35 
(b) 65 
(b) 75 
(a,c) $5 
(a, c, d) 
(b) 
(a) S 
(a) 15 
(a) 3s 
- (b) 15 


- (b) 
- (b) 
- (a) 
- (C) 
- (a) 
- (d) 
- (Cc) 


~ (a) 6. 
16 
26 
36 
46 
56 
66 
76 
. (a,b, d) 6. 
12. 
19. 
~ (b) 6. 
. (d) 16 
(b) 6. 
. (C) 


(11) —> (d), 
(111) —> (b), 


(iii) > (a) 
(iii) > (b) 


(111) — (a), 


- (C) 
- (b) 
- (a) 
- (a) 
- (b) 
- (b) 
- (a) 


(c) Te 

17 

27 

37 

47 

57 

67 

77 

(a,b) 7. 

(b,c , d)13. 
(a, b, d) 

(b) de 

. (b) 17. 

(b) qs 


- (b) 
- (C) 
- (d) 
- (d) 
- (b) 
- (d) 
- (b) 


(a) 8. 
18 
28 
38 
48 
58 
68 
78 


19. Solve the inequation 3” = | ( 


(b) 


- (d) 
- (C) 
- (C) 
- (C) 
- (d) 
- (d) 
- (d) 


| 


(a, b,c) 8. (a, b, c) 


(a, b, c)14. (a, b, d)15. 


(a) 8. (b) 
(d) 

(b) 8. (a, Cc) 
(iv) > (c) 

(iv) > (d) 

(iv) > (b) 

4 8. 18 
2 18. 64 


9. 


- (a) 
- (a) 
- dd) 
- ©) 
- (a) 
- ©) 
- (d) 
- ©) 


(a, b) 


- d) 


- (b) 


3 


Vx 
q >] and find the 


greatest integer value satisfying the given inequality. 


- (d) 
- (b) 
- (C) 
- (d) 
- (b) 
- (a) 
- (b) 
- (C) 


10. (d) 


10. (b) 


10. 13 


Theory of Equations < 5.97 


HINTS AND SOLUTIONS 


TEXTUAL EXERCISE-1: (SUBJECTIVE) 


. (a)  a=1+4 V2, thus a — V2 = 1 and V2-—a=-1. 

Thus the polynomial fx) = x° — x? + x + 1, clearly has 
real rational coefficients and degree 3. 

(b) For k = 2, the polynomial because 4x? — x + 1 which is 
real/rational quadratic polynomial and for k = 3, itis f(x) 
= x3 + 5x? + 1 which is real/rational cubic polynomial. 

(c) *. a, + a,=2 and a, — a, = 4i, therefore f(x) = 2x? — 4x 
+ 3 is real rational quadratic polynomial. 


. Given f(x) = Va’? —4x?+V8-ax+7 represents. 

(i) Real polynomial iff a? - 420 and 8—a20 

=> ae (-,-2] U[2, 0) anda<8 

=> ae (-o,-2] U[2, 8] 

(ii) Hence for a € (-2, 2) U (8, «) the above polynomial is 
non-real polynomial. 


. a €§2, 3,4, 53; f(x)=Va? -9x° +V14-ax-8 

(i) For real polynomial a € [3, 14] 

=> a=3,4,5 

(ii) For non-real polynomial a = 2 

(iii) For rational polynomial a = 5 

(iv) For irrational polynomial a = 3, 4 

. If (yp? —3p + 2)x* — (p? — 5p + 4)x + p — p* = 0 has more than 

two roots 

= Above said must be identity and thus p* — 3p + 2 = 0, 
p’-—5p +4 =0 and p(1 — p)=0 

=> p= {1,2} - {1, 43 9 {0, 1} 

=> pil} 

. (a*— 1)x? + (a— 1)x + a® — 4a +3 = 0 to be identity in x. 

a’—1=0,a—1=Oand a*?—-4a+3=0 

=> a—4a+3=0 => a=l1 


. Given equation 2x? —(a-—1)x+a+1=0 


a—1+,(a-1)?-8(a+1) a—1+Va?-10a—-7 
KS _ ———— —— FF 
4 4 
For a? -— 10a—7>0i.e., a € (—0, 5 — V32) U (5 + V32, 0) 
~ (a) (@-l)xt+2=at+1 => (a-1)x-(a-1)=0 
=> Fora=1 itis identity and thus has infinite solution and 
for a # 1; x = 1 1s only root. 
(b) Consider the quadratic equation (a + 1)x* + 2(a + 1)x + 
a—-2=0 
—2(a+1)+J4(a +1)’ - 4(a+1)(a- 2) 
x = —_— 


2(a+1) 


~(a+l)+./(a +1) PE 
CS 
(a +1) Vatl 
Hence for a = —1 above equation has no solution. 


For a € (-0, 1), it has two non-real roots given as 
—3 


=> 


For a € (—1, ©), the equation has two distinct real roots. 


. Consider equation 


. Given quadratic equation is 


(c) Given equation is ax + 2x+2+x=0 
=> (a+3)x=—2 => For a=-3; it has no solution 


=> Fora#-3; x= 
at 


is only solution 


x—ab | x—be x—ca 
at+b b+e cta 


Rearranging the expression, we get 
Ane ) = [a ) 
—¢ |+ —a|+ —b |=0 
a+b b+e cta 


=> (°~ ab— be ca)| + + jo 


—~at+b+c 


a+b b+ec cta 
1 1 
+ + 
a+b bt+ec cta 
out to be identity and thus has infinite many solutions. 


ae ne 


a+b b+c cta 
=> x=ab+bc+cais single roots. 


Therefore if = 0 , the equation turns 


+0 


[epee | 
a + 
(a—b)(a-c) 
b? [gaoene a Gat), } c? [ease oe) | x’ Clearly x = a 
(b—c)(b— a) (c— a)(c— 5) 
is one root and thus by symmetry of three terms one can also 
observe other two roots as x = b and x = c. 
no of roots exceeds degree of equation therefore we 
conducts that it is an identity and therefore has infinitely 


many roots. 


TEXTUAL EXERCISE-1: (OBJECTIVE) 


. (d) Consider the equation acos2x + bsin’x + c =0 


a(1 — 2sin*x) + bsin’x +c =0 
= (b—2a) sin’x + (c + a) = 0, to be an identity b = 2a and 
ct+a=0 
b = 2a and c=-a 
The triplet (a, b, c) is of the type (a, 2a, -a)a R 
Clearly, infinitely many triplets possible. 


=> 
=> 


~ (a) a(xt+ 1) + be? -—3x-2)+x+1=0 


=> (at b)x*+(2a—3b+ 1)x+a-—2b+1=0 
To be an identity a+ 6 =0 and 2a—-35+1=Oanda-— 
2b5+1=0 
Clearly no value of a, b possible to satisfy the above 
three equations simultaneously 


. (a), (b) ax’ —Va* +18x +10 to be real and rational polyno- 


mial a € Q and a’ + 8 must be perfect square of a rational 
number, clearly for a = +1 both condition hold good. 


. (c) (Va? +5a+6)x* + a—7Tx+Va_ represents a real 


polynomial if a7 + 5a+620,a—72>Oanda20 
=> (a+2)(a+3)20anda2>7 
=> ae (-o,-3] U [?2, ©) and a € [7, «) 
=> aeée|7,) 
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5. (d) ax’ +Va-—1x+a is real polynomial and has roots real 
=> az2landD20 

=> alanda-1-4a@20 

=> ae[l,) and (4a*-a+1)20 
=> 

=> 


a € [1, ©) and -{(-3) +B }eo 


aé[l,w)andaedo 


. (c) Va? —7x*? + Vax+9 to be non real polynomial a? —7 < 
Oora<O 

(a — V7) (a+ V7) <0 ora € (-2, 0) 

(V7, V7) U (0,0) = ae (-«, V7) 


TEXTUAL EXERCISE—2: (SUBJECTIVE) 


. By division algorithm 4x° + S5kx? — 3x +k =(x+ 1) e(x)+5 
Subtracting x =—1, we get 4+ 5k+3+k=5 
=> 6k=6 => k=1 
~ fix) = (x - a) (x — B) —k = 0 has roots y and 6 
=> (x—a) (x-P)—k=(x-y) (x-8) 
=> (x—a) (x—P)=(x-y) (x8) +k 
=> g(x) =(x-y)(x-)+k=01s therefore 
=> (x-—«) (x— B) = 0 thus clearly have roots o and B. 
=> g(x) has roots a, f. 
. (x + 1) is factor of f(x) = x* + (p — 3)x° — Bp — 5)x? + (2p - 9) 
x+6 
=> f-1)=01e,1+3-—p—3p+5+9-2p+6=0 
=> 6p=24 => p=4 
Thus f(x) = x* + x° — 7x? -x+6 
Clearly x = 1 is a root as sum of coefficient is zero 
=> fix)=(’- 1)’ + kx-6) 
Comparing the coefficient, we get k = 1 
=> fix) =(’-1) 0? +x-6) =(«- 1) («+ 1) («+ 3) (*- 2) 


. Given f(x) = x — 11x* + 33x° + 11x - 154x + 120 = 0 

As sum of coefficients zero thus are root shall be 1 and 
observing product of roots as 120 = 1.2.3.4.5 by trials and 
errors one can conclude that x = —2 and x =3,x=4,x=5 
are also roots. 


TEXTUAL EXERCISE—2: OBJECTIVE 


- (a), (b), (c) 
"x? + x—- 618 factor of f(x) = 2x4 + x — ax? + Bx + B-1 
=> f-3)=01e., 2(81) —-27 -9a —-3B + B-1=01¢e., 9a 
+ 2B = 134 and 
=> f(2)=01¢e.,32+8-4a+ 28+ B-1=O01e., 40 —-3f 


= 39 
, a 1 
Solving above ————— = ns ere 
134 2] |9 134, |9 2 
39-3) |4 39] |4 -3 
a B | 480 96 37 
Se es SS ES a 
—480 -215 —-35 35 «7 7 


. (a), (b), (d) fx) =(«+3) + Bx+ hh) has x + 4 as factor 
=> f-4)=0 => -1+(k-12=0 


=> (k-12)=(1)” => k-12=1,0,0’ 
=> k=13,12+0,12+ 0? 
=> k=13,k=-12+o@o0rk=11+(1+0’)=11l-0 


. (c) Given P(x) is a polynomial such that 


P(x) =(x-a).q,x) +a (1) 
P(x) = (x — b). q(x) + b (i1) 
P(x) = (x —c). g(x) + ¢ (111) 
Now 


p(x) = &— a) (x -— b) &—-c). Ox) + AX? + Bxt+C (iv) 
a= Aa’ + Ba+C 

=> {b=Ab?+Bb+C => 
c= Ac? +Bce+C 


=> A=0,B=1andC=0. 
= Thus remainder is clearly x. 


(6+a)A+B=1 
(c+b)A+B=1 


- (a), (b), (€) 


x? + ax+ 11s factor of ax* + bx +c 

=> axet+ bx+c=(x*+ax+1)(ax+c) 

=> 0 + bec =ar (cra hae + ax rc 
Comparing the coefficients of L.H.S. and R.H.S., we 
get 
cta=0 (1) 
ac+a=0 (11) 


b Settee igs . 
a= oar now eliminating a from (i) and (11), we get 
c+ 


b 2 
(5 
c+] 


=> cct+1yr=-b 


=> er 268 CDF 


TEXTUAL EXERCISE—3: (SUBJECTIVE) 


~ x+k=0 = Yow k 


k <0 1.e., -k > 0, thus both roots are real and distinct. 


~ (l—m)x — 51+ m)x — 2(1-—m) = 0 


D=25(1 + m) + 87 —m) > 0 
Thus equation has pair of real and distinct roots. 


. ax* + b = 0 to have real distinct roots, b and a must have 


opposite sign and therefore ab <0. 


. Given k> 0 and x’? + kx + 64 = 0, x? — 8x + k = 0 both have 


real roots k* — (16)* = 0 and (64 — 4k) > 0 
=> ke[l6,~)andk< 16 
=> k=16only 


. b € R’ and discriminate of equation 


D=(63+ bY —-4(2+ b) (4+ bd) 
=-3b*-12b-23<0VbeEeR 
Hence both roots of equation are imaginary. 


. Consider quadratic polynomial f(x) = (m + 1)x? — 4(m + 2)x 


+ 25; to be perfect square its D = 0 

16(m + 2)? — 100@m + 1) = 0 

4(m? + 4m + 4) — 25m — 25 =0 

4m* —9m—9 =0 => (4m+ 3)(m—3)=0 
m = 3, -3/4 


Yuyy 


7. 


10. *. 


11. 


Consider the equation (a + 1)x? + 2(a+ 1)x+a-—2=0 

D=A4(a+1)—4(a+ 1) (a -—2) = 12(a + 1) 

Case (a): if a >-—-1l => D>0 

=> both roots are real and distinct 

Case (b): if a <—1 => D<0 

= both roots are non-real. 

Case (c): if a = —1, the equation because 0.x? + 0.x -3 =0 

=> roots can’t be finite real numbers both roots must lie as 
oO, 


x? — 20x + 80 = 0 has roots a = 10 — 25, then other root must 
be B = 10 + 2V5 
=> a+f6h=20 and of = 100 — 20, which is clearly true. 


(a) Given equation x? + (3 —2a)x —-3a+2=0 


a+ P=2a-3 (i) 
oP =2-3a (ii) 
D = (3 — 2a)* — 4(2 — 3a) =9 + 4a* -12a+ 12a-8=1 
+ 4a’? > 0 


Thus roots are real Va € R 
2. 
If ae [-~.2}: aB > 0 and a + B <0 thus both roots 
are negative 
2 3 
If ae(2.5 |; ap <0 anda +p <0 


= Both roots of opposite sign and negative root has larger 


magnitude. 
3 
if ae(S=}, ap <Oanda+B>0 
= Both roots of opposite sign and positive root has larger 
magnitude. 


If a = 2/3, then aB = 0 anda+PB<0 
= One roots zero and other negative 
If a = 3/2, then aB <0 anda+PB=0 
= One roots have equal magnitude but opposite sign. 


x pesos 


<0 
(b) x7 +5x+4=0 Pe ea 


ap=4 

Thus both roots are negative as ne have same sign and 
their sum is negative. 
px’ — 3qx —4p = 0; D= 9p? + 16p? > OV p,qeR 
Thus roots are real and distinct but if p = ai and q — bi, 
a,beR 
=> D=-(Q9a? + 16b?) <0 

Roots must not be predicted on the basis of D, rather by 

solving equation, we get roots as 


a 2bit iV9a? +16b7 _ 3b+V9a" +160" 
7 2ai 2a 
real and distinct 
(b —c)x* + (c-—a)x + (a—b)=0 
Sum of coefficient = 0 
= x= 11s one root. Let other roots be a 


. Both roots 


a—b 
=> Ly= 
b-c 
a—b 
= Roots are 1 and 
b-c 


12. 


13. 


Theory of Equations < 5.99 


Consider the expression a(b — c)x’? + b(c — a)xy + c(a — b)y* 
2 
=y co — of] + b(c- a)—+ c(a—b)| to be perfect 
y y 


square: a(b —c) t? + b(c — a)t + c(a — b) where t = x/y 
Sum of coefficient = 0 
One root is one therefore other roots must be 1. 
c(a—b) | \ 
a(b-c) 7 

=> 2ac=b(atc) 


Product of roots = 


ca — bc = ab—ac 
7 2ac 


=> 
=> 
=> 
=> b= 


=> a,b,caremHP. 


atc 


a, b € Rand x* + (a— b)x-—a—b+1=0 has unequal roots 
(real) VbeER. 


=> (a—b)y+4at+b-1)>0VbER. 

=> B+(4-2a)b+a*+4x-4>0VbeER. 
=> D<Ote., (4—-2a) —4(a@’ + 4a— 4) <0 
=> 16+ 4a’? —- 16a —-4a?-16a+16<0 

=> 32(1-a)<0 

=> a>l 


TEXTUAL EXERCISE-3: (OBJECTIVE) 


(a) 9x? + 4dax + 4 = 0 for imaginary roots 
D=16a?-144<0 > (a-—3)(a+3)<0 
=> aeé (-3,3) 


(a), (c) For f(x) = x? + (2 —k)x + k — 3/4 to be perfect square; 
D=0 
=> 4+h-4k-4k+3=0 
=> k-8k+7=0 me el CO 
(b) Consider equation x” + 3|x| + 2 =0 
=> (|x| +1) (|x) +2)=0 > |x| =—-1, -2 not possible. 
=> No roots 
(c) Givenl,me R 
Consider the real quadratic equation (/ — m)x? — (1 + m) 
x—2(1—m)=0 
Clearly, D = 4d + m) + 47 —m) > 0 
= Real an unequal roots. 


(a) x?—x +m? =0 has no real roots 
=> D=1-4m<0 
=> (1-2m)(1+2m) <0 


ba he) 
=> mé|-—,-— |U| —,°¢ 
2 2 


(b) x — (2tana) x — 1 = 0 has D = 4tan’a + 4 = 4 sec” 4 
Thus equation has real roots. 


m 


(a) x — 4x + log, ,(a’) = 0 doesn’t have two distinct real 
root. 
=> D<0 16 — 4log, ,(a’) < 0 
=> 8log,,|a| 2 16 
=> log,,|a| 22 log, ,|@| 2 log, 1/4) 
=> |a|\<1/4 
1 1 
=> ae|-1.2] => a, = 1/4 


4’4 
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8. 


10. 


11. 


12. 


13. 


14. 


15. 


(b) (ax? + bx + c) (ax? — dx —c)=0; ac #0 
= D,= 6 —4acand D, = d + 4ac 

=> D,+D,=+@#20 

= Atleast one of D, or D, positive. 

= Atleast two real zeros. 


(d) (a* + b*)”’ — 2(ac + bd)y + c* +d* = 0 have equal roots. 


=> D=0 
=> 4(a’c? + b’d? + 2abcd) — 4(a* + b*) (c? + a&)=0 
2abed — a’d* — b*c? = 0 
=> (ad-— bc) =0 
=> ad=be fa5 
b ad 
(a) (1 + m)x* — 2(1 + 3m)x + (1 + 8m) = 0 has equal roots. 
=> D=0 
=> 49m? + 6m+ 1)—-4(1 + m) (1 + 8m) =0 
=> 9m? + 6m + 1—8m?-—9m —-1=0 
=> m—3m=0 => m(m—3)=0 
=> m=0,3 


a) (b—c)r + (c—a)x+(a—b)=0 

Sum of coefficient = 0, thus one of the roots is 1. Other 
roots also one as roots are equal 

a-Cc_ 
b-c 
=> at+c=2b 


._ _/ 


=> a-c=2b-2c 


y 


=> a,b,careinAP. 


(a) The roots of the equation (x — a) (x — b) = abx’ 
=> x(1-—ab)-(a+b)x+ab=0 

=> D=a’b? + 2ab —4ab (1 - ab) 

=> (a—by+4ab>=>0 => Roots are real 


(d) 8sec?0 — 6sec8 + 1 = 0 
6+V¥36-32 6+2 11 
=> sec? = ——————— = —__= -,- 
16 16 24 
= Both not possible => No real roots 


(a) Given a, b,c € R and 4a + 2b+c=0Oand ab>0 
Now 4D = 4b? — l6ac = (4a + c)* — 16ac 
= 16a? + c?— 8ac = (4a-—c)y 20 

=> D20, clearly roots are real 


om 


a) (c? + a*)x? —2(a+ b)cx + b? + c? =0 to have equal roots. 
D=0 

A(a* + b? + 2ab)c” — 4(a? + c’”) (b? + c*) = 0 

ac? + b’c? + 2abc? — a*b* — a*c? — b’c? — c* = 0 

2abc* — a*b* — c* = 0 


(c?— aby =0 


YUUYY 


=> c’=ab 


TEXTUAL EXERCISE—4: (SUBJECTIVE) 


1. f(x) = 2x° + mx? — 13x + n have roots 2, 3, a. 


24+3+a=-— (i) 
2 

6+ 3+ 2a = —— (11) 

6a =-— (iii) 


fheminesys =e je? 
2 2 2 


—m ) 
=> —=5+a@=5-- > m= 
2 2 


Also n = -12 = — 12(-5/2) = 30 => m=-5 andn= 30 


. x — mx? + 3x—-2=0 have roots a, -a, B 


a+(-a)+B=m (i) 
—“1-ap+ap=3 (11) 
—o7B = 2 (111) 
=> a’? =-—3,8=mand 3B =2 
=> 3m=2 => m=2/3 
. &, B are roots of equation 2x? — 3x -6=0 (1) 


For the equation with root a? + 2 and B? + 2 

x=0?+2; @=tvx-2 

Replacing in (i), we get 2(x- 2) F#3Vx-2-6=0 

=> 2(x-2)43Vx-2 ; squaring both side, we get 4x? + 
100 — 4x = 9x — 18 

=> 4x?—49x + 118 = 0 is the required equation. 


. ax’? + bx + ec = 0 has root a, B the given equa- 
2 
tion is a( zd )-o[ }re=o and 
; x-1 x-1 
a( = } +9 : remo 
x-1 l-x 
x x 
x > a= 
l-x l-x 
1 1 
=> —=--l 
QO xXx 
1 1l+@ ( a 
—=—— =>: xy =|-—— 
x a atl 
p 


Therefore the roots of given equation is must be ——_. 
a+l B+ 


. Let a, B be roots of equation x? + bx + c = 0 for equation 


with roots a, B* 

= a=” es, Mees 

The transformed equation shall be x78 + bx'? + ¢=0 
(23 + bx) = 3 

x2 aie b>x ot 3 bx(x*8 + bx") = _?3 

x + b’x + 3bx(-c) = -c? 

x +(b-3be)x +c? =0 


> _ 9x? + kx — 24 = 0, let the roots be a — B, a, a + B 

3a =9 => az=3and a(a’— B’) = 24 
3(9 — B*) = 24 => 9-f87=8 

Bead 

f= +1, thus roots are therefore 2,3, 4 andk=6+ 12+ 
8 = 26. 


YUYy 


YUUY 


. abe Candx + ax+b=0Ohas pair of conjugate roots a + 


ip, a — iB 

Clearly the third root must be —2a 

=> Roots are a + iB, a — iB, 2a 

=> a=a+ B+ 2a(a — iB) + 2a0(a + iB) = a? + B? + 4a’? € 
R and b = {a + iB) (a — iB) 2a) = -2a(a? + B?) Ee R 

=> Botha and dare real. 


8. 


10. 


2. 


3. 


ax’ + bx + c =0 has roots cot0, cosecO. 


b 
cot8 + cosecO = —— 
a 


cot® . cosecO = c/a 
cosec’8 — cot?0 = 1 
=> (cosec8 — cot) (cosec8 + cotO) = 1 


=> ,{(cosecO+cot@) — 4cosec 8 cot O(cosec6.cot A) = 1 


- Eee 


=> aac -— |= 


a 
=> @=-bvVA > a=Da. 
Mxr—-x)+x+5=0 
=> hx’ +(1-A)x+5=0 has roots a, B 
—] 
eS Pega! (i) 
A 
5 
> @b=-—-— 11 
p 7 (11) 
Now ies => 5(a’*+ B’) = 408 
Ba 5 


(44) 2 _ 20 

A A A 

=> (A-1)-10A=44 => (A-1¥-144=0 
=> )?-—164+ 1=0 has roots d, and d,. 


A, +A, =16 
AA, =1 
Therefore AA Athy -2ah _ (16)? - 2 
oa Ah, 1 
= 256 — 2 = 254 


x? + [a*-5a+b+4]x+ b=0 has roots —5, 1. 
-[a*-5a+b+4]=—-4 and b=-5 
[a?7-Sa-—1]=4 

[a?-— 5a] =5 

5 <a*—5Sa<6 
a*—5a—5 20 and a*—-5a—6<0 


5-3/5 | | 54375 
(-.. > || 2 


WY YVYUYUUYG 


| and a e€ (—1, 6) 


y 


2 


[te fine 


TEXTUAL EXERCISE—4: (OBJECTIVE) 


(c) 9x? +x+1=0 has roots a, B 
= For equation with roots 1/a, 1/B replacing x by 1/x 
= xO o=0 


(a) Replacing x > —1/x 
We get the required equation 9x? — px + 1=0 
(b) Given ax? + bx + c= 0 having roots a, B and 2x? + 8x + 


2 = 0 with roots a—1, B-1 
a(x + 1)? + b+ 1)+¢= 0 is same as 2x? + 8x +2=0 


10. 


Theory of Equations < 5.101 


ax’ +(2a+b)x+at+b+c=0 a 
are similar equation. 


x°+4x+1=0 

a 2at+b atbt+c 
> -= = 

1 4 1 
=> 2a=b=-c 


(b) ax’? + bx + c=0 has roots a, B 
=> ee es and ap =~ 
a 

a+ Band ais x*-(a+ B+ aP)x+ (a + B)aB =0 
=> v-(-245 Jes gt=2e) =0 
aa a’ 
> ax+a(b—c)x—bce=0 


thus the equation with roots 


(a) ax’ + bx +c=0 have roots a, B, then equation with roots 


2 2 
aa Is r-(4 4 
Qa Qa 
Pe ers 
a 
c 
oe 


a 


+ >= 
(ap) 


=> c’x?—(b?—-2ac)x + a’=0 


1 1 
aa+b aBt+b 


pepe and ap == 
a a 


(a) For equation with root 


aa + b =—aB 
ap + b=-aa 


1 1 1 
=> Sum of roots = + ee [palin a ee 
aat+b afpt+b ap aa 


l(@t+h\_o 
a\ aB } ac 
= Product of roots = ( ) I = = ee i 
aat+b }\\aB+b aap ac 

b 


bates l 
Equation is x* -—x+—=0 
ac ac 


=> acx?—bx+1=0 


1, 

(b) a, b € Q and bis not a perfect squares is one 

root. a+vb 

l , ; 
So other roots , thus equation is 
a-\b 
5 2a 1 
- + 0 


2 - 2 = 
a-b a-b 
=> (a*—b)x’?-2ax+1=0 
(a) x? + px + g = 0 has roots 2 + iV3; so other roots is 2 — iv3 

using sum and product of roots. 
=> -p=4andq=7 => (p,q) is (-4, 7) 


(a) x — p(x+ 1)+c¢=0 have roots a, B then a + (2 + p)aB 
+ B’ = (a + BY’ + pap = p* + plc — p) = pe 

(c) x° — 12x? + 39x — 28 = 0 have roots a —- B,a,a+B 

=> 3a = 12 thus a = 4 and a(a? — B’) = 28 

=> 4(16—- B*) = 28 => 16-£?=7 

=— p=? => p= 
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11. 


12. 


13. 


14. 


15. 


(c) ax? — bx —c=0 has root a, B and if root change by same 
quantity ki, a +k, B+k 


root does not 


Vb* + 4ac 
a 


Clearly difference of 
la—BP\=|(@+k)-(B+k)= 


(b) a, B be roots of ax + bx +c=0 


change 


does not change. 


—b 
a+ B=—3 08 =— 
a a 
: 2ap . —b -2 
Equation with roots B : p 1.€:. eel Ss 
a+ B 2a b 
: ( = | C 
x° +| —+— |x+—=0 
a b a 
2 
> x 4+ pees xti=0 
2ab a 


=> 2abx’ + (b? + 4ac)x + 2be = 0 


(a) ax’ + bx +c = 0 with roots a, B 


a aera 
-by 2c 
b a a b b*-2ac 
=> ; -—= ; 
a Cc a c 
a 
(=) (=) 2ac 
=> —|— == — |—- —,— 
ala cla ca 
b> b b> b 
> p90 Ss SD 
ac a ac a 
(c) 6x?-6x+1=0; 0,8 
a+pb=1 
R , then 
ap =1/6 


s(a+ba toa +da*)+—(a+bB + cB +d’) 


5 (2a +b(a+ B)+o(a" + B’)+d(a’ + B°)) 


= s{2a+b+e(1-2}s d(a+ Bya’+ B° a) 


s {2046+ %+a[1-2)] 
pl 3 2 


1 2c a 12a+ 66+ 4c+3d 
—| 2a+b+—+— | = ——___ 
12 

(d) x? — (A? —5XA. + 5)x + 227 - 3X —4 = 0 has sum of roots 
<] 
Product of roots < 1 

=> )?-521+5<1 and 2?-31-4<0 

=> *—~5,+4<0Oand 2A7-3A-5<0 
(A-1)(A-4)<90 

=> and 

(2A -—5)\(A+1)<0 


> AE(1,4)0 [15 


1. 


4. 


TEXTUAL EXERCISE—5: (SUBJECTIVE) 


(a) °° —3x+2=Oand xP —-(2k+1)x+k=0 
Have a common root then the common root is either 1 
or 2. 


1-2k-1+k=0 
=> or 

4-—4k-2+k=0 
(b) x? —2kx + 3 = 0 has a root common with x? —- 5x+ 4=0 


=> k=0Oor2/3 


1-2k+3=0 
19 
=> or => k= or 
16-8k+3=0 
- ax t+ b,x+c,=0 has roots a, B, and a,x* + b,x + c,=0 has 
roots a,, B, 
l l 
=> a,a,= BB, =1 => a,=—and B,=— 
a,x’ +bhx+c,=0 
=> and 
a,x’ +b,x+c, =0 
a, C 


Have both roots common — = — = — 
C, b, a, 


~ (i) axr’t+ bx +c=0 has a root common with ?+x+1=0 


= Both roots common as 2™ equation has roots non real 
a bc 


1 1 1 
(ii) D <0 thus both roots must be common 


1 72 1 


= Isosceles right angled triangle 
(iit) Similarly here as well 2-2 = © 
3 4 5 


=> AABC 1s equilateral. 


= AABC 1s right angled triangle. 


(iv) Also here as D <0 
= Both roots should be common 
ae = a-k,b=3k,c=5k 
i 335 
=> a+t+b<c, whichis impossible therefore no AABC shall 
be possible. 


Pp, g are odd integer f(x) = x!° + px’ + q 
Let f(x) has an odd integer root 
=> fa)=0 => al?+ pare+q=0 
= odd integer = 0 (not possible) 
Let fx) has B as even integer root 


=> KB) =0 => B%+pB +q=0 
=> even + even + odd = 0 
= odd integer = 0 (not possible) 


Thus f(x) has no integer root. 


2x” + 3x + 4 =0 and ax’ + bx + c= 0 have a common 
root and both roots of 1* equation are non real both roots 
are common. 


=> a=2k,b=3k,c=4k buta,b,ceN 
=> (at+bt+ec) =2+3+4=9 


6. x? — bx + c= 0 has equal integral root say a, a 


7. 


10. 


=> 2a—b, a’ =¢ 
= bis even integer and c is perfect square of an integer. 


b Cc 
Given 2? 4+—x+—” 
a a 


= 0 has both integer roots 


- b* -4(c- , 
> -EZ <P eZ and Bene perfect square. 
a a a 
b c-2 , 
Let x? +—~+—“? — has both roots integer 
a a 
b —2 
> -E y jst € Zand D 1s perfect square 
a a 
> “Ff Per > FeR 
a a a 


= Either p =a or a\p or a = 1 all of which is false 
=> ax’? + bx+c=2p can never have both roots integer. 


(x — a) (x — 10) = —1 has two integer roots where a € Z 
Case (i): x—a=1andx—10=-lie.,x=9anda=8 
Case (ii): x — a =—-] andx—-10=11ie.,x= 11 anda=12 
=> a=8,12 


xr +ax+b=0 (i) 
xr+ext+d=0 (ii) 
x t+ex+f=0 (iii) 
2 
(1) — (11); let « be the common root, al ae | 
ad-bc b-d c-a 
ad—-bc b-d 
=> = 
b-d ca 
=> (b-d)=(c-a) (ad- be) (iv) 
Similarly for (11) — (11) 
yteyt+d=0 
ytey+f=0 
ine ae 7 
si (ce — ed) (f — d) = (e - ¢) 
cf-ed d-f e-c (iv) 
2 
Ponce ee 
af-—eb b-f e-a 
=> (af—eb)(e-—a)=(b-fy (v) 


Adding equations (1), (11) and (111), we get 2a? + 2c? + 
2e? — 4b — 4f— 4d — 4ac — 4ea — Ace 
= — Zac — 2ce — 2ea 
Consider (a + c+ e)? =4 (ac + ce+ ae—b-—d-f) 
=a’+ c* + e? + 2ae + 2ce + 2ea = 4ac + 4ce + dae — 4b 
—4d—4f 

=> a’t+c*+e?—2ac —2ce —2ae=— 4(b+d+ f) 
Equation (vi) 1s same as (vil) 

= Hence proved. 


(i) x +h’ + 3xy—-x-2y=0 

x? + By — 1)x + ky — 2y = 0 to be resolved in to two 
rational linear factors. 

(3y — 1)° — 4(by’ — 2y) must be perfect square. 

(9 -4k/)y + 2y + 1 has D=0 

4 —4(9 —- 4k) =0 => -32+ 16k=0 

k=Z 


(v1) 


(vii) 


YU dy 


11. 


12; 


13. 


14. 


Theory of Equations < 5.103 


(iil) x? + (4y + 2k)x + 4y + 4y + 1 = 0 to have two rational 
linear factors. 
Its D must be perfect square. 


=> (4y + 2k) — 4(4y? + 4y + 1) 
=> (16k —- 16)y + 4k* — 4 has equal roots 
=> k=1 


x? + A4xy + 4? + 2x + 4y+ 1 =0; x to be real (4y + 2) 
+4y+1)>0 

which is always true Vy e R 

Similarly y to be real the quadratic in ‘y’ must have D > 0 
4y>+ 4+ ljy +x*+2x+1=0hasD20 

16(x7 + 2x + 1)- 807+ 2x+1)20 

2x* + 4x+2—x*-2x-120 

De ae a al > (x+1)20 

xeR > xyveER. 


—4(4y* 


y 


YUUSY 


eam xy+yz+zx=7; givenx,y,zER 
z=6-—(x+ y) substituting in second equation, we get 
yess (ty) =7 

=> yt 6axty)—@aty’—-7=0 

> xrt+y+x-6x-6y+7=0 


Considering as quadratic in ‘x’ and applying x to be real 
D220 
=> (v-6)-40% -6y + 7) 20 


3° 3 
And since both expression are symmetric in variables x, 
y and z thus ranges of all three variable must be same. 


=s oa 
Xx. V,2e 


=> -3y+12y+80 => ve 


6— 60 aa 


=> , 
3 3 
(i) fix) = 79 + 2x + 3 = +0? — 2x - 3) = (xX - 2x + 1-4) 
=4-(x-1) 
Clearly f(x) (0, 4] Vxe R 
(ii) fx) = -2x+3=(x-1)+2 
Thus Vxe R 
Kx) € [2, 0) but as x € [0, 2] 
-l<x-1<l 


0<(x-1)?<1 
2<(x-1P%+2<3 
=> fx) € [2,3] 


(iii) fx) =x? -4x+6=(x-2/+2 
Now since x (0, 1) 
x—2 € (-2,-1) => (x-2ye [1,4] 
(x-2)+2¢€[3,6] > fi») e€ [3,6] 


x+xt+l x 
ae Sa a er 
x +1 x’ +1 


Let y,= 


x +1 
=> yx’ —xty,=0 for x to be real 


— e — 
4 pag) 


| > 
<1 979 


> 1-4y220 


2. (i) 
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(ii) _ x? -2x+9 =" =A 4x 
- x +2x+9 2 x°+2x+9 
4x 
For = 
a x7 +2x+9 


yx? +(2y — 4)x + 9y = 0; x to be real D 0 
4G” — 4y + 4) — 36)” > 0 
y—-4y+4-9Y20 > 8’+4y-4<0 
2y+y-1<0 => (2y-1)(+1)<0 


1 4x 1 
ee => —~—e|-1,- 
2 x°+2x4+9 zZ 
Ax 1 | 
a ee eer ae 
x°+2x4+9 2 
4x 1 
> y= l-————€ | - 1 
id x +2x4+9 E 


TEXTUAL EXERCISE—5: (OBJECTIVE) 


WY YVUY 


y 


. (b) Ifx?-—x- 12 =0 and Ax* + 10x + 3 = 0 have common 
root thus the common root must be either x = 4 or -3 
= Either 164 + 43 =0 or 9X —-27=0 


43 
> A=-—or3 
16 


(b) a, b, c € (0, &) 

ax’ + bx + c=0 has a common root with 3x7 + x+3=0 
Since 2" equation has non real roots thus both roots 
must be common 


aa aay ee => AABC 1s isosceles triangle. 


(ii) (a) By similar logic ax’ + bx + c = 0 and 5x* + 12x + 
13 = 0 must also have both root common and thus 
a b Cc 


542. 13 
=> a=5k, b= 12k, c= 13k 
SCH eb 
=> AABC 1s night angle triangle. 
(iii) (d) Also if ax? + bx + c =0 has a root common with x’ 


+3x+5=0 
gece ee => a=2k,b=3k,c=5k 
2 3 5 
=> a+b=¢ = AABC does not exist. 


~ (c) ax’? + 2cx + b= 0 and ax? + 2bx + c =0 (b ¥c) havea 
common roots a. 


paced 


=> ; subtracting we get 2a(c — b) = 
aa’ +2ba+c=0 
c—b 
= oH 1/2 


1) 1 
=> al—|+2c]— |+b5=0 
2 2 
=> at+4c+4b=0 
. (b), (c) x° + x? -—4x—-k=0 has acommon root with x7 + x-2 
= 0 say ‘a’ 
oa + a —-4a—-—k=0 and ao + a -2a-20a=0 


10. 


=> -2a-—k=0 => a=-k/2 
And since a? + a—-—2=0 
ke ok F 

= aS DS => k-2k-8=0 
4: 9 


> (k-4(k+2=0 => k=-2,4 


(a) ax’ + bx +c=Oand x* + 2x +3 =0 has one root common 
a be 

= — SS 
1 1 3 

(c) x°—2x*+ 2x—1=0, roots of the cubic equation 1, —@, — 7 

= Roots of the quadratic are — @, — ? 

=> aw’*-bo+c=0 => -a-awo-—bot+c=0 

=> @=b=c 


=> a:b:cis1:2:3 


(a) x? — x(1 — a) —(a + 2) = 0 has integer roots. 


=> (l1-a)e€ Zanda+2 e Zand D perfect square 
=> aeéZand(1-—a)’+4(a+ 2) is perfect square 
=> a’+2a+9is perfect square 
=> a(a+2)+9 is perfect square 
=> a=0,-2 clearly for a = 0; x* — 3x = 0 has roots —1 and 2. 
For a = -2; x — 3x = 0 has roots 0, 3 
(c) y= a VxeR => ye[-l]] 
l+x 


2 
1 9 
Now the expression ” + y — 3 = [y+ 7 


9 
> yty-2 ¢|-2.0] 
4 
(c) fx y)=x + 2xyt 2 tay t TH (xt yy +yt2y+3 
Therefore fix, y). = 3; when x =—y= 2 


(b) 12x* — 10xy + 2y* + 11x — 5y + k can be resolved in to 
two linear factors iff abc + 2fgh — af? — bg’ — ch’ = 0 


=> (12)(2)k+ (FF \-s 


min 


2 
=> 24k+ aE eta ee 
2 2 
154-150 
k = ——_——-=2 
2 


TEXTUAL EXERCISE—6: (SUBJECTIVE) 


(i) Vx-—4++2-x=2 domain of expression is > thus V x 
ER 


L.H.S. 1s an imaginary number whereas R.H.S. is 2 
which is real therefore equation has no real solution. 


(ii) Jx-—2+-+4- x = 2 domain of expression [2, 4] within 
domain restriction squaring, we get x -2 +4 —-—x+ 


2,/(x- 2)(4-x) =4 


=> f(x-2)(4-x)=1 => -(-6x+8)=1 
=> x°-6x+9=0 => (x-3y=0 
=> x=3e [2,4] 

=> x= 31s only solution of equation. 


(iii) J2x-1=-4the above equation has no solution 
1 
becomes Vx € +] 


L.H.S. is non negative, whereas R.H.S. is negative 
therefore no solution 


1 Sat 
Also for x¢€ [-~.- , L.H.S. is imaginary thus equal- 
ity does not hold good. 


(iv) (x? —4)Vx? — 4x+3=0; Domain: x € (-~, 1] U [3, 0) 
Now solving, we get (x — 2)(x+ 2),/(x-1)(x-3) =0 
Thus x = —2, 2, 1, 3 are roots but x = 2 ¢ domain thus 
discarded leading to exactly three roots. 1.¢., x = —2, 1, 3. 

(v) Vx’-1l= 2/2 Domain of L.HS. expression D, = (-%, 
—1] U[I1, «~) 

Squaring, we get x?-1=8 
=> x=--3,3e€ D, => x-=-3,3 are two roots. 


(vi) Vx-3Vx—4 = 30 Domain of LHS. is [4, «) 
Squaring, we get x” — 7x + 12 = 30 

x’ —7Ix-—18=0 => (x-9)(x+2)=0 
x=-2,9 

Clearly —2 does not satisfies the domain restriction and 
hence is not root. 

=> x= 91s only root 


. (a) Fae (1) 


Clearly D ),: (eo, 5), now multiplying by ~5—x , we 


get 4-(5—-x)=V2V5—x 
=> x-1l= VJ10-2x (2) 


Squaring both ways, we get x? — 2x + 1=10-2x 
y= 9 
x = —3, 3 but x = —3 1s discarded as it does not satisfy 
equation (2) and (1) 
=> x=31s only root 
Caution: Students must notice the appearance of extra- 
neous root due to squaring both side of equation. 


3 Ss 
(hb) WSS, == 


Y ¥ 


Y ¥ 


=> 2x-6=V6x-x°-5 
Domain of R.H.S. function: x € [1, 5] 
Case I: If x € [1, 3) 
2x — 6 <0 whereas R.HLS. is positive thus equation has 
no root lying in the interval [1, 3) 
Case IT: If x € [3, 5] 
Squaring, we get 4x” + 36 — 24x = 6x-x’-5 
=> 5x’*-30x+41=0 
30+ V80 2/5 , 25 
<a — => x=3+ 


10 BS @) 


Theory of Equations < 5.105 


=> Rejecting the negative root, we get x=3+4 = is only 
| V5 
root of equation. 
(c) V¥64-—x° =8-x 
Domain of expression: x € R 
Cubing both sides, we get 64 — x° = 512 — x° — 24x (8 — x) 
24x? — 192x + 448 = 0 
3x? 24%+56=0 => Noreal root as D <0 
2V19-—2x _ 


Xx 


Y 


(d) Since 1 


ed 19 ; 
Domain restriction: x € (2 ~ {0} rearranging the 
expression, we get 19-— 2x=x-2 


. -_ 19 
Thus solution must lie in 2.2] ; Squaring, we get 19 


—2x=x?-4x+4 
2+ 64 


2 
=> x=5,-3 rejecting the negative root as it does not satisfy 


the parent equation. 
=> x=5is only root. 


(e) *1-x-*/15-x=2 


Domain of L.H.S. expression [—15, 1] 


V15—x =2-V1-.x ; Raising 4" power both side, we 
get 15 + x = 16 —32(1 — x)!*4 + 24(1 — x)? — 8(1 — x)*4 
+1]—-x 

Let (1 -—x)“4=y 

2y* — 8y> + 24)” — 32y = 0 

Wy — 4y? + 12y —- 16) = 0 

y=-Oory —4y’+ 12y-16=0 

y = 01s one solution 

Vl-x=0 

x = 118 a root by trial and error other root 1s x = —15 
Thus roots are x = 1 and — 15. 


Vx +3a+1=14+ 4x 
Cubing both side, we get x + 3a+ 1=1+x+3¢x)8 (14+ x") 
=> a=x'3(1 +x") 
Letx’?=yeR 
=> y+y-—a=0 for real roots D = 0 


=> 1+4a2>0 => a2-1/4, thus ae{-Z.] 


=> x—-2x-15=0 — eS =|+4 


VUYUUYNY 


. Clearly x >0 Vxtavx+ B=4-Vx 


Squaring, we get x + aVx + B = 16+ x— 8vx 

=> (a+ 8) vx= 16-8 
Clearly to have infinitely many roots above equation 
must turn out to be identity 

=> at+8=0Oand 16—-£8=0 

=> a=-8and B= 16 


Vx+V¥x—-vVl-x =i | 
For domain of L.H.S. expression x > 0 and x =>V1l-x 
x>Oandx*>1-x 
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5-1 


2 
Now yx-vl-~x =1-Jx 


> x- l—-x=l+x—-2Vx 


> x2 


2Vx=ltVl-x => 4x=14+1-x+ 2VI1-~x 
5x-1=2vVl-x => 25x7+1-10x=4-4x 


25x —- 6x -—-3=0 


6+/36 +300 V5 -1 
or eee are x> 5 


negative root we get only solution as x = 


V¥x+3-4Vx-1 +Vx+15-8Vx-1 = 2. 
=> V¥x—-14+4-2.2Vx-1 +4/x—-1+16-2(4)Vx-1 =2 


> (vx—1-2) + af(-ve—1- 4) =2 
=> \Vx—1-2|+|vx-1-4|=2 
Let Vx—1—2andVx-1-4=5 


|a| + |b| = ja — bl; which 1s true iff a.b < 0 
(Vx-1-2}(Vx-1-4)<o 
2<vV¥x-1<4 


4<x-1<16 = Dp esl] 
x € [5, 17] is set of solution. 


WY UY | 


thus rejecting the 
6+2V21 
25° 


YUU Yd 


2x—5+2,/x(x—5) + 2Vx—-5+2Vx = 48 


We can solve the problem by two ways 


Approach 1: Rearranging expression, we get 
x+x—S+2VxVx—-5+2(vx—5+ Vx) = 48 

Adding 1 both side we observe L.H.S. becomes perfect 
square (Vx + Vx-5+ 1) = 49 

=> Jx¢Vx-541=7 2> VxtVx-5=6 


=> x-5=36+x-12\eK > 41 = 12vx 
(#) 1681 
> x=|— |] =— 
12 144 
Approach 2: Completing square of L.H.S., we get 
2 
(Vx +Vx-5) +2(Vx+Vx-5)+1= 49 
Let Vx + Vx-5=y3(v+ 1) =49 


=> yr laa yt+1>0 
= y = 6 thus follows the result. 


Let (vx" 5646 =A 5x4) a 
(vx" Bee een ee 4) = B 


x+4 


> A+B=24 andAB=2” 


x+4 x+4 


Therefore A— B=./(A+ BY —4AB = V2 2 -22 =0 


=> A=B which is possible iff — or Vx’ -5x+4=0 


=> x=-Oorx=1,4 => roots are 0, 1, 4. 


3x-—2 2 
ae a ete, (1) 
2x 3x=—Zy 


and 4y? — 1 = 3y(x- 1) or (2) 
Clearly from equation (1), we get ———— = 1 

=> 3x-2y=2x x= 2y 2x 
Substituting in (2), we get 4’ — 1 = 3y(2y —- 1) 
4y>-1=6y-3y => 2y-3y+1=0 
(2y—1)(y—1)=0 

y=1,%, thus x = 2, 1 

(2, 1) and (1, 1/2) are solution. 


YUYY 


TEXTUAL EXERCISE—7: (SUBJECTIVE) 


. (i) Given equation (x — 1)  -2) @ - 3) («- 4) =3 


=> (x-1)@-4) (@-2)(«-3)=3 

Let x?4+ 5x +4 =y 

My + 2) =3 => yt+2y-3=0 
Vvt+3)v-)D)=0 => y=-3,1 
x°-5x+4=-3 


=> or 

x —5x+4=1 

x -5x+7=0>x= — 
=> or 

x’ —-5x+3=0>x= a 
— a se are root 


2 


(ii) Given equation (x+2)(x+12)(x+3)(x+8)=4x 
=> (x + 14x 4+ 24)? 4+ 11x 4+ 24) = 4x 


24 24 
> (x4 414 242241 |- 4 
x x 


24 
Let x+—+14= y thus equations becomes 
x 


yy -3)=4 => y_3y-4=0 
(Vv—-4 (y+ 1) =O0ie,y=—-1,4 


— ee aes 
x 


Y J 


x°+15x+24=0>x= 


—15+ y129 
2 


= or 
x +10x+24=0>5x=-6,-4 


—15+ 129 
> xe a oa a 


(iii) Consider equation (6 — x)* + (8 — x)* = —-16 (1) 
6—x+8-x 
Let y= —— =T=x 


Equation (1) become (y — 1)* + (y + 1)* = -16 


=> 2( ‘cy*+‘c,y’ +1) =-16 
> y'+6y4+1=-8 > y+ 6y'+9=0 
=> (OF 23) -0 > y=-3 
=> y=+iv3. Nowasx=7-y 
=> %.=/ 5 iJ3 each root repeated twice. 
2 
. (i) Given equation r+ | =8 as 
x= 
x x , 
{|= x+ thus completing the square on L.H.S. 
x-1 x-1 
2 
x a 
[x4 ee + =8 
x-1 x= 1 
x? 
Let = (1) 
x-1 
=> y—-2y-—8=0 => (v-4)(v+2)=0 


2 
Substituting (1), we get ad = 4,-2 
X — 


x?-4x+4=0=>(x-2) =0 
=> or 


+2x-2=0>x= 


~2+ 12 
2 
=> x=2,2,-1+ V3, -1 — V3 are 4 real roots. 


; I= 5- 
(ii) Given equation x( = en “| =6 


x+l xt+l 
A B 
Clearly AB = 6 (1) 
A+B= v+(x+0)(——) 
xt+l1 
A+B=x+5-x=5 
A+B=5 (11) 
Solving (1) and (11), we getA =3 and B=2 orA=2,B=3 
5x-x? 245 
=e = 3 and ae =2 
x+l1 x+l1 
=> or 
5x- x? x +5 
= 2 and =3 
x+l1 x+l1 
2+~-8 
x°-2x+3=0 >x= , 


=> or 


x*-—3x4+2=0>x=1,2 


=> x=1,1,1+ v2 are four roots. 


1 
3. Lete*™=ye +e] the equations becomes y” — 4y —1 = 0 
e 


+ 
= $8N90 945 


. (a) |x-1 


Theory of Equations < 5.107 


1 
=> yr2- V5, 2 + V5 both does not belong to +e] there- 
e 


fore no. real value of x can satisfy the equation. 


See 4) (6) 
. (i) 4° + 6* = %, dividing by 9* we get =) +($] =] 


= ((3)}+3)- 


> yt+y-1=0 


= ~14J5 
a, 
5-1 (2) i5=j] 
=> y= => i ts 
2 3 2 


V5-1). 
=> x= log,,,| —— | 1s only root 


(ii) Log, (3*-8)=2-x > 3*-8=3?"* 
=> BY-83")=9 


Let 3*=y>0 => y-8y-9=0 
=> (V-9)(v+1)=0 
= y=? = eet, 
= x=2 is only root. 


log, x*-2log x’ 


=(x-1)’ 
Clearly solution may exist iff x > 1, thus 


(x- ali x—4log x? = (x- 1)’ 
=> 2log,x- =7 
log, x 
Let log, x=y 
2y*-7Ty-4=0 
7£V494+32 749 
=> oa es ——- 


=> y=4or-1/2 

log, x =4 or -1/2 
=> x= 81 or 1/V3, but x = 1/V3 rejected 

Also x = 2 is obvious solution when base become 1 
=> xe {2,81} 


(b) log.x=y 
1 
a x 2 OD 
I 7 y l+y 3+y 
—(1+ ie 
= y) : 
=> 67 12y=y+3yt+2 
; -3+ 17 
=> y+3y-2=0 2 
~3+J17 
=> log,x= a 
-34.J17 
=> 2° 


(c) ~ log, Gx’ + 10x) = 3 

3x7 10% = x => x-3x-10x=0 
xx’? — 3x -— 10) =0 

mMx-—5)(*+2)=0 => x=0,-2,5 


YUy 
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But log. (3x* +10x) is defined iff x > 0 and x(3x +10) > Let =z 
0 1.e., x € (0, 0) thus x = 0 and —2 are rejected. z>+ 1527+ 15z-31=0 
=> x= 5is only root. Sum of coefficient zero, thus z = 1 is root 
6. (i) Given equation |x? — 2| + |x — 1] = |x? -x — 1| = |(x’? - 2) @-)+15@—-)+1sE@-)=0 


(z—1) (22 +z+1+415 (z+ 1) +15) =0 
(z—1) (22 + 16z + 31) =0 


=) —16+ 256-124 


-@-D 
Therefore (x? — 2) and (x — 1) must opposite same sign 
or atleast one of zero = 

2 


=> (-2)(¢-1I)s0 = (x+¥2)(x-1)(x-V2)<0 2=1,-8+ \33 


xeé (-e,-V2 |U[1.v2 | y=l1y=-8+ V33 


~3=4 _3=+ J-8+ 
(ii) Consider the equation |x? — 2| + |x — 1| = |x? + x - 3] = x—3 lorx—3 8+ 33 
I(x? — 2) + (x -1)| Thus two real root and 4 non real roots. 


Then (x? — 2) (x — 1) >0 (x + V2) (x— 1) (x — V2) > 0 : - 7 
=> xe [-v2,1]U[V2,.~) ) (44+ vis)’ +(4- vis) = 62 
Let (4+ Vis) =4,(4-i5) =B 


WY Y YY 


y 


o~-7~ 
3 


TEXTUAL EXERCISE-—6: (OBJECTIVE) => A+1/A=62 
A’ —62A+1=0 
+34+x+5 
1. (b) Let ———== y 824 Ve2=4 
=> y=xt+4 _ 2 
=> y-l=x+3andy+1l=x+5 ie ae 
Therefore equation becomes (y — 1)* + (y + 1)* = 16 A= (4+ V15 
=> ~+6’+1=8 => y+ 6y-7=0 2 i 
=> V+t7)Q’-1=0 « y+7#0 : 
> y=] => x+4=-1,1 A=(4- yi5) 
=> x=-5,-3 : 2 
Therefore two real roots => (4+ v15) =(4+ v15} or (4— v15} 
2 (a) Given rt—=5 => x=2or-2 
6. (b) The equation Vx+V¥x—-V1-x = 
x nade *)- s(x + 
Clearly re 4 
7 LV, | 
7 [reir ge i} s(. + | Vx—Vl-x =1-Vx; Squaring both sides, we get 
1 1 x+ l-x =1l+x-2Vx 
= s(s2+ 45 ]-545-5(27 + | =0 
x x => Vl-x=1-2Vx; Squaring both sides, we get 


3. (a) Given equation (2x” — 3x + 1) (2x* + 5x + 1) = 9x 1—-x=14+4x-4 Vx 


| 5x —4vx = 0 
Divided by x’ t | 2x-3+— | 2x+5+—- |=9 _ 
ivided by x*, we ge [2s ~ | 2x ~ Vx (5Vx - 4) = 0 
Let pees => (v-3)(y+5)=9 => = aoe 
x 25 
=> y+2y-—24=-0 => (vy+6)(v-—4)=0 Clearly ‘0’ must be rejected, thus only one real roots 
=> 2x+1/x=-6or ve nasA 7. (a) log,,Q°+2-4x)22 30<2x+2-4x<4 
: 7 2 7 => x*?-2x+1>0and x*-2x-1 <0 
=> 2x ara —4x+1=0 => xeR~ {1} and (x—1+ V2) (x—1—12) <0 
—6+ ¥28 
= — or x= 1/2, 1/2 => xe R~ {I} [1-v2,1+v2| 
Thus four real root. > xeE (1-V¥2,1)U(,1+ 2] 
1 


(x- 2)+(x-4) 16* 


4 (d) Let =yle., y = x — 3 the equation 8. (a) Given inequality pr >1.2°>0VxER 


becomes (y + 1)® + (vy — 1)°= 64 ‘ ; 4 
X>> x+ pa 
°C. 8 +°C,.y' + °C,y? +1= 32 oF Ge ie oP Geom 


10. 


11. 


4 
=> —-x-3>0 


0 
x x 
2 7 a 
x° +3x iar, (x+4)(x l) 29 
x x 


=> xe(-o,4) VU (0,1) 
Clearly infinite may integers satisfy the above inequity. 


(d) log, (ax? +x+ta)21VxeER 
> axrt+xta2z2VxeER 

> axrrt+xt(a-2)20VxeER 
=> a>OandD<0O 

=> a>Oand 1 —-4a(a-2)<0 
=> a> Oand 4a*-8a-—120 
=> 


m1-E ffir] 


2 


a>Oandae 


=> aE eae 


(b) For Equation (1), |x|? — 2|x| —3 = 0 

=> (|x|- 3)(|x]+1) =0 => |x\=3 as |x| +120 

=> x=-3,3 the solution 

For equation (11), |x — 2|? + |x-— 2| -2 =0 

(x — 2| + 2) (Ix -— 2] - 1) =0 

Ix -—2| = 1 as |x -2/ +240 

x= LoOrs 

Also equation (iii), |x? — x — 6| = x + 2 1.e., \(x — 3) 
(oD) ae 2 (111) 
Solution exist only for x => —2 if x € [-2, 3), equation 
(111) becomes (3 — x) (x + 2) = (x + 2) 

(x +2) (2-—x)=0 

x = —2, 2 are two solution but if x > 3 

(x— 3) (*+2)= (e+ 2) 

(x + 2) (x-—4)=0 

x = —2, 4 are solution 

x € {-2, 2, 4} is set of solutions. 

Thus all three equations have atleast three solutions. 


YUd 


YUUUNY 


(b) 2x4 +x —11x?+x+2=01s self reciprocal equation, thus 


Saas | l 
dividing by x’, we get af +a }e(x44)- 11=0 


l 
Let x+—= y, then equation becomes 2G” — 2) +y- 11 
aX 


=0 
—-l4tvy121 5 
=> 2 tyHis=0 > y=——=--,-3 
4 2 
hse 
COG 2x7 -5x+2=0 
=> or => or 
1 2 = 
Ppa x°+3x+1=0 
x 
( | -3+/5 -3-J5 
> XE —,2 U ) 
2 2 2 
1 -3+V5 
= Roots are re i. 


Theory of Equations < 5.109 


x? -3 l 


12. (a), (e) Let (5+2V6)" =. thus (5-26) 


Thus equation becomes y* — 10y + 1 =0 
=> y=5+2V6 


= (5+2V6)" =5+2V6 or (5+2V6) 


=> x=+72,+2 


y 


=> x-3=1,-l 
13. (a), (b) Set of equation given (x + y)?2 +2 (x—y)*3 =3( + 

5 a 

+ 
Let [=*2).- ; 
x—y 
Dividing (x — y)?3, we get z?7 + 2 = 3z 
=. 27°= 377-2 =0 => (z-1)(2-2)=0 


+ 
=> [= |-1.2 


x—y 
x+y Z 
=> =lors , But 3x — 13 = 2y 
x—y 
2x+3x-13 
> ——=lor8 
2x — (3x- 13) 
5x-13=13-x 
13 
=> or een) or 9 


5x—-13=104-8x 


13 
mers then y = 0 


=> or 
if x = 9, then y= 7 


14. (b) Let |log,x| =z 20 
The equation becomes 2z7— z+ a=0 


1+ VJ1-8 oz2 
z=—\—™ for four real roots of original equations 


both above value must be positive real numbers 


1- 8a>Oand V1-8a <1 


l l 
=> Ga na Sy = ae(02) 


I/x 
1 
15. (d) sv2>(2) = 5 So 
25 : 
+2x+2 
=> x +2 >=—2/x se NaF 
Xx 
(x+1)°41 
=> ——>0 => x>0 


x 
=> xe (0, «) is set of solution 


TEXTUAL EXERCISE—8: (SUBJECTIVE) 


1. y=x’+kx—x+9 lies entirely above x-axis iff D <0 anda 
> 0, thus (k — 1)? — 36 <0 
=> (k-7(k+5<0 > keECS,7 


2. If y= kx* + 2kx — 2 lies below x-axis, then a <0 and D <0 
=> k<Oand 4k’+ 8k <0 


5.110 > Fundamentals of Mathematics—Algebra | 


=> k<0Oand 4k (k + 2)<0 

=> ke(-0,0)n (2,0) 

=> ke (2,0) 

If y = kx* + 2kx —2 lies entirely above x—axis a > 0 and D <0 
=> k>Oand 4k (k+2)<0 

=> ke(0,») (2,0) 


> ke 3 
. y=x-6x+5;x e [2,4] 
=> y=(x*-3/- 2<x<4 
-l<x-3<]1 
O<(x-3y <1 
4<(x-3y-4<-3 
=> ye |, -3], thereforey . =-—4andy_ =-3 


. Given a, B be root of equation ax? + 2bx +c =Oandatk, 
B + k for Ax? +2Bx+C=0 
Clearly differences of root is same for both equations 


D 
=> — must be same for both 
a 
4b? -—4ac _ V4B?-4AC 


= a’(B’- AC)= A’(b’- ac) 


. Given f(x) = ax?+ bx + c = 0 has both roots non real then 
afix)>OVxeER 
=> For x= 0; af(0) = ac > 0; statement (1) is False 
ctx) >O0VxeER forx=1;, af1)=a(at+b+c)>0,; 
statement (11) 1s true 
Similarly cf(—1/2) > 0 


=> c(a—2b+4c)>O0 => af(l)>Oand c{(-1)>0 
=> ac(at+b+c)(a—b+c)>0; statement (111) and (iv) also 
true 
a>0Q 
Q a 3 
a<0 
Ct 
0 1 5 fp 


Above two are the possible graphs of y = ax’ + bx +c 
Clearly af1) <0 as 1 € (a, B) 
=> a(at+b+c) <0; Statement (1) correct 
Also —1 lies outside and 4 lies between the roots af(—1) 
> 0 and af(4) < 0 
K-1). f4) < 0 
(a—b+c)(16a—-4b + c) <0; Statement (111) is correct 
“ zero lies outside and 3 lies between roots 
=> af(0)> 0 thus ac > 0 
a f(3) < 0 therefore aa + 35 +c) <0 
= Thus sign of (9a + 3b + c) depends on sign of a, so ac 
(9a + 3b+c)<Oifa>Oand>0Oifa<0O 
Statement (111) is incorrect 


=> 
=> 


7. ee 


c<0O<b anda, B (a < B) be roots of x7 + bx +c =0 
a+B=-—b<OandaBp=c<0 

Thus both roots are of opposite sign (as aB < 0) and nega- 
tive root is larger in magnitude (as a + B < 0) 

=> a<0<B&|al> |p| =f 

=> a<0<B<l|a| 

Aliter: 

As per graph * (0) =c <0 and vertex lies in 3 quadrant 


\a| 

Ct 
Clearly a <0 < B, Also AC = CB 

=> OA>OB => |a|> |p =B 


. Consider the function 4* — a.2* — a + 3 to have at least one 


real root. Let 2* = t € (0, «) 
Kd = ? — at—a+3 must have atleast one positive real root 
therefore both roots of fff) should not be non positive 


For real root (both non positive) 


D=a’+4(a-3)2>0 & 
=> 4{f(0)>0ie,-a+320 & 


a 
—<0 
2 


(a+ 6)(a—2)2>0& 
> \a53 & 
a<0O 
Taking intersection, we get a € (—~°,—6] 
=> a€é[2,) for atleast one root positive root. 
_ x? +2x-11 
7 x-3 
= x?+ (2—y)x + 3y — 11 = 0 has real roots (2 — y)* — 
—11)20 
=> y-l6y+ 4820 
=> (v-12)~-4)20 
=> ye(-~,4]U[12,.) 


4 (3y 


Thus range of function is (—co, 4] U [12, 00), so clearly it can 
take values that does not lie in the interval (4,12) 


; tan x 
10. Consider fx) = 
tan3x 
_ tan x _ 1-3tan’ x 
4 3tan x — tan’ x 3- tan’? x 


1—3tan? x 


=> 3y-—ytan’x = 1 — 3tan’x 


3y-1 
> 3y—-1=(y-3)tanx > tan? x= 
yr 
a4 
tan’x € [0, 0) = 2 50 
y-3 


> ye [5 JU (3.9) 


Therefore clearly fx) never takes value between 1/3 and 3. 


TEXTUAL EXERCISE—7: (OBJECTIVE) 


. (c), (d) The graph opening upward, thus a > 0 and roots are 
real, so D> 0 and b? > 4ac 


Also y intercept positive implies c > 0 and vertex has posi- 


tive abscissa, therefore -—— > 0 
b 2a 

> -<0 => b<0 
a 
a>0O 


Thus a and b are of opposite sign 

. (d) x? +2bx+c>0Vxe R iff leading coefficient is posi- 
tive and D <0 

4b?-4c <0 

b?-c<0 

b= 


YuUY 


~ (ce) *s ax? + bx +c=0 has no real root 
afx)>OVxeEeR 
Also givena+b+c<0O 
=> f)<0o0 
=> a<0 
afl) > 0 and as af(0) > 0 
=> ac>Q = C= 0 
£ a<O 
~ (a) fx) = ax’- bx +c c>0 
=> f(0)>Oand4a+c<2b 4a+c—2b<0 
=> fi2)<0 
=> f(x) changes its sign between 0 and 2 
=> f(x) =0 has a root between 0 and 2 


y 


~ (c) 3x? + 2a’? + 1)x + a? —3a+2=0 posses roots a, B of 
opposite sign 


2 
> oB<0 <0 
=> (a-1)(a-2)<0 => aéeé(l,2) 


. (b) Ax) = ax + bx +c 
a>0,b>0,c>0 


=> af=—-—> and pip 226 
a 


10. 


11. 


12. 


13. 


14. 


Theory of Equations < 5.111 


D = b* —4ac can be positive or negative, thus roots are 
not necessary real 

=> at+B=2R(a)=—-b/a<0 

=> Real part of root must be negative 


(a) Given a, b € R and the equation x? — abx — a? = 0 
=> D=a’b*—a*=0 and product of root = —a’ < 0, thus both 
roots are real and of opposite sign 


(b) Given f(x) = ax? + 2bx — 3c has non real root i.e., D < 0 
and f2) = 4 (a+ b)-3c>0 
Therefore f(x) >OVxeR 

=> f0)>0 => c>0 


(d) From the graph it is clear that fx) = 0 has one root € 
(—oo, a) and other € (b, 0) 


=(y— a | 
BOF AIOE) 


; 


TR fo9=900)-1 


Aliter: f(-<0) > «©; f(0) = —1; f(b) = -1; f(0) > 
=> f-o) f(a) < 0 thus one root lies in (—0, a) 
=> f(b) f(~) <0 therefore one root lies (b, 0) 


2 

(a) y= * “attains all real values 
1— ax 

=> y-ayx=x-x 

=> x +(ay-1)x-y=0 

=> D20 

=> (ay-1y’+4y20VyeER 

=> ay+(4-2a)y+120VxeER 

=> D<0 

=> (4-2a) -4a’ <0 

=> (4-2a-—2a)(4—-2a+ 2a) <0 

=> 16(1-a)<0 

=> a2lie.,ae[l1,) 

(b) - f(x) =—a’x’? + bx -—c 


Kx) <0 V R is true iff — a? <0 and D<0 
=> ae R~{0} and b* —-4a’c <0 
=> ae R ~{0} and BD’ < 4a’c 


(b) x + 3x-10<Oand x’>9 

=> (x+5)(x-2) <0 and (x—-3)@+ 3)>0 
=> xe (5,2) and c (-«, -3) UG, ©) 

=> xe (-5,-3) => xe {4} 
Clearly the greatest negative integer x = -4 


(d) 200 —x(10 + x) >0 

=> x’+10x- 200 <0 

=> (x-20)(x+ 10) <0 

=> xe (-10, 20) x is integer 
=> xe {-9,-8,....19} = x, =19 


(b) Givenaz#bandxe R 
Kx =x -(at+b)x+a@-ab+b’ 
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15. 


16. 


17. 


1. 


2. 


Clearly leading coefficient > 0 
D=(a+ by —4 (a*-ab + b?’) 

= (3a’+ 3b? — 6ab) 

=-—3(a-—b)<0 

Thus f(x) has same sign as it leading coefficient. 
fx) >OVxeER 


(b) 42° +k+3>0VxeER 
=> D<0 

=> h-48<0 

=> (k—4V3) (k + 4V3) 

=> ke [-4v3, 4v3] 


(a) Consider the equation (x + a)? + b (x? —-3x-2)+x+1 
= 0 to be an identity in x 
Coefficient of x’= coefficient x = constant term = 0 


1+ 5=0 and 
=>  42a-—3b4+1=0 and > b=-landa=-2 
a’ —2b+1=0 


But the third equation does not satisfying for these 
value 

= Number of ordered pairs (a, b) is 0 

(a) Given equation is ¥x—5 i —5x+ 4) =0 
Solving, we get x = 5, 4 but forx=4 , Vx—5 become 


imaginary thus only root of equation in set of real num- 
beris x= 5. 


TEXTUAL EXERCISE-9: (SUBJECTIVE) 


x? — 2ax + a* + a—3=0 has both roots real and less than 3. 
leading coefficient positive graph 1s parabola opening 
upward 


—b 
=> D20, f(3)>0,— <3 
2a 


4a’ - 4(a? +a-3) 20 a-3<0 
and and 
=> (9-6ata+a-3>0 > 4a’-5at+6>0 
and and 


2a a<3 


=> (a-2)\(a—3)>Oanda<3 
=> ae (-~,2)U(3,)anda<3 
> ae(o,2) 


(i) Given both roots of x* — 6ax + 2 —2a+ 9a*=0 


=> D = 36a? —4 (2 —2a + 9a’) > 0 and f3) = 9 — 18a + 


6 
2 —2a + 9a? > 0 and abscissa of vertex > 3 1.e., = >3 


8(a-1) 20 (i) 
=> (9a°-20at+11>O0 uaa. (ii) 
a> ...(iii) 
aé(l,°°) 
=> and 


(9a-11)(a-1)>0 


11 
ace —oo,] Lv} —,° 
Centyu[ a] 
Taking intersection of sets, we get a € (= 


(ii) x°+ 2ax+2a’—1=0 has exactly one root in the interval 
(0, 1) 
=> f(0).f(1) <0 


) 


=> (2a*—1)(2a* + 2a) <0 


0 1 


=> (aV2 -1)(aV2 +1)a(a+1) <0 


+ _ + = + 
1 -1N2 0 12 


= ad bled 


3. f(x) = 27+ (2k -1)x+4 has both root € (-1, 1) 


4 1 


>0 i )>0 and f(1) >0 
(2k-1) -4>0 & 


1-2k+4>0&1+2k-1+4>0 


= 
im 5)(2k +3) Sie. ke{-~ F|U]S~)« 
= asso 


4. fx) =(h +k + 1)x’* + (Kk -1)x + Fk’ has one root greater than 
3 and other less than 3 


6. 


7. 


Real number 3 lies between the root 
graph opening upwards onk?+k+1>0VxeER 


fB) <0 


OL B 


90? +k+1)+3(k-1)+h <0 

10k? + 12k+6<0 

5k? + 6k + 3 <0, never true because leading coefficient 

5 > 0 and D = 36 —- 60 <0 

Thus 5k? + 6k +3>0VxeER 

> ke {} 9 


(a) f(x) = x°+ 2kx + 1 has both root < 1 


Y UY 


=> D2=0,f(1)>0, aoe 
2a 
=> (4k-4’)20 and 2(1+h)>0and—-k<1 
k € (-20,-1] U[Le) 
and 
k €(-1,9) 


Taking intersection of solutions we get k € [1, «) 
(b) f(x) = x* + 2kx + 1 has both roots positive 


10. 


0 
b 
=> D2=0,f0)>0, -—>0 
2a 


=> k-120,1>0,-*+>0 
=> ke(--,-1]U[lo0o) &k € R and x € (-~, 0) 
Taking intersection of the above three sets, we get k € 
(—c0, —1] 
Given that 6 lie between root of f(x) = x7 + 2(p —3)x+9 
=> af6)<0 = 
=> f(6)<0 
=> 12p+9<0 


= pe (-=-3] 
P a 


a=1 
36 + 12(p —3) +9 <0 
=> p<-3/4 


Both roots of f(x) = x? — mx + 1 are less than 1 11. 


D>0 
f()>0 


Theory of Equations < 5.113 


=> m—4>0and 2—m>0 and m/2<1 
=> me (-o, —2] U [2, 0) and m € (-~, 2) 
=> me (-~,-2]| 


. Given a<b<c< dand let fx) = (x - a) (x-c) + 3(Q¢- 5D) 


(x — d) 
fla) =0+3 (a-—b)(a-—d)>0 
fib) = (6 — a) (b-c) <0 
fic) =0 +3 (ce-b)(e-dad) <0 
Kd) = (d—a) (d—c)>0 
= One root lie in (a, b) and other lie in (c, d) 
=> f(x) has both roots real and distinct 


2 
+kx+1 
. Given sceacelleal FS, 
x°+xt+l 
x t+kxtl1 
= 25 <2 
x'+xt+l1 
SS 2 2 0 ee ie ee ee 
3x° +(k+2)x+3>0 
=> & 


x°+(2-k)x+1>0VxeER 
Discriminant of both quadratic functions must be nega- 
tive 
(k + 2)? -36 <0 and (2—k)?-4<0 
=> (k-—4)(k+ 8) <and k(k —4) <0 
=> ke(-8,4)andk é€ (0, 4) 


Given m é (0, 3) 

Kx) = (m — 2)x? — (8 — 2m) x — (8 — 3m) 

D=(8 — 2m) + 4 (8 — 3m) (m — 2) 

= 64 + 4m* — 32m + 4 (14m —-16 — 3m’) 

= —8m? + 24m = —8m (m — 3) 
Clearly for D > 0; m (m — 3) <01.e., m € (0, 3) 
both roots of f(x) = 0 are real as m € (0, 3) given 
Now for one positive other negative root 


af(0) <0 


=> (m-2)(3m-8)<0 > me( 25 
tan’x +(a+1)tanx+2a—1<0 

Let tan? x = p 
p’>+(a+1)jp+2a—-1<0 
Ya+1y+4(Qa-1)<0 
-a’—1-—2a+8a-—4<0 
—_a*+6a—5<0 

a—6a+5<0 

(a—1)(a—5)<0 


YVUYUYNY 


For at least one root x € | 0< =| 


=> aE€(-o,1)U(5, 0) 
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12. x? + ax+a’*+6a<0 
This means that for x € (1, 2) 
The above inequation always holds. 
a? + a(x + 6) + 1 <0O1in which x € (1, 2) 
=> a-{}3 


TEXTUAL EXERCISE—8: (OBJECTIVE) 


1. (b) Exactly one root of f(x) = 5x? + (a + 1)x + a lie in inter- 
val (1, 3) 
=> fC) fG3) <0 


=> (2a+6)(4a+ 48) <0 
=> (a+3)(at+12)<0 
=> ae (-12,-3) 


2. (b) fx) = x —2 (a—1)x + (2a + 1) has both root positive 
D2=0Oand f(0)>0 


= and 


abscissa of vertex postive 


4(a-1)° — 4(2a+1) 20 


and 
=> 4(2a+1)20 
and 
(a-1>0) 
a’ —-4a-32>0 
& 
=> 4,a-1/2 
& 


a>l 


3. (a) fx) = (RP +k+ 1)? +@-1Ixt+kh 
Leading coefficient > 0 graph opening upward 


1 3 


Given that 1 and 3 both lie between roots f(1) < 0 and 
fB)>0 

=> 2k? +2k <0 and 10k?+ 12k+6>0 

=> kk+1)<OandkeR 

=> ke-l,0) 


4. (a) fx) = x-2ax + a’? + a—3 has both roots less than 3 


3 
D2>0 >12-4a>0 
=> 4f(3)>0 >a’-5at+6>0 
abscissa of vertex<3 >a <3 


a € (-°9,3] 

=> 4,a€E(-~,2)U (3,0) 
a €(--9,3) 

=> ae (-“,2) 


. (c) fx) =x? -(a—-3)x + a has atleast one positive root 


Condition for real root 

D2=0 => (a-1)(a-9)20 
=> ae(-o, 1] U[9, ~) 
Condition for both root non positive. 


F(O) = 0 and <0 and D2=0 
a 


a 2 and (a=) G28) 20 


=> a2>O0Oand 


=> ae [0,3)andae (-~, 1] U(9, x) 

=> ae [0,1] 
Thus condition for atleast one root be positive is a € 
(—o, 0) U [9, 0) 


. (ce) Given both roots of f(x) = x* — (a — 3) x + a are greater 


than 2. 
D>0 a’ -10a+9>0 
=> 4f(2)>0 = 10-—a>0 
ore 2-3,, 
2a 2 


=> ae (-o,1]U[9, ©) anda<10anda>7 
=> ae [9,10) 


~ (d) fx) = x — ax - a has both roots larger than a. 


D290 
=> 4f(a)>0 


abscissa of vertex >a 


a 


a’+4a7>0& 


=> {-@s>0& 


baie Le 


al2>a a €(-2°,0) 


The intersection of above sets {} 


8. 


10. 


11. 


12. 


13. 


(c) Consider equation f(x) = 2x? —2(2a + 1)x+a(a-1) 
Given o, B as roots such that a <a<fB 


a 
a p 
=> fla)<0 
=> 2a*-2(2a+1l)ata—a<0 
=> -—a’—-3a<0 
=> a(d+3)>0 
=> ae(-o,-3)U(0, 0) 


. (b) Given that 6 lies between the roots of f(x) = x? + 2 (p —3) 


x+9 
=> f(6)<0 
=> 36+ 12(p-—3)+9<0 
=> 12p<-91.e., p<-3/4 
=> peé  (-«, -3/4) 


(d) f(x) = x? — 2mx + m? -1 has exactly one root in (—2, 4) 
ft-2). f4) < 0 

=> (4+4m+ m— 1)(16—-8m + m?—-1)<0 

=> (m+1)(m+3)(m-3)(m—5)<0 

=> me (-3,-1)U@G, 5) 


(a) f(x) = 4x’ — 2x + a has two roots € (-1, 1) 


—1 1 
D20& f(-1)>0, fl) > 0 
=> b 
&—-— €(-1,1) 
2a 
4-1l6a2>0 & 
=> )6+a>0&2+a>0 & 
l 
—eé(-1,l 
as ) 


1 
> ae [-2.3| 
4 


(c) Equation x* + px + gq = 0 has root a, B and x7 + rx+s= 
Ohasroota+h, Bt+h 
Difference of root is same for both |a — B] = |a +h — 


(B + A)| 
Jp’ —4a 2 Vr’ —4s 


l 1 
=> p’-4q=r'-As 


=> 


(a) x? + 13x + q = 0; considering coefficients of x as it roots 
were —2, —-15 
=> gq=(-2)(-15) = 30 


14. 


4. 


Theory of Equations < 5.115 


Let correct roots be a, B 
a+ B= -13 
ap = 30 
=> a=-l0,pB=-3 
(a) f(x) = x + ax’? + bx — 4 = 0 has two repeated real root 
each equal to 2. 


=> f2)=0 => 8+4a+2b-4=0 
=> f(2)=90 => 12+4a+b=0 

=> 4a+b=-12 (i) 
=> 4at+2b=-4 (ii) 


Subtracting, we get b= 8, a =—5 


TEXTUAL EXERCISE—10: (SUBJECTIVE) 


a b_ ec 
2 f= ox beer xe fires 5+5) 
Me 


fi-0©) =- © 

fiw) = 0 

=> f(x) changes its sign 

=> f(x) has atleast one real root. 


» fx) = 4-22 + 3x-4 


2 3 4 
=> fx)=x |1-24+5-— 
Ax) ( x? x? | 


f(-) — «; f(r) > 0 ; f(0) —~-4 


=> Clearly one root €(—«, 0) and other (0, 0), therefore 
two real roots of opposite sign. 


~ fx) =x -9x+]1 


f(x) =3x-9 
f (x) = 3 (x — V3) (x + V3) 


Z| ~_%B 
ae 


fix) has maxima at x = V-3 and minima at x = V3 

f{-N3) = -3N3 + 9V3 + 1 = 6V3 +1 

fN3) = 1 — 6VN3 f-N3) fV3) < 0 

=> fx) must have all three real roots 

f(x) = x + 3kx*? + mx + 1 has x = 1 as root repeated twice. 


fl) = 0 and f(1) = 0 


3k+m+2=0 

=> & => 3k=-—1, thus k =-1/3 
6k+m+3=0 

=> m=-l 


Kx) =x -x-x+1 
= Clearly roots are 1, 1,-—1, —-1 
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a, b, c, d are positive and e < 0 
Kx) = ax?’ + bx4 + cx? + dxt+e 

= f(x) has almost one +ve real root 

KX) = — ax? + bx4 + cx? -—de +e 

Kix) has almost two negative real root 

K(x) has almost 3 real root thus atleast two non real root 

But f(x) has atleast one negative and are positive real 

root. 

= f(x) has exactly one negative and at least one positive 
root but f(x) can’t have even number of real root as its 
degree is odd and non real root occur in pairs (conju- 
gate) 

= f(x) has at least two positive real root but decants rule of 
sign concludes atmost two positive real root thus con- 
firming the existence of exactly two positive real root. 
So we finally conclude that fx) exactly one negative 
exactly two positive & exactly two non real roots. 


=> 
=> 


~ @) fx) =x’ — 4x + 3x + 1 has two change in sign of coef- 
ficient, thus has at most two positive real root 
Kx) = -x" + 49° — 3x+ 1 
Thus f(x) has at the most three negative real root 

= Atmost 5 real root thus atleast two non-real roots. 

(ii) fx) = 2° + 3x - 1 
Kx) = 0° - 3x - 1 
Kix) has atmost one positive real root and no negative 
real root. 
Kix) has atleast one positive real root as it can have 
atmost 4 non real roots. 
So concluding that f(x) has exactly one positive real 
root and rest four roots are non real complex conjugate 


7. f(x) =x + 3x + a has three real root (distinct). 


Iff f(x) has two real root a and B and f(x) KB) < 0 
I (x) = 3x? -3 =0 => x=+1 and f-1) fl) <0 
=> (a-2)(a+2)<0 => ae(-2,2) 


8. f(x) = x* — 4x° — 8x? + k = g(x) + k (say) 


Thus g(x) = x4 — 4x° — 8x? = x? (x? — 4x - 8) 
@ (x) = 4x8 — 12x? — 16x = 4x (xX? — 3x — 4) =4x (x - 4) (x + 1), 
thus the graph of g(x) 1s as below. 


(A 3} (4, -128) 


2-1) = -3, 2(0) = 0, g(4) = -128 

‘* f(x) 1s obtained by shifting graph of g(x) by |A| unit 
vertically, thus V k € (0, 3) 
K(x) has 4 real and distinct roots and for k& € [0, 3], it has 
A real roots. 


. Consider f(x) = 3ax? + 2bx +c 

=> fix) =axr+ bx +ecxt+d 
Clearly (0) =dand fl) =at+b+ct+d=d 
a+b+c=0 (given) 

‘: fis continuous and differentiable function V x e R 


f(O) = f.1) thus by Rolles theorem J at least one a € 
(0, 1) 
Such that f(a) 

=> 3aa0*?+2ba+c=0 

=> 3ax? + 2bx + c= 0 has atleast one real root in interval 
(0, 1) 


TEXTUAL EXERCISE-9: (OBJECTIVE) 


. (b) Let f(x) = ax’? + bx +c 


3 2 


= fa) = 4 sexed => f0)=d 


=> Re eae 
3. 2 6 


‘fis continuous and differentiable in [0, 1] and (0) = (1) 
By Rolles theorem f(x) has atleast one real root € (0, 1) 


~ (©) fx) =x*-4x-1 


By Decart’s rule of sign f(x) has atmost one positive and 
one negative real root. 

J(-) (0) < 0 and f(0) fico) < 0; thus f(x) has atleast one 
negative and one positive real root. 

Therefore f(x) has exactly one negative root, one posi- 
tive root and exactly two non-real complex roots. 


~ (a) ° ax’ + bx? + cx + d=0 has same root as (a + 1)x° 


+ (b+ 1)x? (c+ 1)x+d+1=0 
G+ O41. -e+1. d+] 


Cc d 


=> a=b=c=d#0 


a 

1 1 1 
> -=- — 
a b d 


. (b) (x— 1) is factor of f(x) = x* + ax’ + bx*+ cx-1 


=> f= 9, fC) = 9,7") = 0 


a+b+c=0 (1) 
=> (3a+2b+c=-4 . (11) 
6a+2b=-12 (iil) 
2a+b=4 ...(1V) from (1) (11) 
= a ...(V) from (111) 
=> a=-2,b=0,c=2 
=> f(x) = x*-2x' + 2x-1 has roots 1, 1, 1, o (say) 
= 3 FOS 2 => a=-l 


Clearly fourth factor is (x + 1) 


5. (c) Consider inequation 16 — x” > |x— al 


Sketching graph of y = 16 — x’ and y= |x — a| as below 


Fa 

“:s Fal = {2 
a Lr -W=[3—X 
~ 


i 
Sg, My 
* 
Ss 
* 


10. 


Clearly the inequality to be satisfied by atleast one negative 
‘x 1e,a<a<fB 

For a: y = x — a touches and y = 16 — x 

=> -2x=lie,x=-l/2 


Point of contact (- +=) 
2 4 


1 63 65 
=> =-—-— = -— 
2 4 4 
For B: y = B — x pass through (0, 16) 
=> f=16 


65 
> aE [-S.16] 
4 


(b) y = |x -1| and y = e* 
Sketching the graph on some frame of reference 
A 


(0,1) 4 


a all a 


Clearly |x — 1| = e* has exactly one real root 1.e., x = 0 


(a) a, B, y be roots of equation f(x) = x° — px-—q=0 
Hd q px —q 


a+Bty =0 (i) 
aB + By + yo = —p (11) 
aBy =4q (111) 


Qa+B+y) 2B + +o) 2y +a + B) = apy =q 

(b) f(x) = 2x* — 7x3 + 2x? —x+ 1, leave reminder px + g when 
divided by x? - 1 
Kx) =? -1) g(x) + px +q 
Putting x = —1, 1, we get 
f-l)=a-p=13 (1) 
SO) =pt+q=-3 (ii) 
Adding, we get g = 5 and p=-8 
Ordered pair (p, q) is (-8, 5) 


(d) Given x° + 7x* — 36 = 0 has one root double of other. 
Let a, 2a + B be roots 


=> 30+ B=-7 (1) 
2078 = 36 (11) 
207 + 3a (ii1) 
oa (2a + 3B) =0 

, 3B 
=> Ejithera =0Oor @=-— butaz0 
_ — -3B 

=> 2a =-3f put in (ili), we get (=F): B=-7 

=> -768=-14 => fp=2anda=3 

=> Roots are —3, —6,2 


(a) fix) = x + ax* + bx — 4 has two roots equal to 2 
Let a be third root 
f(2)=0 => 2a+b=-2 (1) 
f(2)=0 => 4da+b=-12 (11) 
From (1) and (11), we get a = —5 and b= 8 


11. 


12. 


13 
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(b) Let a, B, y be roots of equation 4x° + 16x? — 9x — 36 = 0 


a+Bp+y=—-4 (i) 
ap + By + ya = -9/4 (11) 
apy =9 (ii1) 


- at+B=0 (given) 
=> y=-4 from (1) 


From equation (ii) or (iii), we get @f = 7 


cee ; 
Clearly @= 5 satisfies the equation f(3/2) = 0, thus 
3 3 
roots are —,—-—,-4 
2° 2 


(c) Let flx, y) =x* — 3xiy + Axy? + y? 
** x—y 1s factor, thus y = x is root 
ix, x) = x — 3x7 + dx? + oe? = 0 
(A+ u-2)xX%=O0Vx 
A+ w=2 (1) 
Also f(x, 2x) = 0 
=> x — 6x? + 4)x + Bur = 0 
=> 4+ 8u= 5~ 
Solving (1) and (11), we get 4A = 11 


11 
=> A=— 
4 


=> 
=> 
(11) 


Therefore p =2—-2=2-11/4=-3/4 
(b) (x + y) and (y + 3x) are factors of expression f(x, y) = Ax’ 


+ pxiy + xy’ + y? 
f(x,-x) = 0 =>(A+utl-1)x =0 
>A+U=0 (1) 
— and 
f(x,-3x) = 0 => Ax? +3ux’ + 9x? - 27x° =0 


>A+3u=18 (li) 

Solving (1) and (11), we get wp = 9 and A =-9 

=> f(x, vy) = V — 9x — Oxy + xy = yr 9x? y+ xy*- 9x? 
= y(y? - 9x7) + xy? - 9x?) = (yt+x)(y- 3x)(y + 3x) 
Thus the third factor 1s (vy — 3x) 


SECTION-III: (SINGLE CORRECT) 


. (c) ao, B are the root of equation (x — a\(x — b) = ac 


#0 (1) 
=> x—-(at+b)x+ab—c=0 
=> at+P=(atb), aB=ab-—c 
Now, (x — a) @-— 8B) +c =0 
=> x-(at+B)xt+ap+c=0 
=> x-(at+b)x+ab—ct+c=0 
=> x=a,x= bare roots of equation (11) 


x° +2x-11 
— OO #3 


(11) 


(b) Let y= 


=> 24(2-y)x+ Gy-11I)=0 
. xeER 
(2—-yy—4(1) Gy- 11) 20 


=> 
=> y-1l6y+ 4820 
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=> Vv-40-12)20 9. (a) Letx+m=y 
=> yé (4, 12) => a=4,b=12 '. Ifa, —a are roots of given equation, then « + m,— a + 
b 
9 \" 1) 11 m will be the roots of equation —~— + = 
3. (a) (=) 2-nina|(xt) u : (x+a) (x+b) 
=> xat+b)+2ab=x*+x(a+b)+ ab 
= -U-[+-5] =>: x abd 
4 2 => (m+a)(m—«a) =ab 
L.H.S.>0 where as R.H.S. <0 => m=—o2=aband(m+a)+(m—«a)=0 
Clearly, no solution. 2 De =f) als, ee) 
—3a =i 
4. (d) Let y= 8+28+2)8+2V8 +... RA Pers Pa ee 
=> y=/8+2y;,y>0 _ 3a 
=> y=2yt8 => y-2y-8=0 ae Oe Oe 
>= V-Y)W+2)=0 S yr4asy>0 Disc. = 9a2 + 4 (1 — a) =9a?—4a+4>0Vae Ras 
5. (a) Roots of equation (a? + b?)x* -2b (a+ c)x+(b* +c’) it’s discriminate is negative 
~ 0 are equal = Roots of given equation are positive. 
=> 4B’ (at+cy—4(a’ + bd’) (6? +c?) =0 
> P(atcY—(a+b?)(b? +02) =0 11. (b) Let a be the common root of x +ax+b=0 and 
iy Ee 2 PR i) x*>+ bx+a=0;(a#b). 
= (b?—ac)?=0 Ae => o&+aat+b=O0and a+ bat+a=0 
=> a,b careinGP. = (a-bja=-(a-b) > a=] 
=> 1l+a+b=0 => at+b+c=-1 
6. (c) Leto, B be the roots of equation x? — cx + d= 0 (1) cate ad 
And a, o be that of equation x? — ax + b=0 (11) 12. (b) Sos) = x1 => x—4x+35=-x-1 
= a7-—-catd=a7-aat+b=0 => x? -5x+6=0 => x=2or3 
=> oa(a—c)=b-d 13. (d) Let « be the common root aa? + 2ca + b = 0 and aa? + 
are (b-d) => 20=a,02=b 2ba+c=0(b#c) 
(a-c) _ 1 
bd => 2c-—b)a=(ec-b) > aes 
=> 2 ( )> and a= ab ‘ 
a-c a 2c a 
=> —+—+b=0 => bt+e= -— 
> Ab-d=a@-ac => 2b-d=4b-ac 4.2 “4 
=> 2b-—2d=4b—-ac => 2b+2d=ac = bt+c_ -l 
7. (a) Let a be the common root ¢ 4 
= eee ee ee 14. (c) tanAd+tanB=p,tanA.tanB=2 
=> Ne A => Cages Sept ep) = ea 1 ; -— 
Sf - EER 0 => 4c+4b+a=0 P| P 
4 2 l=2 
8. (b) (1+ a+’) (1+ B+ B’) 15. (b) Let y= x’ +2x+ce 
= 1+ (0 +B) (@P) + (eB)? + oB (a+ B)+(a+BP>-20P | “> 3 +4x+3e 
=1+(a+B)+(a+ BY -(a B) + (a BY + (@ B) (a + B) => x» (1—y)+(2-4y)x +c (1 —3y) =0 
(=) (2) c ce =(=) For y= 1,-2x+e(—2)=0 
=1+ |—/+})—] --+—+-| — _ = 
a a aa, a\a => ote => x=-c 
_, (btc) b’ +c’ be => y-<—=1; provided ¢ #0, 1 
age ee : 


y=latx=-c,c #0, 1 


a’ —ab-—ac+b* +c’ —be .. ¢c#0,1 and fory#1, Disc. 20 forxe R 
2 


a => (2-4-4 -ye(1-3y)20VyeRyFl 
(a? +b? +c?)-(ab +be +ca) => (1-2yr-(-y)ec(1 -3y) 20 Vye R- £1} 
= => y(4-3c)-(4-4c)y+1—-c2>VyeR- {I} 
; e => 4(1—c)?-—(4—7e+ 3c?) <0 
—b) +(b-c)’ +(c-a)’ ~8c+ 4c? 44+ 7c -30? < 
Oe lee) a ea ) oe ng rest > 0 for a, b and c distinct = aN Bee eaten 
2a’ => c-c<0 
Note that if a, B were real roots, then a? + « + 1, RB? + => ce [0,1], butc#0,1 
B + 1 were positive => ce(0,1) 


16. (c) log x* = 2x—-3;x>0;x#1 


17. 


18. 


2x%=3 
ln3 


&3 _ 5.3 = (4)- 
Ln nx 


mele Where a = In3 € (1, 2) 


nx a a 
Sey ne rey 
nx 2 


Drawing the graphs of y = (In x)" and y = 


3b 
bx — e on same 


frame of reference as shown above. 
Clearly, there are two points of intersection and hence two 
solutions. 


(b) a>0,b>0,c>0 


— 


a+ PB <0 and oB = c/a>0 
So if D > 0 both roots are negative of when D <0 both 
root have negative real part. 


Both roots have negative real part irrespective of D > 0 
or D <0. 


(d) Let « be the common root 


=> 


WY UNY 


y 


a7 + abat+c=0 

o+acat+b=0 

and B and y be their other roots respectively. 
a+ B=-ab,aB=canda+t+y=-—ac, ay=b 
B—y=ac—ab=a (af - ay) 
(B—y) = aa (B—y) 


pe er ee 
a 


(1) and 
(11) 


The equation containing other two roots B and y is given 
by x*—(ca + ba)x + a? bc =O orx’?-—a(b+c)x+a@ be =0 


ee ee eee (111) 
< 1 ab 
From (i), we get —-+—+c=0 

a a 
2G +c) => cee ee (iv) 
a a 


Using (iv) in (iii), we get a(b + c) x? (b+ c)x — abc = 0 


19. (a) a, B= 


21. 


22. 


23. 


24. 


25. 
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esc Ar: 
2EV4—-16 =e a, B=143i 


No 


5 a) a, B = 20, — 20? 


=> a"+p" =(2)' [(-0)" +(-0*)'| 
=(Z)" (-cos2E—iain2Z) +(-cos2Enin22) 
3 3 3 3 
| (so(= =) +isin( =) +{(cos2) +isin (=)) | 
3 3 3 3 


nut .. na nu .. nx 
= (2)"| cos— —isin — + cos— +isin— 
3 3 3 3 


= = (ay (2e05"2) = (2) cos( 


20. (b) tan x. tan y=a,x+ y= 7 


=> 


=> 


=> 


(a) «+ B= = 


=> 


t +t 
tan (x + y) = a aa 
—a 


tan x + tan y= (1 — a) .—= 
V3 


tan x and tan y satisfy the equation x” — 


(l—a) _ 
xt a= 
V3 
0 1.e., V¥3x°-(1-a)x+V¥3a=0 


ot B =~ 
a 
= (aBy + a BY (B+ a) = 


038? + 028? + 03? 
c (7) 2be? +c? ce? (c +2b) 
peas ened (i 3 = 3 
a ava a a 


(a) Clearly domain of equation (R ~ {—3, 2}) and equally 


from both side x = 2 1s solution but it does not 


x’ -4 
€ Domain. 


(d) x? — (a —2)x—(a + 1) = 0; let roots be y and Bp. 


=> 


y+ B=a-—2 and yB=(a+ 1) 

yo + B= (y + B)*— 2yB = (a — 2)? 2+ 1) = a2 
+4-2a-2=07?-6a+2=(a-3)- 

Clearly min occurs at a = 3. 


— 4a 


(d) acos2x+bsin?x+c=O0VxeER 


YUUNY 


a(1—2sin*x)+ b sin’x +c =0 
(b—2a)sin?x+(atc)=OVxeER 
b-2a=Oandat+c=0 

b=2a,c=-a => (a, b,c)=(a,2a,-a),aeR 
Infinitely many triplets 


(b) a + B = 3/8, aB = 27/8 


a V3 : Bp? Pe we eee a+B 
pe Sa 173 73. 1/3 Ql/3 
B a B an ap 
~ SA 8 3ig_3 21 
(ap) (27/8) 372 83g 
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26. (b) equation x? — 8x + a*—-6a=0;D20 
=> 64-4a+24a>0 => a’-6a-16<0 
=> (a-—8)(a+2)<0 a € [-2, 8] 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


(c) (b-c)x? + (c—a)x + a—b =0, roots are equal and one 
root is one and sum of coefficient = 0 


=> 


=> a-—c=2b-—2candb-—c=a-b 
=> 2b=artec 


(c) ax’? + bx + c= a(x— a) (x- B) 
=> a(ax+ 1)(Px+ 1) => aap (+ 1l/a)x+t 1/B) 


> GGard Ga) ec Gaeraars ec 


= cx’? —bx+a=0 


(d) 8sec? 8 —-6sec90+1=0 


6+V¥36-32 6+2 11 
secQ0 = —————_—_—_ = —— =—.,— both never possible 
16 16 24 
|sec 8] > 1 


(c) + bx+c=Oand x?+ qx+r=0 


_ o +B ms +6 —b See 
a-Bp ro Vb°-4c fq? —4r 
=> b(q’?—4r) = q¢°(b? - 4c) 
=> bq? — b*(Ar) = q*b* — q’.Ac 
=> br= qc 
(c) Let 3tanx=y>0 => aytaly—2=0 
=> ay’ —2y+a=0 has positive real roots 
O<x<ua => tanxe R;y>0 
=> D20;4-4@720 => ae [-1,1] and afk)>0 
> a>0d0 => aeR~ {0} 
=> -b/2a>0 => l/a>0 
=> a>d => ae(0,1] 
(d) ax’ — bx + c=0 has roots a, B then (a + cy)” = by 
=> yta=+bvy 
=> c(+ vy — db Wy)+a=0 
Clearly the transformation is x > + 1/vx 
> art i/vx 
=> wv 1/x 
=> x-— 1/a’. So roots of new equation 1/a’, 1/P° 
(a) Given equation is 2ax? + (2a + b)x + b=0;a #0 


Disc. = (2a + b)* — 4 (2a) (6) 

= 4a* + b? + dab — 8ab 

= 4a* + b? —4ab 

= (2a — by #0 as b # 2a; 

(2a+b)+(2a—b) 
4a 


= Roots will be — 


=> —1; which are rational and unequal 
2a’ 
34. (a) S= ee eR 
Ox +3x° +x 


>0;xeR 


he x(2x°? rere 


35. 


36. 


37. 


38. 


39. 


2x1 
= 2x: 


: ————- >0;xeR 
x(x +1)(2x +1) 


> xe(-7,-1) [0]u(F-] 
2 2 
, 3 
=> Which contains (—,-3) 


(a) x*-2ax+a*+a-—3=0 (1) 
a, B<3 


D2=0, ae K3) > 0 
2a 


y 


4a? -—4 (a +a-—3)20; = <3,a—Sa+6>0 


12 — 4a > 0; a <3; (a—2) (a—3)>0 
a<3,a<3,;a€(—0,2)U(- », 2) U(3, 0) 
a € (-0, 2) 


a) x2 + 3kx + (Zee — 


YU Y 


o~ 


1)=0 


=> x74 3kx+ 2k?--1=0 
=> 2k?-1=7 = k-22 
For real roots, 9k* — 4 (2k? - 1) 20 


=> k? +420 whichis true for k = +2 but /nk is defined for 
k>0 
=> k=2 


(d) ¥x+3-4Vx-1 +V¥x+8-6Vx-1 =1 
(vx-1) 42290) e—14 (vx-1) +3? -2(3)Vx—-1 =1 


I¥x—-1—2|4+|Vx-1-3[1 


Vx=1 -2||vx—1-3|=[(Vx—1 -2)-( x-1-3) 
=> ( x-1-2) (Vx-1-3)<0 


=> 2<vJx-1 $3 => 4<x-1<9 
5 <x < 10, infinitely many solutions. 


(c) (x— 5) (x—c) + (x—-a) (x—c) + (X-a) (X- 5) = 0 
=> 3x*?-2(at+b+c)x+(ab+ bce+ca)=0 
Disc. = 4 (a+ b+c)—12(ab+ be+ca) 
= 4[a’? + b? + c* — ab — be — cal] 
= 2[(a-— by +(b-cy+(c-ay]20 
= Roots are real, not necessary both positive or both nega- 


tive 
pp ee TOOT page GreT) 
3 3 
Now ab+bc+ca jee) -, 
3 3 
For a, b, c>0 and BUT MOT EE 2p OA tiie. 
a,b,c<0O 3 3 


(c) o, B are roots of equation ax* + bx + c= 0 


=> pe ape 
a a 


40. 


41. 


42. 


43. 


44. 


=> 


=> x 


(d) For both roots to be less than 2, (1) Disc. = 0 (11) 


=> 


=> 


=> 
=> 


(a) 
=> 
=> 


=> 


Y ¥ 


(a) 


Y 


Y 


(c) 


WY YU YY 


Also equation ax” — bx (x —- 1) +c @- 1% = 0 


2 
is -of = }+e=0 or 
1 x-1 


x= 


can be rearranged as of 


2 
of é (4 ]+e=0 
l-x l-x 


[".. a, B satisfy ax? + bx +c =0) 


pane 
2, (iii) (2) > 0 2a 


20p 


400p? — 16(25p? + 15p - 66) = 0, ==, <2 and 16 - 


A40p + 25p* + 15p — 66> 0 
15p — 66 <0; p< * and 25p? — 25p — 50 >0 


cael and p*?-p-—-2>0 
5 5 
p< - and p € (—0, —1) U (2, 2) p(—, —1) 


ax’ + 2bx — 3c = 0 has non real roots and (3c/4) < (a + b) 
4b* + 12ac <0 


b? + 3ac <0 
132 
ac < ae => ac<0 
3c 
ON er 
4a+4b-—3c>0 => f2)>0 
a>0O => c<O0 
Givena>b>0O (1) 


Let y = jab +(a—b),Jab+(a—b)Jab+(a—b) 


y= ,ab+(a—b)y 
y—(a-bjy-ab=0>5 y-ayt by—ab=0 


(v—a)(v+b)=0 

y=aory=—bbuty>0 

yra 

Let «, B be the roots of quadratic equation ax* + bx +c =0 
a? + B? = 208 

(a + B)* = 4a 

b° 4c  b’-4ac 

= SS : = 

a sea a 

Disc. = 0 


which is neither positive nor negative. 
Given equation is (3 — x)* + (2 — x)* = (5 — 2x)’ 


5 
Let —-x= 
, y 


2 
Diy 1)" ; 
S+>| +(»-5] =(2y) 


112)4-24y°-1=0 


45. 


46. 


47. 


48. 


=> 


=> 


Theory of Equations < 5.121 


ype 24+-/5764+ 448 


224 
One root y’ > 0 and there root y? < 0 


2 
5 
[x-3) <0 
2 


x,, x, real and x,, x, imaginary 


(c) We have af = 2 2G (1) 
a 


Now, a(x — B)? + B(x — a)? = 0 (11) 


(a + B)x? — 4a Bx + aB? + Ba? = 0 
(a + B)x* — 4 aBx + (a) (a + B) = 0 
a’B’ = aB <0 
Roots of (11) are real and of opposite sign. 
x pee 10 
Given |ja—B|>V3p => > 3p 
a 

2 

—4 

pO’ V3P 2 => p*-4-3p>0 
p’-3p-4>0 => (p-4)(—~t+1)>0 


p’ € (-~, -1) UG, ~) 
p #0, +1, 2, 3,4. 


(d) f(x) = x* + 2bx + 2c? 


ee —D__4(6°=2c") _ 2B 
mm Aa 4 
gee: 2 
=> Sa == apace 


=z fe - Sat 


=> 
=> 


20° - b> b+? 


o> 2b? => |cl> V2 |D 


(c) The equation x + 1/x = 2x’ 


Clearly only one real solution 


Aliter: f(x) = 2x° —- x” -1=0 


Atmost one positive roots no negative root 


Y J@)==== 


=> 


Atleast two non real roots. 
one real and two non-real roots. 


49. (a) 2 —y? = 35370 


(x — y) (x + y) = 35370 = 2(17685) 

x—yand x+y have same parity, so x —y and x + y both 
must be even, thus L.H.S. divided by whereas R.H.S. 
only by 2, hence no real solution. 


50. (b) 2° — (3/5)" = 7/5 


Let f(x) = 2* — (3/5)" 


5.122 > Fundamentals of Mathematics—Algebra | 


S51. 


52. 


53. 


34. 


55. 


56. 


(a 


we 


(a) 


(b) 


=> 


=> 
=> 


fis an increasing function and continuous function for 
allx e R. 

f(i-) > — © and f(~) > o. 

So by IMVT, f(x) takes all real values exactly once, so 
dexactly area € R. 


fia) = 7/5 
ered ands Lx 
x+l soy 1 1 
Fae ae > x+-= 
x yo A papa 
x 


x + 1/x € (-00, -2] u [2, «) 
yr l/y € (—00, 2] VU [2, 00) 


l  €[-12,0)V@, 12] 


yr 
y 


xt+1/x= 


has no real solution (no ordered pair 


yr 
possible). y 


(x —y) (x + y) (2 +3) = 4947277) 

x—-y,xt+y,x>+y have same purity. 

So L.H.S. divided by 8 where as R.HS. is not dividing 
by 8 only by 4. 

So no integer solution. 


Considering quadratic in x, x7 +(y+2)x+1l—-y-y’=0 
Now x to be real D > 0 

y ray te Alyy) 20 

5y’ + 8y 20 

y(S5y + 8) 20 => ye (-~, -8/5] U (0, «) 
can’t lie between —8/5 to zero. 


a, b, c non-real unequal rational numbers, then abc?x? + 
2(3a? + b*)cx — 6a* — ab —- 2b? =0 

Let 3(3a? + b*) = k and ab = m, so equation becomes 
mex? + kex —(k +m) = 0 

D = kc? + 4mc? (k + m) 

= ¢7 (kK? + 4km + 4m?) = c? (k + 2m) 

D 1s perfect square of rational numbers and coefficients 
are all rational so roots are both rational. 


D=(a—3) + 4(a+2)(2a—1)=9a’?+ 6a+1=(3a+ 1) 
So equation has rational roots for all rational values of 
a except of a = —2. 


x hax l= 0 (1) 
x*+ax+1=0 (11) 
era rx — 0 (111) 


From Equation (1), (ii) and (111), we get ax” + (1 —a)x-1 
=0 

Let a be the roots common a? + aa + 1 =0 

at +aa+1=0 > a'-a=0 

a=0, 1 

If « = 0 is never true 
a= 1 => Piet l= 
a=-—2 


57. (b) 3° = |sin x|, x €[-27, 27] 


58. 


59. 


60. 


The graphs of y = 3° and y = |sin x| drawn on same 
frame of reference are as shown below. 


¥ 


Clearly, there are 8 roots. 


(d) a,b,c Ee R,az#0 


=> 


ao is a root of ax* + bx +c=0 (1) 
and B is a root of a’x? — bx —c =0 (11) 
andO0<a<f. 

?e+b+ce=0 (iii) 
and a*B? — bB -c = 0 (iv) 


Adding equation (111) and (iv), we get a*(a”?— B’) + b 
(a — B) =0 

a(a+ B)+b=0 
b=— a’ (a +B) 
Similarly 

ax + 2bx' + 2e='0 
a’x? —2a* (a+ B)x+2c=0 

If y is its root, then a? y* — 2a*(a + B) y + a? (a? — B?) + 
b(a + B) 

a? y? — 2a? (a + B) y + a? (a? — B*) — a? (a + B)?=0 
y?—2 (a+ B) y + (a? — B*) — a? — B?- 208 = 0 

y?— 2(. + B) y— 2B? — 2a = 0 


= 2(a t+ B)+J4(at+ BY +8(B’ +aB) 


2 
y= (a+ B) tio? +f? +208 +2? 20p 
y= (a+ B)tJa’? +3p* +4ap 
y= (at Bt J(a+flat3f) 
y= (a+ B)+ f(a + Bat3f) 


Such that a < B <y 


("a #B) 


(c) x?-2 bx cos A + (b? — a’) = 0 (1) 


=> 


=> 


=> 


2 bx cosA =x?+ b*- a? 
x’ +b? —a’ 
2bx 
c? +b° —a’ 
2bc 
one root of (i) must be c 


cos A = 


Also cos A = 


(a) Let a, B be roots of x* + px + pr =0 


B, y be roots of x? + gx + rq =0 and y, « roots of x? + rx 
+ pq =0 

Clearly (a) (By) (y &) = (pr)(rq)(pq) 

(aBy)’ = p’q’r’ => (aBy) = tpgr 


61. 


62. 


63. 


64. 


65. 


66. 


(b) a* + 2a, 2a+3,a*+3a+ 8 will be the sides of A, if sum 
of two sides > third side 

a+ 4at+3>a’*+3at+8>0 (1) 
a+ 5at+11>a?+2+2a>0 (11) 
and 2a*+ 5a+8>2a+3>0 (111) 


= a> 5, ae(—4,-2]u (0, 2),aeE [=] 


=> aeé(5,0) 


=> 
=> 


(a) a, B are roots of x7 + px + q=0 
a+pB=-—pandaB=q 
a‘, Bt are roots x? -rx +5 =0 
a4 + Bt=randatt=r 
Equation of x? — 4gx + 2q*-r 
D = 16q* — 4(2q — r) = 8q? + 4r 
= 8028? + 4 (a4 + BY) = 4(a? + BY 
=4(a+ BY -2aPyY>O0ifopeR 
= 4(2R(a))* — 2 |a|*)? if a, B non real 
So D = 0, so roots are real. 


1 + je* — 1] = e* (e* — 2) 
Case (i): for x > 0; 1 + e*— 1 =(e") —2e 
=> (e) —3e 
=> e=3ase* #0 => x=In3>0 
Case (ii): for x < 0; 1 — e* + 1 = (e*)? - 2e 
(e*)? —e*-2=0 => (e-2)(e+1)=0 
e*=2Zase*#-] 

= In2 > 0 and hence rejected 
There is only one solution x = 


(b) 


"UUY 


In3 


(b) Given equation x? + 2 ax + b=0 
ja — B] <2m, D>0 
JD < 2m, 4a? — 4b > 0 


= 
=> 
=> 4a°—4b< 2m, 4a? —4b>0 
=> 4a’*—4b<4m’,b<a 

=> b2a’-m’,b<a’ 

=> bela? —m*, a’) 


=> Ax’ + By —Cz?=1 (1) 
=> Ax’ -By+C2= (11) 
and — Ax? + By + Cz*= 1 (111) 
Adding (1) and (11), we get 24x” = 2 
1 


= ye 2G: 
A 


Adding (i) and (111), we get y* = 


(iv) 
1 
—=)’ v 
- (v) 
Using (iv) and (v) in (411), we get Cz? = 1 + Ax” — By’ 
2 


> 7= a 
Cc 


xr =a,y = b*, z= Cc’ satisfy the equation (1), (11) and (111) 
=> x=ta,y=+b,z=xc gives us (8) triplets (x, y, z) 


=1+1-1=1 


(b) Given equation is x” 
=> x —-2a(x-a)-3a 
3a’ =0 forx<a 
=> x-—2ax-a’=0 forx2=aand x + 2ax— 5a’ = 


— 2a |x — a| — 3a*=0 
= 0 for x >a and x + 2a (x—a) — 


0 for x <0 


67. (d) Given equation is |2x + 3| + |2x — 3] 


68. 


69. 


70. 


Theory of Equations < 5.123 


(x — a)* = 2a? for x = a and (x + a) = 6a? for x <a 
x=a +J2|a|forx>aandx=-—at+ V6|a|forx <a 
a <0 (given), |a| = — 

> x=a +,/2 a forx>aandx=-a +J/6a forx<a<0O 


-Uy 


> x=a (1-2) forx>aandx=a (Jo -1) forx<a 
Possible root of given equation is x= a (1-2 )asa<0 
= px +6 
Case (i): For x <— 3/2 
=> —2x-3-2x+3=pxt6 
=> (4+ p)x=-6 
= unique solution for every p #—4 


Case (ii): ape 2 

2 2 

=> 2x+3-2x+3=px+6 

=> px=0 

=> x= 0 3f # 0 1.e., unique solution for p # 0 and x 


—3 3 
e€|—,—|forp=0 
, Pp 


i.e., more than 2 solution for p = 0 
Case (il: x>=, 2" +3 + 2x —3 = px +6 


=> (4-p)x=6 

= unique solution V p #4 

(d) f(x, y, Z) = xyz (4d — ax — by — cz), where a, b, c, d>0 
(constants) and x, y, z > 0 (variable) and 4d — ax — by — 
cz > 0 
ax, by, cz, 4d — ax — by—cz>0 
By A.M. = G.M. we have (ax.by.cz ) (4d — ax — by — cz) 
2 i titers (id orb) 
‘ 4 


=> (abc) (xyz) (4d — ax — by — cz) < (d)* 


=> (xyz) (4d-—ax-—by-—cz) < 


abc 


(d) a+BP=-p,aB=qg,0'+ P=r,a*. B=s,azB 
Now Disc. of given equation = 16g’ — 4 (2q* —r) 
= 8q7 + 4r = 8078? + 4 (a* + B*) 
=4 (a? +B? 2 >0 

= Two real roots and product of two given equation = 
a’. B’ 
= 24° —r=2 (ap) — 
= —[oat+4—202P?] 
=—(o’?- PB’ <Oasa#fBh 

= Roots will be are of opposite signs. 


(at + B") 


1 
(b) cos? — = ___4.=__V* =_ 


is <a 
> — 
2 2D 


=> orb —1, ap = 


will also be a root 
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71. 


72. 


(c) 


(c) 


y 


Y UUUYY= 


Required equation is x” 
tox P bx Fe —0 
1 


age == Oj awhishisideateal 


b=-l,e=— 
8 
I+a@ 1l-a+2a _ n 2a 
l-a@ l-—@ l-—@ 
2 p 
Equation having its (et I ae wit d 
l-a’ |- B l-r 


can be obtained by replacing x by y such that 
ya ee => (y-1)(1-x)=2x 
—x 


yv-l=@2+y-1)x 


3 
5 tae = ae. ec - = —1=0 
yl yt+l yt+l 


1e., (vy—-3% -W-1Wvt+1?-@+1yP= 
1e,-y—7’+y-1=Ooryt+7yv’-y+1=0 
lta | aa Pia 4 SCD. 7 
(6 Ian ieee 
2 

pr eee Reali es mk 5 

cos— — sin — 

2 
cos’ @ 


2x? -4x—7|<1+ 


1 costo 

Ss @ “) 
cos — — Sin — 
2 2 


|2x* -4x-—7| <1 A Sak aie 
aoe 
2ig 4 en 
= 1+ is ——4 = 1+] tan( 24) (i) 
4 cri 4 4 2 


Now, ey ne ae 
2 2 4 2 4 


=> rian( +5) € [0, 0) 
4 4 2 


ee wtan{ 242) e{1,2,3,...3 
4 \4 2 


Inequality (1) holds if |2x? -4x—-—7|<1 

—] <2x*-4x-7<1 

2x? — 4x —6 > 0 and 2x? —- 4x -—8 <0 

x’ —2x-—3>0 and x” -2x-4<0 

(x + 1) (x—3)>0 and x e(1-¥5,1+5) 

x € (-w,-1)U(3, 0) andxe (1--V5,1+5) 


e(1-¥5,-1)U(3,1+V5) 


73. (a) ab,c,xyzER 


YUUYUYUTUY 


GSD 6s NO ny ee = 


at+b+c 
——— =1( (say) 
Z+y+z 


Consider (a — xt)? + (b — yt) + (c —2t/ 20 


O. ax by en = 12, 


(Ptyt 2) —2(axt+ by+cz)tt+(a*?+b?>+c)20 
Disc. < 0 
4(ax + by + czy — 40 + y+ 2”) (a? + b? 4+ 0?) <0 
4(12)* — 4 (9) (16) <0 
Disc. = 0 
(2° + y+ 27) P —2(ax+ by+cz)t+ (a+ b?+c?)=0 
9? — 24t+ 16=0 
(3t-—4)=0 — a 

74. (b) Let a be the common root of 3x? + ax + 1 =0 and 2x? + 
bx + 1=0 
307+ aa+1=0 (1) 


y 


y 


207+ ba + 1 =0 


3 
aa — Lorn ee @) 
2 2 


[o—S}a ae 
2 2 


(il) 


From (i), we get 3 


1 \ 1 
+a +]=0 
a (| 


=> 3+ a(2a-—3b)+ (Qa—3byr=0 
=> 3+2a’?-—3ab + 4a’? + 9b? -— 12ab = 0 
=> 3+ 6a*+9b?—- 15 ab=0 
=> 1+2a*+3b*-5ab=0 
=> 5ab—2a’-3b*=1 
75. (c) a, b,c € R such thata+b+c=0 (1) 


=> 


76. (a) Let fx) = a(x— a) (x- 


=> 
= 


Given quadratic equation is 3ax” + 5bx + 7c = 0 

Disc. = 25b* — 84 ac (11) 
From (i), ax? + bx + c= 0 has areal root x = 1 and hence 
both real roots 

b? —-4ac =0 

Now, from (ii), Disc. = 4b? + 215? — 


(111) 
84a 


= 4b? + 21(b? — 4ac) > 0 (using (11), otherwise D = 0 
a=b=c=0 
Given quadratic equation has a real and distinct root. 


B);a>0 

g(x) = bx — Bx — y); b > 0, A(x) = cx — y) (4 — a); e > 
O,a4 By. 

F(x) = fix) + g(x) + h(x), then F(a) = g(a) = b(a — B) 
(a — 7), A(B) = A(B) = e(B — 7) (B— &) and F(y) = f(y) = 
a(y — «) (y- B) 

Without loss of generality leta<B<y 

F(a) > 0, F(B) < 0, Fly) > 0 

F(x) = 0 has one real root between « and B and other 
real root between B and y 


77. (b) fx) = 2x* — 3x? - 12x +a=0 


Sf (x) = 6x? — 6x— 12 


f(x) =0 => x-x-2=0 


78. 


79. 


80. 


81. 


82. 


— 


=> 
=> 


(d) 


“YUUY 


a 
or] 
— 


YVUUUY 


=> 


(c) 


y 


=> 
=> 

(b) 

=> 


=> 


— 


(c) 


=> 


@—2ixerlh=0 => x=—blorx=2 

For real and distinct roots, {—1) > 0 and f(2) <0 
(-2-—3+12+a)>0and (16 - 12—-24+a)<0 
a>-Tanda<20 > aeée(-7, 20) 


V—x? +10x-16 <(x—2) (i) 
For above inequality to hold R.H.S > 0, 1.¢., x >2 
Also, squaring (1) gives, 0 <— x*+ 10x-16<x-—4x+4 
2x*-—14x+20>0 and x?-10x+ 16<0 

x? — 7x + 10x > 0 and (x — 2)(x — 8) 

(x — 2) (x — 5) > 0 and (x — 2) (x - 8) 

x € (-0 , 2) U(5, 0) and x € [2, 8] andx € (2,0) 
Finally, taking intersection, x € (5, 8] integer solution 
are 6, 7 and 8 1.e., 3 in counting 


x? + ax — 3x —(a+ 2)=0 has real and distinct roots. 
Disc. > 0 

(a—3)+4(a+2)>0 

a*—2a+17>0 

a*—2a+1+16>0 
(a—1)*+ 16>0 which is true Va e R 


2 
+1 l 
Now, e =1-—~——;aeER 


a’ +1 a’ +2 
e € ee 
a’ +2 2 


1 l l l 
= <|-3.0) => Is e|—,1 
a’ +2 2 a’ +2 2 
a’ +1. 


ee 
ar eee) 


Now, a7 + 2 €[2,0)=> 


Minimum value of 


a 


(a—1)x-(at+1)x+(a-1l20Vx22 
Fora=1,-2x20Vx<2 
az#zl 
a>landf’(~)20Vx22,f(2)20 
2(a-—1)x-(a+1)20V x22, f(2)20 
2(a— 1)x2(at+1)Vx22,3a—720 

. at+l 

2(a-—1) 


Lai Spee 
2(a—1) 3 


Vx22,x2 : 


a+1<4a-4,a2—3a>1 
5 7 7 
az>—-;a2=—-;a>1> aé|—,o 
3 3 3 


Let f(x) = ax? + bx +e 


Kx) >OVxeER 


Disc. < 0 => b*—4ac<0 

a(x) = fix) + f'"(x) +f") (given) 

g(x) = (ax? + bx +c) + (2ax + b) + (2a) = ax* + (6b + 2a) 
x+(2a+b+c) 


Its Disc. = (b + 2a)? — 4ac (2a + b+ c) = (b* — 4ac) — 


A4ac* <0 
g(xy)>OVxeER 


By given condition, D <0 
b? — 32a <0 => b’-32a 


Theory of Equations 


2 2 


=> 2a>— => ee ane ee 
16 16 


=> Minimum value of (2a + b)is—4 


SECTION-IV: (ONE OR MORE THAN ONE ARE CORRECT) 


1. (a), (b) a>0,b>0,c>0 


pie ape SO 
a a 


= Both roots are negative or both are imaginary with their 


negative real parts. 


2. (b), (c) a, b, careinG.P,a,c>0 
Disc. = b? — 4ac = ac — 4ac 
=—3ac<QOasa,c>0O 

= Both roots will be imaginary. 
Let b = ar, c= ar’ 


> arvrtarxtar=0 D> x4+rxt+r?=0 


—rt+Vr? —4r’ 


— ae 
2 
—rt _1+./3; 
= ee rrtev3 => .¢,b=r 1+ V3i 
2 2 
‘ a 
=> a, B=1o0, ro’ => yore 


3. (a), (b) + 2x7 + 2x+1=0 
Se + bye 2 Gt TH 0 
=>. Wt Die rx Dp =0 
> x=-—lorx=0,0? 
=> x=-—1, does not satisfy 1 + x8° + x18 = 0 
=> x=, and x= o’ satisfy 1 + x? + x18 = 0 


4. (a), (c)a>0, log,,atlog,a’ +log , a° =0 


loga 2loga 3loga | 
logat+logx logx 2loga+logx 
= a z a C..a#l) 
logat+logx logx 2loga+logx 


= 6 (log x)? + 11 (log a) (log x) + 4 (log a)? = 0 
=> (2logx+ log a) 3 log x + 4 log a) =0 
=> x=a ox =a? 


S. (a), (b), (d) 
Let g(x) =3xX°+x-Tx+iKr 
If X = 0, 3x7 + x? — 7x =0 
=> x(3x°+x-7)=0 


~1+ 
=> gente eve 
6 
ye oe ee Ga od 
‘ 6 6 
If f(x) = 3x° + x* — 7x 
= JQ) =O Fax 7 
“ f(x) =0 


> x= 1, cl 
9 


< 5.125 
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ti Alsoo?+?=1 => (a+ BY 20 =1 
9) 243 + |—|-2==1 Bs OO 
a a a’ 
¥ 
=> bb =3a’ 


=> |b) < V3 |al<|al=le 
=> |b] <|al, |b| <|c 


8. (a), (b), (c) 3ax*? + 2bx +c =0 
Let f'(x) = 3ax? + 2bx+c¢ 
=> f(x) =ax>+ be +cxt+d 
=> f0)=dandfl)=at+b+c+d=d 
(.a+b+ce=-0) 
By Roll’s theorem f (x) must have at least one root in 
(0, 1) 


9. (a), (b), (c), (d) Clearly f0) = c <0, 
Being two real roots, b? — 4ac > 0, f(-1), f\.1) < 0 
=> a-bt+ecatbt+c<90 


=> at|b|+c<0, Also f-2), f2) <0 
If we transform the graph in upwards direction from the => dat2\bl+c<0 


er 7 
situation g(1) = 0 to g se = 0 1.e., as shown below. 10. (a), (b), (c) Since f(x) is a biquadratic with leading coef- 
ficient positive. 
It has either no root real i.e., f(x) > 0 Ve R or at least two 


real roots 1.¢., f(x) < 0 at least for one real x. 
Note that f(0) = —2 <0 
=> fx) would have at least 2 real roots for every c € R 
11. (a), (c), (d) (a? + b?)x* + 2x(ac + bd) +c? +a=0 
D = Afac + bdy — 4 (a? + Bb) (c? + a’) 


= Afa'c? + B & + 2abed — arc? — bc? — b’ a — a’ — 


When g (1) = 0 —~3+2%=0 b’c*} 

= =3 =—4{(ad)’ + (be)’ — 2 (ad) (bd)} 
ey. z 7 =—-4 (ad — bey <0 
When g (Z| ae st os @ = Roots are real iff. D =0 
833 833 12. (b), (c), (d) (ab — bc) x + (be — ca) x + ca — ab = 0 has 
es 743 => he — clearly x = 1 as roots, so it has equal root 
= Both roots must be 1 
6. (a), (b) If0<a<b< ; => Option (a) is false and (b) is correct 
Sum of roots = — <0; Product of roots = *>0 Preducterieore 1S — ab 
eee ae ab —be 

= Roots are imaginary with their real parts negative and ee 

as they occur in conjugate pairs => J2ab=ca+ bc= a ; — 

tae pee at 
=> |a|=(|Bl anda, B= = ->+ oe => a,c, barein HP. = option (c) is correct 
; => ee in A.P. 
gnc e. = ac b 
=> jal = |B] = — >lasc<a 
13. (a), (b), (Cc) a +2b+ 4c=0 
7. (a), (b), (c) Let f(x) = ax + bx+e 
Let a + iB and — be two imaginary roots but KA/2) = al4 + b/2 + = 1/4 (a + 2b + 4c) = 0 
1 a+ => x= 1/21s one root 1.e., positive root 
= =a +if = Atleast one positive non-integer root and so other root 
ae cannot be irrational, if coefficient had been rational but 
1. a-ip > +P = given the coefficient are real numbers. 
at Pp .. D=b* —4ac 


Product of roots=1 > <=1 Aes _ 16c” Ba iene ar 
a — 215.2 ee 
=> cma ( 2 ) 4 " 2 


14. 


15. 


16. 


pp oe 8 
Roots are given as x = 2 
2a 
_ 4c-—a-2b (2b+4c-a) 1 51 
Ag Aa a ae! 


Other root can be irrational, if b/a is irrational e.g., b = 
av2 


(a), (b), (d) x* — 2x + A = 0 has roots p, qg 


ptq=2 (i) 
pq-A (ii) 
x?— 18x+B=0Oandr,s are roots 

r+s=18 (111) 
rs=B (iv) 


pB@ar,sareinA. Pandp<q<r<s 
Also from (i) and (111), we get (r — p) + (s — q) = 16 
=> 2d+2d= 16 => d=4 
=> qg-p4.r—-p+s.s-—pri2 
ptq=2 => ptqt+4=2 
2P 22 => p=-l 
=> p= lg = 39> Ls a 11 
=> A=-3and B=77 


(a), (b) x? — 2x + sin’a = 0 
=> »-2x+1=1-sin’a 
=> (x- 1)?=cos’a 

=> x-—l]=+cosa 

=> x=1+cosa 


= x=2sin?= or 2cos? = 
2 2 
=> x€ [0,2] <[-2,2] 


(a), (b), (c), (d) x* — Gn — 3) x° + m= 0 (1) 
Letx’=y 
y—(m—3)y+m=0 (11) 
(a) Equation (1) has no real root if equation (11) has both 
roots negative 


= D20,f0)>0, <0 
2a 
(m — 34m 2 0 and m>0, "= <0 


m—10m+92>0andm>0,m <3 
(m—1)\(m-—9)>0,m <3 
m é€ (0, 1] 


(b) Equation (1) has four roots, and then equation (11) has 
both root positive 

=> D20,m E(-~, 1] vu [9, «) 

=> f[(0)20,m20 

=> sa >0,m-—3>0 
2a 

=> me[9,o) 

Similarly no real root ifm € (0, 9) 

if m = 0, then x* + 3x? =0 

(x 3) = 0 


=) => x=0 


17. 


18. 


19. 


1. 


Theory of Equations < 5.127 


(b), (c) ax? + 2bx + b = 0 has imaginary root. 
D = 4b? —4ab <0 => b(b-a)=0 
Then, bx? + (b-c)x+b-c-a=0 
D=(b—c)y —4b(b —c—a) 
= b*+c?—2be —4b* + 4be + 4ab 
= c? —3b*—2be + 4ab 
= (c? + b? + 2bc) + 4ab — 4B? 
=(c + b) +4 (ab — b’) 
D>0VabceR 
= Roots are real and unequal V a, b, c, € R 


(b) (a+ c—b)x’?+2cx+(b+c—a)=0;a, b, c € Rand dis- 
tinct and (a + c — b) #0, (given both roots « and f rational). 


=> at+fPp= za Osan wpe ee 
b-c-—a a+c—b 
=> EQ => EEG 
b-a_, 
C 
C 
=> € 
a—b g 


Now, consider the following counter example 
Let c =3,a=V3,b=2+3 
Clearly, D = 4 (2) = 16 1.e., perfect square of rational 


c 3 b 2443 
~ bo " e-a =a 
Now, given equation becomes x?+ 6x + (5) = 0 
=> 4+ 1 @+5)=0 
Clearly, both roots are rational. 
Thus if both roots are rational, then it is not necessary 


is rational. 


that a, b, c are rational and 
c-a 


(a), (b), (d) The system of equation x* + 2x + k <0 and x* — 
4x — 61k <0 have unique solution. 


xE |-1-vi-k,-1+vI-k | and x 


e|2-/4+6k 244+ 6k | , both solution set have only 
one common element 

-1+ Vl-k =2-V4+6k 

Vl-k +V¥4+6k =3 

1-k+4+6k+2V1-kV4+6k =9 

2V1-kV4+6k =4-5k2 

4(1 — k) (4 + 6k) = 16 + 25k? — 40k 

4(4 + 6k — 4k — 6k*) = 16 + 25k? — 40k 

k(49k — 48) = 0 

k = 0 or k = 48/49 


SECTION—V: (ASSERTION AND REASON) 


A: Given cos? * isa root of x7 +ax+b=0 (1) 


8 
cos 2x = cos? x — sin? x 


=> cos2x=2cos*x- 1 


5 1+cos2x 
=> cos’x= —— 
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y 


y 


WY YU Fe UY 


y 


\ 


=> 


=> 


“(ab laa 


By (i), we get [cos =) +a{ cos =) +b=0 


l 


Z tse tal 54 |45=0 
4 8 2/2 \2 22 
3 a 1 
b+—+— [+ a+1)=0 
( 8 4 rh ) 


1 ae 
(a,b) = [-u.2] => assertion 1s correct. 


R: a + mb = 0; mis irrational 


mb => rrational. 
a + mb = rational 
a=Oand b=0 => Riscorrect 
option (a) 1s correct. 

1 , 
Given that ix? + (i- 1) x- a i= 0 has imaginary roots 
Discriminant of the equation must be negative 

1 

(i-1) +4 5+] <0 


Which is true iff 7? + 1 — 27 + 27 + 477 <0 
4i? <0 => -4<0, which is true 
= Imaginary roots => Assertion 1s correct 


: —] 
a=i1,b=i-—landc= =o 


6 dae = — 19 -4i( 21) = P+ 1-21 +244 a 


Which is not subject to order relation 
Reason is incorrect => option (c) is correct 


Let us assume f(x) = ax’? + bx +c 
K2) =4a+2b+¢ 

K4) = 16a+4b+¢ 

K2) + f4) = 20a + 6b + 2c = 0 


10a + 3b+c¢=0 (1) 
Given that f(1) = 0 
a+b+e=0 (11) 
Equation (1) — (11), we get 9a + 2b = 0 
a 2 a, 
rs (111) 
Sum of the roots of f(x) = 0 

b 
=1+root -2= -— 

a 


9 
=1+ root -—-2= — 
2 


mI 


Y v 


YU 


YRPUUNY 


=> 


> f(x) = px’ + qx tr; 


= root —2 = aon a = 3.5 
2 2 


The other root is 3.5 = Assertion is correct. 

(x) = px* + qx+r=0, if a is the root 

po? + gqatr=0 (1) 
Similarly pB? + gB +r=0 (11) 


Equation (1) — (11), we get p(a? — B*) + g (a — B) = 0 

p(a + B) (a — B) + q(a—B)=0 

(a—B) (a+ B)p+q)=0 

Taking the case of distinct roots 

(a+ B)p+q=0 

S05 b= = il 
P 

Similarly BG) — a(i1) = 0 

pa’ B-p Bra+r(B-a)=0 

pap (a -B) +r (B-a) =0 

(B — a) (r — pap) = 0 

Again taking the case of distinct roots B + a 

r—pap=0 


r 

ap = — = Reason is correct. 
14 

option (a) is correct. 


pareR 

Given that f (1) <0; f( 1) <0; 0) =r>0 

This means one of the roots say a 

—1<a<0 and the other root B 

0<B<1 

[x] =—1 and [B]=0 > [a] +[B]=-1 

assertion 1s correct. 

f(a)f (b) < 0 

f(a) and f(b) have opposite signs 

Between a and 6 iff the function continuous, then it 


must cross the x = 0 axis 


=> 
=> 


. AS 


y 


oi J Y 


YVYruy 


There lives one root of f(x) 1s (a, 5) 
Reason is correct = option (a) is correct. 


ax? + bx + ¢ =0 

2x7 + 3x+4=0 

Given that they have a common root. 

Let the common root be a but since the roots of 2x? + 
3x + 4 = 0 are imaginary 


Both roots will be common 
ag => abic=2:3:4 
2 3 4 


assertion is correct . 
Roots of 2x? + 3x + 4 are imaginary as D = (3) — 4 (4) 
QHoa32-==23 20 


Roots are imaginary => Reason is correct 

option (b) is correct. 

oa, B are the roots of equation x” + 2 (a—3)x+9=0 
The roots of this equation lie on either side of 6. 

D>0 => fk<0 
D=4(a-3)y—36>0=4 (@ +9 —- 6a) — 36 > 0 = 4a? 
+ 36 —-24a-—36>0=a(a-—6)>0 (i) 


fo) <0 


> 


Ss BEA 9G 36 RO<0 

=> 36+ 12a-—36+9<0 

=> 12a+9<0 

=> a<-3/4 (11) 


By (i) and (11), we get a < — 3/4 
assertion is correct 

fx) =x° +2 (a-3)x+9 

(6) = 364+ 12 a—36+9 

f(6) <0 => 12a+9<0 
a < —3/4 

Reason is correct 


2 | 


=> option (b) is correct 


er UUY 


Let us considera<b<c<d 

Kx) = (x — a) (x-€) +3 @— 6) &- dd) 
fla) = 3(a — b) (a —-) 

a—-b<0O 

a-d<0O 

= f(a)<9 

Similarly, 

fib) = (b -—ajy(b —c) <0 

Ke) = 3 (ce — be — d) <0 

Kd) = (d-ayd—c)>0 

Let us plot the values that f(x) takes in (a, d) 

This means f(x) changes sign from a to b and c to d 
Real and distinct root 

Assertion is correct. 

if (A). () > 0 

J{x) crosses x-axis between i and yp at least once. This 
means there exist a root between A and wu. 

=> which is true = Reason is correct 


Yru y 


PUY UU yuey 


= option (a) 1s correct. 
> fix) = x° — 3x + 4x° + 3x? + 4, changes in sign of f(x) x® 

>xandxr 75x =2 
Similarly, {—x) = x° + 3x° — 4x° + 3x’ + 4, changes in 
sign of f (—x) =x > x and xX 5 x= 2 
Minimum number of complex roots = 6 — (2 + 2) =6—4 
= 2 

= Assertion is correct. 

R: f(x) =x°—3x + 4x° + 3x* + 4, we have already proved in 
(A) that there are 2 changes in sign of f(x) x° > x and 
x — x but to explain the assertion we need to account 
for sign changes of f(—x) also 
option (b) is correct. 
For (2A — 1)x* — 4x + (24 — 1) = 0 to have real roots 
Dz=0 
16-4(2,-1720 => 1624(2A-1) 
(27-1)? <4 > he = 
Greatest possible integral value of A = 1 
Assertion 1s correct 
For real roots of ax’ + bx +c 
D = 0; which is correct. 
Hence reason is correct 

= option (d) is correct. 


10. 


11. 


12. 


13. 


Theory of Equations < 5.129 


A: Consider the equation H(x) = a (x — b) (x-—c) + b(x-c) 
+ c(x — a) + c(x — a)(x — b) 
H(x) = x? can be rewritten as H(x) = x? (a+ b+e)- 
2x(ab + be + ca) + 3abe 
H(x) =0 

2(ab+bc+ca) 

at+b+c 

3abc 

at+b+c 

It is given thata + b+c>0, buta<0 

abe <0 

Product of roots < 0 

Roots can’t be both negative 

Assertions is incorrect 

If both roots are negative say a <0 and B <0 

ap > 0 > at+Bp<0 

Reason is correct = option (d) 1s correct. 


Sum of roots = 


Product of roots = 


e UURUYUUUYG 


a+b>+c—3abce=(at+b+c)(a* +b? +c—ab—be—-ca) 
Given a? + b? + c —3abc = 0 

a+b+c=(as the other factor is a perfect square which 
cannot be zero unless a= b=c 

a+b+c=0 

K(x) = ax* + bx +c=0 

J) =0 

1 is one of the roots. 

If the other root is negative r 

=> 1+r=-bla 


y 


YY 


a+c c 

=>. Lr= =l1+— 

a a 
C 
— a 
a 

= £<0 , but there is a possibility that c and a have the 
a 


same sign. 


= Assertion 1s incorrect. 

R: If roots are of opposition nature says a > 0, B < 0 

=> |ja+ B) 20 and af <0 

= Reason is correct = option (d) 1s correct 

A: fx)=a,xtt+a,x+a,x°+a,x+ a, 
Now, fl) =a, + a,+a,+a,+a,=(1-4+6+7-—10) 
=0 
fl) = 0 => lisa root of f(x) 


Now degree of f(x) = 4 


=> At least one more real root will exist 

=> At least two real roots exist 

= Assertion is correct 

R: f(x) = ax’? + bxt+e¢ 

= fly=atbt+ec => fl)=at+bte 
=> atb+e=0 => lisa root of f(x) 
= Reason is correct = option (a) is correct 


Ae fey = 2x 1 a Ie = 0 
f(x) is an even degree polynomial with positive coef- 
ficient of highest degree, then f(00) + f(—00) = 0 

=> lim f (x) >0 


5.130 > Fundamentals of Mathematics—Algebra | 


14. 


15. 


16. 


17. 


lim f (x) =>0 
flO) =—5 


= There are at least two real roots 
= Assertion is correct 
R: f(x) =ax+ bx+e 
= Reason is correct 


A: f(x) = ax’ + bx +e 
D= 6b? =4ac 
Suppose roots are rational. 
Let b? — 4ac = d’, since a, b, c are odd 
=> dwill be odd 
Now b?- @ = 4ac 
Letb=2k+1,d=2m+1 
b*— d@& =2 (k-—m) (k +m — 1) but either of (K — m) and 
(k + m-—1)1s even 


=> f(x) has real roots 
=> option (b) is correct 


y 


=> b*-—d isa multiple of 8, but 4ac is multiple of 4 
= Roots of ax? + bx + c cannot be rational 
= Assertion is correct 
R: As proved above as b? — d@ is a multiple of 8 
= ifthe odd number cannot be written 8m + 1 
= b*—4ac is not a perfect square => b*-— 4ac + d@* 
= Reason is correct = option (a) is correct 
A: f(x) = (x«- a) (x-c) + (x — b) (x- a) 

fla) = Ma — b) (a -d) 

ifA<0 => fla)<0 

Similarly fic) = > 0 

Kb) >0 

Kid) < 0; which has real — roots by the Roll’s theorem 
= Assertion is incorrect 
R: ax’? + bx +c=0 has non — real roots iff D < 0; which is 

correct 
= option (d) is correct 
A: Let x,, x,, x,, x, be 4 roots of the given equation 
> X, Tx, tx, tx, =—p 
=> X,%,%,%,=8 

= a (s)"*=-p>4 (5)1/4 

4 
HLM. of x,, x,, 5, x, = a 
s 
SineAM>HM —2>2‘5 
4 r 

=> -—pr2- 16s => pr—l6s<0 


= Assertion is correct 
R: AM. — -GM. = Jab 


Clearly A.M = G.M V positive numbers 
= Reason is correct = option (b) is correct. 


A: For an equation to have real roots clearly A > 0, if one 
of the equations has real roots. 

= A,20or A, 2 0 atleast, but there is a possibility A, < 
and A, 20 

= Itis not necessary that A, + A, 0 


Assertion is incorrect 
A, +A, 20 
If both A, <0,A,<0 
> ATA, eqnnet be greater than zero 
This means that at least one of A, and A, must be greater 
that zero 
= Reason is correct 


Z| 


= option (d) 1s correct. 


SECTION-VI: (PASSAGE) 


Passage A: 


x* — 12x3 + 2bx? + 3cx + 81 =0 

Let a, B, y, 5 be roots a+B+y+6= 12 (1) 
aB + By + YS + da + ay + yB = 25 

apy + Byd+ aBd + ayd = — 3c 

apy = 81 


A.M. of roots = — =3 


G.M. of root = (aByd)!4 = (81)'4 = 3 
= Roots are all equal =31.e.,0=B=y=6=3 


1. (c) 2b= DoaP =*C, (a) =4C, x 9 = 54 
=> b=21 
2. (d) 3c = -(afy) = — *C, (aBy) = - 427) = -108 
=> c=-36 
: =O: 18 _2 
3. (c) Roots of equation 2bx + c= 01s x = — 
2b 27 3 
Passage B: 
AC = 6N3 


By symmetry of parabola about the axis AO = OC = 
3V3 
ZOAB = ZOCB = 2/4 
AB = BC and ZABO = n/2 
=> OB = OC = 3V3, B has co-ordinate (0, -3V3) and A 
(-3V3, 0) 
=> f(x) = a(x —3V3) (x + 3V3) and f(x) = a (x? — 27) but £(0) 
= — 3v3 => -27a=-3N3 
=> a=1/3N3 


A. ys 1, 
. (a) fx) = ae rea ~ 3\3 


. (b) f»),,.. = — 3x3 
. (b) k/2 € (-3N3, 3V3) 


k €(-6V3, 6V3) ask € Z 
=>) > 109 ints el 
Number of integer values of k is 20. 


Passage C: 
7. (b) Consider g(x) — ax’?+ bx +c 


22)=4a+2b+ec 
2-2) =4a-—2b+c 
Given |25|> |4a+c| 
=> (2) and g(— 2) are of opposite sign 
= exactly one root of g(x) = 0 lies (— 2, 2) 


8. (a), (c) o(x) = ar? + bx +e 
g(-l)=a-b+c 
a. 8(-1)<0 
= -] lies between both roots of g(x) 
Also g(0) =c 
Given g(-1) . g(0) > 0 
=> No root will be in (-1, 0) 


= One root is less than —1 and other 1s greater than 0 


9. (b) Consider g(x) = ax’ + bx +c 


gl)=at+bt+e 
g(0) =e 
Given that g(1).g(0) < 0 


= Exactly one root will lie between (0, 1). Also a.f(1) > 0 


= Both roots will lie on same side of 1 


= One root will exist between (0, 1) and the other (— 0, 0) 


Passage D: 
10. (b) fx) = ax’ + bx +c 


y= f(x) 


The first conclusion from the graph is a < 0 
And f(0) > 0 => c>0 
By equation (1) and (11), we get ac < 0 


Coordinates of p= =.=] 


b<0O(sincea<0) 
ab>0Q 
be <0 
abc > 0 


11. (d) fix) = ax’? + bx +c 
=> fl)=at+bt+c=0 
K-)=a-b+c=0 
1\ a b 
—|=—+—+c<0 
(3) 9 3 ’ 
a+3b+9c>0 
1\ a b 
—— |=—-—+c>0 
s( ;| 9 3 : 
=> a-3b+9c>0 


YUUY 


y 


Y J y 


12. (b) fx) =art+ bxt+c=k 
=> ax’—bx+c—k=0 has real roots Vx e€ Z 
b+.Jb? —4a(c-k) 
2a 
= 2a has to be an integer 


= integer 


Passage E: 
Kx) axrtb xte, 
x= +b, xtc, 


(1) 
(i) 


Theory of Equations 


a, B are the roots of f(x) 
a+k, B+ kare roots of g(x) 


Least value of f(x) = wee 
4a 


] 


< 5.131 


ms a eer (1) 
From the picture below 
f(x) g(x) 
(-b,/2,-1/8) (-b,/2,-1/8) 
ie 1 7 
Minimum value of g(x) = “ig at x = a 
13. (c) 
14. (b) As stated in question no. (13) 
- fi —b, 7 —b, 
Minimum at g (x) occur when x = — but —+=— =—~+ 
=> b,= -— 
f 2 
15. (c) Product of roots of g(x) = c, 
4 8 2 
=> Do Ac = i alae eee 
2 4 
1( 49 2) 47 
= CS | 
. Al 4 16 
47 


= Product of roots of g(x) = c, = 76 


SECTION-VII; (COLUMN MATCHING) 


1. (i)>(b); (ii) >(a); (iii) >(@); (iv) >(©) 


(i) x* — a*— b* —c’*=0, this can have infinitely many real 


solutions 
(ii) fx) = 2x° —x—1=0, this clearly has a 3 roots 
“. abe<0O 
AA) =2-1-1=0 
= 1lisaroot 
b? — 3ac = 0-3 (2) (1) =6>0 
= All roots are real 
=> bc<0; b,c must be of opposite side 
=> 2 non negative roots are there 


(iii) Given that p, g are the roots of equation x’ 


x-a-l 
=> ptq=a-2 
=> pq-=-a-l 
=> pt+@—-2a-2=07°+4-4a 
> ptqd@=aw+6-2a 
=> Minimum value P? + g7=1+6-2=5. 


say a, b,c, 


— (& — 2) 
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(iv) a, B are the roots of 2x? + 7x+c=0 
a+B=—-7/2 
ap = c/2 
a’ — B’ (a + B) (a — B) 


pie S 


49 
a? +7 — 2a8 = ae 


2. (i)>(€); Gi) (a); Gii)>(b); (iv) >) 

(i) o, B are the roots of x?-3x+a=0 
a<1<fB 

=> fll)<0 
=> aé€(-o, 2) 
(ii) The equation cx? + 2bx — 3a = 0 has non real roots 
=> D<0O 
=> 4b*+12ac <0 
=> b*+3ac<0 


=> a-2<0 


Also “ <(b+c) 


=> 3a<4b+4c 
By (i) and (11), we get a € (—0, 0) 
(iii) sin’x + sinx—a=0 


Let sinx=y 
> yty-a=0 
=> D20 
=> 1+4a20 
=> eas 

4 


fd). fE)<0 
=> (1-l-a)@2-a)<0 
=> a(a-—2)<0 
=> ae€[0,2] 


By (1) and (11), we get ae 2.2 | 
ax’ +3x+4 

x? +2x+2 
x’? + 2x + 2 has imaginary roots 
x*+2x+2>0 
ax’? +3x+4<5x?+10x+ 10 
x*(5-—a)+7x+6>0 


WY UNY 


nea 
=> ae] —-0o,— 


3. (i) (c); Gi) (b); iii) (a) 
(i) Ax) =@-)@-3)tk@-2)@-4) 
=x (k+ 1)—x (6k + 4) + 8k +3 
For real roots D = 0 
=> (6k+ 4y—-—4(k + 1) (8k +3)20 


(il) 


(ii) 


(1) 


(i) 


=> 36k + 16+ 48k — 32k —- 44k -12>0 
=> kR+k+120 => k €(-0, 0) 


x-l x-1 
ii) By the question —————< —1 and —————_ > 1 
ay q eo el x -k+1 
x —-k+x = 4th 2 
x -k-+l1 x —k-+1 
=> (-k+1)(?-k-x+2)<0 (1) 
Also (x? —k +1) (Q?+x-k) <0 (11) 


Adding (1) and (ii), we get (7? — k + 1) (2x7 - 2k + 2) <0 
=> W-k+1¢-k+1)<0 
=> (x?—k+ 1)* <0; which is never possible 


(iii) The equation x* + 2(k-1)x+k+5=0, for positive and 


distinct roots 


> D>0 => 4(k-1/-4(k+5)>0 
=> k+1-2k-k-5>0 

=> k-3k-4>0 => (k-4)(k+1)>0 

=> ke (-,-1 )(4, 0) 

=> ke(-5,-1) 


- ()>(a); (D> ©; GiD>(b) 


(i) x7 +ux+v=0 has roots a, B 


> at+pPp=-u (1) 
=> ap=v (11) 
Similarly ae +y=-m (111) 
a 
elon: n (iv) 
a 


From (1), (11), (111), (’v), we get (4u + 2mv) (—2m — un) 


- (a p)-20p (2-7) | S+2r+e+0(=2)] 


= [2-2#28 52) = (4- 2yB) = (4 - vn) 
a 


(ii) x? + ux +v=0; since a, B are the roots 


=> atp=-u (1) 
=> ap=v (11) 

Similarly —-« + y=—m (111) 
> -ayrn (iv) 


From (1), (11), (111), iv), we get (un + vm) (m — u) = (ay 
(a + B) + aB (a —y)) (y-a +a + B) 
= (a? + oBy + o°B — aBy (y+ B) = — a Wy + BY = ¢ 


n—v) (11)—>(c) 

(iii) x + ux + v = 0 has roots « and B 

> at+p=-u (1) 
=> ap=v (11) 
Similarly us +yv=-m (111) 

a 

Y =n (iv) 
a 


From (i), (ii), (iii), (iv), we get (uw — mv) = (a — B+ aB 
(er) 

=> (u—mv)+ GmaG +p5 = (u — mv) (m —un) = 
(1 — yB)’ = (1 — vn)’ 


5. (i) — (b, ¢, d); (ii) — (€)5 (iii) > (a); (iv) > (b) 


(i) Roots of p(q —r)x*+q(r—p)x+r(p— q) = O are real 
and equal 
D=0 
qr — py —4rp q-r)(P-4)=90 (1) 
Also, (s + p-—q)?+(s+q-r)y=0 
=> s+p?+q*+2sp —2pq—2qst+s*+q? +r? + 2sq —2qr 
—2rs=0 (11) 
=> By (i) and (11), we get p= 0,¢ =0,r=0 
(ii) (p? +9?) -2q(pt+r)+(q* +r’) =0, for real and equal 
roots 
=> D=0 
=> Age try -A4@* +g |@tr)=0 
=> gq =pr 


=> 
=> 


(iii) The equation px? + qx + r=0 and x — 3x* + 3x-1=0 
have a common real root 
Clearly 1 is a root of x3 — 3x? + 3x-1=0 
x — 3x? + 3x -—1= x? (xe - 1) -2x-1)+@-1=@-) 
(x? —2x+ 1) 
This means 1 is also a root of px? + qx +r=0 
> ptqtr=0 
(iv) Given that gx?+ (ptr) +4q? x+ (p + Pr) is non- 
negative 
This equation has no real roots 
=> (ptry+4q’—4q (p+ q) <0 
=> p?+r?+2 pr + 4q? —4qp — Agr <0 
=> (pt+r-—2q) <0; which is possible only when p + r = 
2q 
=> p,grareinA.P. 


SECTION—VIII (INTEGER TYPE) 


. 6x? —6x + 1= 0, for the given if a and B are the roots 


a+Bp=1 (1) 
l ei 
ap=— li 
B F (11) 
Squaring (i), we get a? + B? + 208 = 1 
l 
> w+ Brz=1 an guess airy 


Required sum 
1 b 6 d 

= —(2a)—(a + B)+—(a’° + B’)+—(a@? + f° 
(2a) (a + p)+<(a? +p?) +£(a? +p) 


b cid 
=a+ —+—+— 
2 3 4 


Sum =k, +k,+k,+k,=1+2+3+4=10 


1 1 
+ =— 
x-h x-k m 


This can be re-written as x? — hx —kx + hm =m (2x -—h—k) 
By the equation -2m =h+k (1) 
(h+ky 

2 


. Consider the equation 


Product of roots = hk + m(h + k) = hk + 
_ -1(r? +k’) 
2 


=> @—Z 
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~ (a+ 1)x?+ a+7)x + (3a+4)=0 


Sum of the roots = see) 3 
atl 
=> 2a+7=3at3 => a=4 
Product of root = asd cae 
at+l 3) 
=> [p]=3 
. Consider the equation 3x? + 6X — 4 = 0. If « and B are the 
roots. 4 
Sor B22 => aaa 
2 2 
— epi. <4 > 0<2 a <2 
3 a p 
Weeds 
> 0<—_3<2 > e(-3,0) 
3 
=> a—-3,b—0 => lal+|b|=3 
~ y=4x-1 
1 
> x= yt— 
; 4 
Putting in the equation y = x” 
=> x =4x-1 
=> x-4x+1 
= The roots of the equation will be the abscissa say a, B 
> at+Bp=4 => afp=l 
2 2 
> o7+P’?=14 os, gee +P =14 
a p 


> k=14 


. If x? + bx + c=0 has real roots greater than unity 


=> b*—-4c>0 

=> fd) => 1+b+c>0 
=> bt+c>-1 => b+ce(-l,) 
= k=] 


. Ifp,g, rareinA.Ppt+r=2q 


Since D = 0 
p +r’ +2pr 
4 

p>t+r—14pr>0 
Pitsig => 
rp 

k=4 


—4pr20 


> 4/3 


= 

=> 

=> rs 
P 

=> 


. For rational roots, the D = perfect square 


=> (2a-1) -— 4a’ + 8a = perfect square 

=> 4a+1=a perfect square possible values from the set a 
= 6,12 

=> Sum=6+ 12=18 


9. p(x) = axt + bx — x? +2x4+3 


q(x) = (x + 2) @-1) 
es p(-2)— p(l) s —2 p(1) — p(-2) _ 4 


Remainde x+3 
—3 —3 
Comparing, we get —Sa+ 35+3=4 (1) 
=> 6a—2b+1=2 
=: GLb =2 => |a b= 3 
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10. 


11. 


12. 


13. 


Consider the equation 2x? + ax + a? — 5 = 0 for both roots 
less that unity 

2(2+a+t+a?—5)>0 
=> at+a-3>0 (1) 


da>-4 
and a -1+13 
2 


=> By(i)a= => 1-1 


x +mxtl 


2 


Consider the inequality 
x +x+1 


x’ +mx +1 

wie 
x +x+1 

x?>+x+1>0(no real roots, opening upwards), when 
x? +mx+1 
———— > 


a Wee 


x +x] 
=> —2x?+x(m-—3)-2<0 
=> (m—3)<16 , 
+mx +1 
= (m—7)(m+1)<Oand ~~ > - 
x +x+1 
> m+ 6m—55<0 => (m+11)(m—5)<0 
=> m €&(-1,5) => |ab|=5 
= log, 625 =4 
2 l 2x+1 
y= pe Ane at feito Pakegeal values 
x°-xt+l x4t+l x + 
2 l 2x+1 
eee > 0 
x -xt+l x+1l x +1 
2x+2—-x° +x-1-2x-1 
x +1 
2 
= 2G 
x +1 
=> AT 26 
x +1 


=> 2 E(-,-1)U [0,1] 4 =-1 


Given x,, x, are roots of x’ + 2 (k—3)x+9=0 
=> 6and 4 lie between x, and x, 
=> (6) = 36+ 12k-36+9<0 

3 


=> 12k+9<0 => his 7 


14. 


15. 


16. 


17. 


18. 


=> f3)=9+6k-18+9<0 

=> k<0 

= Greatest integral value of k =— 1 
Solving the equation in the region x < —1 


ae, § 


=> a ee ee 
2 


a le 
=> x=-—2, this is the least integral solution of the equation. 


The equation (1 + a) ¥ — 3ay + 4a = 0 has real roots. 
=> 9a*—4(4a) (1 + a) 20 


=> 9a*- 1l6a(1+ a)=0 

=> 9a’-1l6a-16a7>0 => —-l6a-—7Ta*=0 
=> a(la+16)<0 > a (a+t2) <0 
+> k | 5.0] ss. dep =0 


5* Ql = 500 = 53. Q 2/3 
On comparing ie =] ae 
x 3 
=> x=3 
4*—a2*-a+3=0 
Let2*= y 
=> y-ay-—a+3=0 
For solution (real) 
a*—4(-a+3)>0 
(a—2)(a+6)20 
Least positive integral solution 


1 x 1 vx 
372 (-) (5) >1 =. 3 72-avx >] 
3 3 


ee eae 
Letx=y’ as. Ber 53! 


=> y = (-9, 8) 
Greatest integer value = (8)? = x = 64 


Permutation and 
Combination 


Bes INTRODUCTION 


Permutation and combinations are also known as counting 
without counting 1.e., we count the number of ways without 
actually counting it. 

This chapter is concerned with various methods of 
counting and choosing. Suppose in your colony there are 
twenty-five lanes and each lane has 20 houses. Now you 
and your friend have been asked to count them up. Your 
friend goes in each and every lane and starts counting them 
one by one, but you just multiply 20 and 25 and conclude 
that there are 500 houses in your colony. With a simple 
trick, a good amount of time is saved. Likewise, suppose 
there 1s a party of 25 persons which you go to attend. The 
question is if every person shakes hand with the rest of 25, 
then how many hand-shakes will take place? 

Mr X forgot his four digit ATM access code and he 
only remembers that the digits were 1,3,5,9 (but do not 
remember the order) Utmost how many trials would be nec- 
essary to him to obtain the correct code. 

Above and all such simulating questions, can be an- 
swered by use of concepts of Permutation and Combi- 
nation. We can use “Permutation and Combination” in 
every kind of problems, where many possibilities of dif- 
ferent events exist. These concepts are now used to solve 
many problems that we come across in modern subjects 
like Meterology, Astronomy, Botany, Zoology, Software 
industries etc. 


8 COMBINATORICS 


‘Combinatorics’ is an art (or technique) of counting with- 
out counting. This involves numerous methods to perform 


CHAPTER 


the process of counting without actually counting the each 
possibility. e.g., Addition and multiplication rule, bijection 
rule, Inclusion-Exclusion Principle (IEP) etc. Here we are 
going to discuss some of the above methods in particular. 


{FUNDAMENTAL PRINCIPLE OF 


Addition rule 


If an operation W, can be performed in m ways and W, 
(which is independent of W,) is performed in n ways, then 
either of the two operations (W, or W,) can be performed 
in (m + n) ways. This can be extended to any finite number 
of mutually exclusive operations. The Addition Principle 
assumes that there are 


n, ways for the event EF, to occur 


n, ways for the event EF, to occur 


n, ways for the event EF, to occur, 


Where k >1. If these ways for the different events to 
occur are pairwise disjoint, then the number of ways for at 
least one of the events E., E,, ...., or E, to occur is n, + n, 


k 
+...4n,= Don, 
i=l 


Let A,, A,, ....., A, be any k finite sets, where & > 1. If 
the given sets are pairwise disjoint, 1.e., 4, A, = 0 for i, 


JE X,2,...,k}, 147, then 


i=] 


k k 
U4)-14 VA,VU..UA|= > ]4] 
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Example: 
mg COMPLEMENTARY PRINCIPLE : mn B 
If a work is to be done under some restriction (s), then CE) 
the number of ways of doing that work. (the total num- 
ber of ways doing the work without restrictions) — 
FIGURE 6.1 


(the number of ways to do that work under opposite 


restrictions) 


ILLUSTRATION 1: 


SOLUTION: 


ILLUSTRATION 2: 


SOLUTION: 


ILLUSTRATION 3: 
SOLUTION: 


ILLUSTRATION 4: 


SOLUTION: 


n( Am B')=n(A)—n( An B) 


There are 50 soldiers in a guard in which there are 30 Sikhs and remaining 20 are Gurkhas. The 
captain wants to select one of them as the Commander of the guards. How many different ways 
he can do it? 


There are 30 ways to select a commander from Sikh soldiers and 20 from Gurkhas. Hence the 
total number of ways = 30 + 20 = 50 ways 


There are three trains, four buses and two planes to travel from Chandigarh to Delhi. How many 
different ways a passenger can travel from Chandigarh to Delhi? 

The passenger can travel either by bus or by train or by plane. 

Hence the total number of ways = 3 + 4+ 2 = 9 ways 

Find the number of numbers from 1 to 150 (both inclusive) which are divisible by 2 but not by 5. 


Number of numbers divisible by 2 without any restriction = 75 

Number of numbers divisible by both 2 and 5 = 15 
Required number of numbers 1.e. number of numbers from 1 to 150 (both inclusive) which 
are divisible by 2 but not by 5. 


= (number of numbers divisible by 2 without any restriction) — (number of numbers divis- 
ible by both 2 and 5) (using complementary principle) = 75 — 15 = 60. 
Let A = {x:xEN &X< 50}. Find the number of ways in which ordered triplet {(a, b, c): 
(a, b, c € A)} can be chosen so that a, 5, c are in an increasing AP. 
Let the there numbers be a, a+ d, a+ 2d (with d € N) 
Ifa=1, 3<a+2d<50 > 2<2d<49 
=> 1<d<24.5 => 1<d<24 
= dcan be chosen in 24 ways 
= 24 ways to choose the tnplet (a, 5, c) 
Ifa=2, 4<24+2d<50 > 1<d<24 
Again 24 again 
Ifa=3, §<3+2d<50 > 1<d<23.5 
= 23 ways to select the triplet 
Similarly, proceeding ahead in this manner. 
If a=46, 48 < 46+2d <50; 1<d<2 
= 2 ordered triplets (46, 47, 48) and (46, 48, 50) 
If a=. 47, 49<474+2d<50, 1<d<1.5 
= only one tripled (47, 48, 49) 
And for a = 48; again only the triplet (48, 49, 50) 
Total number of triplets: 
DR IA 93 999 FO S099 ee HE 2x{ 78%25 600 


m@ MULTIPLICATION RULE 


If an operation W, can be performed in m ways and W, is 
performed in n ways, then W, and W, can be performed 
in succession in m.n ways. The multiplication principle 
assumes that an event F can be decomposed into r ordered 
events E., E,, ..., E and there are 


n, ways for the event E, to occur, 


n, ways for the event EF, to occur 


n_ ways for the event EF’ to occur. 
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Then the total number of ways for the event EF to occur 
is given by: 


r 
nxn, x..xn, =] 0, 
t=l 


Let [[4=4,x4,x..x4= {(, a,...a) la, € A, 


i=l 
i= 1,2,...,.r} denote the cartesian product of the finite 
sets A, A,, ....A,. Then 


r 


]] 4] =|4)«/4)«...«14.]=[]]4) 
i=l 


i=] 
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ILLUSTRATION 6: 


SOLUTION: 


ILLUSTRATION 7: 


SOLUTION: 


ILLUSTRATION 8: 


SOLUTION: 
ILLUSTRATION 9: 


SOLUTION: 


ILLUSTRATION 10: 


SOLUTION: 


ILLUSTRATION 11: 


SOLUTION: 


There are three trains, four buses and two planes to travel from Chandigarh to Delhi. In how 
many different ways a passenger can travel from Chandigarh to Delhi and return back? 
Number of ways of travelling Chandigarh to Delhi is (2 + 3 + 4) = 9 ways. He can return by any 
of three modes. So number of ways of returning Delhi to Chandigarh 1s (2 + 3 + 4) = 9 ways. 
Complete journey includes travelling Chandigarh to Delhi and coming back which thus can be 
done in = 9 x 9=8]1 ways. 


A conference room has 10 different entrance doors and 5 different exit doors. In how many 
different ways delegates can enter into the hall and come out once? 


Delegates have 10 ways to enter into the conference hall and since they can come out only 
through exit door. So number of ways of exist = 5 

So total number of ways of entering and exit = 10 x 5 = 50 ways 

The number of ways 1n which 6 rings can be worn on the four fingers of one hand 1s: 

(a) 4° (b) 360 

(c) 64 (d) None of these 

Each ring have 4 options to go, so required number of ways = 4° 

One has 10 different shirts, 5 different trousers, 5 different ties, 3 different pair of shoes. In how 


many different ways can he wear them if 
(a) wearing all the items necessary (b) wearing shirt and trousers is compulsory 


(a) Number of ways of wearing all items = n (shirt, trouser, tie and shoes) 
=10x5x5x3=50x 15=750 
(b) In second case, there will be following four possible. 
(1) m (Shirt and Trouser) = 50 
(11) m (shirt, Trouser and Tie) = 250 
(111) m (shirt, Trouser and Shoes) = 150 
(iv) m (Shirt, Trouser, Shoes and Tie) = 750 
= Hence total number of ways = 1200 


How many numbers between 10 and 10,000 can be formed by using the digits 1, 2, 3, 4, Sif 
(1) No digit is repeated in any number? 
(11) Digits can be repeated? 


(1) Number of two digit numbers = 5 x 4 = 20 

Number of three digit numbers = 5 x 4 x 3 = 60 

Number of four digit numbers = 5 x 4 x 3 x 2= 120 

.. Total number of numbers formed = 20 + 60 + 120 = 200 
(11) Number of two digit numbers = 5 x 5 = 25 

Number of three digit numbers = 5 x 5 x 5 = 125 

Number of four digit numbers = 5 x 5 x 5 x 5 = 625 


.. Total number of numbers formed = 25 + 125 + 625=775 


Find the number of ways in which 3 distinct numbers can be selected from the set {3', 37, 3%....... 
3100 3°71} so that they form a G.P. 


Let the three number be a = 3”, b = 3” and c = 3”; m, n, p € (1, 2, 3......,10} 


Since a, 6, c are in GP > b*= ac => 374 = 3™'P 
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".. (m+ p)must be even > Either both m and n are odd or both even. 
=> a,c € either {3), 33, 3°....3'%} or (37, 34, .... 32} 


= Required no. of ways of selection of a and c = (51 x 50 + 50 x 49) = 50(51 + 49) = 5000 
and b is automatically selected as b = Vac. 


of the ways as shown in the diagram (movement allowed 


in forward direction only), find. A oy, D 


(a) The number of ways of going from city A to city C. 


ILLUSTRATION 12: To reach city D from city A; one has to pass through any fo 


(b) The number of ways of going from city A to city D via 
city B. 


(c) Find the number of ways of going from city A to city D 


FIGURE 6.2 


SOLUTION: (a) A person can go either directly from A to C or can go from A to C via B. 


A 
If he goes directly then, two ways are there. If he goes via B; then he must YY x2 
first go from A to B and then go from B to C. Number of ways from Ato 8B C 


B=2 and number of ways from B to C = 4 4 
Number of ways from A to C via B C 
= (number of ways from A to B) x (number of ways from B to C) 
FIGURE 6.3 


=2x4=8 
Total number of ways to go from A to C 
= Number of ways to go from A to C directly + Number of ways to go from A to C via B. 
=2+8=10 
(b) Number of ways of going from city A to city D via city B. 


A person has to go to city B and then go from city B to city D. One can go from A to B in 2 
ways. 


To go from B to D; one has two alternatives. 
He can go directly from B to D or go to D via C. 
To go directly B to D; he has 2 ways. 


To go via C; he will first have to go to C by any of the 4 ways and then from C to D by any 
of the 3 ways. 


12 ways of going from B to D via C. 
Total number of ways of going from city A to city D via city Bis 
2x (2+12)=2 x 14= 28. 

(c) Number of ways of going from A to D 
A person can go from A to D either via B or without visiting B. 
For A to D via B; we already know there are 28 ways. 
For A to D without visiting B 


A>»>C7>D or AOD 
A>CandC>D orA>D 
=2x3+1=7 


‘. total number of ways = 35. 
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ILLUSTRATION 13: 


SOLUTION: 


ILLUSTRATION 14: 


SOLUTION: 


Aliter: 
A 


PS 
Yd 1 
[3 


\ 


I 


D 


FIGURE 6.5 


Total number of ways A> BO CHD =2x4x3 
or A>BOD=2x2or A9C7DD = 2x30r ADD =+1 


Adding these cases; we get total number of cases = 35. 


The number of ordered quadruples (x, y, z, w) such that (x, y, z, w) € [0, 101] and which satisfy 
the inequality. 2%" 7,3" 7.47 5°” >120 
(a) 14641 (b) 10000 (c) 12100 (d) infinite 
Maximum value of 2°"* =2 when sin*x = 1 
Maximum value of 3° ” =3 when cos’*y = | 
Maximum value of 4" 7 =4 when sin’z= 1 
Maximum value of 5°” =5 when cos’w = 1 
Maximum value of 2° 7.3% 7.4°™ 75°” =2x3x4x5=120 


a 4 a 3m Sa (19% 
sinx=1> x=nrat— > xXE4—,—,— ,..., — 
2 2 2 2 2 
+o 1 a 3x Sa 19% 
sintz=1> z=nrmt— > ZE4—,— ,—_ .....),§ — 
2 pa ae: 2 


cosy=1> y=na => ye {0,z,2z,...,10z} 

cow =1> w=nz => we {0,2,2z7,,...,107} 

Number of possible values of x = 10 

Number of possible values of z = 10 

Number of possible values of y = 11 

Number of possible values of w = 11 

Number of possible values of quadruples (x, y, z, w) = 12100 


Given that ‘n’ 1s odd, the number of ways in which three numbers in A.P. can be formed from 
1, 2, 3,4, ....,nm1s 


(n—1) (n +1)’ (n+1)’ (n—1)° 

ca hy ple d iia ee 
(a) 5 (b) A (c) 5 (d) r 
Let the three numbers in AP be a, b,c 

2h=ate 

Now: be Z 


= 251s an even integer 
=> at+cis an even integer 


= Either both a and c are odd integer or both are even integers. 
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Case l: Both a and c are odd integers. Number of ways of selecting two odd numbers from 


* + ( n+1 7 
7 +1)\(n-1)  n?- 
(2) Be ere, On ae 5 a J (2+1)(2-1) _n al (i) 
2 2 8 8 
Case li: Both a and c are even integers 


n—-1 
Number of ways of selecting two even numbers from (2) even numbers 1s 


a=) & _ . 
(2402 )_@-)@—3) (ii) 
2 2 


2 - = _4)2 
Adding (i) and (ii); we get N 4 ae _@ 7 


2 
!) cases; (the middle term will be selected automatically, depending 


And in all of there “ 


upon the values of ‘a’ and ‘c’). 


Also ‘a’ and ‘c’ can interchange their values in 2! ways. 
; _ (n-ly (n-1)’ 
= Total number of ways of selecting three terms in an AP 1s a x2!= <a 
ILLUSTRATION 15: Given a balance and weights 2°, 2', 27, 23, ...., 2". Find the number of ways in which all these 
weights can be arranged on the balance so that the net weight on right side 1s never greater than 
that on the left side. = 2” - 1 
Oran 
_2 - a 2"-1 
Since the net weight on the night side 1s never to be greater than that on the left side therefore 
the weight ‘2” 1s to be always point on the left side. 


SOLUTION: Since, we know that 2°+ 2'+27+..... +2" 


Therefore for each of the weights 2°, 2',...... 2”: we have 2 options 
1.e., either we can put it on the left side or the right side. 
Whereas, for the weight 2”, we have only one option the left side 


By the law of multiplication, the number of ways of arranging these weights on the balance 


is 2X2K2xX% 242 x1 = 2" 


n times 


ILLUSTRATION 16: Find the number of distinct ways in which a mouse can enter and come out of the cage once, if 
movement is allowed in the direction of the arrow only and path once traced by mouse remains 
closed till the mouse comes out of the cage. 


P, 
apaieiele -> ss 
Or a <I D. 
P, 
D, D, 
Section | Section Il 
FIGURE 6.6 


SOLUTION: The mouse can enter in 6 ways (through either of D,, D,, D,, D,, D,; OR D,) and all the cases 
will be alike (due to symmetry). 
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Let us suppose the mouse enters through D.. 


Now the mouse has the following options 


(1) To come out of either D, or D, (1.e., 2 ways) 


(11) or to travel through P, towards section I of the cage 


Now if the mouse moves to section II; then it has the following options 


(1) To come out of the cage via D,, D, or D, 


(11) or to come back to section I via path P, and then come out of cage via D, or D, (1.€., 2 ways) 
Number of ways = 6(2+ 1x (3+ 1x 2))=6(2+5)=42 


NOTES 


e AND stands for intersection (7) or multiplication. 


e OR stands for union (VU) or addition. 


TEXTUAL EXERCISE-1 (SUBJECTIVE) 


. Find the number of ways of wearing 10 shirts, 5 
different trousers and 4 ties, when: 

(a) all three items are necessarily to be used 

(b) wearing tie is not necessary 


. Ahall has 12 gates. In how many ways can a man enter 
the hall through one gate and come out of the hall if 
(a) he can come out through any gate? 

(b) he comes out through different gate? 


. To reach city D from city A, one has to pass through 
city B and then city C as shown in figure. Then num- 
ber of ways of travelling from city A to city D (when 
movement only in forward direction 1s allowed). 


FIGURE 6.7 


. Find the number of 2-digit numbers which are even 
and have different digits. 


. How many numbers can be formed from some or all 
of the digits 2, 3, 4, 5 if no number is to have repeated 
digits? 


. In how many ways 5 letters can be posted in 6 letter 
boxes available in the locality? 


. A coin is tossed three times and the outcomes are 


recorded. How many possible outcomes are there? 


How many possible outcomes if the coin 1s tossed four 
times? Five times? n times? 


. In a city, telephone numbers consist of 8-digits and 


none of them begins with 0. How many telephone 
numbers could be possible in that city? 


. How many 3-digit numbers are there, with distinct 


digit, whose each digit is odd? 


. Find the number of all even 2-digit numbers, not 


having 0 at the unit’s place? 


. Find the number of positive divisors of 600, inclusive 


of 1 and 600 itself. 


. Let X = £1, 2, ...., 100} and let S = {(a, b, c)| a, b, ce 


X,a<banda< c}. Find | S|. 


. There are 6 colleges in a city. In how many ways can 


a man send 3 of his sons to a college, if no two of his 
sons are to read in the same college? 


. There are 5 items in column A and 5 items in column 


B. A student is asked to match each item in column A 
with an item in column B. How many possible (correct 
or incorrect) answers are there to this question? What 
is the answer if there will be multiple matching? 


. How many arithmetic progressions with 10 terms 


are there whose first term is 1n the set {1, 2, 3} and... 
whose common difference is in the set {2, 3, 4}? 
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16. Find the number of five digit numbers that can be gen- is allowed and path once traced by mouse remains 
erated by arranging digits from 0 to 9 (where leading closed till the mouse comes out of the cage. 
Zeros 1.€., 00235 are not allowed) when 4, 

(a) Repetition of digits are allowed 
(b) Repetition of digits are not allowed | aie 
(c) How many of them are odd in both cases (a) and (b)? a) calaeege eahanie 

17. Find the total number of increasing AP’s consisting 
of three terms that can be formed out of first (2n + 1) +, 
natural numbers. 

18. Find the number of distinct ways in which a mouse (b) sestie Goatees 
can enter and come out of the cage once, in the case 
(a) and (b) if movement only in the direction of arrow 

Answer Keys 
1. (a) 200 (b) 250) = 2. (a) 144 ways (b) 132 ways 3. 30 4. 4] 5. 64 6. & 
fe ee ap ok 8. 9 x 10’ 9. 60 10. 36 11. 24 12. 328350 
13. 120 14. 5!, 5° 133-9 16. (a) 9x 10% (b) 27216 
(c) 45000, 13440 17. ° 18. (a) 216 ways (b) 152 ways 


TEXTUAL EXERCISE-1 (OBJECTIVE) 


1. Mr Amar has 5 shirts, 4 trousers and 3 shoes. In how 5. The number of terms in the product (a) (b+c) (d+e+f) 


many different ways can he wear them? (g+h+i+).....dast factor of the sequence) (remaining 
(a) 12 (b) 60 alphabets) 
(c) 23 (d) None of these (a) 120 (b) 840 
2. A hall has 5 doors, in how many ways a person can as CDE OU OLDER 
enter and leave if 6. The number of 4-digit even numbers that can be 
(i) Entry and exit should be from different doors? formed by using the digits 0, 1, 2, 3, 4, 5, 6 is 
(a) 25 (b) 10 (a) 2201 (b) 1176 
(c) 16 (d) 20 (c) 1372 (d) None of these 
(ii) Entry and exit may be from same doors? 7. A teacher has 5 books. In how many ways he can 
(a) 25 (b) 10 arrange the books in a row? 
(c) 16 (d) 20 (a) 120 (b) 3125 
(c) 15 (d) None of these 
3. A tyre store carries 10 different sizes of tyres each in 
with tube and tubeless variety each with red side wall 8. A lady has 4 rings of different materials. She wants to 
or plain black. How many different kinds of tyres does wear three of them in 3 fingers, one in each finger. In 
the store has? how many different ways she can wear them? 
(a) 17 (b) 43 (a) 12 (b) 64 
(c) 120 (d) None of these (c) 24 (d) None of these 
4. How many four different digited natural numbers are 9. How many different digited 4-digits numbers are 
there having each digit a prime number? there? 
(a) 10 (b) 12 (a) 4532 (b) 4537 


(c) 24 (d) None of these (c) 4536 (d) None of these 
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10. A prize distribution is to be hold in a class of 8 stu- 
dents for the following results: first, second and third 
position in chemistry; first and second in maths; first 
in physics. Find the number of ways in which it can 


be done. 
Answer Keys 
1. (b) 2. (i) (d), (ii) (a) 3. (d) 4. (c) 
10. (a) 


m@ PIGEON HOLE PRINCIPLE (PHP) 


The Pigeon hole principle is stated (by famous mathemati- 
cian Dirichlet) as below: 
If more than » objects are distributed in n boxes, then 
at least one box should contain more than one object in it. 
It can also be stated as if m pigeons are placed in n 
pigeon holes, where m > n, then there will be more than one 
pigeon in at least one pigeon-hole. 


Generalized Pigeon Hole Principle 


If mn + 1 or more number of pigeons are kept into m pigeon 
holes, then some pigeon hole must contain at least n +1 
pigeons. 


Bijection principle Generally, it is not easy to count the 
numbers belonging to a very large collection (set) directly. 
Let us assume that we have a set_X and we want to count 
n(X) (number of elements in_X). And we have another set Y 
and n(Y) can be easily counted. Now if there exists one-one 
and onto relationship from set _X to set Y (popularly called 
as bijection), then n(X) = n(Y). 

Alternatively, if X and Y are two finite sets such that 
there 1s a bijection (1.e., one-one onto mapping) from _X to 
Y, then n(X) = n(Y) 

e.g., The sitting capacity of a class 1s 30. On a particu- 
lar day, the class 1s full then, without actual counting, we 
can say that the total number of the students present in the 
class 1s 30 as there is one-one onto correspondence between 
the set of students and set of seats. 


(a) 103172 

(b) 820 

(c) 56 

(d) None of these 


5. (c) 6. (b) 7. (a) 8. (c) 9. (c) 


m@ INCLUSION-EXCLUSION PRINCIPLE 


Let Ube a finite set of m elements and Nis Mi scale: x be some 
properties which the elements of U may or may not have. If the 
subset of U having the property x,(where i = 1, 2, 3,....,.r)1s.X, 
and those having the property x,and x 1s denoted by 4,7, and 
those having the property x, x, and x,is denoted by _X, ”X, 


rn X é and so on. 
Then the number of elements of U which have at least 


one of the properties x,, x,, x,,..x,18 given by 7 U XA 
i=l 

s,—8, +s,—s,+.... +(-1) s, and the number of elements 

of U which have none of the properties x,, x,, x,,.x, 1S given 


Pa se 


by n Lx; =m—s,+s,—s, +... + (-l)’s_ where s, = 


i=] 
> n(X,) » 5, = > DMX, OX;) 
i=l I<i<j <r 


Le., §, = n(X,) + n(X,) +.... + n(X), 8, = n(X,0X,) + 
n(X,0X,) +... F(X, AX) + n(X,0X,) +... FX, 0X ) 
rleschacte +n(X_ aX) 

In particular case: 

For r=2,n (X, UX,) = n(X,) + n(X,) — n(X, 0X,) 

For r= 3, 

n(X, VX, X,) = n(X,) + n(X,) + n(X,) — n(X, 0 X,) - 
n(X, 0 X,) —n(X, 0 X,) +nX, 0 X,0X,) 

For r= 4, 

AX VX, X VY X,) = n(X,) + n(X,) + n(X,) + n(X,) - 
n(X, VX,) — n(X, 0 X,)— n(X, 0 X,) — n(X, 0 X,)— n(X, 0 
X,)-—n(X, 0 X,) + 0X, OX, NX,) + 0X, 0X, X,) +n, 
VX,0X,) + n(x, 0X,0X,) -— 0X, AX, OX,0X,) 


ILLUSTRATION 17: Find the number of integers between | and 1000 both inclusive 
(a) which are divisible by atleast one of the integers 10, 15 and 25. 
(b) which are divisible by none of the integers 10, 15 and 25. 


SOLUTION: Let U denote the set of numbers from | and 1000. 


So that n(U) = 1000. 
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Let .X, Y and Z denote the sets of integers divisible by 10, 15 and 25 respectively. Then n (X) 


_ | 1000} _ _ | 1000 | _ _ | 1000 | _ 
= | = 100, ne a 66 and n(Z) oes 40 


S, = n(X) + n(Y) + n(Z) = 100 + 66 + 40 = 206 
Considering two of the three sets X, Y, Z, we have 
X 7 Y = set of integers divisible by 10 and 15 
= set of integers divisible by 30 (L.C.M. of 10 and 15) 


1000) 
> n(XXn y= |——| =33 


30 
Similarly, (Y 7m Z) = set of integers divisible by 15 and 25 
= set of integers divisible by 75 (L.C.M. of 15 and 25) 


1000 
=> n(n Z) = |—| =13 
ang =| 


Similarly, (XX m Z) = set of integers divisible by 10 and 25 
= set of integers divisible by 50 (L.C.M. of 10 and 25) 


> n(XXnZ= Po = 20 
50 


=> S,=33+ 13+ 20 = 66 
Now we can say, (X ~ Yq Z) = set of integers divisible by 10, 15 and 25 

= set of integers divisible by 150 (L.C.M. of 10, 15 and 25) 

ia 


150 
(a) We have to find the number of integers which are divisible by at least one of 10, 15 and 25. 


le,n(XUYUZ) =S,—-S, +S, = 206 —- 66+ 6= 146 
(b) The number of integers divisible by neither none of 10, 15 and 25. 
=n(U)-n(XVU YU Z) = 1000 — 146 = 854 
ILLUSTRATION 18: Total number of integers ‘n’ such that 2<nm<2000 and H.C.F. of n and 36 is one, is equal to 
(a) 666 (b) 667 (c) 665 (d) None of these 


SOLUTION: If HCF of n and 36 = 1 
= n and 36 must be co-prime 


2 n&n¥ng=| =6 => S,=6 


So n must be co-prime with prime factors of 36 1.e., 2 and 3 
Hence n cannot be multiple of 2 or 3 


Number of Natural numbers less than equal to 2000 which are divisible by 2 = ne = 1000 


and that by 3 = a = 666 


333 


and those which are divisible by 6 = me = 


So number of natural numbers which are multiple of 2 or 3 = 1000 + 666 - 333 = 1333 
Now we have (2000 - 1) = 1999 numbers 


Options to select 'n'; {2 <n < 2000} of which we can't take 1333 values, so required number 
of options = 1999 — 1333 = 666. 


REMARKS 


(a) Thenumber of integers from 1 ton which are divisible by k is [n/k]; where [] is greatest integer function. 


(b) The number of natural numbers from 1 to n which are perfect k"" powers is [n“*]. 
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TEXTUAL EXERCISE-2 (SUBJECTIVE) 


1. Consider two sets A {2, 3, 4, 5, 6} and B = £7, 8}. 


Let the products a.b, where (a,b) € A x B are being put 
in each of the boxes of the figure shown below. 


FIGURE 6.8 


Considering each box can accommodate only single 
product, prove that either there are atleast three boxes 
having the same product or there exist two pairs of 
boxes, each pair having same product but different 
from other pair. 


. Astore has slippers of sizes 6, 7, 8, 9. If 201 pairs are 
available in store, then show that there 1s a size having 
at least 51 pairs. 


. A book contains 12 chapters and has 305 pages. Then 
show that there must be a chapter having at least 26 pages 
and the maximum number of such chapters can be 5. 


. 45 packets of diamonds were delivered to a jewellery 
shop. These diamonds are of four different types and 


all the diamonds in each packet are identical then 
show that among these packets, at least 12 packet 
contain same type of diamonds. 


. In the given arrangement of 9 squares, each square 1s 


filled by exactly one of the number —1, 0 or 1. Prove 
that out of eight possible ways of addition (three along 
columns, three along rows and two across diagonals) 
at least two sums must be equal. 


. Find the number of elements in the set A where A = 


es e N and 1< x* < 4096} 


. Find the number of 2 digits numbers (having different 


digits), which are divisible by 5. 


. Find the number of integers from 73 to 241 which are 


(1) Divisible by 2 
(11) Divisible by 5 
(111) Divisible by either 2 or 5 
(iv) Divisible by exactly one of 2 and 5 
(v) Divisible by both 2 and 5 
(v1) Divisible by neither 2 nor 5 
(vi1) Divisible by 2 but not 5 
(viii) Divisible by 5 but not 2. 


Answer Keys 


6. 8 74g 8. (i) 84 (ii) 34. (iii) 101 (iv) 84. «():17._ (Wi) 68 (Wii) 67_—s (iii) :17 


TEXTUAL EXERCISE-2 (OBJECTIVE) 


1. A survey shows that 65 % of the Americans like 3. Out of (m + 1) consecutive given integers two of them 


cheese, whereas 75% like apples. If x per cent of the 
Americans like both cheese, and apples, the range of 
the value of x is 
(a) [40, 65] 

(c) [0, 40] 


(b) [30, 60] 


(d) none 


- A box contains 25 different coloured balls blue, black, 
red, white and green, 5 of each colour. The minimum 
number of balls to be drawn out of the box without 
looking, so that at least two drawn balls are of indenti- 
cal colour are. 

(a) 5 (b) 4 

(c) 3 (d) 6 


can always be chosen such that there 
(a) Difference is divisible by m. 

(b) Sum 1s divisible by m. 

(c) Product 1s divisible by m. 

(d) None of these 


. 17 ants are roaming over the chess board of the area of 


8 x 8 (1.e., 64 square inches) then at least two of them 
must always be closer than 

(a) 2 inches (b) 2V2 inches 

(c) V2 inches (d) None of these 


. A sentence contains 10 words each containing 4 


different letters of english alphabet. At least how 
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many words should be selected so that at least two (a) 22 (b) 23 
words among the selected words have at least one (c) 24 (d) 25 
common letter. 8. 8 couples are invited in a party by Mr Ravinder 
(a) 6 (b) 7 Tiwari. How many people should be invited to dance, 
(c) 8 (d) 9 so that at least one man and one woman are included 
in danci 2 
6. There are 60 lottery tickets, out of which 30 tickets 6 at Barra (b) 8 
have prizes whereas remaining 30 are blank. Then 
: (c) 9 (d) 10 
least number of tickets purchased to ensure the prize 
Ae 9. There are three machines in a factory having produc- 
(a) 40 (b) 32 tion 70%, 20%, 10% respectively. From a lot of prod- 
(c) 31 (4) 30 ucts containing 500 items, least number of products 
that should be selected, so that not all the items are 
7. How many least number of different positive integers produced by a single machine are 
should be chosen so that the difference of at least two (a) 51 (b) 101 
integers divisible by 23? (c) 351 (d) None of these 


Answer Keys 
1. (a) 2. (d) 3. (a, b,c) 4. (b) 5. (b) 6. (c) 7. (c) 8. (d) 9. (c) 


notation. The number n! (read as “n-factorial”) is defined as 
pie” follows: For any positive integer n, 

An efficient way of writing a product of finite number n! = n(n-1) (n-2).....(3)(2)(1) and 0! = 1 

of consecutive positive integers integers is the factorial Porinsance4teaa 3.194 


ILLUSTRATION 19: The ten's digit in 1! +4! +7! +10! + 12! + 13! + 15! +16! + 17! 1s divisible by 
(a) 4 (b) 3! (cy 5 (d) 7 
SOLUTION: As we know the last two digits of 10! and above factorials will be 00. 
Me Ala 7) + 10l-- 12) 13) 15! + 16l + 17! 
= 24-F 3040+ 10! -- 121 + 13! 415) 4+ 16! + 17! 
= 5065 +10! + 12! + 13! + 15! + 16! +17! = abed......65; wherea, 0, cd are digits 1.¢,,,0 to'9. 


Thus, in the sum of this series, the digit in the ten place is 6 which 1s divisible by 3!. 


NOTES 


(i) Factorials of negative integers are not defined. 
(ii) O! = 1 (by definition of factorial) 
(iii) n!=n.(n-1)) neN 
(iv) (nis 2'nl/1.3.527..(2n=1)] 


(v) Whereas the reader is asked to evaluate or compute such numbers as 5! and 8!, he would not be expected to 
compute (say) 20! If such anumber is the answer to a question, it should be left in precisely that form. 
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*{NTRODUCTION TO PERMUTATION 
AND COMBINATION 


Combinatorics means counting of things by using combina- 
tions and permutations. 

Let us define combination and permutation as given 
below. 


Combination 


Combination 1s a process of selection where order of selec- 
tion has no importance e.g., combinations of four numbers 
6, 7, 8, 9 taking two at a time are: 


(6, 7); (6, 8); (6, 9); (7; 8); (7, 9)3 (8; 9) 


Number of combinations is 6 


Number of combinations of n thing taking r at a time is 
denoted by "C’. 
Thus in view of above example, “C’, = 6 


Permutation 


Permutation of given number of object is a process of se- 
lecting the objects where the orders of selection is impor- 
tant. (It is also called as arrangement/array) e.g., permuta- 
tions of four numbers 6, 7, 8, 9 taking two a time are: 

(6, 7), (6, 8), (6, 9), (7, 8), (7, 9), (8, 9), (7, 8), (8, 6), (9, 
6), (8, 7), (9, 7), (9, 8). 

Number of permutations is 12 

No of permutation of n-things taking r at a time is de- 
noted by "P . 

Thus f= 12, 


Each of the arrangements which can be made by taking 
some or all of a number of things is called permutation. 
So it can be defined as a selection when order of selection 
matters. 


e.g., Permutation which can be made by taking the letters a, 
b, c, d two at a time are twelve in number, namely, 


ab, ac, ad, be, bd, cd 
ba, ca, da, cb, db, dc; 


Permutations of different objects 


Number of permutations of » distinct things taken r at a time (0 
<r<n) is denoted by "P= n(n—-1)(n-2)...n-—r + 1) 


n! n! 
Ser 
(n—-r)! r\(n-r)! 
n ; n! 
="C_xr!; where “C, = ———_ 
r\(n-r)! 


(so permutation includes selection first, then arrangement) 


NOTE 


Permutation and Combination < 6.15 


Thisis equivalent to filling up ofr vacancies by n different 
person, Ist place can be filled in » ways and after which 2nd 
place can be filled in (7 —1) ways and 3rd place can be filled in 
(n —2) ways and similarly, rth place can be filled in (n —r +1) 
ways. Hence the total number of ways of filling the vacancies 


will be ' 


=n(n-1)(-2)...a-rt I= ay 


Hence the number of permutaions of n distinct objects 
taken all at a time = 7! 


The words indicating permutation are arrangement, standing in a line, seated in a row, problems on digits, word 
formation and rank of word etc. In problems related to word formation using the given letters , we consider 


meaningful as well as meaningless words if not stated. 


ILLUSTRATION 22: How many 9 letter words can be formed using the letters of the word PRODUCING? 


SOLUTION: 


(a) PRODUCING has all 9 different letters 


Number of words formed = ee = 9! = 362880. 


ILLUSTRATION 23: 


(a) Find the number of words made by using the letters of the word COMBINE and also obtain 


the number of words which begin and end with vowel. 


(b) How many of the words formed above contain vowels and consonants occupying the same 
relative positions as in the word COMBINE? 


SOLUTION: (a) The total number of words 


= arrangement of seven letters taken all at a ttme = ’P, = 7! = 5040 


The corresponding choices for all the places are as follows: 


Places 
Number of choices 3 


As there are three vowels (O, J, E) first place can be filled in three ways and the last place 
can be filled in two ways. The rest of the places can be filled in 5! ways using five remaining 
letters. Number of words = 3 x 5! x 2 = 720 

(b) Vowels should be at second, fifth and seventh positions 


{same position of constant in the word COMBINE} 


They can be arranged in 3! ways 


Consonants should be at first, third, fourth and sixth positions 
{same position of vowel in the word COMBINE} 


They can be arranged here in 4! ways. Total number of words = 3! x 4! = 144 


ILLUSTRATION 24: 
(a) A and WN are always together 


SOLUTION: (a) Assume (AN) as a single letter. 


How many words can be formed using the letters of the word TRIANGLE so that 


(b) T, R, J are always together? 


Now there are seven letters in all: (AN), 7) R, , G, L, E 


Seven letters can be arranged in 7! ways 
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ILLUSTRATION 25: 


SOLUTION: 


ILLUSTRATION 26: 


SOLUTION: 


ILLUSTRATION 27: 


SOLUTION: 


All these 7! words will contain A and N together. 
A and N can now be arranged among themselves in 2! ways (AN and NA) 
Hence total number of words = 7! . 2! = 10080 
(b) Assume (TRI) as a single letter 
The letters: (TRI), A, N, G, ZL, E can be arranged in 6! ways 
TRI can be arranged among themselves in 3! ways 
Total number of words = 6! . 3! = 4320 


From 6 different novels and 3 different dictionaries, 4 novels and 1 dictionary are to be selected 
and arranged in a row on the shelf so that the dictionary 1s always in the middle. Then the 
number of such arrangements 1s 


(a) at least 500 but less than 750 (b) at least 750 but less than 1000 
(c) at least 1000 (d) less than 500 


The number of ways in which 4 novels can be selected = °C’, = 15 
The number of ways in which 1 dictionary can be selected = °C, = 3 
4 novels can be arranged in 4! ways. 

The total number of ways = 15 x 4! x 3 = 15 x 24 x 3 = 1080. 

Find the total number of signals that can be made by five flags of different colours when any 
number of them may be used in any signal. 

Case i: When only one flag 1s used. 

No. of signals made = °P, = 5. 

Case li: When only two flags are used. 

Number of signals made = *P, = 5.4 = 20. 

Case lil: When only three flags are used. 

Number of signals made = *P, = 5.4.3 = 60. 

CaselV: When only four flags are used. 

Number of signals made = *P, = 5.4.3.2 = 120. 

Case V: When five flags are used. 

Number of signals made = *P, = 5! = 120. 

Hence required number = 5 + 20 + 60 + 120 + 120 = 325. 


m men and m women are to be seated in a row so that no two women sit together. If m > n, then 
m!\(m +1)! 


show that the number of ways 1s which they can be seated, 1s ——~———_— 
(m-—n+1)! 


Since, m men and m women are to be seated in a row so that no two women sit together. 
This can be shown as xM,xM,xM,x....... xM_x 


which shows that there are (m + 1) places for n women. 
_ (m)\(m +1)! 


Number of ways in which they can be arranged = (m)!""P. = 
(m+1—n)! 


Permutation and Combination < 6.17 


NOTES 


(a) The number of all permutations of n different objects taken r at a time, when a particular object is to be always 
included in each arrangement is r!"'C_, 


(b) Number of permutations of n different things, taken all at a time, when m specified things always come together 
ism! (n—m +1)! 


(c) Number of permutations of n different things, taken all at a time, when m specified things never come together 
isn!—m!(n—m +1)! 


TEXTUAL EXERCISE-3 (SUBJECTIVE) 


1. Evaluate the following: (vi) the vowels are separated 


(i) 12!—10! (vii) the vowels occupy odd prime positions. 
9! (viii) D occurs before EF and F occurs before R. 
(ii) nm , when n = 15, r = 12. (ix) D occurs before F and F occurs after R. 
r!x(n-r)! (x) D and R occupy extreme positions. 
= n!} 
Gu) (@@-r + 1). (n—r+l)! 7. In how many ways can 6 balls of different colours, 
n—r+l)! 


(iv) n(n — 1) (n— 2)......... (n—-r+1) 


. Find the value of rif 


(i) P(15, r) = 2730 
(ii) P(1S, r—1): P(16, r—2) = 3:4 
(iii) PQr-1, 7): Pr + 1,r—1)= 22:7 


. Raju wants to arrange 3 English, 4 History and 5 
Mathematics books on a book shelf. If the books on 
the same subject are different. Determine the number 
of all possible arrangements, if the books on same 
subject are always together. 


. Find the number of different 7-letter words (may be 
meaningless) that can be formed from the letter of the 
word, NUMBERS’ so that vowels always occupy the 
present position. 


. Ten students are participating in a race. In how many 
ways can the first three prizes and the next three con- 
solation prizes be given so that all the prizes go to 
different students? 


. How many words can be formed from the letters of 
the word, ‘DAUGHTER’ so that? 
(i) Dis always next to E but before G 
(i) D occurs after E 
(111) the vowels occupy even places 
(iv) the vowels always come together 
(v) All the vowels are never together 


namely, white, black, blue, red, green and yellow be 
arranged in a row in such a way that white and black 
balls are never together? 


. How many different 6-digit numbers can be formed 


with the digits 0, 1, 3, 5, 7 and 9? How many of them 
are divisible by 10? (repetitions is not allowed) 


. (a) How many numbers greater than 40000 can be 


formed using the digits 1, 2,3, 4 and 5 if each 
digit is used only once in each number? 

(b) How many odd numbers greater than 80000 can 
be formed using the digits 2, 3, 4, 5 and 8 if each 
digits used only once in a number? 


. How many numbers divisible by 5 and lying between 


3000 and 4000 can be formed by using the digits 3, 
4,5, 6, 7, 8 when no digit 1s repeated in any such 
number? 


. Out of 5 ladies and 5 gents (L,, L,, L,, L,, L.5 G,, Gy 


Gy G,, G.) in how many ways they can be arranged in 
a row? 
(i) If no restriction applied 
(11) If all ladies are together. 
(111) iff all ladies are together as well as gents are 
also together. 
(iv) If no two ladies are together 
(v) If neither two ladies nor two gents together. 
(vi) if L, L, together 
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(vil) if G, G, are never together 

(viii) if L, L, together and G, G, also together 
(ix) if L, L, together and G,, G, never together 
(x) L, L, not together and G, G, not together 


Answer Keys 


1 (i) 1310 (ii) 455 ii) "P. Gv) "P. 
4. 5! 
6. (i) 7! /2! 


12. 


2. (1) 3 Gi) r=14 an) 10 
S27 Or Pe 
(i): 4); GPP SUN) APP AV) PoC Ph. er). Oi) PP, 


The letters of the word FLOWER are taken 4 at a 
time and arranged in all possible ways. The number 
of arrangements that contain the letter ‘F’ is 240 and 
which do not contain F is 


3. (3! x 4! x 51) x 3! 


(vii) 720 (viii) 6720 


ax) 13440 (x) 1440 Te ers) 8. 600, 120 
9. (a) 48 (b) 12 10. 12 
11. G) 10! (ai) 6! 5!) Gi) 2! OG!) Gv) 6! 5!) (wv) 2! 6)? (wi) 2! 9! (wu) 10! -—2!9! (vii) 2! 2! 8! 
(ix) 9! 2!-2! 2! 8! (x) 58 (8!) 12. 120 
TEXTUAL EXERCISE-3 (OBJECTIVE) 
51!-50! . l n43 
a c) ————__ +1 
1. The value of 5,5 * (C) (n+2\(n +3) n+3 
51 l 
cae ee (d) None of these 
(a) 75 (b) 75 
np np n 2 
(c) 2(50)! (d) (100)! 7, lf —th=—* =—“, then —— is equal to 
nl (2 n)! a b a(b+c) 
: ion -——— + — Li l b) 2 
2. The value of expression (n—3)! 4(2n—3): is (a) (b) 
(c) 1/2 (d) None of these 
(a) n(n—-1)’ (b) 3n(n-1)’ 
(c) n?(n-1)? (d) n?(3n-1) 8. Which of the following statement is false? 
3,6.9.12...(3n) ceil i al 
.6.9.12...(3n 
3. Let fx) = —————— be a function of natural eS ait ache a Giese caer 
(3) (c) "P=n."'P 
number then evaluate f(50). (d) "P=2."P_=3"P 
(a) 25! (b) 75! 7 
(c) 100! (d) 50! 9. If°°P |: *P_,, = 30800: 1, then the values or r is 
i | (a) 40 (b) 41 
4. If general term of a sequence 1s given t = n!. n, then (c) 42 (d) None of these 
the sum of first » terms will be ‘A 
(a) (a+ I)! a! (b) @tl)!-1 10. The value of or. ‘PAS 
(c) (w+ 1)! (d) None of these r=l 
n n n (a) ear (b) ae = 
5, fet a eee . then (c) "P,, +1 (d) None of these 
a b C 
(a) ab, b, ac arein A.P. (b) ab, b, ac are is G.P. 11. If" Po: P= 3: 5, then n is equal to 


(c) b> =a(b+ oc) (d) None of these 


6. 'P, + 2°P,+3.°*P, +...+n."P is equal to 
(a) Pa 
(b) 


l n+2 


(n+ 2) 


n+2 


12. 


(b) 6 
(d) 8 


(a) 4 
(c) 3 
In aclass of 50 students, in how many ways 1*, 2™ and 


34 prizes be given, so that no student gets more than 
one prize? 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


(a) *P, (b) 53! 
50! 
(c) Ti (d) None of these 
! 


How many integers less than 1000, are there, having 
each digit distinct and odd? 

(a) 5 (b) 20 

(c) 60 (d) 85 


A lady has three rings. In how many ways she can 
wear them if no finger carries more than one ring? 


10! 
(a) 10P, (b) Ti 
10! 
(C). = (d) None of these 
7! 


How many opening order pairs can be made in a 
cricket team of 11 players? 


(a) 10P, (b) 10C, 
(c) = (4) 90 


A flag contains 5 strips. In how many different ways 
colours can be filled in flag, out of 8 given colours, so 
that no two different strips have same colour? 

(a) 8P, (b) 8C, 

(c) 8!/5! (d) None of these 


How many different words can be formed having 4 
different letters of English alphabet? 


26! 
(a) 26! (b) 1 
(c) 26P, (a) 10! 
2! 


On a railway there are 10 stations. The number of types 
of tickets required in order that 1t may be possible to 
book a passenger from every station to every other 1s 


(a) = (b) 10! 2! 
Op (dy 10! 
| 812! 


The number of ways in which 9 pictures can be hung 
on 6 picture nails (in a row) is (Here, it is obvious that 
only 6 pictures out of 9 will be hung and 3 will be left 
out). 


Answer Keys 
1. (c) 2. (b) 3. (d) 4. (b) 5. (c) 
11. (b) 12 (a) 13. (d) 14. (a), (c) 15. (a) 
21. (d) 22. (a) 23.(c) 24. (c) 25. (a) 


20. 


21. 


22. 


23. 


24. 


ZOs 
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(a) 99 
(c) °P, 


(b) 6° 
(d) None of these 


In a group of boys, the number of arrangements of 
4 boys is 12 times the number of arrangements of 2 
boys. The numbers of boys in the group is 

(a) 10 (b) 8 

(c) 6 (d) None of these 

The number of ways in which m + n(n<m + 1) dif- 


ferent things can be arranged in a row such that no two 
of the n things may be together 1s 


(a) (m * ") (b) m\(m+1)! 
min} (m+n)! 
min! 
(c) GeweD! (d) None of these 


The number of arrangements which can be made 
using all the letters of the word LAUGH, if vowels 
occur together. 
(a) 48 
(c) 24 


(b) 96 
(d) None of these 


The number of ways in which four particular persons 
A, B, C, D and six more persons can stand in a queue 
so that A always stands before B, B before C and C 
before D., 1s 
(a) 7! 4! 

(c) 10!/4! 


(b) 10! —7! 4! 
(d) None of these 


The total number of words which can be formed out 
of the letters a, b, c, d, e, ftaken 3 together, such that 
each word contains at least one vowel, 1s 

(a) 72 (b) 48 

(c) 96 (d) None of these 

The number of different ways in which 8 persons can 


stand in a row so that between two particular persons 
A and B, there are always two persons, 1s 


(a) 60(5!) (b) 15(4!) x (5 1) 
(c) 4! x 5! (d) None of these 
26. The greatest possible number of points of intersection 
of 8 straight lines and 4 circles 1s 
(a) 32 (b) 4 
(c) 76 (d) 104 
6. (b) 7. (a) 8. (a),(b) 9. (b) 10. (b) 
16. (a) 17. (b),(c) 18. (c) 19. (c) 20. (c) 
26. (d) 
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Permutation of identical objects, taking all 
of them at a time 


Number of permutations of ‘n’ things taken all at a time 
when ‘p’ are of one kind, “g’ of a second kind, ‘7’ of a third 
kind and so on. 


Let N be the required number of permutations. From 
any one of these, if the p like things were different we could 
make p! new permutations. Thus if the p like things were 
all different, we would have got N(p!) new permutations. 
Similarly, if the g like things were different, we would get 


N (q!) new permutations from each of the second set of 
permutations. 

Thus if the p like things and the g like things were all 
different, we would have got N.p!qg! permutations 1n all. 
The process is continued until all the sets of like things are 
different, and we then get the number of permutations of n 
things taken all at a time when they are all different.(which 
is n}) 

N.pl.ql.r! =n! 


' 
va! 
piqir! 
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SOLUTION: (i) 5 boys can be seated in a row in °P, = 5! ways. Now in 6 gaps, 5 girls can be arranged in 
°P, ways 
Hence the number of ways in which no two girls sit together = 5! x °P, = 5! x 6! 


(11) The two groups of girls and boys can be arranged in 2! ways. 5 girls can be arranged 
among themselves in 5! ways. Similarly, 5 boys can be arranged among themselves in 5! 
ways. Hence by the fundamental principle of counting, the total number of requisite seating 
arrangements = 2! (5! x 5!) = 2(5!) 


(111) The total number of ways in which all the girls are never together = total number of 
arrangements — Total number of arrangements in which all the girls are always together = 
10! —5! x 6! 


ILLUSTRATION 31: There are 21 balls which are either white or black and the ball of the same colour are alike. 
Find the number of white balls so that the number of arrangements of these balls in a row be 
maximum. 


SOLUTION: Let there be r white (alike) balls so that the number of black balls is (21-— r) (These are 
also alike) 
! 
21! _21 Cc 
r\(21-r)! 


Again A = 7'C, will be maximum when r = — or — 1.¢., 10 or 11 


Number of arrangements of these 21 ballsis A = 


ILLUSTRATION 32: In how many ways we can arrange 3 red flowers, 4 yellow flowers and 5 white flowers in a row? 
In how many ways this 1s possible if the white flowers are to be separated in any arrangement 
(Flowers of same colour are identical)? 


SOLUTION: We have 12 flowers consisting of 3 red, 4 yellow and 5 white flowers. 


! 
Number of arrangements = ce = 27720. 
31415! 


For the second part, first arrange 3 red and 4 yellow 


| 
This can be done in ae 35 ways 
314! 


Now select 5 places from among 8 places (including extremes) and put the white flowers there. 
This can be done in °C’, = 56. 


The number of ways for the 2™ part = 35 x 56 = 1960. 


IMPORTANT RESULTS 


1. The number of permutations of n different things, taking all at a time, when r particular things always remain 
together=r! x (n-r+1)! 


2. Number of permutations of n different things, taken all at a time, whenr particular things don’t remain together 
=n!-r!x(n-r+1)! 


3. Thenumber of permutations of n different things, taken all at a time, when no two of the r particular things come 
together is ean (n-nirin-r>r-1 
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TEXTUAL EXERCISE-4 (SUBJECTIVE) 


1. In how many ways can the letters of the word 
‘INSURANCE’ be arranged, so that 
(1) the vowels occur together? 
(11) the vowels never occur together? 


2. How many words can be formed by using all the let- 
ters of the word ‘ALLAHABAD’? How many these 
words will not contain both L together? 


3. How many different signals can be made from 4 red, 2 
white and 3 green flags by arranging all of them verti- 
cally on a flagstaff? 


4. How many five digit numbers can be formed with the 
help of the digits 5, 4, 3, 5, 3, using all at a time? 


5. How many 7 digit numbers can be formed using the 
digits 1, 2, 0, 2, 4, 2, 4 using all at a time? 


6. (a) How many 7 digit numbers can be formed using 
the digits 1, 2, 3, 4, 3, 2, 1 so that the odd digits 
always occupy the odd places? 

(b) Find number of 7 digit numbers formed using 
digits 3, 3,5, 4, 4, 6, 6 such that even digits always 
occupy odd places. 


7. (a) Find the total number of permutations of n kind of 
objects, each kind having unlimited objects, taken 
not more than r at a time when each object may be 
repeated any number of times in the arrangement. 

(b) Find the number of possible outcomes in a throw 
of n ordinary dice in which at least one dice shows 
an odd number. 


8. Find number of five-digit numbers formed using 0, 1, 
De tet 
(a) When repetition of digit is allowed 
(b) When repetition of digit is not allowed 


Answer Keys 
1. (i) 8640 (ii) 172800 7 A a 
214! 214! 4! 
6 4! 3! 5) 
- (a) ——x— (b) 18 Tay 
212! 2! aay 
era) 9, 9990 
9! | 
11. (a) (b) 60 ways 12. (a) (i) 2"- 1 


5!x 4! 


(c) No two consecutive digits are same 
(d) At least two consecutive digit are same 


9. Find the number of ways in which 4 friends can stay 
in 10 hotels such that all the friends do not stay in the 
same hotel. 


10. Find the number of permutations of the letters of the 
following mentioned words taking all the letters at a 
time. 

(a) ‘DADDY DID A DEADLY DEED’ 
(b) ‘INTERMEDIATE’ 
(c) ‘CALCULATOR’ 


11. In the given figure, you have the road plan of a city. 
A man standing at_XY wants to reach the cinema hall at 
Y by the shortest path. 
(a) What is the number of different paths that he can 
take? 
(b) Find the number of shortest routes from_X to Y via B. 


FIGURE 6.9 


12. (a) An n-bit string 1s n-digit “word”, each digit of 
which is either 0 or 1. Find the number of n-bit 
strings containing 

(1) at least one zero. 
(11) both the digit zero and one. 

(b) How many strictly increasing sequences of posi- 
tive integers begin with 1 and end with 1000? 


! ! ! 
3, 9413121 4, gs 7t _ 6b 
212! 312! 2131 
(b) 6"-3” 8. (a)9 x 10‘ (b) 27216 (c) 9 
; 19! yy 12! 10! 
*®™ ganas! © aaa (2!) 


(ii) 2"-2 (b) 2% 
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TEXTUAL EXERCISE-4 (OBJECTIVE) 


1. 


How many 4-digited numbers are there? 


(a) (10)" (b) 9 x (10) 

(c) 4! (d) 10P, 

A question paper consists of 10 single answer correct 
multiple choice questions, each having 4 options. 
How many different sequences of wrong answers are 
possible? 
(a) 400 
(c) (4)%-1 
A number lock can be unlocked by using a 5 digited 
code. How many maximum attempts should be made 
to unlock? 
(a) (10)° 
(c) (5) 
How many integers between 100 and 1000 have each 
digit odd? 
(a) (5) 
(c) 5! 


(b) (10)*—-1 
(d) 10P, 


(b) 10°-1 
(d) None of these 


(b) GY 
(d) None of these 


In how many ways 5 delegates can be put in 6 offices 
of a city if there is no restriction? 


(a) (5)° (b) 6)" 
(c) 6P, (d) = 


. A safe is unlocked by a drive consisting of five rings 


with the digits 0, 1, 2, 3.....9. The safe can be unlocked 
by dialing a particular code. If it required 5 second to 
dial any codes and each working day lasts for 12 hours 
on which day is the safe opened if it 1s unlocked in the 
last attempt. 

(a) 10 th (b) 11th 

(c) 12th (d) None of these 


Five persons entered the lift cabin on the ground floor 
of an 8-floor house. Suppose each of them can leave 
the cabin independent at any floor beginning with the 
first. The total number of ways in which all five per- 
sons can leave the cabin 

(1) at any one of the 7 floors. 


(a) 5’ (b) 7 

(c) 7x5 (d) None of these 
(11) at different floors. 

(a) 5’ (b) 7! 

(c) 7!/2! (d) None of these 


The number of ways in which Mr_X can give 5 ban- 
glow to his 3 daughters is? 


10. 


12. 


13. 


14. 


15. 


16. 


(a) 3° (b) 5° 

(c) 15 (d) None of these 

The number of signals that can be made by using 6 
flags of different colours when any number of them 
may be hoisted at a time is 

(a) 720 (b) 1956 

(c) 2°- 1 (d) None of these 


. The number of possible outcomes in a throw of n 


ordinary dice in which at least one of the die shows an 
odd number is 

(a) 6”-1 (b) 3”- 1 

(c) 6” — 3” (d) None of these 

Three dice are rolled. The number of possible out- 
comes in which at least one die shows 5 is 

(a) 215 (b) 36 

(c) 125 (d) 91 

In an examination, there are three multiple-choice 
questions and each question has four choices. Num- 
ber of sequences in which a student can fail to get all 
answers correct is 
(a) 11 

(c) 80 


(b) 15 
(d) 63 


In a club election, the number of contestants is one 
more than number of maximum candidates for which 
a voter can vote. If the total number of ways in which 
a voter can vote be 62, then the number of candidates 
is (voter has to cast atleast one vote) 

(a) 7 (b) 5 

(c) 6 (d) None of these 


Consider a set P consisting of n elements. A subset 
‘A’ of P 1s chosen thereafter set P 1s reconstructed by 
replacing the elements of A and finally another subset 
‘B’ of P 1s chosen. The number of ways of choosing 
‘A’ and ‘B’ such that (A U B) 1s proper subset of P 1s 
(a) 4” (b) 4”— 3”— 1] 

(c) 4”— 2” (d) None of these 


If m be the number of different words that can be 
formed with the letters of the word BHARAT in which 
B and H are never together and n be number of dif- 
ferent words that can be formed with the letters of the 
words BHARAT in which words always begin with B 
and end with 7: Then m/n is 

(a) 10 (b) 20 

(c) l (d) 2 
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Answer Keys 
1. (b) 2. (c) 3. (a) 4. (a) 5. (b) 
10. (c) 11. (d) 12. (d) 13. (c) 14. (b) 


m@ CIRCULAR PERMUTATION 


Consider four persons A, B, C and D, who are to be arranged 
along acircle. One such circular arrangement is shown here. 
A 


Cc 
Shifting A, B, C, D one position in anti-clockwise direction, 
we will get arrangements as follows (fig-6.10a, fig-6.10b, 
fig-6.10c.) and shifting A, B, C, D one position in clockwise 
direction we will get arrangements as follows: (fig-6.10d, 
fig-6.10e, fig-6.10f.) 


B C D 

D A B 
6.10(a) 6.10(b) 6.10(c) 

D C B 

o())a 16): 1©): 

B A D 

6.10(d) 6.10(e) 6.10(f) 
FIGURE 6.10 


ILLUSTRATION 33: 
form a garland using these flowers. 


SOLUTION: 


6. (Cc) 
15. (b) 


7. (i) (b) (ii) (©) — 8. (a) 9. (b) 


Arrangements as shown in fig: 6.10 and 6.10(a), 
6.10(b) and 6.10(c) are not different as relative position of 
none of the four persons A, B, C, D 1s changed. Similarly 
those of fig. 6.10 and 6.10(d), 6.10(e), 6.10(f) are same. But 
in case of linear arrangements the four arrangements are. 


[ — Tl ] a 

A B C COD; B Cc DA; 

C D A.B; D A BC; 
FIGURE 6.11 


Thus it is clear that corresponding to a single circular 
arrangement of four different things there will be 4 different 
linear arrangements. 

Let the number of different things be n and the number 
of their circular permutations be x. Now for one circular 
permutation number of linear arrangements 1s n. If x be the 
number of circular arrangements, then number of linear ar- 


rangements = nx (1) 
But number of linear arrangements of n different 
things = n! (2) 
n!} 
From (1) and (2), we get wx =n! > x = — =(n-1)! 
n 


In how many ways can we arrange 6 different flowers in a circle. In how many ways we can 


The number of circular arrangements of 6 different flowers = (6 — 1)! = 120 


When we form a garland, clockwise and anti-clockwise arrangements are similar. Therefore, the 


number of ways of forming garland = = (6- 1)!= 60. 


ILLUSTRATION 34: 
SOLUTION: 


In how many ways 6 persons can sit at a round table, if two of them prefer to sit together. 


Let P,, P,, P,, P,, P,, P, be the persons, where P,, P, want to sit together. Regarding (P1, P2) 


together as a single object and other persons as different objects, we have total 5 objects. 
They can be arranged in a circle in (5 — 1)! = 24. Now P,P, can be arranged in 2! ways. Thus 
the total number of ways = 24 x 2 = 48. 


ILLUSTRATION 35: 
girls alternate? 

SOLUTION: 

are to alternate. 


In how many different ways can five boys and five girls form a circle such that the boys and 


After fixing up one boy on the table the remaining can be arranged in 4! ways, but boys and girls 


There will be 5 places, one place each between two boys these five places can be filled with 5 


girls in 5! ways 


Hence by the principle of multiplication, the required number of ways = 4! x 5 ! = 2880 
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NOTES 


1. (a) The number of circular permutations of n different things taking x at a time equals. 
(i) "P /X, when clockwise and anti-clockwise orders are treated as different. 
(ii) "P./2x, when the above two orders are treated as same. 


(b) The number of circular permutations of n different things all at a time equals. 
(i) "P_ /n=(n-1)! when clockwise and anti clockwise orders are treated as different. 


(ii) "P_ /2n= 7 (n—1)!, when above two orders are treated as same. 


(c) Inagarland of flowers or a necklace of beads. it is difficult to distinguish clockwise and anti-clockwise orders of 

things, so a circular permutation under both these orders is considered to be the same. Therefore the number 
; Ca 

of ways of arranging n beads along a circular wire is a 

2. In a circular permutation, the relative position among the things is important whereas the place of a thing has 
no significance. Thus in a circular permutation first thing can be placed anywhere. This operation can be done 
only in one way, then relative order begins. Thus the ways for performing remaining parts of the operation can be 
calculated just like the calculation of linear permutation for example to place 8 different things round a circle, first 
we place any one thing at any place, there will be only one way, thus required number of circular permutations is 7!. 


ILLUSTRATION 36: How many necklaces of 12 beads each can be made from 18 beads of various colours? 


SOLUTION: In this case of necklace, there is no distinction between the clockwise and anti-clockwise 


arrangements, thus the required number of circular permutations 
18 
ee 


2x12 61x24 
ILLUSTRATION 37: There are 20 persons among whom two are brothers. Find the number of ways in which they 


can be arranged round a circle so that there is exactly one person between the two brothers. 


SOLUTION: Let among the 20 persons, B, and B, be two brothers and M be the person between them. Now, 
considering B,MB, as one person, we have a total of 18 persons. 


No. of ways to arrange these, 18 persons round a circle = 17! 
No. of ways to arrange B,M/B, among themselves 

=2 {ie.,B, MB, and B,M BY 

No.of ways to select \/ among 18 persons = 18 

Total number of ways 17! x 2 x 18=2 x 18! 


BAtsce Te: | 
Ree ein ea 
TP ec ge 

~ ie? MM * 1. ‘2 Y 
ale ieee eel moe 


When all the letters of a word are arranged to form different words and the words are arranged now as per dictionary. 
The position occupied by that word is the rank of that word. 


ILLUSTRATION 38: Find the rank of the word CRICKET. 


SOLUTION: (a) In alphabetic order, the letters are C, C, E, 1K, R, T. Words beginning with C will come first. 


Our word also begins with C. The number of words beginning with C and having C or F or 
I or K in the second place = 4 x 5! 
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ILLUSTRATION 39: 


SOLUTION: 


ILLUSTRATION 40: 


SOLUTION: 


‘ CR 
E 
I 


x xX XxX 
x %x*X XxX 
x KX XxX 
x -*X xX XX 


‘e x xX XxX ~e 


Ex x xx K ET 


x Xx xX ® 


K x 
The number of words beginning with CR and having C or F 1n the third place = 2 x 4! 


xX X 


The number of words beginning with CRIC and having F in the fifth place = 2! 
After printing all these words, the word CRICKET will be printed 

the required place of the word CRICKET 

=(4x51+2x 4142!) +1=531 

the word will be printed in the 531th place. Thus rank of word CRICKET = 531 


From the letters of the word AMERICA, find the rank of the word if all the permutations are 
alphabetically arranged in a dictionary. 


The words starting with AA are 5! = 120 
The words starting with AC are 5! = 120 
The words starting with AE are 5! = 120 
The words starting with AI are 5! = 120 
The words starting with AMA are 4! = 24 
The words starting with AMC are 4! = 24 
The words starting with AMEA are 3! = 6 
The words starting with AMEA are 3! = 6 
The words starting with AMEI are 3! = 6 
The words starting with AMERA are 2! = 2 
The words starting with AMERC are 2! = 2 
Next word is AMERIAC  e., 1 

Next word is AMERICA te., 1 

Adding all these, rank of the word America = 552 


Shortcut method of finding rank: 
This can be understood by following Illustration. 
Find the rank of following [when none of the alphabet is repeated] 


(a) LARGE (b) MOTHER 


(a) LARGE 
Step 1: First of all write, the alphabet in alphabetical order AE GL R } 5 letters 
Step (2) write 
Rank = (x,)4! + (,)3! + @,)2! + @,)1! + 0! 
Where x,, x,, x,, x, are obtained as follows 
For x,, see which letter we here first, here, 1t is “L” 
Now, counting the number of letters on the left on L = 3 
Sox, =3 
Since “L” 1s used so cross it 
ie, AEG KR 


For x, the next letter we want is A, No of letters on the left of A= 0 


ILLUSTRATION 41: 


SOLUTION: 
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So x, = 0, Now cross “A” Le., ».« EG K R 

For x,, the next letter we want is R 

Number of uncrossed letters on the left of R = 2 

So x, = 2; Now cross “R” Le., ».¢ EG K ‘K 

For x,, the next letter we want is G 

Number of uncrossed letters on the left of “G” = 1 so x, = 1 

Hence rank of LARGE = 3 x 4! + 0.3! 4+2.2! 4+ 1.1!+0! =78 
(b) MOTHER 

Writing alphabetical order; we have, EH M OR T} 6 letters 

So rank = (x,)5! + (x,)4! + (x,)3! + @&,)2! + (,)1! + 0! 

Now, x, = 2 

because there are two uncrossed letters on the left of M. 

Now we cross M 

i.e., EH MORT 

Similarly, x, = 2 (Since there are two uncrossed letters on the left of O) 

Crossing O > EHM WRT 


and, x, = 3 (Since there are 3 uncrossed letters on the left of 7) 


Crossing T > EHMKRX 


and, x, = 1 (Since there is just one uncrossed letter on the left of 1) 


Crossing H > EK MART 
and, x, = 0 (Since there 1s no uncrossed letter on the left of E) 
Crossing E > KH MART 
So rank =2x5!1+2 x41+3.31+1x2!1+01!+0! =240+48+18+2+0+1=309 
Find the rank of the following (when one or more alphabets are repeated). 
(a) BANANA (b) TITANIC 
BANANA 
Step I: Write all the alphabets in alphabetical order 
=> AABNN] 6 letters 
Step Il: Write rank (x,)5! + (x, )4! + (@,)3! + (x2! + (x1! +0! 


Where x,, x,, X,, X,.x, are obtained as follows: 


Step 2.1 x,= eT (Here the 3 1n the numerator 1s because there are 3 letters on the left of B 


on the left of B in the above sequence Also 3! 1s because the 3 A’s are identical and 2! 1s because 
the 2N’s are identical) 


Step 2.1: Now since B has been used, therefore cut B from the sequence; we get AAA KNN 
= AAANN 


Step 2.2: x, =0 (Since the first preference will be A so no other alternative permutation possible) 
Step 2.2’: Since one A has been used, therefore we cut one A from the sequence and hence get 


MAAKNN = AANN 
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TEXTUAL EXERCISE-5 (SUBJECTIVE) 


1. In how many different ways can 25 different pearls be 


arranged to form a necklace? 


. In how many different ways can a garland of 21 dif- 
ferent flowers be made? 


. Consider 23 different coloured beads in a necklace. In 


how many ways can the beads be placed in the neck- 
lace so that 3 specific beads always remain together? 


. In how many ways can 15 members of a committee 
sit at a round table so that secretary and the joint sec- 
retary are always the neighbours of the president? 


5. In how many ways the letters of the word ‘MONDAY’ 


can be written around a circle if the vowels are to be 
separated in any arrangement? 


. In how many ways we can form a garland using 3 


different red flowers, 5 different yellow flowers and 4 
different blue flowers, if flowers of same colour must 
be together. 


. Three boys and three girls are to be seated around a 


table in a circle. Among them, the boy X does not 
want any girl neighbor and the girl Y does not want 


any boy neighbor. How many such arrangements are 
possible? 


Permutation and Combination < 6.29 


(a) There is exactly one person between the two 
brothers. 


8. In how many ways 5 boys (b,, b,, ..., b,) and 5 girls (b) The two brothers are always separated. 


(g,, Z» ---» Z) can sit around a circular table so that (c) What will be the corresponding answers of part 
(a) and (b) if the two brothers were twins (alike in 


all respects)? 


(a) no two girls sit together 
(b) neither two girls nor two boys sit together 


(c) all boys are sitting together 10. Find the rank of the following words as per the order 


(d) 5, 5, sit together and g, g, sit together. of an ordinary dictionary. 


(c) b, 6, together but g, g, not together. 


(a) “RATNA’ (b) ‘FATHER’ 
(f) neither 5,, b, nor g,, g, sit together 
7 ? (c) SHRUTI (d) ARRANGE 
9. There are 20 persons including two brothers. In how (e) ‘TOPOLOGY’ (f) TATTOO. 
many ways can they be arranged on a round table if: 
Answer Keys 
24! 20! 
1. a 2: a 3. (1/2). 20!. 3! 4. (12!)2!) 5. 72 6. 17280 1, 4 


8. (a) 415! (b) 415! (©) SES!) @) (2!°7! © 8! 2!—(2!°7! (447! 


17(18!) 
2 


9. (a) 2(18!) (b) 17(18)! (c) 18!, 10. (a) 42 (b) 261 (c) 372 (d) 342: (e) 5553 (f) 36 


TEXTUAL EXERCISE-5 (OBJECTIVE) 


1. Six boys and six girls sit along a line alternately in 5. If all permutations of the letters of the word AGAIN 


x ways; and along a circle (again alternatively) in y 
ways, then 
(a) x=y 

(c) x = 10y 


(b) y = 12x 
(d) x = 12y 


. A round table conference is to be held between 20 


delegates of 20 countries. The number of ways, they 
can be seated if two particular delegates always sit 
together, 1s 
(a) 2 x 17! 
(c) 2x 18! 


(b) 2 x 19! 
(d) None of these 


. In the above problem, the number of ways, can the 
delegates be seated if two particular delegates never 
sit together, is 

(a) 17. 18! (b) 19! 

(c) 18. 18! (d) None of these 


. The number of ways in which 20 different pearls of 
two colours can be set alternately on a necklace, there 
being 10 pearls of each colour, 1s 

(a) 9! x 10! (b) 5(9 !) 

(c) (9!) (d) None of these 


are arranged as in dictionary, then fiftieth word 1s 
(a) NAAGI (b) NAGAI 
(c) NAAIG (d) NAIAG 


. If the permutations of a, 5, c, d, e taken all together be 


written down in alphabetical order as in dictionary and 
numbered, then the rank of the permutation ‘debac' 
1S 

(a) 90 (b) 91 

(c) 92 (d) 93 


. If all the permutations of the letters of the word 


“TACKLE’ are written in the dictionary, then the rank 
of the word “TACKLE’ 1s 

(a) 602 (b) 603 

(c) 604 (d) 605 


. If the letters of the word LATE be permuted and the 


words so formed be arranged as in a dictionary. Then 
the rank of LATE is 

(a) 12 (b) 13 

(c) 14 (d) 15 
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Answer Keys 
1. (d) 2. (c) 3. (a) 4. (b) 5. (c) 6. (d) 7. (c) 8. (c) 


let us consider the combinations which can be made by the 
letters a, b, c and d, two at a time as given below. 


Each of the groups or selections (ignoring order) which can ab, ac, ad, 

be made by taking some or all of a number of things 1s called be, bd, 

a combination. To understand the concept of combination, ed; (they are six in number.) 
NOTE 


From the above, it is amply clear that in combinations we are only concerned with the number of things each selection 
contains without taking into account the order in which the objects are being selected. 


Properties of combination Choosing r things out of m given things = choosing 

(n — r) things out of given n things because when r 

1. The number of combinations of n different things things are chosen, remaining (” — r) things automati- 
taken r at a time is denoted by cally get selected. 


n 
*C_or C(n, r) r| | and it is empirically calculated as: 4. "C_="C >x=yorx+y=n 
r x y 


"C = Ee (0<r<n) 5. Pascal Rule: "C+ "C= ""C (1 <rs<n) 
"  rl(n—ry! 
fe LUS n!} 7 n!} 
Proof: = + 
[where n € Nandre if {whole numbers} | roo Avil @=DiGar a) 
= 0 af r> n) 
—______—_+ 
2. "Cis always an whole number. ; r(r-l)'(n—-r)! 
= n! 
Following important conclusions can be made out of l 
the above statement: (r—-1)!(n—r+l)(n-r)! 
(a) Product of r consecutive integers is always divis- 
ible by r! _ n| E l _ (+0)! 
nC = n(n—1)(n—2)(n—-3) ae (n—-r +l) ag (r—l1)'(n-r)! r n-rt+l r\(n-r+l)! 
‘ r! = n! n+l 
Clearly, the numerator is completely divisible by r! (r—l)'(n—-r)!| (n—-rt+Dr 
SG = REELS: 


n 


| 
(b) 0! = 1: {"e="¢ =— } ana =n 


(c) kt=oifk<0O (Think why?) 


3 *C ="C 
: me Choosing any r Choosing r Choosing r objects 
n! objects out of = objects always or always including 
Proof: LHS = 4, oe F rin—r)! (n+1) given excluding one one particular 


objects particular object objects out of 


n! ni out of (n+1) objects (n+1) objects 


LS ORI err TORRE Te RTT 
mr (n—r)\n—(n—r))! (n—r)ir! FIGURE 6.12 


Proof: LHS = rx ee 


RHS = 


n! 


r\(n—r)! (Dino! 


(n-l)! n} 


AX = ———_—_- 
(r-l)\n-r)! (r-D\n-r)! 


Permutation and Combination < 6.31 


Choosing r MP’s from n 


citizens ("C__ ways) 
and 


Choosing 1 PM from r 
choosen MPs (r ways) 
ea Oe 


MP: Member of Parlia- 
ment 


Choosing 1 PM from n 
citizens (n ways) 


and 


_ Choosing remaining 


(r— 1) MP’s from 
remaining (n — 1) 
citizens (""'C_,) ways 


PM: Prime Minister 
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7 nC = n+l C (—) es (r+) 4+2) n+2 From n-citizens 
4 ntl) (ntl(n4+2) 00 | 
choosing r MP’s ("C_ 
8. *C'C.="C,.7°C_(n2rzy9). ways) 
, and 
Proof: LHS =—~—x—"+ — 
rin—-r)l sr—s)! Choosing s ministers 
7 n!} out of r 
“r—s)\n—r)! 
s\(r—s)'(n-r)! MP’s ('C_ways) 
—s)! 
RHS = a es (at) ees .. Total ways = "Cx"C. 
s\(n—s)! (r—s)\(n-—s)-(r-s))! 
n! "C, —n-rt+l 


~ sl(r—s)\n-r)! i 


r-l 


r 


From n-citizens 


choosing s ministers ("C’, 
ways) 


and 


Choosing remaining 
(r—s) MP’s out of 
remaining (n-—s) citizens 
(""C_ ways) 


.. Total ways ="C.."°C 


a Oe a Oe a Oe ie ks OP 


Proof: We consider the following binomial expan- 
sion 

Ce aes Or a Or vce a, OUR erie a ORR aca aa Oo. 
Putting x = 1 on both sides, we get 2” = "C+ "C, + 
ONE nat Omen nag Ot 


ih OW cs Oa ol Oe cr Markt On ah Orta ols Sees cee = 2" 
1C as ntl as nti" abc ae + ant = 2nt2 

n n n Wee re n nt1 
The greatest value of "C. isc - if nis even and ” C.. 


“5. 
OFC. a if n is odd 


2 


Rissh: . Cte n! r\(n—r)! 
"C, (r+1)'(n-r-1)! n! 
_n-r 
r+l 


Permutation and Combination < 6.33 


Casel: If nis even C296 Tn Tror +] 


. The greatest values of "C_ is "C__, 
Casell:. If nis odd"C_,>’C if r< — . equality 


—] 
holds for r = oo 


NO 


The greatest value is "C_, or "C_,, 


2 Z 
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ILLUSTRATION 49: By joining the vertices of a hexagon, number of triangles are formed 
(a) 18 (b) 21 (c) 20 (d) 19 
SOLUTION: A triangle is formed by selecting 3 points out of six and joining these points. 
= Number of triangles that can be formed = °C, = 20 


ILLUSTRATION 50: Number of diagonals in a polygon with n sides is 


n(n—3) n(n —2) 
2 


(a) 5 


(b) 


(c) a (d) None of these 


SOLUTION: Diagonals are formed by selecting any two points out of 1 points and joining them. But we 
should exclude n sides. 


| n(n—1) n(n—3) 
Number of diagonals = "C,—n = ae n= a 


TEXTUAL EXERCISE-6 (SUBJECTIVE) 


1. G) If"C_.="C,_ , then find all possible values of r and 3. Prove that the greatest value of "C= "C, 
show that if the above equation has solution then r 
is 2 orn + 41s divisible by 4. ; 

(ii) Solve “C, = “C 2_, then show that if the equation (a) > (*) —7y2"! 
has solution then r = 0, 2 or n 1s perfect square of r=0 \F 
some integer. 
(iii) Solve "C, ="C , 


r 


4. Prove the following identities: 


(b) r(r—1)"C, =n(n-1)2”” 
. for all possible values of 2. ( yc, ( ) 


+2 
2. (a) Find the values of nm and r if it is given that 
"C= 28 and "C= 70 and "C= 56. 


(b) "CMC "IC = 56: 35:20 find n and r 


(c) a "C, =n(n+1)2”"” 


r=l 


‘i n : (d) 5 "C, =n’ (n+3)2”” 
(c) Prove the identity ) | a =i 2 
k=1 


r=l 


r-l 


: "C 5. Evaluate the following 
(d) Evaluate the series Er r (i) 8C,+7C,+ C,+5C,+4C, 


mt OC (ii) PC, + PC,4 IC, + PC. +9C, 
Answer Keys 
1.) r=2 (ir =0Vn EN andr=keEN, when ,- 24+3) -9 
iG neBees Gnesi ra=t-@ oe 


5. (a) °C,-1 (b) “C,-9C, 


TEXTUAL EXERCISE-6 (OBJECTIVE) 


1. or =z i One 1s 2. If "Cre, iS oe then m 1s 
(a) 3 (b) 2 (ayerrG (b) °C, 
(c) 4 (d) None of these (Cc). (d) None of these 


3. The least +ve integer n for which "'C, + "'1C,. <"C_, is 


(a) 12 (b) 13 
(c) 14 (d) 15 


4. The total number of selections of at most n things 
from (2n + 1) different things is 63; where atleast one 
thing is selected. Then the value of n 1s 
(a) 3 (b) 2 
(c) 4 (d) None of these 


7 
5. The value of “C,+ )o"’Cy_, is 
al 
(b) “"C, 
(d) “C, 


(a) Ge 
(c) eC 


6. The domain of definition of the function f(x) = **C_,, 
is 


Answer Keys 


1. (b) 2. (c) 3. (c) 4. (a) 5. (b) 


m SELECTION OF DISTINCT OBJECTS 


Combination of objects taking any number 
of them at a time (all possible selections): 


Number of selections of objects when any number of them 
can be selected is given as "C+ "C, +.....+ "C= 2” where 
"C_ correspond to the case when r objects are selected out 
of n different objects. In above case, r varies from 0 to n. 


NOTES 


Permutation and Combination < 6.35 


(a) [9, 0) 
(c) £9, 10, 11, 12...}3 


(by) 4=10). 1,2, 3.42 
(d) None of these 


7. Solution of inequality °C, > 2 "°C, is 


(a) {8, 9, 10, 11...} (b) £8, 9, 10} 
(c) {9, 10, 11} (d) None of these 


8. Solution of inequality 8'°C_< 3'°C__ is 
(a) 40; 1230820) Cb) 205142, 350.10} 
(c)x € {27, 28...10} (d) None of these 


9. Solution of inequality *'C,-*"'C,- > (x-2) (x-3) <0 


iS 


(a) {5, 6, 73 (b) {7, 8, 93 
(c) {8, 9, 10} (d) £5, 6, 7, 8, 9, 10} 
6. (c) 7. (b) 8. (a) 9. (d) 
Proof: In other ways, we can say that any object can be 


dealt in two ways 


1. when it is selected 


2. when it is not selected 


So the total number of ways of selection = 2 x 2 x 2....... x 
2(n times) = 2” 


e Number of selections of objects (at least one) out of n different objects equals "C, + °C, +.....+°C =2"-1 


e Number of selections of at least two objects out ofn = 2"—"C, —"C 


1 


ILLUSTRATION 51: Raj has 10 friends and wants to invite them on dinner party. In how many ways can it be 


done if 


(a) any number of friends can be invited? 


(b) at least one friend must be invited? 


SOLUTION: (a) Number of ways in which dinner party can be arranged when any number of friends are 
invited ="CANC, + 8C + 


(b) Number of ways in which dinner party can be arranged when one or more friends are 


invited = !°C is a & er 


$C = a 
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Restricted combinations 


The number of combinations of n different things taking r 
at a time 


(a) When p particular things are always to be excluded = 
n—-p C 


Method to solve 


will have to select r objects from the remaining n — p objects 


A__,A 


pti?” p+" 


.. A Hence required number of ways = ""-?C_ 
(b) When p particular things are always to be included = 


Care 


Method to solve 


Consider the objects A,, A,, A,, 

If the p particular objects A ,, A,, 
in the selection, then to complete the selection, we must 
select (r — p) more things to complete the selection. From 
the remaining n — p things (A ane A ae 


Hence required number of ways = "-?C = 


Permutation and Combination < 6.37 


(c) When p particular things are always included and q or more different categories, counting in these cases 
particular things are always excluded =""?-7C ,-p (can can be simplified by using tree diagram. 
be explained as in case (a) and (b)) 


(d) Number of ways of choosing from the objects of two 


NOTE 


The things included are always subtracted from availability and requirement both, while, the things excluded are 
subtracted only from availability. 


ILLUSTRATION 56: 


SOLUTION: 


ILLUSTRATION 57: 


SOLUTION: 


ILLUSTRATION 58: 


SOLUTION: 


ILLUSTRATION 59: 


SOLUTION: 


Fifteen players are selected for a cricket match. 
(1) In how many ways the playing 11 can be selected? 
(11) In how many ways the playing 11 can be selected including a particular player’? 
(111) In how many ways the playing 11 can be selected excluding two particular players? 
(1) 11 players are to be selected from 15 
Number of ways = °C, = 1365 
(11) Since one player 1s already included, we have to select 10 from the remaining 14 
Number of ways = “C,, = 1001. 
(111) Since two players are to be excluded, we have to select 11 from the remaining 13. 


Number of ways = °C, = 78 


A regular polygon has 20 sides. How many triangles can be drawn by using the vertices, but not 
using the sides? 


The first vertex can be selected in 20 ways. The remaining two are to be selected form 17 ver- 
tices so that they are not consecutive. This can be done in '’C, — 16 ways. 


The total number of ways = 20 x (’’C, — 16) 
But in this method, each selection is repeated thrice. 


20x ('7C, -16) | 


Number of triangles = 800. 


In how many ways we can select 4 letters from the letters of the word MISSISSIPPI? 
M HII SSSS PP 
Number of ways of selecting 4 alike letters = 7C, = 2. 
Number of ways of selecting 3 alike and 1 different letters = *C’, x °C, = 6 
Number of ways of selecting 2 alike and 2 alike letters = *C, = 3 
Number of ways of selecting 2 alike and 2 different = *C’, x °C, = 9 
Number of ways of selecting 4 different = “C, = 1 
Total numbers of ways of selection = 2+6+3+9+1=21 


A group of students consists of 4 boys and 5 girls. Find the number of ways of selecting a team 
of at least 3 boys and 4 girls. 


Every branch of above tree diagram gives us the constitutions of the team which are as 
follows: 


6.38 >» Fundamentals of Mathematics—Algebra | 


ILLUSTRATION 60: 


SOLUTION: 


ILLUSTRATION 61: 


SOLUTION: 


ILLUSTRATION 62: 


SOLUTION: 


ILLUSTRATION 63: 


SOLUTION: 


Constitution of team Number of ways of choosing 


3 boys and 4 girls C, °C, 
or 3 boys and 5 girls mC, x PC, 
or 4 boys and 4 girls °C, 
or 4 boys and 5 girls ss OF ae Or 


Total number of ways of choosing a team = *C, x °C, + 4C, x °C, + 4C, x °C, + 4C, x °C, 
=4x35+4x1+1x5+1x1=30 


The straight lines /,, /,, /, are parallel and lie in the same plane. A total number of m points are 


taken on /,, n points on /,, k points on /.. Find the maximum number of triangles formed with 
vertices at these points are. 


Maximum number of triangles = selection of 3 points out of m +n+k points — {selection of 3 
points out of m collinear point’s} — {selection of 3 points out of n collinear points} — {selection 


of 3 points out of p collinear points} =""""*C, —"C, —"C, —”C, 
In an election, a voter may vote for any number of candidates not greater than the number of 


candidates to be elected. There are 10 candidates and 4 are to be elected. If a voter votes for at 
least one candidate, then find the number of ways in which he can vote. 


Total number of ways = °C, + °C, + ™C,+ "C, 
= 10+45 + 120 + 210 = 385. 


The number of triangles which can be formed by using the vertices of a regular polygon of 
(n + 3) sides is 220, then find n 


Number of triangles = "°C, = 220 


(n+3)! _ 55 
3In! 
=> (n+ 1)(n +2) (n +3) = 1320 = 10x 11 x 12 > n=9 


In how many ways can a pack of 52 cards be 

(a) divided equally among four players in order 

(b) divided into four groups of 13 cards each 

(c) divided in 4 sets, three of them having 17 cards each and the fourth just one card? 


(a) The number of ways in which 52 cards be divided equally among four players 1n order 


52)! 
= Gs x as OF x Crs x Gs = ; 


(b) The number of ways in which a pack of 52 cards can be divided equally into four groups 
of 13 cards each 
_ 2 Cx PG yx" Cyx" Gs _ (52)! 
4! 41(13!)° 
(c) The number of ways in which a pack of 52 cards be divided into 4 sets, three of them having 
17 cards each and the fourth just one card 
Cx Cx CC, - (2)! 
3! 31(17) 


Permutation and Combination < 6.39 


ILLUSTRATION 64: Five balls of different colours are to be placed in three boxes of different sizes. Each box can 
hold all five. In how many different ways can we place the balls so that no box remains empty? 
SOLUTION: Since, each box can hold five balls. 


Number of ways in which balls could be distributed so that none 1s empty are (2, 2, 1) or 
(3, 1, 1). 


5 3 1 5 2 1 
ee (“BEG “GEG 31 = 300 


ILLUSTRATION 65: 7 relatives of a men comprises 4 ladies and 3 gentlemen, his wife has also 7 relatives; 3 of them 
are ladies and 4 gentlemen. In how many ways can they invite a dinner party of 3 ladies and 3 
gentlemen so that there are 3 of man’s relative and 3 of the wife’s relatives? 

SOLUTION: The possible cases are 
Casel: Man invites 3 ladies and women invites 3 gentlemen. 
Number of ways = “C,.“C, = 16 
Case li: Man invites (2 ladies, 1 gentleman) and women invites (2 gentlemen, 1 lady). 
Number of ways = (“'C,.°C,).CC,.“C,) = 324 
Case lil: Man invites (1 lady, 2 gentlemen) and women invites (2 ladies, 1 gentleman). 
Number of ways = (’C,.°C,).CC,.“C,) = 144 
Case lV: Man invites (3 gentlemen) and women invites (3 ladies) 
Number of ways = *C,’C, = 1 
Total number of ways = 16 + 324 + 144+ 1 = 485. 


ILLUSTRATION 66: A box contains two white balls, three black balls and four red balls. In how many ways can three 
balls be drawn from the box, if at least one black ball is to be included in the draw? 
SOLUTION: Casel: When one black and two others balls are drawn 
= Number of ways = *C,.°C, = 45 
Case il: When two black and one other balls are drawn 
= Number of ways = *C,.°C, = 18 
Case ill: When all three black balls are drawn 
=> Number of ways = *C,= 1 
Total number of ways = 45 + 18+ 1=64 


ILLUSTRATION 67: A committee of 12 is to be formed from 9 women and 8 men. In how many ways this can 
be done if at least five women have to be included in the committee? In how many of these 
committees 


(a) the women are in majority? (b) the men are in majority? 


SOLUTION: Given that there are 9 women and 8 men, a committee of 12 1s to be formed including at least 
5 women. 


This can be done 1n the following ways 


= (5 women and 7 men) + (6 women and 6 men) + (7 women and 5 men) + (8 women and 4 
men) + (9 women and 3 men) 


Total number of ways of forming committee 


6.40 >» Fundamentals of Mathematics—Algebra | 


ILLUSTRATION 68: 


SOLUTION: 


ILLUSTRATION 69: 


SOLUTION: 


= (CCC) FCCC) CeCe FCCC aCe) 
= 1008 + 2352 + 2016 + 630 + 56 
= 6062 ways 
(a) The women are in majority = 2016 + 630 + 56 
= 2702 ways 
(b) The men are in majority = 1008 


There are n points in a plane out of these points no three are in the same straight line except p 
points which are collinear. How many 


(i) straight lines and 
(it) triangles can be formed by joining them? 
(i) Number of lines formed by joining any two points out of given n points = "C, and number 


of lines formed by joining any two points out of p collinear points = "C,, but these collinear 
points giving exactly one straight line passing through all of them. 


Hence, required number of straight lines = "C, —?C, + 1. 


(it) Number of triangles formed by joining any three points out of given nm points = "C, and 
number of triangles formed by joining any three points out of p collinear points = 7C,, but not 
triangle would be formed by joining any three points out of these p collinear points. Hence, the 
number of triangles formed = "C, — ?C,. 


There are ten points 1n a plane. Of these ten points, four points are in a straight line and no other 
three points are 1n the same straight line. Find 

(i) the number of straight lines formed. 

(ii) the number of triangles formed. 


(iii) the number of quadrilaterals formed by joining these ten points. 


(i) For straight line, we need 2 points 
Number of straight lines 


Number of points selected out of | Number of points selected 
4 collinear points out of remaining 6 points formed 


0 2 4C, x6C, = 15 
l l Ce =A 
2 0 I 


(In last case, only one straight line is formed) 
Required number = 15 + 24+ 1 = 40 


(ii) For triangle, we need 3 points 


Number of points selected out of | Number of points selected Number of triangles formed 
4 collinear points out of remaining 6 points 


0 3 4C, x6C, = 20 
I 2 ‘C, xC, = 60 
2 l 4C, xC, = 36 
3 0 0 


(In last case, number of triangles formed 1s 0) 
required number = 20 + 60+ 36+0= 116 


Permutation and Combination < 6.41 


(iii) For a quadrilateral we need 4 points 


Number of points selected out of | Number of points selected Number of quadrilaterals 
4 collinear points out of remaining 6 points formed 

0 4 C= 15 

1 4, AC — 80 


2 4C, x°C,= 90 
3 0 
40 0 


(In the last two cases, no quadrilateral 1s formed) 
‘. Required number = 15 +80 +90 = 185. 


2. To find the total number of ways in which it is possible 
to make a selection taking some or all out of (p + g + 
r+ s) things, where p are alike of one kind, g are alike 


m@ SELECTION OF IDENTICAL OBJECTS 


Combination when some objects are of second kind and r alike of third kind and s are dif- 
identical ferent. 
1. All possible selections of n identical objects: Out of p alike things, we may select none or one or two 


or three,........... or all p. Hence they may be disposed of in 
(p + 1) ways. Similarly, g alike things may be disposed of 
in (¢g + 1) ways, similarly for r And s different things may 
be disposed of in 2° ways. (This includes the case in which 
all of them are rejected). 


As we know there is only one way to select only par- 
ticular number of things out of given available identi- 
cal things irrespective of number of available things 
and required things (provided availability > Require- 
ment) so all possible selections of n identical things = 


(14 ta .. the total number of selection = (p + 1) (q+ 1).... 
n+ times (r a 1) Pig 
NOTES 


e Number of ways if atleast one object is to be selected = (p+1) (q +1) (r +1) 25-1 
e Number of ways if atleast one from s different objects is to be selected = (p+1) (q +1) (r +1) (2° -1) 


e Number of ways if atleast one object of each alike type is i.e., p-alike, q-alike......,is to be selected) = (p. q. r) 2° 


ILLUSTRATION 70: How many combinations you can make from 5 pairs of (identical) shoes out of which 2 are 
brown and the remaining three are black? 


SOLUTION: Since the shoes are alike in combinations | pair shoe or 2 pair shoe (for brown shoes) and 1, 2, 
3 pair of shoes (for black). 


Hence number of combinations = (2+ 1)(3+1)=12 


ILLUSTRATION 71: Find the number of ways in which one or more digits can be selected from the following: 11111 
2222 333 44 567. 


SOLUTION: Here five 1’s are alike, four 2’s, are alike three 3’s are alike, two 4’s are alike and 5, 6, 7 are different. 


Selection from (11111) can be made by 6 ways {such include no 1, include one 1, two 1, three 
1, four 1, five 1}. Similarly, selections from (2222) can be made in 5 ways, selection from (333) 
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can be made in 4 ways, selection from (44) can be made in 3 ways and selections from 5, 6, 7 
can be made in 2 x 2 x 2 ways. 


Then total number of combinations 
= (5 +1) (441) +1) (2+1) 27-1 = 6.5.4.3. 8 -1 


= 2879 (excluding the case when no letter is selected) 


Combination when some objects are identical Split the question into following cases: 


Casel: No object is selected from identical objects 


(taking specific number of them at a time) Number of ways =""C 


Method:1 Ifa group has n things in which p are identical, | Case fl: 1 object is selected from identical objects, Num- 


then the number of ways of selecting r things from group = | ber of ways ="*C 
ye 4 or x "PC, according asr< porr> p Case Ill: 2 objects are selected from identical objects, 
‘0 k=r-p Number of ways = "” C__, and so on, finally p identical 
It can be obtained in following manner: objects are selected. Number of ways =” ?C - 
NOTES 


e The number of ways of selecting r objects out of n identical objects is 1. 


e The number of ways of selecting any number of objects out of n identical objects is n+1. 


ILLUSTRATION 72: How many 3 letter words can be formed from the letters of the word CALCUTTA? 


SOLUTION: CALCUTTA has letters CC, AA, TT, U, L. There are different number of cases where 3 letter 
words can be formed. 
I. 3 alike NOT POSSIBLE Il. 2, alike, | different. III. 3 different. 
For case (II), the number of ways it can be done in °C, . *C,, since there are 3 pairs of iden- 
tical letters and 2 other different letters. Now, these 3 letters can be arranged in 3!/2! ways 


since 2 of them are identical. Hence, the total number for case (II) is °C, .“C, . 3!/2!) = 36. 

For case (III), the number of ways we can choose 3 different letters from 5 different letters is 
°C,. These 3 letters can be arranged in 3! ways, so that the number of ways = °C, . 3! = 60 
Hence the total number of words that can be formed = 36 + 60 = 96 


TEXTUAL EXERCISE-7 (SUBJECTIVE) 


1. Out of 5 boys and 3 girls, find the number of 4 mem- (a) If no restriction is applied. 
ber committee formed containing: (b) If a person (P,) is always selected in the commit- 
(i) At least tee. 
- (a) 2 girls (b) 2 boys and I girl: (c) If P, refuses to be in the committee with P.. 
emo (d) If P, agrees to be in the committee only if P, 1s 
(a) 3 boys (b) 2 girls exes: : 
2. Out of the 10 persons named P,, Py Py. P,,. Find (ec) If P, and P, have decided to be in the committee 


the number of committees of three people formed. together. 


3. 


10. 


Show that total number of subsets of a set S with n ele- 
ment 1s 2” and Also find the total number of non empty 
subsets of S as well as total number of proper subsets. 


A father has eight children. He takes three out of them 

at a time to zoo and never takes the same group again. 

If all the children has to visit zoo equal number of 

times, then: 

(a) how many times father will go to zoo? 

(b) how many times each child will go to zoo? 

(c) how many times father will go to zoo if C, C, 
decide to always go together? 

(d) how many times father will go to zoo if C, C, 
decide never to go together? 

(ec) how many times father will go to zoo C, C, 
decide to go together and C, C, decide never to go 
together? 


If m people shake hands with each other in a Party 
then find the number of hand shakes, if no two people 
shake hand more than once. 


(a) Out of two sets of equispaced parallel lines 
containing m and n lines respectively; when lines 
of first set are non-parallel to lines of second sets, 
then find number of parallelogram formed. 

(b) Find the number of squares and rectangles formed 
on a chess board. 


There are n points in a plane and six out of them are 
collinear, find the total number of distinct lines, line 
segments, directed line segments formed by joining 
them. 


(a) How many diagonals are there in an n -sided con- 
vex polygon (n > 3)? 

(b) How many triangles can be formed by joining 
the vertices of an n -sided convex poly gon? How 
many of these triangles have: 

(1) exactly one side common with that of the 
polygon 
(11) exactly two sides common with that of the 
polygon 
(111) no sides common with that of the polygon? 


(a) In how many ways can two unit squares be 
selected from an 8-by-8 chessboard so that they 
are not in the same row or the same column? 

(b) In how many ways can four unit squares, not all 
in the same row or column, be selected from an 
8-by-8 chessboard to form a rectangle? 


Applying the combinatorial arguments (without using 
binomial theorem) prove the following mathematical 
statements: 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


Permutation and Combination < 6.43 


Cs Oe a OF OD "C= 2" 

(b) 1.°C,+.2.°C,t..¢ 0. °C, = 1.2". 

(c) 2°."C, +21. °C, +22.°C, +...42 °C, = 3" 

(d) Coy as cc): af Coy a CC): = aC. 

(GC )CC) CC KO DECC) CC.) 
CC) _ ore. 


Find the number of ways in which nine speakers(S,, 
S,, .-.-9,) can address an assembly such that 

(a) S, and S, speak together 

(b) S, speaks just before S,,. 

(c) S, speaks before S,. 

(d) speaker S, wants to address the assembly before 


speaker S, and S, wants to address before speaker S.,. 


Find the number of ways in which 8 members com- 
mittee can be formed out of 15 people (including five 
senior citizens), so that. 

(a) All senior citizens are included 

(b) No senior citizen is included. 


Find the number of ways in which 15 peoples (includ- 
ing five senior citizens) can be seated on 10 chairs 
arranged in a row, so that 

(a) All senior citizens are always occupying the chair 
(b) None of them occupying the chair. 


From a class containing 2n students of which n are 
boys and remaining nv are girls. Find the number of 
ways of choosing students such that 

(a) number of boys is one more than number of girls. 
(b) number of boys 1s 2 more than number of girls. 
(c) number of boys 1s & more than number of girls. 


A cricket eleven has to be chosen from 15 players of 
whom 6 can bowl and 3 keep wicket, while none can 
bowl and keep wicket. In how many ways can the 
eleven be chosen so as to contain at least 4 bowlers 
and 2 wicket keepers? 


How many numbers of n digits can be made with the 
non-zero digits in which no two consecutive digits are 
the same? 


Find the number of elements in the set_Y = {x: x € 
QO, 0<x<1,x = p/q. where p and q are to be chosen 
from the set {1, 2, 3, 4, 5, 6} }. 


Imagine a piece of graph paper. Starting at the origin 
draw a path to the point (n, n) that stays on the grid 
lines (which are one unit apart) and has a total length 
of 2n. For example, one path is to go from (0, 0) to (0, 
n—k) to (5, n—-k) to (5, n) to (n, n). Another path goes 
from (0, 0) to (n, 0) to (n, n). How many possible dif- 
ferent paths are there? 
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Answer Keys 

1. (i) (a) 35. (b) 60 (ii) (a) 65 ~(b) 65 ~— 2. (a) 120 (b) 36 (112 (d)92 ©) 64 

3. 2-1 4. (a) °C, )'C, © CAC, @) C,+7C, (©) CtC,+C, 

5. °C, 6. (a) "C,x"C, (b) 204, CC, 

7, 1 =n-2B ac anc 

8. @*) ) oC, @nG-4) Gn Gd ane 

9. (a) 1568 (b) 49 

11. (a) 8! 2! (b) 8! (©) °C, 7! (d) 84x 6! 12 (a) °C, (b) "°C, 

13. (a) P. 10! (b) 10! x 5! 14. (a2) —_20! — HY --. Gein ; 
(n+1)'(n-1)! (n+2)'(n-2)! ne 

15. 960 16. 9x 8" 

17. 11 18. °C. 


TEXTUAL EXERCISE-7 (OBJECTIVE) 


1. 


From 4 gentlemen and 6 ladies, a committee of five 
is to be selected. The number of ways, in which the 
committee can be formed so that gentlemen are in 
majority, 1s 

(a) 66 (b) 156 

(c) 60 (d) None of these 


From a class containing 25 boys and 25 girls, some 
students are chosen such that number of girls is one 
more than the number of boys. Total number of ways 
of choosing the students under above restriction is 
(a) *C,, b) °C, 

(c) °C, (d) None of these 


An urn contains 3 red pens, 4 green pens and 6 yellow 
pens. The number of ways of drawing 4 pens from the 
urn, if at least one red pen is to be included in the draw 
is (All the pens are different from each other) 

(a) 500 (b) 505 

(c) 510 (d) None of these 


There are 20 questions in a question paper. If no two 
students solve the same combination of question but 
solve equal number of questions then the maximum 
number of students who appeared in the examination is 
(a) nC: (b) nC. 

(c) *C,, (d) None of these 

Out of 10 consonants and four vowels, the number of 


words that can be formed using six consonants and 
three vowels is 


CD aw aoe ca a 
(ey CX "GX 0! 


(b) °C, x C, 
(b) °P, x P, 


. The number of all three elements subsets of the set 


{a,,4,,a a} which contain a, is 


a Otto: 
(a) "C, (b) "IC, 
(co) Pac, (d) None of these 


. A lady gives a dinner party to 5 guests to be selected 


from nine friends. The number of ways of forming the 
party of 5 given that two of the friends will not attend 
the party together is 
(a) 56 
(c) 91 


(b) 126 
(d) None of these 


. Let T, denote the number of triangles which can be 


formed by using the vertices of a regular polygon of n 
sides. If T ,, -I, = 21, then n equals 

(a) 5 (b) 7 

(c) 6 (d) 4 


. The number of triangles whose vertices are at the 


vertices of the octagon but none of whose sides 
happen to come from the octagon is 

(a) 16 (b) 18 

(c) 36 (d) 70 


. If 7 points out of 12 are in the same straight line, then 


the number of triangles formed is 
(a) 19 (b) 158 
(c) 185 (d) 201 


11. The number of sides of a polygon having p diagonal, 
is given by the equation (let number of sides = n) 
(a) AC Sp (b) "C,-n=p 
(c) "C,+n=p (d) None of these 


12. In a cricket tournament, n teams participated. Before 
semi-finals every team played a match with every 
other team. If total number of matches played before 
semi-finals was 91, then n is 
(a) 11 (b) 12 
(c) 13 (d) 14 


13. The number of ways in which we can select four num- 
bers from | to 30 as to exclude every selection of four 
consecutive numbers is 
(a) 27378 (b) 27405 
(c) 27399 (d) None of these 


14. A class has n students. We have to form a team of 
the students including at least two students and also 
excluding at least two students. The number of ways 
of forming the team is 


(a) 2"—2n (b) 2"-2n-—2 
(c) 2”—2n-—4 (d) None of these 
Answer Keys 
1. (a) 2. (b) 3. (b) 4. (c) 5. (c) 
11. (b) 12. (d) 13. (a) 14. (b) 15. (b) 


Bee DISTRIBUTION 
Distribution among unequal groups 


To find the number of ways in which m + n things can 
be divided into two groups containing m and n things 
respectively. 

This is clearly equivalent of finding the number of 
combinations of m + n things taking m at a time, as for 
every time we select one group of m things we leave a group 
of n things behind. 

(m+n)! 
m'n! 


Thus the required number = 


To find the number of ways in which m + n + p things 
can be divided into three groups containing m, n, p things 
separately. 

First divide m + n + p things into two groups containing m 
and n + p things respectively; the number of ways in which 
_ (m+n+ p)! 


this can be done = """"?C_ = ————— (1) 
™  mi\(n+ p)! 


Permutation and Combination < 6.45 


15. Given that n is odd, the number of ways in which three 
numbers in A.P. can be selected from 1, 2, 3, ..., nis 


py 


(Cc) (n+l 
2 


cp) eo 
4 

y @=y 
2 


16. The number of integral points (both co-ordinates 
integers) that lie exactly in the interior of the triangles 
with vertices (0, 0), (0, 21) and (21, 0) is 
(a) 133 (b) 190 
(c) 233 (d) 105 

17. The number of different triangles formed by joining 


the points A, B, C, D, E, F and G as shown in the 
figure below will be: 


(a) 20 

(c) 25 
6. (c) 7. (c) 8. (b) 9. (a) 10. (c) 
16. (b) 17. (d) 


And the number of ways in which the group of n + p 
things can be divided into two groups containing n and p 
(n+ p)! 

n! p! 

Hence the number of ways in which the subdivision 
into three groups containing m, n, p things can be made is 
(m+n+ p)\ (n+p)! (m+n+p)! 

m\(n-+ p)! n! p! 7 m!n! p! 

e.g., If alphabets a, b, c, d are to be distributed among 
two groups containing three and one alphabets respectively. 
The number of divisions will actually be equal to number of 
ways of selecting three alphabets out of four (or one out of 
four) for Ist group, because the remaining will automatically 
go to second group. So the number of ways will be equal 
to *C’, = 4 and the groups formed will be: 


things respectively =""C = 


fa, b,c} {d} 
fa, b, d} {c} 
fa, c, d} {b} 
fb, c, d} fa} 
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ILLUSTRATION 73: Find the number of ways of dividing 50 students into 
(a) three groups containing 10, 15, 25 students respectively. 


(b) two groups containing 30 and 20 students respectively. 


SOLUTION: (a) number of divisions = °C, °C,, °C 


50! 
30!20! 


(b) number of ways = °C, °C,, = 


_ 50! 
= WOmsI25 


Distribution among equal groups 


Casel: When groups are identical to be distributed among 
two identical groups equally (containing m objects each), 


! ! 
then it can be done in (m+m)! = en) 
(m!) 2! 


m\m!2! 
Dividing by 2! because in each division it is possible 
to arrange the groups into 2! ways’s without obtaining new 
distribution 


Casell: when groups are distinct (name of group 1s specified) 
If the name of group among which objects are distribut- 
ed are specified (e.g., distribution of books among student, 
dividing soldiers into regiment, distributing student into 
section etc.) 
We put n = p = m in equation (1), 


3m! _ (3m)! 
m\m\m! (m!) 


we get 


Note: Problem solving trick 
Consider the following situation: 
Casel: Groups are identical or distinct having m, n and p 
such that m #n # p. 
Since we can recognize the groups easily so no degen- 


eracy and no division by 3! 
(m+n+ p)! 


min! p! 
Case ll: Groups are identical each having m-objects. 
Here we cannot recognize the groups so there 1s degen- 
eracy by 3! 
Hence, No. of ways = 


Hence number of ways = 


(m+m+m)! 
m\m'm!3! 
Case Ill: Groups are distinct (name specified) and number 
of things to be distributed are equal. 
Here any of the arrangement can be recognized easily 
[as the groups are specified]. So no degeneracy by 3! Hence 
(m+m+m)! (3m)! 
m'm'm! aa 


( ) 


the number of ways are = 


ILLUSTRATION 74: Find the number of ways in which 15 recruits can be divided into three equal groups and also 
obtain the number of ways in which they can be divided equally into three regiments. 


SOLUTION: Simple division into three equal groups can be done 1s 


which they can be drafted equally into three different regiments = 


and the number of ways in 
5!5!5!3! 


15! 


NOTE 


The number of ways of dividing pq objects among p groups of same size, each group containing q objects = 


ast) 


(pq)! 
(q!)’.p! 


ILLUSTRATION 75: In how many ways can a pack of 52 cards be distributed into 4 groups each containing 13 cards ? 


SOLUTION: Here order of group is not important, thus the number of ways in which 52 different cards can 


be divided equally into 4 groups is 


(13!)*.4! 


52! 
(groups are identical and things are equal) 
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NOTE 


The number of ways of distributing pq objects among p persons, each getting q objects = (pq) 


ILLUSTRATION 76: In how many ways can a pack of 52 cards be equally distributed among 4 players in order? 


SOLUTION: Here order of group is important, then the numbers of ways in which 52 different cards can be 
x2! 
(13!)* 


divided equally into 4 players 1s 


ILLUSTRATION 77: The set S = {1, 2, 3, 
Thus, 4u BUC = § 
AMNB=BACH=ANT =e 
The number of ways to partition S is 
(a) 12!/3!(4!)° (b) 12!/3!(3!)* 
(c) 12!/(4!)° (d) 12!/(3!)' 


, 12} 1s to be partitioned into three sets A, B, C of equal size. 


12! 8! 12! 
x x] 


SOLUTION: Required number of ways ="C,x°C,x*C, = - 
8k 4! 4lx4! (4!) 
ILLUSTRATION 78: The number of ways in which 20 different things can be divided into three sets of 7, 7 and 6 things 
20! 20! 20! 


= hip | d) ———_ 
®) 7 612! a 7! 7! 6! 2 71 613! 


SOLUTION: First select “6° things out of *20’ and it can be done in °C, ways 
14 


After that, ‘14’ things are to be divided into two groups of *7’ each. This can be done in 
ACRE, «20 
2! 71-7! 6!2! 


7 


Hence the total number of ways = 


TEXTUAL EXERCISE-8 (SUBJECTIVE) 


1. There are two boys B, and B,. B, has n, different toys of | rupee. Then, in how many ways can he give 


and B, has n, different toys. Find the number of ways 
in which B, and B, can exchange their toys in such a 
way that after exchanging they still have same number 
of toys but not the same set. 


. (a) Out of 35 distinct pink shirts, 10 distinct white 
shirts and 15 distinct trousers. In how many ways 
shopping can be done 

(1) if you have previously decided to buy at least 
one pink shirt? 

(1) If at least one item from each lot has to be 
bought? 

(b) Let a person have 3 identical coins of 25 paise, 4 
identical coins of 50 paise and 2 identical coins 


none or some coins to a begger? Further, find the 
number of ways so that 

(1) he gives at least one coin of one rupee. 

(11) he gives at least one coin of each kind. 


3. In a city, no two persons have identical set of teeth 


and no person has no teeth. If any person can have 
maximum thirty-two teeth. Find maximum possible 
population of city disregarding the shape and size of 
teeth and considering only positions of the teeth. 


4. Out of the letters of the word ARRANGEMENT. 


(1) How many ways one or more letters are selected? 
(11) If at least one letter of each type 1s selected. 
(1) If all E’s are selected. 
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5. Find the number of ways into which 6 books can be: 
(1) divided into groups each having two books. 
(11) can be divided into groups such that one group 
is containing exactly 4 books. 
(111) can be distributed amongst three persons such 
that each is getting exactly two books. 


6. (1) Find the number of ways in which 15 recruits 
can be divided into three equal groups. 
(11) Find the number of ways in which they can be 
drafted into three different regiments of five each. 
(111) Distribute m subject books having n different 
volumes of each subject into: 
(a) nm equal groups 
(b) m equal groups 
(c) into n persons equally 
(d) into m persons equally 


Answer Keys 
1 71*™ C = 2. (a) (i) (23 - 1)2”5 
(b) 60 ways (1) 40 ways (i) 24 ways 3. 2-1 


ae fe) | a OL 
eM yar Grae " Op 


a (mn)! (mn)! (mn)! (mn)! 
a) (m!)"n! ©) (n!)" m! . (m!)" © 
8. 113400 9. 360 


6. (i) 


(n!)” 


. Aisa Set containing ‘n’ elements a subset P of A 1s 


chosen and set A is reconstructed by replacing the 
elements into it and subset Q is again chosen and 
this process continues. Find the number of ways of 
choosing P and Q such that P ~ Q = @. In the above 
question, find the number of ways of choosing P and 
QO such that 

a) PU Q contains exactly 2 elements. 

ai) IfP AQ=AandPANO=o9. 


. In how many ways 10 scientist can be assigned to 5 


different research projects so that equal number of 
scientists work on each project? 


. Suppose we have three different toys and we want to 


give them away to two girls and one boy (one toy per 
child). The children will be selected from 4 boys and 
6 girls. In how many ways can this be done? 


Gy = ise) 


4. (i) 647 (ii) 16 (iii) 216 


15! 7 15! 
soy ? Gp 


7.3” ways (i) "C,(3"") (ai) 2” ways 


TEXTUAL EXERCISE-8 (OBJECTIVE) 


1. The total number of ways of distributing n different 
balls among k different boxes if each box can hold any 
number of balls is 


(a) k” (b) né 
(k+n-l1)! (k-n+1)! 
a (k-1)!n! ©) k\(n-1)! 


2. The number of ways in which 8 distinct toys can be 
distributed among 5 children is 
(a) 5° (b) & 
(c) *P, (d) 40 

3. The number of ways in which one can post 5 letters in 
7 letter boxes is 
(a) 35 
(c) 7° 


(b).(P, 
(d) 5 


4. Comprehension passage: Five balls are to be placed 
in three boxes. Each can hold all the five balls. 


Now answer the following questions: 


(1) In how many ways balls can be placed in boxes so 
that no box remains empty, if balls and boxes are 
all different? 
(a) 100 
(c) 200 


(b) 150 
(d) None of these 


(ii) In how many ways balls can be placed in boxes 
so that no box remains empty, if balls are identical 
but boxes are different? 

(a) 4 (b) 5 
(c) 6 (d) None of these 


(111) In how many ways balls can be placed in boxes 
so that no box remains empty, if balls are different 
but boxes are identical? 

(a) 25 (b) 30 
(c) 50 (d) 60 
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(iv) In how many ways balls can be placed in boxes 
. ; (a) 50! (b) 50! 
so that no box remains empty? If balls as well as D7 713121 (12! y (7!) 3191 
boxes are identical. 


(a) 5 (b) 6 (c) 50! 

(c) 3 (d) 2 (12!) (7!) 312! 
(v) In how many ways balls can be placed in boxes 

so that no box remains empty. If balls as well as 

boxes are identical but boxes are kept in a row? 


(a) 3 (b) 4 


(d) None of these 


6. In how many ways 50 different things can be distrib- 
uted among 5 persons so that, three of them get 12 
things each and two of them get 7 things each? 


(©) 3 (d) 6 @) > ) 
| , 7 12071312! (12!) (7!) 312) 
5. In how many ways 50 different things can be divided 50! 
in 5 sets, three of them having 12 things each and two (c) ——.—,——  (d) None of these 
of them having 7 things each? (12!) (7!) 312! 
Answer Keys 
1. (a) 2. (a) 3. (c) 4. (4) (b) Gi) (c) Gi) (a) Gv) dd) (v) @ 5. (c) 6. (b) 
m FORMATION OF NUMBERS Pape rernumbet: 


To find the number of numbers formed we have to obtain 
total number of ways of filling all the places of the number, 
applying the given restrictions: 


There are two methods to form numbers of certain digits 
with the help of given digits or using all digits. 


(a) when the repetition of digits is allowed 
(b) when the repetition of digits 1s not allowed 


The process is mentioned taking following examples: 


ILLUSTRATION 79: Find the total number of four digit numbers formed using all digits from 0 to 9. 
(a) with repetition (b) without repetition 
SOLUTION: (a) *.” zero can not be at 4th place otherwise number will be of 3 digits. 
So number of ways filling 4th place = 9 (placing 


any of digits from 1, 2, 3, 9) since repetition 
of digits is allowed so each of the remaining 

places can be filled in 10 ways. So total number 

of numbers formed = 9 x 10 x10 x 10 = 9000 FIGURE 6.13 


However, this question can be answered even by a child as he will find out total number of 
A digits numbers as 9999 — 999 = 9000 


(b) *.. zero can not be at 4th place otherwise number will be of 3 digits. Therefore, 


Ath place can be filled in 9 ways 


3rd place can be filled in 9 ways (dropping 4th 
place digit and including 0 


2nd place can be filled in 8 ways 4" 3” 2 


Ist place can be filled in 7 ways FIGURE 6.14 


Thus the total numbers formed = 9 x 9 x 8 x 7 
= 4536 ways 
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ILLUSTRATION 80. 


SOLUTION: 


ILLUSTRATION 81: 


SOLUTION: 


ILLUSTRATION 82: 


SOLUTION: 


Number of integers greater than 7000 and divisible by 5 that can be formed using the digits 3, 
5, 7, 8 and 9, no digit being repeated 1s 


(a) 46 (b) 48 (c) 72 (d) 42 


Since the number ts divisible by 5, the unit place must be 5. 
Now we may have 4 digit numbers as well as 5 digit numbers. 


case 1: 4 digit numbers divisible by 5 and greater than 7000 


3 op. 3 op.2 op.1 op. 


FIGURE 6.15 
=3x3x2x1=18 
case 2: 5 digit numbers divisible by 5 and greater than 7000 


_ I 1 option 


FIGURE 6.16 


4! ways to arrange remaining because a 5 digit number 1s always greater than 7000. 
= 4! x 1 = 24. Total number of numbers = 18 + 24 = 42. 


How many 5-digit and 3-digit numbers can be formed by using the digits 1, 2, 4, 6 and 8 without 
any repetition of digits? 
5 digit numbers: 
Places A B C D E 
Number of choices 5 4 3 Z ] 
Number of ways to fill place A = 5 { Any of the digits 1, 2, 4, 6, 8 } 
Number of ways to fill place B = 4 { Since, digits cannot be repeated} 
Similarly, number of ways to fill places C, D and E, = 3, 2 and 1 respectively. 
Total no of ways =5x4x3x2x1=120 
3-digit numbers: 
Places A B C 


Number of choices 5 4 3 
Total number of ways = 5 x 4 x 3 = 60 


How many 5-digit and 3-digit numbers can be formed by using the digits 1, 2, 4, 6, 8, if the 
digits can be repeated? 
5-digit numbers 
Places A B C D E 
Number of choices 5 5 5 5 5 
Number of ways to fill place A = 5 { any of the digits 1, 2, 4, 6 and 8} 
Number of ways to fill place B = 5 { Since, digits can be repeated} 
Similarly, number of ways to fill places C, D and FE = 5 each 
Total no.of ways =5x5x5x5x5=5° 
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“SUM OF NUMBERS 


Case !: 


Sum of numbers formed using the digits D,, 
DD sccugld all at a time when none of the digits 1s zero. 
Every digit will occur at a place (r —1)! 
Sum of column = (summation of digits) (r —1)! 


or bay (r-1)! 


k=! 
Sum of all numbers 


- b> D,|(r- 1)! (107 +1077 +....104 1] 
k=1 


(£2. Jo-vain...y= (4 Yo, Jo 


r times 


Case Il: When one of the digit is zero, 


then YD, © DIM1M1...)-(~- sgn) 


k=1 


r times (r—1) times 


Example: Find the sum of numbers formed by the digit 
0,1,2,3 and 4 (using all at a time). 


Solution: S = 10 [24 x 11111-—6 x 1111] =2599980 


Case lil: Sum of r digit numbers formed using the digits 
D,, D,; D,;..., D, when repetition of digits is allowed 


1. When none of the digits is zero 


Sum = » D, rr Gee) 
i=] ———S 


r times 


2. When one of the digits is zero 


Sum 


r 


=> De CA prince -(r-1"? 111 da. 1) 
OF’ oF 


i=l : ; 
r times (r—1) times 
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(b) Sum of all 4 digit numbers formed by using 2,3,7 and 8 (with repetition) 
=(2+3 +7 +8)" (1111) = 1422080 


ILLUSTRATION 85: Find summation of numbers formed using digits 1, 3, 4, 5 and 7 (all at a time without repetition). 


5 — 
SOLUTION: S = aii 


oS, flr 


10° -1 


i¢3 +4454 7141 


[20] x 24 = 480 x 11111 = 5333280 


TESTS OF DIVISIBILITY 


. Divisibility by 2: A number is divisible by 2 if and 
only if its last digit is divisible by 2 

. Divisibility by 3: A number is divisible by 3 if and 
only if the sum of all digits is divisible by 3 

. Divisibility by 4: A number is divisible by 4 if its 
unit's place digit plus twice its ten’s place, e.g. 35784 
digit 1s divisible by 4 or last two digit number is divis- 
ible by 4. 

. Divisibility by 5: A number is divisible by 5 if and 
only if its last digit is divisible by 5 (..e., if it ends in 0 
or 5). 

. Divisibility by 6: A number is divisible by 6 if and 
only if its units’s place digit 1s even and the sum of its 
digits is divisible by 3 

. Divisibility by 7: A number is divisible by 7 if and 
only if 1 x unit’s digit + 3 x ten’s digit + 2 x hundred’s 
digit — | x thousand’s digit —3 x ten thousand’s digit 
—2 x hundred thousand’s digit is divisible by 7. If there 
are more digits present, the sequence of multipliers 1, 
3, 2, -1, -3, —2 1s repeated as often necessary. 


Example: to test the divisibility of (2018289) by 7 
(lx9=9)+(3 x8=24)+(2 x 2=4)+(C1 x 8=-8) 
+ (-3 x | =-3) + (-2 x 0=0)+C1 x 2=2))=28 (7 
divides 28) 


10. 


11. 


since 28 is divisible by 7, so the given number is divis- 
ibly by 7. 


. Divisibility by 8: A number is divisible by 8 if and 


only if its units’s place digit + 2 x ten’s place digit + 4 
x hundred’s is divisible by 8 or last three digit number 
is divisible by 8. 


. Divisibility by 9: A number is divisible by 9 if and 


only if the sum of its digits is divisible by 9. 


. Divisibility by 10: A number is divisible by 10 if and 


only if the last digit is 0. 


Divisibility by 11: A number 1s divisible by 11 if and 
only if the difference between the sum of the digits in 
the odd places (starting from the nght) and the sum of 
the digits in the even places (starting from the right) is 
a multiple of 11 


Divisibility by 13: A number is divisible by 13 if and 
only if 1 x units’s digit — 3 x ten’s digit — 4 x hun- 
dred’s digit — | x thousand's digit + 3 x ten thousand’s 
digit + 4 x hundred thousand’s digit is divisible by 
13. If there are more digits present, the sequence of 
multipliers 1, -3, —4, -1, 3, 4 is repeated as often as 
necessary. e.g., if N = 512473, then (1 x 3) -@G x 7) 
—(4x 4)-(1 x 2)+@6 x 1)+ (4 x 5) =-13 which is 
divisible by 13, hence the given number 1s divisible 
by 13. 


ILLUSTRATION 86: All possible two factors products are formed from numbers 1, 2, 3, 4, ... ,200. The number of 
factors out of the total obtained which are multiples of 5 1s: 


(a) 5040 
(c) 8150 


(b) 7180 


SOLUTION: Out of 1, 2, 3, 4, 
200 


(d) None of these 


We have ES = 40 numbers which are multiple of 5. 
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TEXTUAL EXERCISE-9 (SUBJECTIVE) 


1. Find out the total number of 4 digit numbers formed (1) digits may not be repeated? 
when repetition of digits is allowed and (ii) digits may be repeated? 


(a) how many of them are odd (b) Find the numbers between 300 and 3000 that can 


(b) how many of them are even be formed with the digits 0, 1, 2, 3, 4 and 5 no 
(c) how many of them have sum of digits as even digit being repeated in any number. 
(d) how many of them are divisible by 5. 


2 Find the number of 4 digit numbers formed without repeti- 4. Find the sum of all 4-digit numbers which can be 
tion of digits and also find how many of them are even. using the digits 1, 2, 3 and 4 such that 


3. (a) How many 3 digit numbers can be formed using the (1) each digit may be repeated up to 4 times, 
digits 0, 1, 2, 3, 4 and 5 such that: (11) each digit may be used only once. 
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5S. Number plates of cars must contain 3 letters of the 


alphabet denoting the place and area to which its 
owner belongs. This is to be followed by a three-digit 
number (in which leading zeros not allowed). How 
many number plates can be printed if 

(a) repetition of letters and digits 1s not allowed? 

(b) repetition of letters and digits 1s allowed? 


How many 7 digit numbers are there which are, divis- 
ible by 8 and formed by using the digits 1, 2, 3, 4, 5, 
6, 7 (repetition of digits not allowed)? 


Answer Keys 


1. 9000 (a) 4500 
3. (a) (i) 100 (ii) 180 (b) 180 


. (a) A five digit number is formed by the digits 1, 2, 


3, 4, 5 without repetition. Find the number of the 
numbers, thus formed which are divisible by 4. 
(b) Find the number of 5 digit numbers divisible by 4 
using digit 1, 2, 3, 4, 5, 6, 7, 8, when 
(1) without repetition 
(11) with repetition 


. A five digit number divisible by 3 is to be formed using 


the numerals 0, 1, 2, 3, 4, 5, without repetition of digits. 
Find the total number of ways in which this can be done. 


(b) 4500 (c) 4500 (d) 1800 2. 4536, 2296 
4. (i) 711040 (ii) 66660 


5. (a) 10108800 (b) 15818400 6. 528 ways 
7. (a) 24 (b) (4) 1680 ai) 16(8%) 8. 216 
TEXTUAL EXERCISE-9 (OBJECTIVE) 
1. The sum of all five digit numbers that can be formed 6. The number of positive integers which can be formed 


using the digits 1, 2, 3, 4, 5, when repetition of digits 
is not allowed, is 
(a) 366000 
(c) 360000 


(b) 660000 
(d) 3999960 


Consider seven digit number x,, x,.....x,, where x,, 
x, # 0 having the property that x, 1s the greatest 
digit and digits towards the left and nght of x, are in 
decreasing order. Then total number of such numbers 
in which all digits are distinct, 1s 

(a) °C,.°C, (by = CnC. 

(C). Ca C, (d) None of these 


The number of six-digit odd numbers, greater than 
6, 00, O00 can be formed from the digits 5, 6, 7, 8, 9, 
O if repetition of digits is allowed is 

(a) 15120 (b) 15100 

(c) 16000 (d) None of these 


In the above problems, if repetition of digits is not 
allowed, then number of such number is 

(a) 120 (b) 24 

(c) 10 (d) 240 


How many numbers greater then 1000 can be formed 
from the digits 1, 1, 2, 3, 4, 0, taken 4 at a time? 

(a) 159 (b) 160 

(c) 161 (d) 162 


by using any numbers of digits from 0, 1, 2, 3, 4, 5 but 
using each digit not more then once in each number. 
Also find how many of these integers are greater then 
3000? 

(a) 1630, 1380 
(c) 900, 300 


(b) 1200, 960 
(d) None of these 


. The total number of natural numbers of six digits that 


can be made with digits 1, 2, 3, 4 if all digits are to 
appear in the same number at least once, is 

(a) 1560 (b) 840 

(c) 1080 (d) 480 


. The total number of seven-digit numbers the sum of 


whose digits 1s even 1s 
(a) 9000000 
(c) 8100000 


(b) 4500000 
(d) None of these 


. All possible four-digit numbers are formed using the 


digits 0, 1, 2, 3 so that no number has repeated digits. 
The number of even numbers among them is 

(a) 9 (b) 18 

(c) 10 (d) None of these 


. The total number of numbers greater then 1000, but 


not greater than 4000, that can be formed with the 
digits 0, 1, 2, 3 when the repetition of digits allowed is 
(a) 191 (b) 374 

(c) 375 (d) None of these 


11. The number of all four digit numbers which are divis- 
ible by 4 that can be formed from the digits 1, 2, 3, 4 


and 5 1s 
(a) 125 (b) 30 
(c) 95 (d) None of these 


12. The number of numbers, that can be formed by using 
all digits 1, 2, 3, 3, 3, 2, | so that odd digits always 
occupy odd places, is 


Answer Keys 
1. (d) 2. (a) 3. (d) 4. (d) 5. (a) 
10. (a) 11. (a) 12. (c) 13. (c) 


=m DIVISORS OF COMPOSITE NUMBER 


Unique factorization theorem 


Let n be any integer such that |n| > 1. Then |n| is expressible 
as a product of a unit and finitely many prime numbers. 
Moreover, such an expression is unique except as to the 
order in which the various factors occur. Any natural 
number N can be written as N= p? q’r°s‘..... where p, g, 7, 5 
are prime numbers and a, b, c, d are non-negative integers. 
e.g., 225 = 3? x 5*; 345 =3 x 5 x 23 

Given a natural number N = p%q’.r° and a number 
x = p* q® r’is called divisor of N. If Nis completely divisible 
by x 1.e., V=x.m where m é€ Z. In other words, that will be 
divisor of N iff all the prime factors of x are present in NV 
(but not necessarily all prime factors of N are in x). This 
condition can be mathematically expressed as 0< @ < a; 0 
<B <b;0<y<c; where a, B, y are integers. 


Number of positive integer divisors 


If the number N is the given positive integer such that: 

N = a? 69 c".......... where a, b, c are different prime 
numbers and p, g, r € W(whole numbers set) 

The number of positive integer divisors of N = total 
number of selections out of p number of 'a', g number of 'b' 
, rnumber of 'c' etc. 

= number of positive integer divisors are given by 
number of distinct terms in the product 

Ser aah ten Pat’) apse i tee F OO ere 

= (ptl) (¢ +1) (4))...... 
N it self) 


(which includes | and the 
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(b) 34 
(d) 12 


(a) 3! 4! 
(c) 30 


13. The number of times the digit 5 will be written when 
listing the integers from | to 1000 1s 


(a) 271 (b) 272 
(c) 300 (d) None of these 
6. (a) 7. (a) 8. (b) 9. (c) 
Example 


(i) Number of positive integer divisors of 420 including 
l and itself 420 = 27.3'.5'7'> 3x2x2x2=24 
Total number of proper positive integer divisors of 2? 
67 15" ( = 2°93 9°75") 
=(ptq+lqtr+Drt)-2 

Find the number of proper positive integer divisor of 
1800 which are also divisible by 10 

1800 = 23 x 3? x 5? 

= total number of proper positive integer divisors 
having at least one 2 and one 5 from set {2, 2, 2, 3, 3, 
5,5} =3x3x2=18 


(11) 


(iii) 


Proper and improper positive integer divisors 


As unity (1) 1s a divisor of every natural number (4) and 
every natural number JN 1s divisor of itself. These two num- 
bers are called the improper divisors of (V) and remaining 
divisors are known as proper divisors. 
Number of proper positive divisors divisors of (4) 
=(a+1)(6+ 1) (e+1)-2. 


Sum of positive integer divisors of N(= a?.b‘. 
c'.d’) 


Since each individual positive integer divisor 1s given as 
term of the expansion, 

(a tara t+ . Fane Pb! eb) 4+24 59 (c° te +e 
Haske Ma nd aad aed), 
therefore the sum of all positive integer divisors 1s 

=a ae Dot eo ud ae eb ee doe ab + 
OG Fr asractoverreuasess +aPbic'd' 


_ (s— aie = to “5 | (i) 
a-l b-1 c-l d-1l 
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Number of specific divisor Number and sum of divisors of n (= p?.q?.r‘) 
divisible by a natural number y = p*.q’.r“ 


If one is asked to find out the number of divisors of dis- 
tinct property e.g., odd divisors, even divisors, the divisors | Let x = p*. q®. r be such divisors 
which are divisible by certain number, then we will proceed a ee ee ae 
aa Helena: vylx > p* qr? | p*.q’r’ also x|n 


> a<a<a; b<fB<b andasyv<c 
(1) Number of odd proper divisors of 3? 6” 21” (= 2” a2 Le 


3etmn 7”) equals => number of such divisors 
The number of ways of selections of 3 and 7 except =(a>a,7 l(b =) -F les. 1) 
rejecting both = (p + m+n +1) (n+ 1)-— 1; subtract- Sum of such divisors S, = (p* + ps +....+ p") 


ing | as | is odd improper divisor 


(q” +q°"! +...+9°) ; i oe +...+7° 
(11) number of even proper divisor of 1008 
(= 24 x 32x 7!) =y(l+ptp'+..tp* \(lt+qtq? +..4¢°") 
= total number of ways of selections of at least one 2 (1 terete ) 
and any number of 3’s or 7’s from set {3, 3. 7} except uch — _ 
for selecting all 2's, all 3's and 7's. _ (2 7 “2 + ¢ =) 
=(4)2+1)(1+1)-1 =23 p-l q-1 r-1 
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ILLUSTRATION 90: Find the number of factors (excluding | and the expression itself) of the product a’b‘c*def where 


a, b, c, d, e, fare all prime numbers. 


SOLUTION: The total number of factors 1s equal to the number of ways of selecting at the most 7 a's, 4 b's, 


3 c's, one d, one e and one f minus 2 (Since selection of all or none of a, 5, c, d, e, fis to be 


excluded) 


Number of factors = (7 + 1) (44193 +1)04+1)04+1D)04+1)-2= 1278. 


ILLUSTRATION 91: 


SOLUTION: 129600 = 2° x 5? x 34 


Find the number and sum of all divisors of 129600 that are divisible by 180. 


Any divisor of 129600 divisible by 180 is of the form 180. (27 3° 5°) 
1.e., 27? 3°? 5+! where a, b, c © W (whole number set) 


= Number of such divisors = (number of possible values of a ) x (number of possible values of 5) 


x (number of possible values of c) 


=5x3x2 since CS a+2S6°0S bt Zs tos ctlertakrcew 
Sum of these divisors = 180 (2? + 2) 2? $2) 2°) OSS +t SS) 


= 180 x 31 x 13 x 6 = 435240 


To find the number of ways in which acomposite number 
can be resolved into two factors 


Consider the natural number N= p%q’r .... As the number of 
divisors of N is (a + 1)(6 + 1)(c + 1), among these divisors 
we can always find a pair of two divisors x, y such that their 
product x.y = N. 

Therefore number of ordered pairs (x, y) satisfying 
above equation x.y = N is equal to number of divisors. 
Case I: Every unordered pair of such divisors represents 
one way of resolving N into two factors. Therefore, the 
number of ways of resolving N into two factors 1s half the 
total number of divisors. Number of such pair of factors 


| sec 
= ao +1)(b+1)(c +1)... But, this 1s true only if Nis not a 


perfect square (i.e., at least one of the quantities a, b, c, .... is an 
odd natural number). 


Hence, the product of all the divisors of N is 
NI2A@tD OF DEF). 


Case Il: N being a perfect square, one of the possible 
resolution into factors is x =/N and y= VN, and cor- 
responding to this there will be only one unordered pair of 
solution. While counting number of (x, y) as (a+ 1)(b + 1) 
(c + 1) the above (VN VN has been counted only once. 


So to find number of unordered pair of solutions it should 
be counted twice and then the total must be factored by two. 


Hence, number of ways of resolution is x [{(a + 1) 
(b+ 1) (e+ ]1)...... ++ 1] 


If N is a perfect square, one way of resolution into two 
factorsin VN xVN and to this way, there corresponds only 


We must divide it by VN 
Hence again the product of all the divisors of N is 


1 
Ne ate 


ILLUSTRATION 92: To find the product of all the factors of the following numbers 


(i) 12960 


(ii) 129600 


SOLUTION: (1) 12960 = 2° x 5! x 34, here this 1s not a perfect square 


1 Exes 
and Product of all the factors = oa 2 | = 12960 © <2" 2 = 
(ii) 129600 = 2° x 5? x 3‘, here 129600 is a perfect square 


and Product of all thefactors= (129600)? = (129 600)?" 


(12960)°° 


*r6xy24y(4t)} - x3x55 


(129600) = 360" 
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To find the number of ways in which a composite number = The required number is equal to the number of 

can be resolved into two factors which are co-prime ways in which all the prime factors can be resolved 
into two factors. 

Let N= p*q?r° ... => Number of ways 


Now one of the factors must contain p* or else, there 
would be some power of ‘p’ in the second factor. Therefore 
p? has only two options, similarly, for q> and r° and so on. 


= =(I+1)(41)(141)...= 5x2! =2"! 


Where ‘n’ is the number of different prime factors of N 


To find the number of ordered pairs (x,y) such that LCM have any one of the factors | p, p’, p® ...p* 
of x and y is a composite number ‘N’ Hence, the number of ways to distribute pow- 
ers of p to x and y to ensure that the LCM contains 
p7is (2a+1). Similarly, for q’ is (2b+1) and for r° is 
(2c + 1) 

Therefore, the total number of ways is (2a + 1) 
2b) 264 bss 


Let N= p*q’r° 

Of the two factors (x and y) ; one must contains p* or 
else the LCM would have smaller power of 

‘p’.Now if x contains p*; y can have any of the factors 
l, p, p*, p’ ...p*.Also, if y contains p?; x can 
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ILLUSTRATION 97: Number of ways in which four digit numbers divisible by 4 can be formed by using digit 1, 2, 
3, 4, 5, 1f the repetition of digits 1s not allowed is 
(a) 42 (b) 24 (c) 28 (d) None of these 
SOLUTION: A number is divisible by 4 1f the last two digit 1s divisible by 4. 


Number of ways to fill last two places digits = 4 1.e.,12, 32, 52, 24. 
Now, last two places are already filled and we are left with only 3 digits filled in first two places. 


Number of ways to fill first two places = 3 x 2=6 
Total number of ways = 4 x 6 = 24 
ILLUSTRATION 98: Number of even divisors of 504 is 
(a) 12 (b) 24 (c) 6 (d) 18 


SOLUTION: 504 = 2? x 3? x 7. Any even divisor of 504 is of the form 2' x 3/ x 7*, 
where 1<1<3,0<j7<2,0<k< 1. 
Thus total number of even divisors is 3 x3 x2= 18 


ILLUSTRATION 99: Let p be a prime number such that p > 3. Let nm = p! +1. The number of primes in the list n +1, 
n+2,n+ 3,...n+p-lis 


(a) p-l (b) 2 
(c) 1 (d) Zero 
SOLUTION: (d) For 1<kA<p-l,n+k=p!+k+1,1s clearly divisible by&+las2<k+1<p 
=> n+k=(1.2.3...k4+ 1..p)+ (K+ 1) 


Therefore, there 1s no prime number in the given list 


ILLUSTRATION 100: (2) How many divisors are there of the number x = 21600. Find also the sum of these divisors? 
(b) In how many ways the number 7056 can be resolved as a product of 2 factors? 


(c) Find the number of ways in which the number 300300 can be splitted into 2 factors which 
are relatively prime. 


(d) Find the number of positive integers that are divisors of at least one of the numbers 10”; 
157, 18) 
SOLUTION: (a) 21600 = 216 x 100 = 2°. 37.5 
total no. of divisors = (5+ 1) (3 +1) (2+1)=6x4x3=72 
sum of all divisors = (3° + 3! + 37 + 33) (5° + 5! + 5?) (2° + 2! + 27 + 23 + 24 + 2°) 


6 4 3 
={2°-1 \f3°-1 |f 5-1) < 63 , 30124 _ 78199 
2-1 }\ 3-1 Jl 5-1 2° 4 
(b) 7056 = 24.32.72, no. of divisors = (4+ 1) (2+1)(2+1)=5x3x3=45 


ae 45+1 
No. of ways of resolving into 2 factors = > = 23 


(c) 300300 = 2? x 3! x 5? x 7) x 11) x 13? 
Now we have to make two factors x and y of 300300, which are relatively prime 1.¢€., x.y = 
300300, but g.c.d (x, y) = 1 

=> 27,3’, 57,7’, 11', 13’ should behave as single entities 
So number of unordered pairs divisors = {1 +10 +)D)d0d+)D0+1)0+1) (1+ )} =2?=32 
No. of ways of splitting into 2 factors = 32 
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(qy 1S 10" = 25% 
Ml > 157 = 3" 3 
1 18" <2", 37 


No. of divisors of at least one of the numbers = (No. of divi- 
sors of no. I) + (No. of divisors of no. IT) + (No. of divisors 


Ad 


of no. IIT) — (No. of of divisors common to I and II) — (No. 
of divisors common to | and III) — (No. of divisors common 
to II and III) + (No. of divisors common to all I, IJ, I) il 


=l1 x ll +8 8+ 12 *23—8-—11—8+1 =435 


FIGURE 6.17 


TEXTUAL EXERCISE-10 (SUBJECTIVE) 


1. Suppose we have three different toys and we want to 3. 
give them away to two girls and one boy (one toy per 
child). The children will be selected from 4 boys and 
6 girls. In how many ways can this be done? 


Find the number of positive integer 
(a) proper divisors of 2?. 67. 15”. 
(b) odd proper divisors of 3”. 6”. 21”. 


4. Find the number of positive integer divisors of 420 


2. Find the number of positive integer divisors and also find the sum of divisors in each case. 


(a) of the number 420 including | and itself (also find 
the sum of all divisors). 
(b) of the number 1008 which are even and proper. 


(c) of the number 1800 which are proper and divisible 
by 10. 


(a) Which are even 

(b) Which are divisible by 6 

(c) Which are of the type 4m + 2; m © W (whole 
number set) 


Answer Keys 


1.360 2.(a) 24, 1344 (b) 23 (c) 17 
3. (a) Pt+q+DqtrtDet+1l-2 () @tmtnt Dat l-l 
4. (a) 16,1152 (b) 8, 864 (c) 8, 384 


TEXTUAL EXERCISE-10 (OBJECTIVE) 


1. The number and sum of positive integer divisors of 4. The number of proper positive integer divisors of 
the number 12600 including | and itself is 1260 is 
(a) 72, 48360 (b) 72, 36360 (a) 42 (b) 26 
(c) 36, 38360 (d) None of these (c) 34 (d) None of these 


. The number of positive integer divisor of the number 
1008 which are even and proper. 

(a) 19 (b) 21 

(c) 23 (d) None of these 


. The number and sum of positive integer divisors of 
the number 1800 which are proper and divisible by 6. 
(a) 15, 2064 (b) 17, 2046 

(c) 17, 3408 (d) None of these 


The number of proper positive integer divisors of 
2520 1s 
(a) 46 
(c) 64 


(b) 52 
(d) None of these 


The sum of proper positive integer divisors of 72 is 
equal to 
(a) 195 
(c) 194 


(b) 122 
(d) None of these 


7. Number of even divisors of 504 is 


(a) 12 (b) 24 
(c) 6 (d) 18 


8. The number of proper positive integer divisors of 2?. 
67. 15” divisible by 30 and greater than 30 1s 


Answer Keys 


1. (a) 2. (c) 3. (Cc) 4. (c) 5. (a) 


m@ MULTINOMIAL THEOREM 


The expansion of [x, + x, + x, +... + x,]” where n and r are 
integers (0 <r <n) is a homogenous expression of 'r' degree 
inx - 


A yh yt yn 
7 —; Ks hs 


where 4,,A,, ..., A, arenon negative integers, such thatA, +A, 
+.....+h =r(valid only ifx,,x,,x,,...x,areindependentofeach 
other). 
| vaye yh 
Coefficient of “1 +2 +3 ---- = total number of arrange- 


ments of r objects out of which i, number of x,s are identi- 


cal, A, number of x,s are identical and so on. 
_AUtA Aad nh, Me r! 
AVAL AN ANA 


ILLUSTRATION 101: 


ee nee and is given as below: [x, gee eran al 
& n 


Permutation and Combination < 6.61 


(2) @tq+D@tr+H)errl) 
(b) Ptqat+](qtrt+)lCr+1)-2 
()otgMqtrnr—-2 

(d) None of these 


6. (b) 7. (d) 8. (c) 


Number of distinct terms (seperator method) 


Since (x,+ x, + x, +..+ x)’ 1s multiplication of (x, + x, + 
x, +.. + x),r times and will be a homogeneous expression 
ary ‘h degree in Hy X5.40% SO in each term sum of powers of 
variables must be r 

So number of distinct terms will be total number of 
non-negative integral solution of equation A, +A, +A, +... + 
i. = r = Number of ways of distributing r identical objects 
among n persons 


r balls (n—1)separators 
— — 
OOO Ones Oo. VWs 


FIGURE 6.19 


= number of ways of distributing r balls among n 
people 

= number of arrangements of r balls and n—1 identical 
(n—1+r)! 


separators = 
(n-l)!r! 


— ntr-lC = atr-1C 
r n-1 


Find the number of ways in which 16 identical toys are to be distributed among 3 children such 


that each child does not receive less than 3 toys. 


Letx 


1? Xi, xX 


SOLUTION: 


THER: x5 X), x, = 


Letu, =x, = 3.0, = » Sindee — 


x, be the no. of toys received by the three children. 
resend x, te ta, 16 


—3 


Then 4, ¥,u,2 0 and a, t+u,ru,= 7. Here, w= 7/ and r= 3) in, 20 


Number of ways ="*"'C_| 
ILLUSTRATION 102: 
SOLUTION: > X),%X,,%,= 


=> y= 3 anda 20-4x, 


if x, = 0, numberofl ways "C= °C 


= °C, = 36 


Find the number of non-negative integral solutions of x, + x, + x, + 4x, = 20 


Mere, clearly, 0.x, = 5, 2%, %,,x, = 0 and x, +x, +x, = 20— 44, 


2 


If x, = 1, number of ways '°* ae ~ 


Similarly, if x, 


=2, 3,4, >, 10. Ol ways = PC, °C, °C, °C, respectively 


Total numbemet ways = CC pr MC) + BG eC, + 70 = 536 
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Applications of multinomial theorem 


Case I: If we want to distribute n identical objects in r 
different groups under the condition that empty groups are 
not allowed. 

a,+a,+ a, +.....+ a =n. Boundary conditions are 
l< A Ay, ASN 


(As each box contains at least one object) 


Number of ways = coefficient of x” in (x! + x? +... + x")" 
= coefficient of x? in (1+ x + x? +... + x !)tx" 

= coefficient of x*7in (1 +x +x? 4+... x1)" 

= coefficient of x”” in (1 + x + x? +... +00)’ 


— nrtr-l C 
r- 


— nl 
on 


1 1 


Case Il: If there are a, objects of one kind, a, objects of 
2nd kind, a, of 3rd kind, ..., a, of the nth kind, and we want 
to choose r objects out of these, thent, +4, +t, +... +4, =r 
Boundary conditions areO <t,<a,0<t,<a,,....., 0 
St Sa, 
(here ¢, is number of objects chosen from i" kind and any 
number of objects ranging from 0 to a,; can be chosen from 
i™ kind). Number of ways = coefficient of x” in 


Oe soe rare anise ae ad | © ec ae: ae re cua a 2272) (l+x 
+ x24... +x%) 

Also same will be the numbers of ways of distribution 
of r-identical things among n-distinct persons such that first 
gets a maximum of a, object, second person gets a max1- 
mum of a, objects, so on. 


Permutation and Combination < 6.63 


Case Ill: If there are a, objects of one kind, a, objects of = coefficient of x" in (1 —x) (1 -—x?) 'd -x)t... 
2nd kind, a, of 3rd kind, ..., a, of the nth kind, and we want to (1 —x%)"! 

choose r objects out of these under the condition that at least (b) If zero is excluded, then number of solutions of (i) 
one object of every kind should be chosen ¢, +1, +1, +..+0,=r ecetacientorm@in 


iti <t< <t< <t< 
poundaty coneiuons aes | aes = a ; I<t,Sa, COA a Oe Ee Ee) Oe a 
Number of ways = coefficient of x” in (x + x? +... + x71) i 
OOGEOe Se hs ) (6 Fe age en) 7 


= coefficient of x” in x 7*-*9 (1 — x) 1 (1 - x?) 7 
dU -x*)71..d-x) 7! 


nD : oe 
(a) If zero is included, then number of solutions of (i) = coefficient of x 7 m(U-xy *d- xy" 
= coefficient of x” in (lax). Ala) 
(+x txeti)d +27 + x4 +.) +x? + x° +...)....| Case V: The number of ways in which n identical objects 
Cha at ex) can be distributed in r different groups so that all groups 


CaselV: For the equationa + 2B +3y+...+g0=n (i) 
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contain minimum of a objects and maximum of b objects 1s ge sl Pe x 

coefficient of xin (x? + x44! + x4? +...x?) nfietaee, =| Cn =| 
ly 2! I! Lt: 2) m! 

Case VI: If there are / objects of one kind, m objects of : 

2nd kind, n of 3rd kind and so on; then the number of pos- 1 feck na ue as 

sible arrangement/permutations of r objects out of these It 2! n! 


objects (1.e.,/ + m + n +.....) 18 the coefficient of x” in the 
expansion of 


ILLUSTRATION 108: Find the number of Permutation of 4 letters taken from the word EXAMINATION. 


SOLUTION: Number of Permutations are: 


5 2 3 
x 
= coefficient of x* in 4! ( + = zy f1+2] = coefficient of x* in 4! ( +x =] (1 + x) 


6 
= coefficient of x* in 4! (0 +xy “a2 +xyx’ +o! (1+ : (1+xy 


= coefficient of x‘ in 4! {asx +—(1+x)° +o *(1+x)’ +o ‘aay 


wa foe0s3%e+3} au f8285, 3 75.3] 


4 1234 2 12 4 
= 8.7.6.5 + 6(3.7.6) + 6.3 = 1680 + 756 + 18 = 2454 


ILLUSTRATION 109: Find the number of combination of the letters taken from the words 
(4) EXAMINATION, 4 at a time (11) PROPORTION 6 at a time 


SOLUTION: (i) The word EXAMINATION contains; AA, JI, NN, E, X, M, T, O 
Then number of combinations = coefficient of x* in (1+ x + x”)* (1+ x)? 
(".. 2A’s, 29Ps, 2N’s, E, 1X, 1M, 1T and 10) 
= coefficient of x‘ in { (1+ x)? +x°+3(1 + x)*x? + 3(1 + x) x*} (1 + x)? 
= coefficient of x* in { (1+ x)® + x® (1 + x)°+ 3x? (1 + x)’ + 3x* (1 + x)?} 
8.7.6.5 , 7.6 


$3,243 = 70463 +3 = 136 
1.2.3.4 ~1.2 


All 6 are different —-» ‘°C, ways = 1 


PP+ 4 out of ROTIN : °C, 


3x C =15 
2 alike + 4 (2 alike +4 different RR+ 4 out of POTIN :°C, ,, — |o Ways 


OO+ 4 out of PRTIN :°C, 


=*C,+0+3.C,+3= 


po (3 alike + 3 different alike + 3 different ——» 000+ 3 out of PRTIN : °C, = 10 ways 
R-2 PP RR +2 out of OTIN : 4C, 
0-3 a ane <r O00 +2outofRTIN:*C, $3x4C, =18 ways 
1 + 
Gi) aaah ala RR OO +2 out of PTIN:‘C, 


N-1 3 alike of one kind +2 alike O00 PP + 1 outof RTIN:*C, | 5 ag ag ways 
of other kind + 1 different OOO RR + 1 out of PTIN : 4C, 


FIGURE 6.18 
Total number of combinations: 1 + 15+ 10+18+8+1 =53 


Permutation and Combination < 6.65 


ILLUSTRATION 110: Show that the number of ways of selecting m things out of 3m things, of which 7 are 


of one kind and alike, and nm are of a second kind and alike and the rest n are unlike, is 


(n + 2)(2)"4 


SOLUTION: The required number of selections 


= Coeliicient of x” is [(1+0 +....4-.x7) (1+ & + 


(L+x) 


ntimes 


= coefficient of x” in (1 —x”*!)? (1 —x)y? (1 +x)? 


= coefficient of x” in (1 — x)? [2 - (1 -x)]" 


= eoellicient Of x7 int] =x) [2° =—AC (] =a)? 2, (1 = xP 
(yh ah 

=evelnciont ol x’ (201 xm 2" ay, 2 eee IP xy] 

= coefficient of x” in [2” (1 —x) ?-n. 2"' (1 -—x)" 1] 

= coelficient of x*in [2"(1 + °C.x "Cx 

= 2 ntl -n2 = 2 les 2) 


TEXTUAL EXERCISE-11 (SUBJECTIVE) 


1. 


(1) In how many ways can a selection of 10 balls be 
made from an unlimited number of Red, White, 
Blue and Green balls? 


(11) How many of these contain balls of all 4 
colours? 


3 unbiased dice are thrown. Find the number of ways 
of obtaining a sum 

(i) 10 

(i) 11 

Find the number of ways of distributing twenty ‘one 
rupee coins’ among 5 beggars, when 

(a) any number of coins can be given to baggers. 

(b) at least one coin to each beggar must be given. 
(c) beggar | and beggar 2 will take at least two coins. 
(d) each beggar wants even number of coins. 

(e) senior beggar is not ready to take less than 3 coins. 


(f) no one gets less than three coins. 


. In how many ways can 10 identical toys be distributed 


among 3 children such that first recetves maximum 
of 6 toys second receives maximum 7 toys and third 
receives maximum 8 toys? 


(1) Find the number of integral solutions for the 
following equations 


(a) x, +x, +x, =0 where x,,x,,x,2—-5 


oe aes aa 


—"C, (1 — xP 23 +... + 


(b) x, +x, +x, + 4x, = 20 where x,, x,, x,, x, 20 


(CO) era ee eo 20 = Land 
> 0 for all k 
(11) Find the integral solution of 
(a) x yz = 24 where x, y, z are non-zero integer 
(b) x, x, x, x,= 360 and also find its negative 
integral solution. 


. Find the number of non-negative integral solutions 


of x, + x, + x, + x, < n (where n is a positive 
integer) 


. Find the number of non-negative integer solutions of 


the inequality 3x + y + z < 30. 


. A conference attended by 200 delegates 1s held in a 


hall. The hall has 7 doors, marked A, B, ....G. At each 
door, an entry book is kept and the delegates entering 
through that door sign it in the order in which they 
enter. If each delegate is free to enter any time and 
through any door he likes, how many different sets 
of seven lists would arise in all? (Assume that every 
person signs only at his first entry.) 


. How many different ordered triplets (a, b, c) of 


non-negative integers are there such that a + b 
+ ¢ = 50? What if the three integers had to be 
positive? 
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Answer Keys 
Leva Pe. (ii) °C, 
2. (i) 27 (ii) 27 
3. (a) MC, (BPC. ey AC.. dN ©)71C, (DC, 4. 47 
5. (i) (a) VC, (b) 536 ~—s (c) 336-~—s ai) (a): 120. ~—(b):«1600, 1400 
6. "C,-1 P19 “BoP 9. CC. 


TEXTUAL EXERCISE-11 (OBJECTIVE) 


1. The number of integer solutions for the equation x + 
y+z+t= 20, where x, y, z, t are all >—1 is 
(a) NG. (b) ae. 
(c) HC, (d) 1G. 


2. The number of non-negative integral solutions of x + 
y+zs<n, wherene Nis 
(a) mC — 1 (b) me 
(c) ™PC, (d) None of these 


3. If there are 4 oranges, five apples and six mangoes in 
a fruit basket, then the number of ways, a person make 
a selection of fruits among the fruits in the basket, is 
(a) 210 (b) 209 
(c) 211 (d) None of these 

4. The number of ways, in which 12 identical coins 


can be put into 5 different purse, if none of the purse 
remains empty, 1s 


(a) 660 ei 
(c) 165 a0 
Answer Keys 
1. (d) 2. (a) 3. (b) 4. (d) 5. (b) 


Any change in the order of the things in a group 1s 
called a dearrangment. If m things are arranged in a row, 
the number of ways in which they can be dearranged 
so that none of them occupies its original position is 
nines saabe +(-1)" “} 
I! 2! 3! 4! n!} 

Proof: If n things are arranged in a row, the number of 
ways this can be done = n! and of these the number in 
which a, stands |” (1.e., in situ) = (7 — 1)! 


5S. Ifx + y + z+ w = 20, then the number of positive 
integral solutions 
(a) 960 
(c) 320 


(b) 969 

(d) 333 

OA RS ieee eae ic i ae ae PO i ale a ae aS Se ea 
> 0, then the number of solutions for positive integer 
values of x, and x, is 
(a) "C, x °C), 
(c) re 


(b) 'C, 
(d) None of these 


7. Ifx+y+z+ w = 20, the number of positive integral 
solutions, if each variable is an odd number, is 
(a) 160 (b) 162 
(c) 163 (d) 165 

8. In a, b, c, d are even natural numbers such that a + b 


+ ¢ + d = 24, then the number of values of the ordered 
quadruplet (a, b, c, d) is 


(a) 165 (b) 455 
(c) 310 (d) None of these 
6. (a) 7. (d) 8. (a) 


=> a, isnot in |* (situation) =n! —-(@- 1)!. 

Of the last number in which a, is in situ = a, in situa- 
tion a,, a, in situation 

=(n-—1)!-(™m-—2)! 


= number of ways in which a,, a, are not in situation. 


p “9 
=n!—(n-1)!-[(™m— 1)! —-@2)!] 
=n! -—2(n-1)!+(m-2)! 

= number of ways in which a, is in situation but a,, 
a, are not in situation. 


= (n— 1)! -[2(n -2)! —(n-3)!] 


Permutation and Combination < 6.67 


The number of ways in which a,, a,, a, are not in Hence the number of arrangement in which no one of x 
situation = {n! — 2(n— 1)! + m—2)!} —{(m— 1)! —2(n— 2)! | letters are in situation = n! —*C (nm — 1)! +*C(n — 2)! -—...+ 
ee 3) (-l¥@—-x)! 


=n! —3(n—- 1)! + 37-2)! -(m- 3)! =3C,( - 0)! - 
Cn — 1)! +3C,(7 — 2)! —3C,( - 3)! 


Alternatively OES hye 2) tC. (a) et (ab) 
oe oa ee “(n—x)! 
A.—>A._ isin situ, 4d AA. => i* and j* in situation 
i n A er ee: _1])! + * _ | _ x 
(Ua) => [ U j n! —*C, (n-1)! +°C, (n- 2)! -°C, 
rl Haile. 
a4) 4A) nA AeA ae. || ae Bex 
i=] l<i< j<x I<i< j<k <x 


Now, n(4)) = (n - 1)! and n(4,0.4)= (2-2)! 


l<i< j<x 
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ILLUSTRATION 113: A person writes letters to six friends and addresses the corresponding envelopes. In how many 
ways can the letters be placed in the envelopes so that 


(1) at least two of them are in the wrong envelopes? 


(11) all the letters are in the wrong envelopes? 


SOLUTION: 


(1) The number of ways in which at least two of them are in the wrong envelopes 


6 ited ! ! ! ' ! 
OAR aca: Be Weer nae Cy. tas 2a STL a as ee a So 


Cdl ae ie |S 
2 yy 2! : 


eC Al pe eagesene OC. Di ees Es 
: lf 2) 3t 4) ; f 2) 3) 4 SI 


bo Pas a 


AG 0! (1-4-4 


3! 4! 35! 


+z] = 15 +40 + 135 + 264 + 265 =719 


6! 


(11) The number of ways in which all letters be placed in wrong envelopes 


oe oe. 


3! 4! 
= 300 = 20 7 SU = 6 +1 = 265 


= DISTRIBUTION IN PARCELS 


Distribution in parcels when 
empty parcels are allowed 


The number of ways in which n different objects can be dis- 
tributed in r different groups (here distributed means order 
of objects inside a group is not important) under the condi- 
tion that empty groups are allowed = r” 

Take anyone of objects. This object can be put in any- 
one of groups in r ways. 

Similarly, each of the objects can be put in any one of 
groups in r ways. 

So number of ways =r r r.....(m times) = r”= coef- 
ficient of x” in n! (e*)" 


Distribution in parcels when 
empty parcels are not allowed 


The number of ways in which nv different things can be dis- 
tributed into r different parcels such that no parcel is blank 
=P = Fal, G2) ta FEL (rr =x) whielis 
n! times the coefficient of x” in expansion of (e* — 1)’ 


)- 


5! 6! 


ee ee 
2 6 24 720 


Denoting parcels by a, a,,....,a, and consider the dis- 
tribution in which blank parcels are allowed. Number in 
which a, 1s blank = (r —-1)” 

Number in which a, is not blank = r’— (r— 1)”. 
Of the last, number in which a, 1s not blank = (r —-1)" - 
(r— 2)" 
number in which a,, a, not blank = r’ — (r —-1)" - 
[7-1 -(r-2)")] = r°-2r- 1)" + (r-2)" 
Of the last, number in which a, is blank (a, and a, not blank) 
= (r= 1)"= [r= 2)"+ = 29" = (F-31262) 
sale an © acer 9 


= number of ways in which a, a, a, not blank 


ee aa 


=r" -—3(r -1)" + 3(r — 2)" — (r — 3)" (subtracting last 
two expressions) 


Alternatively 
Let A, be the case when i™ parcel is blank 
Let A, 7 A, be the case when i" andj parcels are blank 


Let A,7 A, A,be the case when i, 7” and k* parcels 
are blank 


=> nA) =(r-l’and n(4,0 A) =(r—2)" 


So number of cases when at least one parcel 1s blank 
is equal to 


Permutation and Combination < 6.69 


; F .. Total number of cases when no parcel is blank 
i i=] 


=e fe ; 
t+ YYW 404,04,) +. = [ a) 


lsi <j< k<x 


mul OF Cite O ea OF a) eae OF (ae) Mere 


mer lee ed ceed OF (ea) a Or ( aes) se are 


NOTES 


(i) The number of ways in which n different things can be arranged into r different group is r(r+1) (r + 2)....(r+n—-1) or 
n!""'C__, according as blank groups are or are not admissible. 
(ii) The number of ways in which n different things can be distributed into r different places, blank lots being 
admissible is r’. 
(iii) The number of ways in which n different things can be distributed into r different parcels there being no blank lot 
ES es Te ee feel a (‘C_,). Which is n! times the coefficient of x" in the expansion of (e*— 1)". 


ILLUSTRATION 114: In how many ways can three persons, each throwing a single die once, make a total score of 11? 


SOLUTION: The required number is equal to the 
= cociiermentol x! in Gh x? hx? Ha, Hx)? 
= coefficient of x" in x? (1 — x°)3 (1 — x)? 
= coefficient of x® in (1 — x°)? (1 — 3x°) = 45 — 18 = 27 

ILLUSTRATION 115: In how many ways 5 different balls can be distributed into 3 boxes so that no box remains 

empty? 

SOLUTION: The required number of ways 
a2 =O (3 1 eG 2p "CO = 3P = 245-26 F 3-0 = 150 


now the last integer out of 1, 2, 3.......[”/p] which 1s divis- 
ible by p is 


Exponent of prime p in n! is denoted by E, (n!), where n is = [nlp] + E, (1.2.3.....[n/p])) 
natural number, so the last integer amongst |, 2,.....¢7 — 1), = [nlp] + E, (p.2p.3p.....[n/p*|p) as El = | 


n which is divisible by p is [n/p] p when [n] <x i 
y pis mpl p 7] = [n/p] + [n/p] CN 2 Sis [n/p*]) 


=> E (n!)= [n/p] + [n/p*] +...... + [n/p'] 
= £, (p.2p.3p..... ([=/p] —1)p.[nip] p) where s is the largest number such that p* <n < p™! 


m EXPONENT OF A PRIME IN ‘nf 


=> E (nl) =E,(1.23....2-1). 0) 


ILLUSTRATION 116: Number of zeros at the end of 300! is equal to 


(a) 75 (b) 89 
(c) 74 (d) 98 


SOLUTION: Exponent of 2 in 300! has to be greater than exponent of 5 in 300! 


= exponent of 5 in 300! will decide the number of zero’s at the end of 300! 
Number of zeros at end of 300! = Exponent of 5 1n (300)! 


-[228) [220]o[32] «os neaen 


5 5 || 995 
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Number of ways of arragements of r letters 
out of k letters of first type, m leteers of sec- 


Number of ways of selecting r letters of k 
ond type, n letters of third type on so on 


letters of first type, m letters of second type, 
n letters of third type and so on 


= Coefficient of x’ in (1+ x +x? +..+x)(lt+x+x7+. COMICS OES ( ae 
x —+...4 


x? Xx x 
rf e l+x+—+ 
Di Vos k! 2) 3! 


x 


+x] tc tx? +x”) 
2 3 n 
x x 
(ier c ates 
2! 3! n! 


TEXTUAL EXERCISE-12 (SUBJECTIVE) 


1. There are 5 letters and 5 directed envelopes: 


(a) In how many ways can all the letters be kept into 
wrong envelopes? 
(b) In how many ways can 2 letters be nghtly placed 


Permutation and Combination < _ 6.71 


. Find the number of ways of displaying 5 different 


flags on 4 masts if all the flags are to be used, 
(1) one or more of the masts need not be used; 
(11) all the masts are to be used. 


9 
and 3 letters wrongly placed’ 8. If objects are arranged in row, then find the number 


of ways of selecting 3 of these objects so that no two 
of them are next to each other. 


2. There are 4 balls of different colours and four boxes of 
colours same as those of the balls. Find the numbers 
of ways in which the balls one each in the box, could 
be placed such that a ball does not go to the box of its 
own colour. 


9. In n distinct things are arranged in a circle, show that 
the number of ways of selecting 3 of these things 
so that no two of them are next to each other is 


n(n—4)(n—5) 
——_ 


10. (G) (a) If the prime factorisation of 10! = 2”. 39 5’ 7°, 
then find p, g, r and s. 


3. Find the number of ways in which 100 students can be 
distributed into three classrooms if 
(1) empty classrooms are permissible 
(11) empty classrooms are not permissible 


4. (a) Find the number of combinations of four letters of 
the word 
(i) EXAMINATION (41) ALLAHABAD 
(b) Find the number of combinations of the letters of the 
word PROPORTION taken 6 letters at a time. 


5. Find the number of arrangement of letters of word 
EXAMINATION taken four at a time. 


(11) (a) Find the number of zeroes at the end of 
a) 100! (i) 50! (ii) 25! 
(b) If / = LCM of 8!, 10! and 12! and h be HCF of 
8!, 10! and 12! then evaluate // h. 
(c) Find the exponent of 2 in x = 20 x 19 x 18 


(d) If 250! is divisible by5’, then find the maximum 
value of p. 
(e) Find the exponent of 12 in C,,. 


6. Find the number of different selection of 5 letters which 
can be made from 5a’s, 4b’s, 3c’s, 2d’s and one le. 


Answer Keys 
1. (a) 44 (b) 20 25:9 3. (1) 32% =a)3 10° — 100(2)' + 4950 
4. (a) Ga) 136 (11) 23 (b) 53 S. 2454 6. 71 
7. (1) 6720 (11) 480 es On 
10. @) p =8,¢ =4,r=2,s=1 (1) (a) (1) 24 zeros (11) 12 zeros (111) 6 zeros 
(b) 11880 (c) 10 (d) 62 (e) 2 
TEXTUAL EXERCISE-12 (OBJECTIVE) 
1. The number of times the digit 5 will be written when 3. We have 4 balls of different colours and 4 boxes 
listing the integers from | to 1000 1s with colours the same as those of the balls. The 
(a) 256 (b) 280 number of ways in which the balls can be arranged 
(c) 300 (d) None of these in the boxes so that no ball goes into a box of its 
own colour 
2. The number of ways in which »n distinct objects can 
. (a) 4! (b) 9 
be put into two identical boxes so that no box remains (c) 41-4 (d). Nonecof these 
empty, 1s 
(a) 2”-2 (b) 2”- 1] 4. A person writes letter to 6 friends and addresses the 
(c) 27'- ] (d) n*>-2 corresponding envelopes. In how many ways can the 


6.72 >» Fundamentals of Mathematics—Algebra | 


letters be placed in the envelopes so that at least 4 of 7. The number of zero’s at the end of 60! 1s 


them are in wrong envelopes? (a) 14 (b) 15 
(a) 72 (c) 16 (d) None of these 
Oe 8. The exponent of 7 in !°C’, 1s 
eon (a) 8 (b) 16 
d) None of th ‘ 
(d) None of these (c) 0 (d) 2 
. a 
Dee Don nUOn aera 9. The exponent of 2 in *°P , is: 
(a) 20 (b) 21 
(a) 8 (b) 9 
(c) 22 (d) None of these (c) 12 (d) 11 
6. The number 24! 1s divisible by 10. The largest integer n for which 45! is divisible by 3” 1s 
(a) 6* (b) 24° (a) 16 (b) 20 
(c) 12” (d) 48° (c) 21 (d) 28 
Answer Keys 


1. (c) 2. (c) 3. (b) 4. (c) 5. (c) 6. (b), (d) 7. (a) 8. (c) 9. (b) 10. (c) 


Permutation and Combination < 6.73 


MULTIPLE-CHOICE QUESTIONS 


SECTION-I 


OBJECTIVE-TYPE SOLVED EXAMPLES 


1. A letter lock consists of three rings each marked with 


10 different letters. Number of ways it is possible to 
make an unsuccessful attempt to open the lock is 

(a) 1000 (b) 999 

(c) 998 (d) None of these 


Solution: (b) Two rings may have same letter at a 
time but same ring cannot have two letters at a time, 
therefore, we must proceed ringwise. 

Each of the three rings can have any one of the 10 
different letters in 10 ways. 

‘. Total number of attempts = 10 x 10 x 10 = 1000. 


Solution: (a) Selection of three persons from amongst 


. 10.9. 
ten persons can be made in °C, ways = a =120 


ways. 

(b) If a particular person is always selected, then we 
have to select two more person from the remain- 
ing nine person and this can be done in °C’, ways 
_ 9x8 
2 

(c) There will be two sets of committees, one in which 
Neeraj is selected and other in which Neeraj is not 
selected. Adding these two sets of committees, we 
will get the total number of committees. 
bes Coy "€. = 112 


= 36 ways 


But out of these 1000 attempts only one attempt is Alternatively, required ways = Total number of ways — 


successful Number of ways when both Ranjan and Neeraj are selected 
Required number of unsuccessful attempts are | ~ WC, 8C, = 112 
— 1000 — 1= 999. (d) Here we should concentrate ourselves on Neeraj. 


. Three travellers arrive at a town where there are four 


hotels, Number of ways they take up their quarters, 
each at a different hotel is: 

(a) 24 (b) 25 

(c) 20 (d) None of these 


Solution: (a) The first traveller has choice of four 
hotels, and when he has made his selection in any one 
way, the second traveller has a choice of three; there- 
fore the first two can make their choice in 4 x 3 ways; 
and with any one such choice the third traveller can 
select his hotel in 2 ways; hence the required number 
of ways 1s = (4 x 3 x 2) = 24. 


. (a) In how many ways can three persons be selected 
from amongst 10 persons? 

(b) How many times will a particular person be 
always selected? 

(c) How many committees can be formed if Rajan 
refuses to be in committee with Neeraj? 

(d) How many committees can be formed if Rajan 
says that he should be selected in committee only 
if Neeraj is selected in committee? 

(ec) How many committees can be formed if Rajan 
and Neeraj say that they both should be there in 
committee together, if selected? 


Case Il: Neeraj is selected. In this case, Ranjan may 
or may not be selected. Thus we are left to select two 
persons from remaining nine persons. This can be 
done is °C, ways = 36 ways. 


Case Il: Neeraj is not selected. In this case Ranjan 
will refuse to be selected. 1.e., we have to select three 
person from the remaining eight persons and this can 
8x 7x6 — 56 ways 

3x 2x1 

Total number of ways = 36 + 56 = 92. 


be done in °C, ways = 


(e) Since Rajan and Neeraj both decided to be together. 


Casel: Rajan and Neeraj both are selected. Then we 
are to select one person from remaining eight persons, 
which can be done in °C, ways 1.e., 8 ways. 


Case Il: Rajan and Neeraj are not selected. So we 
have to choose three people from remaining 8 which 
8x 7x6 

x 1 
Total number of committees fromed = 8 + 56 = 64. 


can be done in °C, ways 1e., = 56 ways. 


. The number of ways in which 3 boys and 4 girls 


be seated around a circular table if no two boys sit 
together is 

(a) 36 (b) 3! 4! 

(c) 7!—3! x 4! (d) 18 


6.74 >» Fundamentals of Mathematics—Algebra | 


Solution: (b) First make the 4 girls sit around a circu- 
lar table. 

This can be done in (4 — 1)! = 3! =6. 

After that 3 boys can occupy any three out of 4 blank 
spaces. 

This can be done in “p, = 4! ways. 

Hence total number of ways = 3! x 4! 


. The number of ways of selecting at least one fruit out 
of 4 apples, 3 bananas and 1 each of mango, pineapple 
and guava is 
(a) 159 

(c) 4! x 3!-1 


(b) 12 
(d) None of these 


Solution: (a) Among 4 apples, we can none, either 1, 
2, 3 or all the four apples 1.e., we have total 5 choices. 
Similarly, for 3 bananas, we have four choices and for 
3 other fruits, we have 2 choices each. Hence total 
ways =5x 4x 2 x 2 x 2 = 160. But this includes a 
case of selecting 0 apples O banana and 0 of every 
other fruits which means that no fruit is selected. 
Hence total number of ways = 160 — 1 = 159 ways 


. The number of ways in which 7 different books can 
be given to 5 students if each can recieve none, one or 
more thing are 
(a) 5’ 

(c) nC. 


(b) 7° 
(d) 12! 


Solution: (a) First book can be given to any of the five 
students, similarly, each one of other six books also 
have 5 choices. Hence the total number of ways = 5’ 


. Number of times digit 0 is used in writing the number 
from 1 to 1000 is 
(a) 189 
(c) 192 


(b) 300 
(d) None of these 


Solution: (c) Consider the number from 000, 001 
to 999. since each digit has equal likelihood of com- 
ing and digits used are 3 x 1000. Hence 0 appear = 
300 times. But since 000, 001, 002....099, have some 
unwanted zeros, we subtract these zero’s, 1.e., 3 +2 x 
9+1x90=111. 

Thus total number of times 0 appears = 300-111 = 189+ 
(3 zero’s in 1000) = 192 


. Aroom has 6 doors. Number of ways a man enter the 
room through one door and come out through a differ- 
ent door is 
(a) 31 
(c) 29 


(b) 30 
(d) None of these 


10. 


11. 


Solution: (b) Number of ways in which the man can 
enter the room = 6. 
Number of ways in which he can leave the room = 
6-—1=5. {Since, the man has to come out through 
a different door, number of choices left with him to 
come out is 5} 

Total no.of ways = 6 x 5 = 30 


. Total numbers between 100 and 1000 having it every 


digit either 2 or 9 1s 
(a) 6 (b) 7 
(c) 8 (d) 9 


Solution: (c) All digits between 100 and 1000 are 3 
digit numbers. Since each of the three digits is 2 or 9, 
each digit can be filled up in 2 ways 1.e., 2 or 9 

Total number of ways = 2 x 2 x 2=8 


The letters of the word ‘RANDOM?’ are written in 
all posible orders and these 6 letter words are writ- 
ten out as in a dictionary. The rank of the word 
“RANDOM” is 
(a) 614 
(c) 164 


(b) 416 
(d) None of these 


Solution: (a) The alphabetical order of the letters in 
the word ‘RANDOM’ is A, D, M, N, O, R. 
Number of words starting with A, D, M, N, or O = 5 x 
5! = 600 
No.of words with R in Ist place, A in 2nd place and (D 
or M in third place). = 2(3!) + 2. 

Rank of the word RANDOM 1s 614 (= 600 + 12 +2). 


Number of different garlands using 3 flowers of one 
kind and 12 flowers of second kind 1s 

(a) 19 (b) 11! x 2! 

(c) “C, (d) None of these 


Solution: (a) Let x, y, z be the number of flowers of sec- 
ond kind between first and second flowers of first kind, sec- 
ond and third flowers of first kind and third and first flower 
of first kind respectively., as shown below. 

| 


Now, x ty+z=12;x,y,z20 
Total number of solutions = “C, = 91 


Case 1: Number of solution (x = y =z) = 1 Le., (4, 
4,4) 
Case 2: Number of solution (x = y # z) = Number 
of solution 2x + z = 12 

6x3=18 
Number of garlands = 6 asx =~y#z,y=Z#x,Z 
=x # y would give same garlands. 
Case 3: Number of solution (x 4 y 4 z)=91-1 
—18=72 
Number of garlands = = =12 (as 72 possibilities 


x # y # z contains 3! times the actual number of 
garlands in this case) 

Total numbers of possible garlands = 1+6+ 12= 
19 


12. Let A = { x |x 1s a prime number and x < 30}. The 


13. 


14. 


number of different rational numbers whose numera- 
tor and denominator belong to A is 

(a) 90 (b) 180 

(c) 91 (d) None of these 


Solution: (c) A = { 2, 3,5, 7, 11, 13, 17, 19, 23, 29}. A 
rational number is made by taking any two in any order. 
So, the required number of rational numbers = '°P, 
+1(including 1) = 91 


The number of ways in which 10 gentlemen can sit 
around a table so that the gentlemen are not to have 
the same two neighbours, is 

(a) 181400 (b) 181440 

(c) 18220 (d) None of these 


Solution: (b) As the gentlemen are not to have the 
same two neighbours, clockwise and anti-clockwise 
arrangements will be CAB or BAC treated as identi- 
cal. 

required number of arrangements 


l l 
= —(10-1])!=—9!=181440 
2! ) ys 


Number of ways in which 6 different toys can be dis- 
tributed among two brothers in ratio 1: 2, is 

(a) 30 (b) 60 

(c) 20 (d) 40 


Solution: (a) We have to distribute 6 toys among two 
brothers in 1: 2 
So if one of them get a no. of toys, then second one 
will get 2a toys 


at+2a=6 = a= 
There are two ways of selection of brothers for 
ratio 1:2 


15. 


16. 


Permutation and Combination < 6.75 


Two toys can be allocated to second in °C’, ways 

So required number of ways = 2 x °C, = 30 ways. 
Number of ways in which AAA B B B can be placed 
in the squares of the figure as shown, so that no row 
remains empty, is 


(a) 2430 
(c) 1620 


(b) 2160 
(d) None of these 


Solution: We have to arrange A, A, A, B, B, B in the 
squares of the fig. 
So that no row remains empty. 
First of all the total no. of ways of filling 9 squares 
with 6 things {of which 3 are identical and other three 
are also identical} 
= °C, ee = 1680 

313! 
Now counting the ways in which any of row remain 
empty. 
For this we have the situation when the given ‘6’ 
alphabet’s occupy exactly two rows completely and 
this will happen in 
= "Cx Sis 60 

313! 
{selecting two rows out of '3’} 
So required number of ways in which no rows remain 
empty = 1680 - 60 = 1620. 


If nm and m are +ve integers, which of the following 
is/are an integer 


(a) 


(mn)! 
m'\(n!)" 


(n°)! 
(nity 
nx (n+1)x(n+2)x...(n+r-—1) 
en 


(b) 


(C) 


m'i+n! 
(m!+n!)! 


(d) 


Solution: (a), (b) If m and m are both integer, then 
(mn)! 
m\(n!)" 
(mn)! 


m\(n!)" 


is an integer because 


is the no. of ways 
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17. 


18. 


of dividing 'mn' things equally in 'm' identical groups 
of ‘n’ objects each. 


(n’): 
(n!)"" 
is an integer because it is the number of ways of divid- 
ing n’ things equally among n identical groups of ‘n’ 
objects each. 


Also, 


If n objects are arranged in a row, then the number of 
ways of selecting three of these objects so that no two 
of them are next of each other is 

n—2)(n—3)(n-4 om 
(c) "°C,+"°C, qd: *C 


Solution: (a) Let O,, O,, O, are selected objects. Now 
let us arrange the given n object as G, O, G, O, G, 
O, G,; where G,, G,, G,, G, are groups of unselected 
objects positioned w.r.t. O,, O,, O, such that 


n(G,) = 0,n(G, ) = 1,n(G;) = 1,n(G,) = 0 
and X,+X, +x, +x, =n-—3; where x, = n(G) 
Req. number of ways = coefficient of x"? in 


(tx tx? ti tx? $7 +.....00) 


“sag, _ (= 2)(0=3)(n=4) 
= = 
6 

Aliter: x, +x, +%,+x,=n-3 

x, 20,x, 21x, 21x, 20 
Let x, -l=y, >x,=y,4+1 

and x, -l=y,>x,=y,+ly,,y, 20 
> X+y¥,+y34+%,=n-3-2=n—-5 
> xX ty, +y,+x,=n—-5 where x,, y,, y, x, 20 
=> Number of non-negative integral solution =°°C, 

ee 
(n-2)(n-3)(n-4) 

6 


Total number of positive integral solutions of 
IS <x,+x, +x, $20, is equal to 

(a) 1125 (b) 1150 

(c) 1245 (d) 685 


Solution: Considering the equations 15 < x, + x, + 
x, S 20, x, 21x, 21,x,21 adding a new variable 
y, 20 on left hand side, the inequality x, +x, +x, < 
20 becomes 

X, +X, +X, +y, =20; 


x, 21,x, 21x, 2Ly, 20 


19. 


20. 


21. 


> Vt. +3 + M4 = 20-33 y, = x, -LGI=1,2,3 
Number of non-negative integral solution = °C 
Now x,+x,+4%,>15 > x,+x, +x, £15 
Now; find the integral solution of x, +x, +x, <15 
Againadding y, > 0 wehave x,+x,+x,+y, =15 
> YTV t+ Ys3t+¥, =15—-3, y, = x, -Yi=1,2,3; y, 20 
Number of non-negative integral solution = °C, 
Required number of solutions ="C,-"C, = 
1140 — 455 = 685. 
Total number of polynomials of the form 
x° +ax’ +bx+c that are divisible by x? + 1, where a, 
b,c € {1, 2,3, ....,9, 10} 1s equal to 
(a) 10 (b) 15 
(c) 5 (d) 8 
Solution: (a) Considering the equation x? + ax? + bx 
+ c; dividing by x? + 1, we have x? + ax? + bx +c = (x’ 
+ 1)\(x+a)(b-l)x+c-a 
For complete divisibility, reminder = 0 
=> b=l,andc=a 
Since a, c € {1, 2, 3, ....,10} 
So we have 10 options to select a or c and ony one 
option to select b. 


3 


Total number of polynomials = 10 x 1 x 1 = 10. 
Total number of positive integral solutions of the 
equation x, . x, . x, = 60, is equal to 
(a) 27 (b) 54 
(c) 64 (d) None of these 
Solution: Considering the equation x, x, x, = 60 = 
(2)°.(3)'.(5)! 

Let x, = 2%, 3, 5"; oi, Bi, viz 0 

=> (2B (Z)ATAIA (Syntr+7s = (2)*.(3)'.(5)' 

=> a,ta,+o,-2,8, +B, +B = by ty, ty, = 1 
Total number of positive integral solutions = 
*C,7C,7C, =6x 3x3 =54 

Total number of divisors of n =3°.5’.7’ that are of the 
form 42+1,4>0 is equal to 

(a) 240 (b) 30 

(c) 120 (d) 15 


Solution: (a) Considering n=3°5'7’ For number of 


divisors of form 4A + 1; A > 0. Let us examine 3, 5, 7 
and behaviour of its powers. 


3=> 41-1 form 

37 =9> 4/41 form 

: AEN 
3° =27>4/-1 form 

34 =81> 4441 form 


22. 


23. 


So even powers of 3 are of 4A + 1 form and odd 
powers are 4 — 1 form. 
Now each of 5, 57, 5°,......,57 1s of (4A + 1) form 
Considering '7' 

7'=7; 44 — 1 form 

77 = 49; 42. + 1 form 

7 = 343; 4A — 1 form 

7* = 2401; 44 + 1 form 
So even powers of 7 are of 44 + 1 form and odd pow- 
ers are of 4A — 1 form. 
We also have to notice 
(44 -1)(42-1) =16/47 +1-82 > 4/141 form 
So, for divisors of 4X + 1 form 


that 


We have to consider all possible ways to select powers 
of 5, [even powers of 3 even power of 7 + odd powers 
of 3 odd powers of 7] 

= 8[3 x 5 +3 x 5] = 8[30] = 240. 


Total number of divisors of n = 2°.3*.5'°.7° that are of 
the form 44+2, 221 1s equal to 

(a) 385 (b) 55 

(c) 384 (d) 54 


Solution: (c) Considering n= 2°.3*.5'°.7° 

We have to find number of divisors of the form = 

4A+2,A2>1 

1e., = 2/20 + 1] {but 2A + 1 is odd no} 

So for that we have to select exactly one '2' and all 

possible powers of 3, 5, 7 

Which can be done in 
=1x(4+1)d0+1)(6+1)=5x 11 x 7=385 

But these divisor carries a divisor '2' {when 3°, 5°, 7° 

is selected} but 44+22>6,A2>1 

So this divisor must be excluded 

Hence, number of divisors = 385 — 1 = 384. 


A person predicts the outcome of 20 cricket matches 
of his home team. Each match can result either in a 
win, loss or tie for the home team. Total number of 
ways in which he can make the predictions so that 
exactly 10 predictions are correct, is equal to 

(a) Cle: (Bb) ea 3 

(c) Cae 310 (d) One 920 


Solution: (a) In order to predict exactly 10 correct 

predictions, 

=> We have to select 10 matches out of 20 in *C,, 
ways 

= Ways of making correct prediction for each match 
is | so for 10 matches it 1s equal to (1)'° = 1 


24. 


25. 


Permutation and Combination < 6.77 


= Remaining 10 predictions will must be wrong so 
for each incorrect prediction we have 2 choice out 
of 3 this can be done in 2'° ways. 
Required of ways= ”C,,(1).2° ="C,, x2" 


The total number of six digit numbers KAKA KN, 
having the property that x,< x, <x,<x,<x,<x, 1s 
equal to 
(a) YG: 
(c) re. 


(b) oo 
(d) None of these 


Solution: (c) We have to form six digit number 
XX X,X,xxX, having xX, <x, 5X3 <X4<X5 SX, 
So here arises following cases: 

Caselli x <x,<x,<x,<x<x, 

Now single order is already fixed so we just need to 
select 6 numbers out of 9 possible numbers {1, 2, 3, 
4,5, 6, 7, 8,9} 

{zero 1s neglected because it can’t be placed at any 
place} 

This can be done in °C, ways 

Case II: 
Now we have to select 5 digits 
No. of ways = °C, 

Case III: 
Now we have to select 4 digits done in °C, ways. 


Case IV: XX SX AX ALK x, 


=x<x<xy< 
Xx, <x, X,<X,SX,< XxX, 


x< x= x,< x,< X= x, 


We have select 5 digits 

which is done in = °C’, ways. 

Total no. ways: = "Get 2 -C.4"C, = "Cet CFO, 
+- 67 = i Oo -. a: OF = a 


Total number of integral solutions (a, 5, c) such that 

abc = 105 is 

(a) 108 

(b) 135 

(c) equivalent to total number of integral solution of 
abc = 1001 

(d) equivalent to total number of integral solution of 
abc = 343 


Solution: (4, c) For the integral solution of abc = 105 
we, write 105 =3 x5x 7 > abec=3x5x7 
1. Positive integral solution 
= no. of ways of allotment of 3, 5, 7 among 3 
distinct groups = 3x 3x 3 =27 
2. Negative integral solution 


= No. of positive x no of ways of allotment of -ve 
sign to any one out of a,b,c or to all of them 
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26. 


27. 


28. 


= 27[°C,+°C,] =27x[3+1] =27 x 4 = 108 
Total integral solution = 27 + 108 = 135. 


Number of ways in which 15 identical coins can be 

put into 6 different bags, if no bag remains empty 

(a) is co-efficient of x! in x® (1+x+x7 +......0) 

(b) is coefficient of x? in (1—x)° 

(c) 1s same as number of positive integral solutions of 
a+b+c+d+e+f=15 


(d) is same as number of non-negative integral 
6 
solutions of Dae: =15 
i=l 
Solution: (a), (b), (d) 
No. of ways of distributing 15 identical coin into 6 
different bags. 
=> B+B,+B,+B8,+B,+B,=15; 
where B.>0 Vie {1,2,3,4,5,6} 
coeff. of x!5 in ie tH $X Hoi. ~) if any bag can 
have any number of coin. 
6 
coeff. of x! in (x' +X Ho. 00) if no bag remain 
empty. 
The number of seven digit integers, with sum of the 
digits equal to 10 and formed by using the digits 1, 2 
and 3 only, is 
(a) 55 
(c) 77 


(b) 66 
(d) 88 


Solution: (c) There are two possible cases: 


Casel Five 1’s, one 2’s, one 3’s 
Number of numbers = = = 42 
Case ll Four 1’s, three 2°5 
' 
Number of numbers = me =3 
413! 
Total number of numbers = 42 + 35 = 77. 


If P(n, r) = 1680 and C(™, r) = 70, then 69n + r! 1s 

equal to 

(a) 128 

(c) 256 

Solution: -- "P_ = 1680 
id - = 1680 (i) 


(n—r)! 
and "C= 70 
a_i 
(n—-r)!r! 
From equations (1) and (11), we get 
_ 1680 


r!=—=24=4!1 > r=4 
70 


(b) 576 
(d) 625 


(1) 


29. 


30. 


31. 


On putting the value of r in equation (1), we get 


! 
Eo _H21G RO 


(n-4)! 
=> n(n—1)(n-2)(n—3) =1680 
=> n(n—1)(n-2)(n—3) =8(8-1)(8-2)(8-3) 
ri eee 69x 8+24=576 


A crew of an eight oar boat has to be chosen out of 11 
men, five of whom can row on stroke side only, four 
on the bow side only, and the remaining two on either 
side. How many different selections can be made? 

(a) 145 (b) 146 

(c) 147 (d) 148 


Solution: (a) 


4 ) E@ 


Total — when all 5 of stroker are selected. 

oC CCC. y= 167 =20= 145 

In how many ways can a team of 6 horses be selected 
out of a stud of 16, so that there shall always be 3 out 
of ABCA'B'C’" but never AA', BB' or CC’ together? 
(a) 496 (b) 960 

(c) 1024 (d) None of these 


Solution: (b) "°C, x 8 (corresponding to A four and 
A’ also 4) total = 120 x 8 = 960 


During a draw of lottery, tickets bearing numbers 1, 2, 
3,.....,40, 6 tickets are drawn out and then arranged in 
the descending order of their numbers. In how many 
ways, it is possible to have 4th ticket bearing number 
25? 

(a) C. y, Ge 
(c) RG. 4 ne. 


(b) RC. Y, nG, 
(d) None of these 


Solution: (a) Arrangement does not matter because of 
descending order there should be only one arrangement 


.. Required number of ways = °C, x “C, 
Ga eo 


Selecting any 2 out of 
= *4C, 1 to 24 


Selecting any 3 from 

26 to 40 = *C, 

32. Find the number of distinct natural numbers upto a 
maximum of 4 digits and divisible by 5, which can be 
formed with the digits 0, 1, 2, 3, 4, 5, 6, 7, 8, 9 each 
digit not occuring more than once in each number. 

(a) 1100 (b) 1106 

(c) 1050 (d) None of these 


Solution: (b) A number abcde to be divisible by 5; 
e=Oor5 
= number of one digit natural number = 1 1.e., 5, 
number of two digit natural number = 9 + 8 = 17 
or 
{ i { { 


excluding zero i.e., 5 excluding _i.e., 0 
and unit digit zero 


number of three digit natural number = 64 + 72 = 136 


ie { { ae! 
excluding zero i.e., 5 excluding _i.e., 0 
and unit digit zero 


number of four digit natural number = 448 + 504 = 952 


i x { 4 ae’ { i 
excluding zero i.e., 5 excluding _ii.e., 0 
and unit digit zero 
Total numbers of number = 1 + 17 + 136 + 952 = 
1106 


33. Let 7 denote the number of triangles which can be 
formed using the vertices of regular polygon of 'n' 
sides. If 7, —7,, = 21, then 'n' equals: 
(a) 5 (b) 7 
(c) 6 (d) 4 
Solution: 7) = °C, 
a at cs OF Oe | 

(n+l) (a) (n-1)  n(n—1) (1-2) 
a 1.2.3 1.2.3 
=> n(in—1)[n+1-—n+2]=126 >7 


= 21 


Comprehension Passage 


A: In a meeting of P.M.'s of 24 nations, 3 round tables 
are there which can accommodate 7, 8 and 9 persons 
respectively. Then answer the following questions: 


Permutation and Combination < 6.79 


34. The number of ways in which the P.M.'s can sit in the 


35. 


36. 


meeting 
24! b 24! x6! 
) Fig191 (0) OI 


(c) 24! x 6! x 7! x 8! (d) None of these 


Solution: (b) For first round table 7 PM’s can be 
selected out of 24 in “C, ways 
Now for second round table 8 PM’s can be selected 
in '’C, ways and for third round table 9 PM’s can be 
selection °C, ways 
Number of ways of dividing 24 PM's into three 
groups 
24! 17! 24! 
—— x ——_ x]= 
7! 17! 8!9! 7!819! 
= Number of arrangements of 24 PM’s around 3 round 


tables 


241 
= amor x(8)!= 


24 17 9 
Cx “C,x °C, = 


24!x 6! 
9! 


If PM’s of India and Pakistan wants to sit on table I 
and adjacent to each other, then the number of ways 
of sitting will be 


24! 22) 
A) b) — 
oi 36 ©) Te 
(c) = (d) None of these 
! 


Solution: (a) Let us consider the PM’s of India and 
Pakistan always together, when they sit on table 1, then 
number of ways “C, x "C, x °C, x 5! x 2! x 7! x 8! 


= oz I sty 21 71x81 
S117! 8!9! 
_ 221x 2Ix 7! 22'x2 22! 
9! 72 36 


If PM of India wants to sit on table 1 and PM of 
Pakistan wants to sit on table 3, the the number of ways 
will be 


22! 24! 

ae eee 

(a) 3 (b) 3 
ae (d) None of th 

Cc 61718! one O ese 


Solution: (a) If PM of India sits on take 1 and PM of 
Pakistan sits on table 2, then number of ways 
eG BC XO ATS! 

22. 16! 221K 7! 22! 


x —x 6k 7! x8l= 
6!16! 8!8! 8! 8 
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Column Matching 


37. 


Column-A 


(a) Number of increasing permutations of m numbers 


from the set of m numbers {a., a,, a,,.., a a} is 


1? ~ 2? ~3?°°? “n-1 ? 

(b) There are m-men and n-monkeys. Numbers of 
ways in which every monkey has a master if a 
man can have any number of monkeys is 

(c) Number of ways in which n- red balls and (m —1) 
black balls can be arranged in a line, so that no 
two red balls are together (n < m—1) (balls of same 
colour are alike). 

(d) Number of ways in which m-different toys can 
be distributed in n-children if every child may 
receive any number of toys. 


Column-B 


(p) n™ 
(q) "C,, 
©) "C,, 
(s) m” 


Solution: Let us select any ‘m’ numbers out of given 
n- numbers a,, a,, ay...... : 
This can be done in "C_ ways 

Now corresponding to each selection, there is a 
unique increasing sequence. 


Number of increasing sequence of m-numbers = "C’ 
(a) > ©) 

(b) 1st monkey has m choices 
IInd monkey has m choices 


n™ monkey has m choices 


Total number of ways = m x m X m ™....... xX m 
(n-terms) = (m)” 
(b) > (8) 

® ® ®.------- ® 8) ® ©......-.-- (3)) 


Here n < (m— 1) 
Let us first of all arrange (m — 1) 
black balls in a row, which can be done in 1 way 


as shown below (as balls of same color are identi- 
cal). 


X® X OX Our X ® X 


we are left with 'm' spaces in between the black 
balls. 


Now, if we place red balls in places marked with 

X, then no two red balls will be together, and this 

can be done in "C ways 

(c) > (q) 

(d) Ist toy can go to any one of n-childern 

IInd toy can go to any one of n-chlidern 

and so on, 1.e., every toy out of (m) 

have n choices 
Total no of ways = 
(m— factors) = (n)”. 
Ans (d) > (p) 


Wh TECK Al Kast xX Nn 


Assertion Reason Type 


38. 


39. 


Assertion: The number of ways in which 10 different 
toys can be given to 5 chlidern so that every child gets 
at least one toys is [5'°+ 10(3)'°+ 5] — [5(4)!°+10(2)'°] 
Reason: The number of ways in which n — different 
things can be distributed among r-— groups, So, that no 
group is blank, is given by r’— ’C, (r—1)" + ’C, (7 — 2) 
Petey 


Solution: Reason is true and for the given problem r 
= 5 andn = 10 
‘. Number of ways of distribution 
=D) HIG ASL) COs 2) OC 403) 
TOC JOS a) 
= 5° — 5 (4)!°+ 103) — 10 (2)'° + 5 = [51° + 10 
(St S|) 0) 
(A) and (R) are correct and (R) is the correct 
explanation of (A) 
Ans. (a) 


Assertion: The number of ways in which out of 10 
letters goes to correct envelopes and 3 goes to in cor- 
rect envelopes is 280. (given that exactly one letter 
goes in each of 10 envelopes) 

Reason: The number ways in which (n — r) things go 
to original places and r things go to wrong places 1s 
given by "CD. where 


Solution: Reason 1s correct as, (mn — r) things going 
to original places can be selected in "C__ ways. Now 


the remaining r things go to wrong places in 7' 
(1-4 EF ttl) *) = D, ways. 
! r! 


Total no of ways ="C_ x D. 
Out of 10 letters the number of selections of 7 let- 
ters, which go to correct envelopes = 10C, 


40. 


41. 


Now, 3 letters which go to incorrect 


envelopes can be put in 


ih 2s “Bt 2 6 6 
Total no of ways = °C’, x 2 
10! 10x9x8x2 
2 = ———_—_ 
71(3)! 6 
Assertion is incorrect by reason is correct 
Ans. (d) 


= 240 


Assertion: The sum of the numbers formed by 
using the digits 2, 4, 6, 7, 9 without repetition is 


(10° —1)(4!)(28) 


Reason: The sum of the numbers formed by 
using the digits d,, d,, d,,....., d, without repetition 


Solution: We know that sum of the numbers formed 
by using the digits d,,d,, d,,....., 4,18 


se (Ba 


Reason 1s incorrect 


If d, = 2, d,= 4, d,= 6, d,=7, d,=9, then required 
sum 1s 


= ane +4+6+7+9]= Go =DEN8) — 


Assertion 1s correct. 
Ans. (c) 


Assertion: The number of 4 letters words that can be 
formed by using the letters of the word PARALLEL 
is 286. 


Permutation and Combination < 6.81 


Reason: The number of ways of permutations of r 
things out of » things of which ‘p’ things are of one 
kind, g things are of second kind and so on. 

= coefficient of x”1n 


x x x? x x x! 
rl} 1+4—+—+.... +— |] 1+ —+— +... +— I... 
he 221 p! I! 2! q! 


Solution: Reason is correct. In the given problem 
r=4andn = 8 and P occurs | times, 
A occurs 2 times, R occurs | times, Z occurs 3 times 
and FE occurs | times. 
Total number of 4 letters words that can be formed 
= Coefficient of x* in 


2 2 3 
ed cory ord (reed (reese 
l! l! l! I! 2! I) 2! 73! 


= Coefficient of x*1n 
2 2 3 
AW 1+x) ie | 
2 2 6 


= Coefficient of x*in 


ae N23 
A! (143° +3x+3x7) ja | a ae 
2 2) 6 


= Coefficient of x*1n 4! [1 + x° + 3x? + 3x] 
4 3 4 5 
te ye ee 
4 6 6 12 


= Coefficient of x*in 
4! Ly! 990 asa es 
4 6 2 
=a 24242 11)=286 
4 6 2 


Both assertion and reason are correct. 
Ans. (a) 


SECTION—II 


SUBJECTIVE-TYPE SOLVED EXAMPLES 


Consider a set A = {(x, y): x, y € £1, 2, 3......... , 10}. 
Then find the number of elements of A 1.e., (x, y) such 
that at least one of x, y is divisible by 3. 


Solution: n(A) = °C, 
Number from 1 to 70, which are multiples of 3 are 3, 
cee ead bee ,69 which are 23 


Number of numbers from | to 70, which are not 
multiples of 3 = 70 — 23 = 47 

Number of elements of A having both numbers 
not multiples of 3 = “"C, 

Number of elements of A having at least one num- 
ber multiple of 3 = %C,—"C, 

= ROR SEA = (3569-4723) 
= 23 [35 x 3 — 47] = 23 x 58 = 1334 
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2. How many triangles can be constructed by connecting 


the vertices of an octagon, so that the A’s have at the 
most one side common with octagon? 


Solution: Total number of A’s that can be constructed 
= §®C ; = 26 out of which, there can be drawn 8 
TRIANGLES having two sides common with octagon 
as shown below: 


Reqd. A’s = 56-8 = 48 


. How many integers between 10? and 10‘ having the 
sum of their digits equal to 14? 


Solution: Let us first of all find the number of digits 
between 0 and 10*having sum of their digits 14. 
These numbers have 4 digits say x,, x,, x,, x, then x,, 
X,, X,, xX, are integers and 0 <x,< 9 V i. The number of 
such numbers 


= Coefficient of xin (1 + x + x? +323 4.000000. x) 


1.10 
= Coefficient of x!4in E 2 | 
—Xx 


= Coefficient of xin (1 — x!%)4(1 — x)“ 
= coefficient of x!*in 

ee 4C xl0+ 4C,x9— “C, ya oe) 

x (1+ ‘Cx a "Coe Caer ware ) 
CG ge eee OHA.) 


— 17xl6xI5 4x7x6x5 _ 680 — 140 = 540 
3x2x1 3x 2x1 

Also the numbers less than or equal to 10” having 

sum of their digits 14 are 59, 68, 77, 86, 95 which 

are 5 

The required number of numbers = 540 —5 = 535 


4. Given a matrix A = [a,] 5a, € {0, 1, 2, 3}. Find the 


3x3? 
number of such matrices A in which the sum of digits of 


each Row/Column remain divisible by 4. 


Solution: Total number of 3 x 3 matrices formed using 
a, € {0, 1, 2, 3} = 4° 


=> a,ta,,t+a,, € {0, 4, 8} 

= elements in any row/column can be (0, 0, 0); (0, 
1, 3); (O, 2, 2); C1, 1, 2); (2, 3, 3) and all their per- 
mutations. 


3 
Let ya, 4n,, » as = 4m, 
k=1 
3 
> ae =4n,, a 2 mM, 
k=1 


3 3 
Bae = 4n, > ap = 4m, 
k=l k=l 


For each way of choosing a,,; @,,; a,, and a,, can 
be chosen in 4 ways each 1.e. number of ways of 
filling these places is 4 x 4x 4x4 = 44 = 256 
ways. 

On the basis of above determined triplets. 

As a,, and a,, are chosen, a,, is determined auto- 
matically; a,, and a,, are chosen, a,, is determined 
automatically on the basis of above determined 
triplets and their permutation. 


= Ifa,,, a,,, a,,, a,, are chosen independently then 


bbe 2? oo 2? 


A, Ay Ay,, A,,, a,, are determined automatically. 


. (a) There are five points in a plane such that line 


joining no two of these are parallel, perpendicular 
or coincident. From each point perpendiculars are 
drawn to all the lines joining other four points 
(taken 2 at a time). Find the total number of points 
of intersection. 


Solution: No of lines through 4, A, A, A, = °C, 
From each of A,, A,, A,, A,, A, we can draw “C, 
perpendiculars1.e., 6 perpendiculars each 

= Total number of perpendiculars = 30 

= Total number of points of intersection 

30x 29 


=" C= = 435 


We have over-counted point of intersections of 6 
concurrent perpendiculars from each point 1.e., °C, 
x 5 points 

=> Points = 435 —-75 +5 = 365 
| for 3 point to any one line are || so three such L 
for each line will not intersect. 


= °C, of point of intersection were counted extra 
for each line. 

=> gor | “C;) number of points are to be subtracted 
1.e., 30 points. 
Now, as we see, any three altitudes intersect at 
only one point (orthocentre) and not °C’, points. 

=> (10 C= 10) to be subtracted 


= Actual point of intersection = 365 — 30 — 30 + 10 
= 315 


6. Prove using the first principle that "P_= (n—r + 1) x 


"P__, and hence deduce the value of "P_ as a product. 


Solution: We know "P_ is the total number of per- 
mutations of n things taken r at a time. If we fill up 
(r — 1) places by these » things, then number of per- 
mutations "P___, and the remaining n — (r — 1) 1e., 
" —r+l) things can be filled after (r — 1) places. 
By the principle of multiplication, the total num- 
ber of ways to fill the r places by n things. 
=(n-r+1)x"P, 
Hence,"Po == rly xP (1) 
Hence, by replacing r by r— 1, r—2,r- 3, ..., 3, 
2, 1 successively in (1), we get 
"P_.=(n-r+2)x"P., 
"P_,=(n-rt+3)x"P_, 
"P_,=(a-r+4)x'P_, 
P,=(n-2)x"P, 
"P= (n-1)x"P 
"P=n 
Multiplying the vertical columns together each 
side, we get 
ie hae Page ee 
n(n-1)(n—-2)...(n—rt2) 
dae toate, Pate ae 


P_,=n(n-I)(n-2)........ (n—r+2) 


from (1) we get "P_ =n (n— 1)(n— 2)...(n—r + 2) 
(n—rt 1). 


7. In how many ways 3 boys and 15 girls can sit together in 


a row such that between any 2 boys at least 2 girls sit? 


Solution: Let x, girls sit before first boy, x, girls 
between the first and second boy, x, girls between 
second and third boy and x, after the third boy. 
Now number of ways in which we can choose the 
places for boys 1s same as the number of solution of 
the equation. x, +x, +x,+x,=15 
Subject to condition x, 20, x, 22, x, 22, x, 20 
Required number of ways = coefficient of x! 
4+ xtx7 ti) 4x +.) 7 $x 4+...) 
(lt x+x° +...) 
= coefficient of x" in(l-xy*4=**8IC, = MC, 
Now 3 boys can be permuted in their places in 3! 


ways and 15 girls can be permuted in 15! ways. 
So required number of ways = “C, (3!) (15!). 


Permutation and Combination < 6.83 


. In how many ways can a mixed doubles game in ten- 


nis be arranged from 5 married couples, if no husband 
and wife play in the same game? 


Solution: Now let sides of game be A and B. Given 
5 married couples, 1.e., 5 husbands and 5 wives. Now 
2 husbands for two sides A and B be selected out of 
5 = °C, = 10 ways. 

After choosing the two husbands their wives are to be 
excluded (since, no husband and wife play in the same 
game). So, we are to choose 2 wives out of remaining 
5 - 2 =3 wives 1.e., °C, = 3 ways 

Again two wives can interchange their sides A and B 
in 2! = 2 ways. 


‘. By the principle of multiplication, the required num- 


ber of ways = 10 x 3 x 2=60. 


. There are p intermediate stations on a railway line from 


one terminus to another. In how many ways a train can 
stop at 3 of these intermediate stations if number of two 
of these stopping stations are to be consecutive? 


Solution: Let there be p intermediate stations between 
two terminus stations A and B as shown below. 


No. of ways the train can stop in three intermediate 

stations = ?’C, 

These are comprised of two exclusive cases viz., 

(1) At least two stations are consecutive. 

(11) Now two of which is consecutive. 
No there are (p — 1) pairs of consecutive interme- 
diate stations. 
In order to get a station trio in whch at least two 
stations are consecutive, each pair can be associ- 
ated with a third station in (p — 2) ways. Hence, 
total number ways in which 3 stations consisting of 
least two consecutive stations can be chosen in (p 
— 1) ~@—2) ways. The number of three consecutive 
stations trio should be subtracted. 
Now, no. of these three consecutive stations trio 
(p — 2). 
Hence, the number of ways the triplet of stations 
consisting of at least two consecutive stations can 
be chosen in 
= {p- 1) (P-2)- @— 2)} ways = (p — 2)’ ways 
Hence, the number of ways the train can stop in 
three consecutive stations 1s 


I)(p-2 ; 
=?C,—(p - 2) = carers eee 
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_) | Pp 6p tl2 

=(p 5 PB AE 

_ (P=2)(P=3)\(P=9) _ re 
1.2.3 - 


10. Find the number of ways of distribution of 12 identi- 


11. 


cal balls in three identical boxes. 


Solution: Let number of balls inside the boxes are 

a,b andc 

So,at+b+cec=12,a>0,b20,c20 (1) 

Since boxes are identical so number of ways will not 

be equal to the number of solutions of (1) as 1 + 3 + 

8 and 3 +8 + 1 are two different solutions of (1) but 

this will give the same distribution. 

To avoid the duplication, we do as follows: 

Total number of solutions of (1) is coefficient of ¢!? in 

Ce es Cee 

Now in 91, we have three types of solutions: 

(1) All a, b, ¢ are same. Corresponding to this, we 
have one distribution. 

(2) Exactly two are same. We have 6 x 3 = 18 solu- 
tions and 

(3) All are different. We have 91 — (1 + 18) = 72 solu- 
tions and corresponding to these, we have 72/6 = 
12 distributions. 
So number of total distributions is 1 +6 + 12 = 19. 


There are 15 seats in a row numbered as 1 to 15. 
In how many ways 4 persons can sit such that seat 
number 6 1s always occupied if no two persons sit in 
adjacent seats. 


Solution: Since seat number '6' is always occupied 
remaining 3 can sit in the following ways: 

Case-/: 2 left to 6 and 1 right to 6. 

Two can sit in the ways. 

(1, 3) or C1, 4) or (2, 4) and one who is sitting right to 
6 can sit in the 8 ways. Hence total number of ways in 
this case = 3 x 8 = 24. 

Case-Il: 1 left to 6 and 2 nght to 6 

The person sitting left can sit in 4 ways. 

Number of ways in which two person can sit right to 
6 is same as number of integral solution of x, +x, +x, 
mse jee Nae Ve) 

i.e., coefficient of Pin (1 -Y?P=°?*F-'C7!, | ="C,= 21 
Hence total number of ways = 21 x 4 = 84 ways. 
Case - Ill: No one sits left to 6 and 3 sit nght to 6. 
Number of ways = number of solution to 
X, +X, 4+%34+%X, = 6(x, 21, x, >1, x, 21, x, 20) 


12. 


13. 


= coefficient of Fin (1-4 =*77-1C,_ = °C, = 20 
Hence total number of ways in this case = 20 

Hence number of ways of selection of seats = 24 + 84 
+ 20 = 128 

Total number of ways of arrangement of 4 person on 
these seats = 128 x 4! = 3072. 

In an examination, the maximum marks for each of 
the three papers is 50. Maximum marks for the fourth 
paper is 100. Find the number of ways in which the 
candidate can score 60% marks in the aggregate. 


Solution: Aggregate of marks 50 x3 + 100 = 250 
60% of the aggregate = =* 250 = 150 


Now the number of ways of getting 150 marks in 
the aggregate 

= coefficient of x °° in (x? +x! + ....4 2°98 (x? + x! 
Pee) 


3 
= coeff. of x!°° in et Inxt 
l-x l-x 


= coeff. of in x) in (1 — x*!)? (1 — x!) (1 - x) 

= coeff. of x! in (1 — 3x7! + 3.x) — x3) (1 — x!) 
(lh=2)° 

= coeff. of x°° in (1 — 3.x°! — x10 + 3.x! + 3x)? + 
00) CEA ee eC 

: j 1d1152.153_ 3100.101.102 _ 

6 6 
_ ee 3 Oe ~ 110551 


You are given the responsiblity of organizing a fresh- 
ers welcome party at [[T-Delhi. Total 496 students 
will join IIT-D. Six restaurants A, B, C, D, E and F 
are booked. Capacity of each is 120, 146, 46, 72, 72, 
80 persons at a time respectively. You have to group 
them in such a way that each group has least possible 
number of students. How would you do so? 


] 


Solution: We know that equal division minimizes the 
number of students in each group. 


But: = = 82.6 > 46 


C has least capacity of 46 and is not capable to 
accommodate 82 students. Hence let us group for 
it first 1.e., 46 students get accommodated. 
Student left Restaurant left 

450 ABDEandF 
But 450/5 = 90 > 72 
Next D and E each require smallest group 72, 72 


D—-> 72 E> 72 
Students left Restaurant left 
306 ABandF 


Now 306/3 = 102 > 80 
Next F is least left for grouping, so assigning 80 
to F. 
Students left Restaurant left 
226 A and B 
Now therefore or =113 < 120 and each of A and 


B is capable of accommodating to this. 

Hence A-> 113 

or B -> 113 

Hence we grouped 496 students into 46, 72, 72, 
80, 113 and 113 each. 


No. of waysof doing so = 


496! 
461(72!)*.2!80!(113!)7.2! 


14. In how many ways can (2t + 1) identical balls be 


15. 


placed in 3 distinct boxes so that any two boxes 
together will contain more balls than the third. 


Solution: Since, any two boxes together should con- 
tain more balls than the third, any box should contain 
a maximum of t balls. 

Let x,,x,,x, be the no. of balls contained in the three 


boxes. 
Then, %, +, +, =2t+1 


and Q<x,,x,,x, St 
= coeff of ,7'*! in (Xo +x 4X7 Hoe. x‘) 
: 1\3 -3 
= coeff of x?! in (I- x") - x) 


= coeff of x7"! in 


{Powers > 2t +1 are ignored} 


2. 2443 _ t+2 — -2t+3 _ t+2 
= on 3 C, ce C, 3 C, 


(2t+3)(2t+2) 3.(¢+2)(t+1) 
= — 
=! 5 = 5(t+1) 


How many integral solutions are there to the sys- 
tem of equations x, + x, + x, + x, + x, = 20 and 
x, + x, = 15 when x, 2 0? 


Solution: We have x, + x, + x, +x, +x, = 20 (1) 
Xa = 1D (11) 
from (i) and (11), we get x, +x, +x,=5 (111) 
Yee S15 (iv) 


16. 


17. 


Permutation and Combination < 6.85 


and given x, 20, x, 20, x, 20,x,20 andx,20 
Then number of solutions of equation (111) = °*°"'C,, 
7.6 


=7C = —=21 
comes be 
Then number of solutions of equation (iv) ="**7'C, , 
= °C = 16 


Hence total number of solutions of the given system 
of equations = 21 x 16 = 336 


Find the number of non-negative integral solutions of 
3x +y +z = 24. 
Solution: We have 3x + y + z = 24 and given x > 0, 
y20,z20 
letx =k 
. ytz2=24—-3k (1) 
Here 24 > 24-3k2>0 (.. x20) 
Hence O0<k<8 
The total number of integral solution of (i) is 
24-3 +2-1 GC. — 25 -3k Gi =75—3k 
Total number of non-negative integers solutions= 
8 8 8 
>) (25- 3k) = 251-3) k 
k=0 k=0 ——k=0 
8.9 
=25.9.-3. os = 225 -108 = 117 
There are 2n guests at a dinner party. Supposing that 


the master and mistress of the house have fixed seats 
opposite one another, and that there are two specified 
guests who must not be placed next to one another, 
find the number of ways in which the company can be 
placed. 


Solution: Let the M and M' represent seats of the 
master and mistress respectively, and let a,, a,, a,, a,, 
Aaisese a, represent the 2n seats 

Let the guests not be placed next to one another be 
called P and Q. 

Put P at a, and Q at any place, other than a,, say at a,, 
then remaining 2m — 2 guests can be arranged in the 
remaining (2n — 2) positions in (2n — 2) ! ways. Hence 
there will be altogether (2n — 2) (2n — 2)! arrange- 
ments of the guests when P is at a,. 

The same number of arrangements when P is at a, or 
a_,,ora, . Hence for these positions (a,, a, a,,,, 4,,) of P 
there are altogether 4(2n — 2) (2n — 2) ! ways (1) 
If P is at a, there are altogether (2n — 3) positions for 
Q, hence there will be altogether (2n — 3) (2n — 2)! 
arrangements of the guests when P is at a,. The same 
number of arrangements can be made when P 1s at any 
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18. 


19. 


other position excepting the four positions a 
a 


2n 


12 Fp Fay 
Hence for these (2n — 4) positions of P there will be 
altogether (2n — 4) (Qn —3)(2n —2)! arrangements of 
the guests. (11) 
Hence from (1) and (11), the total number of ways of 
arranging the guests 

= 4Q2n —2) (2n — 2)! + (Qn — 4) Qn — 3) (2n - 2)! 

= (4n’ — 6n + 4) (2n- 2)! 


Show that if a,, a, ...... ,a, are distinct prime numbers, 
the number of solutions in integers of the equation x, 
MG GSO. nae a_is n”. Show also that the 
number of solution in which at least one x is unity is 
Me LyX AC A 2 Fe a ticatsee Ba Gor! © can CED 
Solution: x, x, x, ....%, = @,a,a,....a, 

Number of positive integral solutions of the above 
equation = number of ways 1n which we can distribute 
m distinct balls in n distinct boxes (where order is not 
consider inside the boxes) 

Note that here boxes are representing a X, X55 
and balls are representing a,, a,, @,, ie in any 
box say in x, there is no ball, then we are assuming 
that the value of x,1s 1 and if in any box say x, there is 
three balls say a,, a,, a,, then the value of x, i. a,.a,.a,. 
Now number of ways to distribute the ball a, 1S n. 
(since there are n boxes) 


Similarly, number of ways to distribute the ball a, is n. 
Number of ways to distribute the ball a, is n. 
Hence total number of ways 1s n™ 


We know that the number of ways to distribute m balls 
in n boxes so that none of the box remain blank is 


—"C, (n- 1)" + °C, (n— 2)" -"C, (9 - 3)" +... 1 


nC (1)" 
n-1 
= Number of solutions in which atleast one one x's iS 
unity 
= py" — te Oe (n—1y"+ aC; a2) =e, aa + 


CDC, 1") ="C (a — 1)"-"C,(n- 2)" +... 
a ‘ae MC, “() 


How many integers between | and 1000000 have the 
sum of their digits equal to 18? 


Solution: We must count the number of solutions of 
Lo ee atx = 18 (1) 
satisfying O< x, <9,i € {1, 2, ..., 6}. The number of 
solutions of (1) 

= coefficient of x!® in (1 + x + x7 +... +x’)°® 


20. 


21. 


22. 


= coefficient of x!® in (1 — x!°)® (1 — x) 
23! _ 13! 

18! 5! 8! 5! 

= 33649 — (6) (1287) = 25927 


=3C,-6.3C,= 


Find the number of natural numbers which are smaller 
than 2.10% and are divisible by 3 and which can be 
written by means of the digits 0, 1 and 2. 


Solution: A natural number which is smaller than 
2.10% and which can be written by means of the digits 


0, 1 and 2 is of the form a,a,q,....a, ; where 0 <a, <1 
and 0 < a,< 2 where i = 2,3... 


., a, cannot be equal to zero. 


...9 and where all a,, a,, 
We can choose a, in two ways (0 or 1) and a, for i = 
2, 3, ...8 in three ways (O, 1 or 2). After choosing a,, 
a,, ..a, We find the sum s = a, + a, +.... ta, ‘sorte 
foun 3m -2, 3m -1 or 3m. We can now choose a, in just 
one way. In fact a, = 2, 1 or 0 depending on whether s 
= 3m — 2, 3m -1 or 3m. Therefore, we can choose the 
number in (2) (3)’(1) ways. But this includes a choice 
in which each of a, = 0. Thus, the required number of 
numbers = (2) (3)’ — (1) = 4373 


How many different 7 digit numbers are there sum of 
whose digits 1s even? 


Solution: Let us consider the seven digit numbers as 

Q,a,0,0,0,a,.a, 

The first digit a, can assume 9 different values and 

each of the digits a,, a,, a,, a,, a, can assume 10 dif- 

ferent values. 

The last digit a, can assume only 5 different values of 

which the sum of all digits is even (if sum of a,, a,, a,, 
., a, 1s odd, then a, is odd and if sum is even, then a, 

iS even). 


There are 9 x 10° x 5 = 4500000 


In a certain test, there are n questions. In this test, 2™ 
students gave wrong answers to at least i questions 
where i = 1,2,3,.., n. If the total number of wrong 
answers 1s 2047, prove that n = 11. 


Solution: Number of students who answer exactly i 
questions wrong (1 <i<n-1) 


= Number of students answering at least i questions 
wrong — number of students answering at least (i +1) 
questions wrong 

= Dri _ Qn-G +l) = Qn-i-1 

Also, the number of students who answered all n 
questions wrong 


= 2”-"= | (writing i = n) 


23. 


24. 


n-1 


» an-i-l 0 
Total number of wrong answers = yy L200 +n 


i=l 
SD ee Br ee ee = Le 
2047 = 2" 42, 2 3. 2" Sokal) en 
2047 =n Hj 2? 42.27 3.24 sta =) 
2047— n = 2” — n -]1 [since the series on RHS is 
an AGP series] 
=> 2” = 2048 = 2" 


=> 
=> 
> n=l 


Consider forming teams of various sizes from group 
of n persons and selecting a captain and a vice-captain 
from each team, prove using the principle of permuta- 
tions and combinations that 2.1 °C, +3.2°C,+...+n 
(n—1)."C_ = 2" n(n—1) 


Solution: Quesion can be divided into following 
cases: 
Case-I: For 2 member team 

Select 2 people in "C, ways. Captain would be any one 
of the two 1.e., 2 ways. Other would be vice captain. 
So the number of ways 2.1. "C, 

Case - Il: 
Select 3 people in "C, ways. Captain would be any one 
of the three 1.e., 3 ways. Vice captain would be anyone 
of the remaining 2 1.e., 2 ways 

Number of ways 3.2. "C, 

Case - III: 
Number of ways 4.3. "C’, and proceeding similarly 

so number of ways = 2x 1."C, +3 x 2", + + 
n(n -1)"C (1) 
Alternatively: ‘There is another way of doing the 
question. Select a captain for the team in ”C, ways. 
From the remaining people, select a vice-captain in 
*IC’, ways. each one of the remaining people have 2 
choices 1.e., they may be in the team or they may not 
be in the team. So 2 choices for each one 


For 3 member team 


For 4 member team 


= 2” choices overall for the remaining (nm — 2) 
people. 
So number of ways = 2”? n(n — 1) (11) 
From (1) and (11) result follows. 


In how many ways, two distinct natural numbers can 
be selected which are less than or equal to 100 and 
differ at most 10? 


Solution: If the selected numbers differ by atmost 10, 
the complements of two numbers differing by at least 11. 
Ifx=1, y= 11, 12, 13.......,100 
Ifx =2, y= 13, 14, ......,100 
Ifx = 3, y= 14, 15, ....., 100 


25. 


26. 


27. 


Permutation and Combination < 6.87 


If x = 89, y = 100 
Number of ways of choosing two numbers having 
there difference atleast 11 = 1+2+3 +....489 = 
°C, and total number of ways = °C, 

Required number of ways = '°C,— ®C 


2 


A flight of stairs has 10 steps. A person can go up the 
steps one at a time, two at a time, or any combination 
of 1's and 2's. Find the total number of ways in which 
the person can go up the stairs. 


Solution: only one step = (1) > 10 
only two step = (2) > 5 
= one and two = (2) — 4 (times); (1) > 2 (times) 
similarly (2) > 3; (1) > 4; (2) > 2; )-> 6; 
(2)>1,;q0)>8 

6! 7! 8! 9! 
412! 314! 216! Bil! 
8x7 

L2 


Total ways = 1+1+ 


7x6x5 
2.3 


+ 


=2+15+ +9 = 89 


In how many other ways can the letters of the word 
MULTIPLE be arranged; 
(1) without changing the order of the vowels 
(11) keeping the position of each vowel fixed and 
(111) without changing the relative order/position of 
vowels and consonants? (1.e., places occupied by 
consonants and vowels remain same as in original) 


Solution: |M| U |L| T ||P L (©) 


(1) (*c, oa = (number of ways of selecting 3 
places for vowels < number of arrangements of 
consonants) — | 
Here 1 is subtracted corresponding to given 
arrangement 

(11) No. of arrangements in which vowels are not 
changed — 1 


5! 
- 24-39, ToT TT 


(111) consonants and vowels come at same positions 
but they can change mutually 


= Total numbers of ways = = x 3!-1=359 
How many 15 letter arrangements of 5 A's, 53's and 


5C's have no A's 1n the first 5 letters, no B's in the next 
5 letters, and no C's in the last 5 letters? 
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28. 


29. 


Solution: 


Ist 5 letters Middle 5 letters last 5 letters 


letters which can come B,C letters which can come A,C letters which can come A,B 


total no. of ways 
= (C,)' + CC)? + CC, + CC, + CC, + CC, 
=e eS Oe O73 se IP 
= 2 + 2(125) + 2(1000) 
= 2252 


How many different ways can 15 Candy bars be 
distributed between Ram, Shyam, Ghanshyam and 
Balram, if Ram can't have more than 5 candy bars and 
Shyam must have at least two? Assume all Candy bars 
to be alike. 


Solution: 
R S G B 
(not more than 5) (atleast 2) (any no. of candies) 
Total no. of ways = coefficient of x’ in (x° + x'+ 
Pe ee Oe as 0) Oe se Xe 
ib 0) 


6 2 
Coefficient of x in wens oe =a 

1%.) Geax): d=x) 
Coefficient of x? in x71 — x®) (1 — x)“ 


Coefficient of x!? in (1 — x*) (1 —x)7* 


= SC. _ ne. 
16.15.14—10.9.8 
= 3p = 440 


For each positive integer k, let S, denotes the increasing 
arithmetic sequence of integers whose first term 1s 1 and 
whose common difference is k. For example, S, is the 
sequence 1, 4, 7, 10....Find the number of values of k for 
which 8S, contains the term 361. 


Solution: 8, = 1 + (n—1) k = 361 


(n—1)k = 360 
360 = 2332.5! 


30. 


No. of factors of 360 including | and 360 = (3 + 1) (2 
+1)1+1)=4x3x2=24 

No. of ways in which 360 can be factorized into 2 
factors considering the order 24. 


All the 7 digit numbers containing each of the dig- 
its 1, 2, 3, 4, 5, 6, 7 exactly once, and not divisible 
by 5 are arranged in the increasing order. Find the 
(2004)" number in this list. 


Solution: Number should not be divisible by 5. It 
implies that the unit place does not contain 5. 
The number of such numbers 
= 6x6x35x4x3x2x 1 = 4320 
The number of numbers starting with 
lo3nQ)=5x 5x4x3x2=600 
27 n(2)= 5x 5x4x3x2=600 
3 > n3)=5x 5x4x3x2=600 
4+4n(4)= 5x 5x4x3x2=600 
Total = 2400 
n(1) + n(2) + n(3) < 2004 
and n(1) + n(2) + n(3) + n(4) > 2004 
2004th term must be starting with 4 
Now we consider the numbers starting with 4 
Number of numbers starting with 
41> n(41)=4x 4x3x2=9%6 
42—> n(42) =4 x 4x3 x2= 96; n(1)+n(2) + n(3) 
+ n(41) + n(42) = 1992 
431 > n(431)= 3x3x2x1=18 
But n(1) + n(2) + n(3) + n(41) + n(42) + n(431) = 
2010 > 2004 
Number of must start with 431 


= Number of numbers starting with 


4312 > n(4312)=2x2=4 
4315 — n(4315) =2 x3 =6 


31. 


32. 


Total numbers rejected till now 

= 1800 + 96 + 96 + 4+ 6 = 2002 
2003rd number will be 4316257 

and 2004th number will be 4316527. 


12 persons are to be seated at a square table, three on 
each side. 2 persons wish to sit on the north side and 
two wish to sit on the east. One other person insists 
on occupying the middle seat (which may be on any 
side). Find the number of ways they can be seated. 


Solution: Let twelve persons be N lV, -E HM, 
Poe ft we oh oan &, 

Let N,N, be the persons wis wish to sit on north side of 
the table and EF’, E, be the persons who wants to sit on 
the east side of the table and M be person who wants to 
sit in the middle seat (which may be on any side) 

Case I: 
table 


= Number of ways = 2 


When ‘M’ sits on south or west side of the 


N, and N, can occupy their seats in ( °C, x 2!) 
ways 

Similarly, for E,, E, 

Rest of the persons (P,, P.,,....,P,) can be arranged 
in the remaining 7 chairs in 7! ways 


= No of ways = °C, x2!x°C, x2!x2x7! (i) 
Case Il: When ‘M’ sits on either North or East side 
Lets consider north side 
=> N, and N, will have to take the corner seats on 
fork side 
=> 2! Ways 
Number of ways of arrangement of E, and 
E,= °C, x2! ways 
Rest of the persons (P,, P,....P,) can be arranged 
remaining 7 places in 7 ! ways 
Similarly, if “M’ sits on east side 
No of ways = 2x2!x°C, x 2!x7! ... 
Adding (1) and(2) ; we get 
Total number of ways = 96 x 7! 


(2) 


How many integers between 1000 and 9999 have 
exactly one pair of same digit such as 4049 or 9902 
but not 4449 or 4040? 


Solution: 
Casel: When unit and ten’s (or hundred and ten's or 
units and hundred) place digits are identical and rest 
are different 


The following cases arise: 


N = yzxx; when x 1s a non-zero digit = 64 x 9 = 576 
when x 1s zero, number of numbers = 9 x 8 = 72 


33. 


34. 


Permutation and Combination < 6.89 


Thus total numbers = 576 + 72 = 648 
Similarly, if units and hundred’s places are identical 
Also, similarly if ten’s and hundred’s places are identical 
Total no of numbers 648 x 3 = 1994 (1) 
Case Il: When thousand’s and hundred’s (or thou- 
sand and unit or thousand and ten's) place digit are 
identical xyxz 
Number of ways = 9 x 9 x 8 = 648 
Similarly, thousand’s and ten’s placed are identical 
And also if thousand’s and units placed are identical 
Number of number 648 x 3= 1944 ways (11) 
Adding (1) and (11); we get 
Total no. of such numbers = 2 + 1944 = 3888 


A man has 3 friends. In how many ways he can invite 
one friend everyday for dinner on 6 successive? nights 
so that no friend is invited more than 3 times? 


Solution: The following cases arise 
(1) Each friend invited 2 times 
(11) One friend (F’,) is invited 3 times, F’, is invited 2 
times and F, invited just once 
(111) Two friends invited 3 times each and the third 
friend is not invited 


6! 
Case (i) No of ways = TET 


6! 
Case (ii) No of ways = 3!x eT 
6! 
313! 
Adding; we get, total number of case = 510 


Case (iii) No of ways= °C,x— 


Let (x,y,z) be points with integer coordinates satisfy- 
ing the system of homogenous equations 

3x -y-z=0 

—3x+z=0 

—3x+2y+z=0 

Then find the number of such points for which x? + 
y +z* < 100. 

Solution: 

Given equations are 


3x-y-z=0 
—3x +z=0 
—3x+2y+z=0 


Solving above equations, we get 
y = 0, z= 3x 

Now x7 +y?+z? < 100 

=> 10x?> 100 >x’? < 10 

= oS Ole et tS. 
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the required points are 

(0,0,0), (1,0,3), (-1,0,-3), (2,0,6), (-2,0,-6),(3,0,9), 
(-3,0,-9) 

Thus there are 7 such points 


35. Let S,; k © {1, 2100}, denote the sum of infi- 


36. 


nite geometric series whose first term 1s and 


the common ratio is Then find the wali of 


1007 100 
+ k* —3k+1 
100! 2u|| JS. 
Solution: We have 
= 
pa I)/ kt 1 Vk>l 
1-1/k (k-1)! 
Now, |k’ - 3k + 1|S, 
l 
= |(k—2) (k-1) — 1| ———_- 
(&-2) ke) = 1 Ey 
_| |! 1! hy. 
(k—3)! (k-1)! 


Therefore y (i —3k+ 1)S,| 
k=1 


ane eer 


1 1 _4 100 


(elite =e S45 - 
98! 99! 99! 
100 
Thus 1% + Vi(k -3k+1)S | = age 
100! 99! 99! 


Find the number of points with integral co-ordinates 
that lie inside a triangle whose co-ordinates are (0, 0), 
(0, 102) and (102, 0). 

Solution: x +y<102;xeN,yvyeN 

1.e.,x +y < 101; let z be slack variable. 


xtyt+z=101;x>ly21,z20 
(x-1)+(v-1)+z=101-2;x-12>0;y-12= 
0;z>0 

= XY eZ SH 99x ZU 


_, ig = 101.100 
: 2 


YU 


= 5050 


37. A bag contains 6n tickets numbered from 0, 1, 2, .... 


6n—1. In how many ways, 3 tickets can be selected so 
that the sum of the numbers shown on them is equal 
to 6n? 

Solution: Number of ways = coefficient of x® in (1 + 
Se Pee) 

where R = number of cases to be rejected 


3 
» fr ee 
or coefficient of x® in 
—x 


coefficient of xin (1 — x)? = "PC, 


l 1 6n-2 
2 2 6n-4 
now R= 
2n 2n 2n 
3n 3n 0 


= (3n -1) ways. (excluding 2n, 2n, 2n) 
But each of such cases repeated 3 times + one case 
2n, 2n, 2n 
R=3 Gn-1)+1 
"2 C, -3(3n-1)-1 


required number of ways ai 


. An 8 oared boat to be manned from a crew of eleven 


of whom 3 can only steer but can not row. 8 can row 
but can not steer. In how many ways the staff can be 
arranged if 2 of the men can only row on bow side. 


Solution: 
Crew of 11 
3 can steer 8 can row 
but not row but not steer 
2 only bow 6 any where 
side (say AB) 
oar 
SX 7 | 
stroke 7 2 Bow 
side ON 73. side 
a 7 4 


e Position for steering can be selected in °C’, ways. 
e Two positions on the bow side can be selected in 
*C’, ways and AB can be arranged in 2! ways. 

e Remaining 6 people on 6 positions can be seated 

in 6! ways. 


39. 


Hence using FPC, total ways = °C,. “C,.2! . 6! 

= 25920. 
Alternatively: 2 out of 6 people can be selected in 
°C’, ways. Now (°C, + AB) 
1.e., 4 persons on bow side can be seated in 4! ways. 
Total ways = °C, . °C, . 4! . 4! = 25920 


Find the number of 7 digit numbers if the sum of their 
digits is 59, how many of these are divisible by 11, if 
the digits to be used are 5, 6, 7, 8, 9? 


Solution: Possible digits are 5, 6, 7, 8, 9 


Category Number of 7 digit | Divisible by 11 
number 


6! 


Solution: 


2 3n-2 
2 3n-1 


Total = 1 +(2+4)+(5+7)+(8 +10)... (Gn—-1)+ 
(3n+1)) 


= 14+6[1+24+3+....+n] 


=1+6x 4) 


= 3n?+3n+1 


Note: ‘0’ is always taken means all 6” flowers on the 
same side of the extreme G. 


6n 


G 
G G 


Similarly, 1 is always taken means at least 1 different 
flower between two successive G’s. 


Permutation and Combination < 6.91 


Category Number of 7 digit | Divisible by 11 
number 
Sf2! 
9999968 sp 43! =p 
5! 3! 2! 


9999887 7 405 Al nya 
4!-2! 3! 
31-4! 3! 


40. There are 6n flowers of one kind and 3 flowers of 


another kind. How many different garlands can be 
made using all the flowers? 


when ‘0’0 is always taken | ‘1’is always taken ‘2’ is always taken (2n —- 1) always taken ‘2n’ is always taken 


2n-1 2n-1 
2n—-1 2n 


2n+2 


, 2n+l1 
3n 


3n-1 


6n—2 


41. Find the number of functions f:{1, 2,3, 4,5, 6} — {7, 


6 
8, 9, 10} such that the sum > Ff (@) is odd. 
i=l 
Solution: Odd number of odds + any number of even 
= odd numbers, therefore we can have 
(i) one output odd and 5 outputs even in 2° x °C, 
ways 
(11) three outputs odd and three output even in 
2° x °C’, ways 
(111) five outputs odd and one outputs even in 
2° x °C’, ways 
therefore total number of ways = 2° °C, + °C, + 
°c) = 91 
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SECTION-III 


OBJECTIVE-TYPE (ONLY ONE CORRECT ANSWER) 


. The number of different matrices that can be formed 


with elements 0, 1, 2 or 3 each matrix having 4 
elements 1s 
(a) 3 x 2 
(c) 3 x 4 


(b) 2x4! 
(d) None of these 


. The number of ways in which 52 cards can be divided 
into 4 sets, three of them having 17 cards each and the 
fourth one having just one card, is 


52! 52! 
(17!) (17!)°3! 
51! 51! 
— d 

©) arp © aap 


. There were two women participating in a chess tour- 
nament. Every participant played two games with the 
other participants. The number of games that the men 
played between themselves proved to exceed by 66 
the number of games that the men played with the 
women. The number of participants is 

(a) 6 (b) 11 

(c) 13 (d) None of these 


. We are required to form different words by using all 
letters of the word INTEGER. Let m, be the number 
of words in which / and N are never together and m, 
be the number of words which begin with / and end 
with R, then m,/ m, is equal to 

(a) 42 (b) 30 

(c) 6 (d) 1/30 


. The total number of ways in which six ‘+’ and four 
‘—’ signs can be arranged in a line such that no two ‘—’ 
signs occur together is 
(a) 35 
(c) 30 


(b) 15 
(d) None of these 
. Let S be a set having 18 elements. The number of 


subsets of S having number of elements a multiple of 
3 1S 


ais —] gis = 2 
(a) 3 (b) 3 
2° +1 2° +2 
Cc d 
(c) 3 (d) 3 


. The number of non-negative integral solutions of x, + 
x, +x, + x, <n (where n is a non-negative integer) 1s 


10. 


11. 


12. 


13. 


14. 


15. 


(a) aC, 
(c) mC 


(b) nt4 CG 
(d) ue, Oo 


. The number of three digit numbers having only two 


consecutive digits identical 1s 
(a) 153 (b) 162 
(c) 180 (d) 161 


. In a unique hockey series between India and Pakistan, 


they decide to play on till a team wins 5 matches. The 
number of ways in which the series can be won by 
India, if no match ends in a draw is 

(a) 126 (b) 252 

(c) 225 (d) None of these 


Number of 7-digit numbers, which doesn’t change on 
reversing the order of digit is 

(a) 9 x 10° (b) 104 

(c) 9 x 10° (d) 10’ 


How many factors of 3780 are either divisible by 3 or 
2 or both? 

(a) 44 (b) 45 

(c) 46 (d) None of these 

With 17 consonants and 5 vowels. words of 4 letters 
are formed having two different vowels in the middle 
and one consonant (repeated/different) at each end. 
The number of words thus formed is 

(a) 5780 (b) 5365 

(c) 3400 (d) None of these 


Let A = {x | x 1s a prime number and x < 30 }. The 
number of different rational numbers whose numera- 
tor and denominator belong to A 1s 

(a) 90 (b) 180 

(c) 91 (d) None of these 


ABCD 1s a convex quadrilateral 3, 4, 5 and 6 points 
are marked on the sides AB, BC, CD, and DA respec- 
tively. The number of triangles with vertices on ditffer- 
ent sides 1s 
(a) 270 
(c) 282 


(b) 220 
(d) None of these 


There are three coplanar parallel lines. If any p points 
are taken on each of the lines, the maximum number 
of triangles with vertices at these points is 

(a) 3p* (p -1) +1 (b) 3p*(p -1) 

(c) p*(4p -3) (d) None of these 


16. 


17. 


18. 


19. 


20. 


21. 


ns 


23. 


All possible two factor products are formed using the 
numbers 1, 2, 3, 4, ...... 200. The number of products 
of the total thus obtained which are mulltiple of 5 is 
(a) 5040 (b) 7180 

(c) 8150 (d) None of these 


The number of ways in which four letters can be 
selected from the word ‘degree’ is 

(a) 7 (b) 6 

(c) 6! /3! (d) None of these 


In a plane, there are two families of lines y =x +4 
y =-x +4 wherer e€ {0, 1, 2, 3, 4}. The number of 
squares of diagonals of the length 2 formed by the 
lines 1s 

(a) 9 (b) 16 

(c) 25 (d) None of these 


A class has 21 students. The class teacher has been 
asked to make n groups of r students each and go 
to zoo taking one group at a time. The size of group 
(1.e., the value of r) for which the teacher goes to the 
maximum number of times is (no group can go to the 
Zoo twice) 

(a) 9 or 10 (b) 10 or 11 

(c) ll or 12 (d) 12 or 13 


A teacher takes 3 children from her class to the zoo at 
a time as often as she can, but she does not take the 
same three children to the zoo more than once he finds 
than she goes to the zoo 84 times more than a particu- 
lar child goes to the zoo. The number of children 1n her 
class 1s 

(a) 12 (b) 10 

(c) 60 (d) None of these 

The number of different ways in which five ‘dashes’ 


and eight ‘dots’ can be arranged, using only seven of 
these 13 ‘dashes’ and ‘dots’ is 


(a) 1287 (b) 119 
(c) 120 (d) 1235520 
10 
The value of “C,, + = a One : 
j=0 
(a) "'C,, (Bb): 2) °C. 
(GC) 2:°C a (d) None of these 


The number of ways in which 9 identical balls can be 
placed in three identical boxes is (a box can have any 
number of balls) 


(a) 55 Ome 
ie 3!) 
Oa (d) 12 


24. 


Zs 


26. 


Zi. 


28. 


29. 


30. 
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The number of words that can be made by writing 
down the letters of the word CALCULATE such that 
each word starts and ends with a consonant is 


(c) 2(7!) (d) None of these 


The number of points (x, y, z) in space, whose each 
coordinate is a negative integer such that x + y+ z+ 
12 =Ois 

(a) 358 (b) 55 

(c) 110 (d) None of these 


Let A be the set of 4-digit numbers a, a,a,a,; where a, 
> a,> a,> a,, then n(A) 1s equal to 
(a) 126 (b) 84 


(c) 210 (d) None of these 


The number of numbers divisible by 3 that can be 
formed by four different even digits is 

(a) 18 (b) 36 

ic) 0 (d) None of these 


Two teams are to play a series of 5 matches between 
them. A match ends in a win or loss or draw for a 
team. A number of people forecast the result of each 
match and no two people make the same forecast for 
the series of matches. The smallest group of people 
in which one person forecasts correctly for all the 
matches will contain n people, where n is 

(a) 81 (b) 243 

(c) 486 (d) None of these 


A person goes in for an examination in which there 
are four papers with maximum of m marks from each 
paper. The number of ways in which one can get 2m 
marks is 

2m +3 
(a). Ce 


(b) =(m +1) 2m? + 4m +1) 
(c) si One am 8) 


(d) None of these 


In the next World Cup of cricket, there will be 12 
teams, divided equally in two groups. Teams of each 
group will play a match against each other. From each 
group 3 top teams will qualify for the next round. In 
this round, each team will play against others once. 
Four top teams of this round will qualify for the 
semifinal round, where each team will play against 
the others once. Two top teams of this round will go to 
the final round, where they will play the best of three 
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31. 


32. 


33. 


34. 


35. 


36. 


37. 


matches. The minimum number of matches in the next 


World Cup will be 
(a) 54 (b) 53 
(c) 38 (d) None of these 


The number of ordered 4-tuple (x, y, z, w); x, y Zw 
e [0, 10]) which satisfies the inequality, pes ae. 
qsin’ z 500s” uA > 120 is 

(a) O (b) 144 

(c) 81 (d) infinite 

Given 11 points, of which 5 lie on one circle, other 
than these 5, no 4 lie on one circle. Then the maximum 
number of circles that can be drawn so that each con- 
tains at least three of the given points 1s 

(a) 216 (b) 156 

(c) 172 (d) None of these 


Seven different coins are to be divided amongst three 
persons. If no two of the persons receive the same 
number of coins but each receives at least one coin 
and none 1s left over, then the number of ways in 
which the division may be made is 

(a) 420 (b) 630 

(c) 710 (d) None of these 


Sum of all the numbers that can be formed using all 
the digits 2, 3, 3, 4, 4, 4 is 

(a) 22222200 (b) 11111100 

(c) 55555500 (d) 20333280 


The number of numbers less than or equal to 10” 
which are niether perfect squares, nor perfect cubes, 
nor perfect 4" power is 

(a) 999998990100 (b) 999998999000 

(c) 999998999100 (d) None of these 


A gentleman invites a party of m + n (3 #n) friends 
to a places m at one table and n at another, the table 
being round. If the clockwise and anti-clockwise 
arrangements are not to be distinguished and assum- 
ing sufficient space on both tables, then the number of 
ways in which he can arrange the guest 1s 


(m+n)! i (mtn)! 
@) 4mn ©) 2 4mn 
(c) eae (d) None of these 
mn 


Number of numbers divisible by 25 that can be 
formed using only the digits 1, 2, 3, 4, 5 and O taken 
five different digits at a time 1s 
(a) 2 (b) 32 
(c) 42 (d) 52 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


Six cards are drawn one by one from a set of unlimited 
number of cards, each card is marked with numbers 
—1,0 or 1. Number of different ways in which they can 
be drawn if the sum of the numbers shown by them 
vanishes, 1s 

(a) 111 (b) 121 

(c) 14] (d) None of these 


The number of 5 digit numbers of the form x y z y x 
in which x <y is 

(a) 350 (b) 360 

(c) 380 (d) 390 


Let P, denotes the number of ways of selecting 3 
people out of ‘n’ sitting in a row, if no two of them are 
consecutive and Q is the corresponding figure when 
they are in a circle. If P,_ -Q_ = 6, then ‘n’ is equal to 
(a) 8 (b) 9 

(c) 10 (d) 12 


For some natural NV the number of positive integers ‘x’ 
satisfying the equation, 1! + 2! +3!+...+(«!) =(N)’ is 
(b) one 

(d) None of these 


Messages are conveyed by arranging 4 white, 1 blue and 
3 red flags on a pole. Flags of the same colour are alike. 
If a message is transmitted by the order in which the 
colours are arranged, then the total number of messages 
that can be transmitted if exactly 6 flags are used 1s 

(a) 45 (c) 65 

(c) 125 (d) 185 


Number of different words that can be formed using 
all letters of the word ‘*-ELEVEN” if each word nei- 
ther begins nor ends in E, 1s 

(a) 24 (b) 36 

(c) 48 (d) None of these 


Three digit numbers in which the middle one is a perfect 
square are formed using the digits 1 to 9. Their sum is 
(a) 134055 (b) 270540 

(c) 170055 (d) None of these 

Number of numbers greater than a million and divis- 
ible by 5 which can be formed by using all the digits 
1, 2, 1, 2, 0, 5 and 2 at a time 1s 

(a) 120 (b) 110 

(c) 90 (d) None of these 


In a shooting competition, a man can score 0, 2 or 
4 points for each shot. Then the number of different 
ways in which he can score 14 points in 5 shots, is 
(a) 20 (b) 24 

(c) 30 (d) None of these 


(a) infinite 
(c) two 


47. 


48. 


49. 


30. 


S1. 


52. 


53. 


34. 


55. 


Sum of all the digits used in writting all the numbers 
from 1 to 1000 is 

(a) 12741 (b) 13946 

(c) 4996 (d) 13501 


A set ‘A’ consists of 6 and the set B consists of 3 dis- 
tinct elements. The total number of functions form A 
— B which are surjective 1s 

(a) 240 (b) 540 

(c) 960 (d) None of these 


A box contains 6 balls which may be all of different 
colours or three each of two colours or two each of 
three different colours. The number of ways of select- 
ing 3 balls from the box is 

(a) 60 (b) 31 

(c) 30 (d) None of these 


Number of positive integral solutions or the equation 
20<x+y+z<50is 

(a) mC, =: a OF (b) a OF = ne, 

(c) Oe _ DC, (d) aC: _ IC, 


A question paper on mathematics consists of twelve 
questions divided into three parts A, B and C, each 
containing four questions. In how many ways can an 
examinee answer five questions, selecting at least one 
from each part? 
(a) 623 

(c) 625 


(b) 624 
(d) 626 


Six married couple are sitting in a room. Number of 
ways in which 4 people can be selected so that there 
is exactly one married couple among the four is 

(a) 240 (b) 255 

(c) 360 (d) 480 


The result of 21 football match (win, lose or draw) 
are to be predicted. The number of different forecasts 
which contain exactly 18 correct results is 

(a) 7'C, (b) 3.*C, 

(c) 8.7C, (d) 27.7°C. 


Let there be 9 fixed points on the circumference of a 
circle. Each of these points is joined to every one of 
the remaining 8 points by a straight line and the points 
are so positioned on the circumference that atmost 2 
straight lines meet in any interior point of the circle. 
The number of such interior intersection points 1s 


(a) 126 (b) 351 
(c) 756 (d) None of these 
A student has to answer 10 out of 13 questions in an 


examination. The number of ways in which he can 


36. 


37. 


38. 


39. 


60. 


61. 


62. 


63. 
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answer if he must answer at least 3 of the first five 
questions 1s 
(a) 276 

(c) 80 


(b) 267 
(d) None of these 


The number of ways selecting 8 books from a library 
which has 10 books each of Mathematics, Physics, 
Chemistry and English, if books of same subject are 
alike, is 
(a) BC 
(c) nC 


(b) eo 
(d) nC. 


Number of ways in which 12 identical coins can be 
distributed in 6 different purses, if not more than 3 and 
not less than 1 coin goes in each purse 1s 

(a) 131 (b) 141 

(c) 247 (d) None of these 


Number of ways in which 2 Indians, 3 Americans, 3 
Italians and 4 Frenchmen can be seated on a circle, if 
the people of the same nationality sit together is 

(a) 2.(4!)?(3!)° (b) 2.(3!)°.4! 

(c) 2.(3!)(4!)° (d) None of these 


Number of ways in which two Americans, two British, 
one Chinese, one Dutch and one Egyptian can sit on a 
round table so that persons of the same nationality are 
separated is 
(a) 48 

(c) 336. 


(b) 240 
(d) None of these 


Number of ways in which 4 girls and 4 boys can sit 
around in circular table if the boys and girls are alter- 
nate and a particular boy and a girl are never together 
in any arrangement is 
(a) 108 

(c) 84 


(b) 96 
(d) 72 


Number of ways in which 9 different prizes be given to 
5 students if one particular boy receives 4 prizes and the 
rest of the students can get any numbers of prizes, 1s 
(a) °C 2 (D)2Ca.: 

(c) 4.4 (d) None of these 


There are 5 balls of different colours and 5 boxes of 
colours same as those of the balls. The number of 
ways in which the balls, could be placed such that 
exactly 2 balls go to the box of its own colour 1s: 

(a) 31 (b) 30 

(c) 20 (d) None of these 


Number of ways in which p identical white balls, g 
identical black balls and r identical red balls can be 
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64. 


65. 


66. 


67. 


68. 


69. 


put in n different bags, if none, one or more of the 
bags remain empty 1s 

(a) es OF ; baa Oe aaa 

(b) aie ; ie OR sala ame 

(c) "PO. MIC eC 

(d) None of these 


Number of ways in which all the letters of the word 
“ALASKA” can be arragnged in a circle distin- 
guishing between the clockwise and anti-clockwise 
arrangement 1s 

(a) 60 (b) 40 

(c) 20 (d) None of these 


6 white and 6 black balls are distributed among ten 
identical urns so that there is atleast one ball in each 
urn. Balls are all alike except for the colour and each 
box can hold any number of balls. The number of dif- 
ferent distributions of the balls 1s: 

(a) 26250 (b) 132 

(c) 12 (d) 10 


There are (p + q) differnet books on different topics in 
Mathematics. (p # q) 

If L = The number of ways in which these books are 
distributed between two students X and Y such that X 
get p books and Y gets g books. 

M = The number of ways in which these books are 
distributed between two students X and Y such that 
one of them gets p books and another gets g books. 
N = The number of ways in which these books 
are divided into two groups of p books and qg books 
then, 

(a) L=M=N 
(c) 2L=M=2N 


(b) L=2M=2N 
(d) L=M=2N 


Number of different ways in which 8 different books 
can be distributed among 3 students, if each student 
receives at least 2 books is 

(a) 2940 (b) 2980 

(c) 3042 (d) None of these 


The number of ways of distributing 12 identical 
oranges among 4 children so that every child gets at 
least one and no child more than 4 1s: 

(a) 29 (b) 31 

(c) 39 (d) None of these 


In an eleven storey building, 9 people enter a lift 
cabin. It is known that they will leave the lift in groups 
of 2, 3 and 4 at different residential storeys. Number 
of ways in which they can get down is: 


70. 


71. 


12s 


73. 


74. 


735. 


(12)! 
(@) 313N? 4! 


12! 
(c) ar 


10! 
vara 


(d) None of these 


A committee of 10 is to be formed from 8 teachers and 
12 students of whom 4 are girls. In how many ways 
this can be done so that the committee contains atleast 
four of either groups (teachers and students) and 
atleast 2 girls and at least 2 boys are in the committee? 
(a) 76832 (b) 78598 

(c) 76840 (d) None of these 


A train time-table must be compiled for various days 
of the week so that two trains a day depart for three 
days, one train a day for two days and three trains a 
day for two days. How many different time-table can 
be compiled? 
(a) 140 

(c) 133 


(b) 210 
(d) 72 


The number of times the digit 3 will be written when 
listing the integers from 1 to 1000 1s 

(a) 300 (b) 269 

(c) 271 (d) 302 


The number of non-negative integral solution of the 
equation, x + y + 3z = 33 is 

(a) 120 (b) 135 

(c) 210 (d) 520 


In an examination, the marks for physics and chemis- 
try papers are 25 each, whereas maximum marks for 
maths paper is 100. The number of ways in which a 
student can score 50 marks is [assume that the marks 
are awarded in non-negative integral values] 

(a) 716 (b) 676 

(c) 605 (d) None of these 


The number of ways in which 5 X’s can be placed in 
the squares of the figure so that no row remains empty 
is 


(a) 56 
(c) 98 


(b) 44 
(d) 40 


76. 


Number of ways in which AAABBB can be placed 
in the squares of the figure as shown so that no row 
remains empty, 1s 


(a) 2430 
(c) 1620 


(b) 2160 
(d) None of these 


77. The number of ways in which 5 X’s can be placed 


78 


79 


80 


$1. 


in the squares of the figure so that no row remains 
empty 1s 


(a) 97 
(c) 100 


(b) 44 
(d) 126 


A regular polygon has 104 diagonals. The number of 
sides 1s 
(a) 8 
(c) 16 


(b) 10 
(d) None of these 


Number of sub parts into which ‘n’ straight lines in a 
plane can divide it is 


(a) n> +n+2 (b) n’+n+4 
2 2 
2 
(c) — (d) None of these 


All the 7 digit numbers containing each of the digits 
1, 2, 3, 4, 5, 6, 7 exactly once, and not divisible by 5 
are arranged in the increasing order. Find the (2001)st 
number in this list. 
(a) 4315726 
(c) 4254789 


(b) 4315658 
(d) None of these 


There 6 pairs of different gloves. In how many dif- 
ferent ways can each of 6 persons be distributed a 


82. 


83. 


84. 


85. 


86. 


87. 
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pair of left and right gloves, if at least 3 persons get a 
complete pair? 
(a) 10! 
(c) 45! 


(b) 8! 
(d) None of these 


From 25 tickets numbered from 1 to 25, number of 
ways in which 3 tickets can be chosen such that the 
numbers on them are in A.P. with even common dif- 
ference, 1s: 
(a) 66 
(c) 85 


(b) 88 
(d) None of these 


The sum of all the four digit even numbers which can 
be formed by using the digits 0,1,2,3,4, and 5 if repeti- 
ton of digits is allowed is: 

(a) 1765980 (b) 1756980 

(c) 1769580 (d) 1759680 


The Reserve Bank of India prints currency notes in 
denominations of Five rupees, Ten rupees, Twenty 
rupees, Fifty rupees, One hundred rupee, Five hundred 
rupees and One thousand rupees. In how many ways 
can it display in a set order ten currency notes not 
necessarily of different denominations? How many of 
these will have currency notes of all denominations? 


(a) 7°; 2 hoo (b) 7,2 ao 
49 


(c) 10°;{ 2 ho (d) None of these 


How many 5 digit numbers are there which contains 
not more than two different digits? 

(a) 1224 (b) 1248 

(c) 1325 (d) None of these 


There are 2n guests at a dinner party. Supposing that 
the master and mistress of the house have fixed seats 
opposite one another, and that there are two specified 
guests who must not be placed next to one another. 
Find the number of ways in which the company can 
be placed around a circular table. 

(a) (2n—1)!. (4n? - 6n + 4). 

(b) (2n — 2)!. (4n? — 6n + 2). 

(c) (2n —2)!. (4n? — 6n + 4). 

(d) None of these 


Number of ways in which we can choose 2 dis- 
tinct integers form 1 to 100 such that the difference 
between them is atmost 10 is 

(a) 945 (b) 975 

(d) 956 (d) None of these 
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SECTION-IV 


OBJECTIVE-TYPE (MORE THAN ONE CORRECT ANSWER) 


. Let N denote the number of ways of selecting r 
objects out of n distinct objects (r = n) with unlimited 
repetition but with each object included at least once 
in selection. Then AN is 
(a) "C,, 

(c).72G., (d) None of these 


~ If P = n(n’ -17) (wh — 27) W? - 3°)... - ), n> 7 
n &N, then P is divisible by 

(a) (2r + 2)! (b) (2r- 1)! 

(c) (2r +1)! (d) None of these 


. For the equation x+y + z + w = 19, the number of 
positive integral solutions is equal to 


(b) CC, 


(a) The number of ways in which 15 identical things 
can be distributed among 4 persons. 

(b) the number of ways in which 19 identical things 
can be distributed among 4 persons. 

(c) coefficient of x!? in (x°tx!+x? +. + x!*)4 

(d) coefficient of x!? in (x + x? + x3 +.... x!) 

. Thenumber of ways in which 200 things can be divided 

into groups of 100 pairs is 


200 ! 
© So" 


101 \f 102 \( 103 200 
© (De) E) 
200! 
(c) 100 
2 (100)! 
(d) (1. 3.5... 199) 
. The maximum number of permutations of 2n letters in 


which there are only a's and b's, taken all at a time is 
given by: 


(a) *C_ 
2 6 10 4n-6 4n-2 
(0) ne Se 
(c) n+l nt+2 nt+3 n+4 2n-|1 2n 
1 2 3 #4 ~n-1 on 


2” .[1.3.5......(2n — 3) (2n- J)| 
n!} 
. You are given 8 balls of different colours (black, 


white, ...) . The number of ways in which these 
balls can be arranged 1n a row so that the two balls 


10. 


11. 


of particular colour (say red and white) may never 
come together is 
(a) 8!-2.7! 

(c) 2.61. 7C, 


(b) 6.7! 
(d) None of these 


. A women has 11 close friends. Number of ways in 


which she can invite 5 of them to dinner, if two par- 
ticular of them are not on speaking terms and will not 
attend together 1s 
(a) on = aC: 

(c) 3°C, 


(b) °C, +2 °C, 
(d) 378 


. Number of quadrilaterals which can be constructed by 


joining the vertices of a convex polygon of 20 sides if 
none of the side of the polygon is also the side of the 
quadrilateral 1s 


°C;. 20 
(a) MC, -¥C, (b) a 
(c) 2275 (d) 2125 


. There are 12 points in a plane of which 5 are collin- 


ear. The maximum number of distinct quadrilaterals 
which can be formed with vertices at these points is 
(a) 2. 'P, (by. oP 

(c) 10. ’C, (d) 420 


The number of non-negative integer solutions of x + y 

+z +w = 10 must be same as 

(a) Number of ways of distributing 10 identical 
objects in four distinct boxes. 

(b) Number of selections of 10 objects from a lot 
containing four varieties of objects 

(c) Number of selections of four objects from a lot 
containing 10 distinct objects. 

(d) Number of results of a 10 match series between 
two countries if a match ends either in a win or 
loss or a draw. 


On the normal chess board I, and I, are two insects 
which starts moving towards each other. I, starts from 
extreme left bottom and I, starts with extreme nght 
top. Each insect moving with the same constant speed. 
Insect I, can move only to the right or upward along 
the lines while the insect I, can move only to the left 
or downward along the lines of the chess board. The 
total number of ways the two insects can meet at same 
point during their trip 1s: 


12. 


14 \f 15 \( 16 
Sak) 

13 )f 15 
ot) 

10 \f 14 \f 18 \f 22 \/ 26 \f 30 
SH eter) 
There are 10 seats in the first row of a theatre of which 
4 are to be occupied. The number of ways of arranging 
4 persons so that no two persons sit side by side is 


(a) 7C, (b) 4.’P, 
(c) 7C,.4! (d) 840 


» 


(d) C(16, 8) 


13. Find the number of ways in which 3 numbers in A.P. 


can be selected from 1, 2, 3, .... n. 


(a) os ifn is odd (b) ree é) 


(n+1)’ (n+2) 
4 4 


ifn is even 


ifn isodd (d) = ifn is even 


(C) 
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14. The number of triplets (a, b, c) such that a < b <c, 


where a, b, c € £1, 2, 3,.....n} is 
(4) “Ger. de) ee Oe 
(c) gas Os (d) an OF + aC 


. A man is at the origin on the x-axis and takes a unit 


step either to the left or to the right. He stops after 
5 steps or if he reaches 3 or —2. Number of ways in 
which he 

(a) reaches —2 1s 3 

(b) reaches 3 is 4 

(c) stop exactly after walking 5 steps is 12 

(d) can perform the experiment is 20 


. The kindergarden teacher has 25 kids in her class. She 


takes 5 of them at a time, to zoological garden as often 
as she can, without taking the same 5 kids more than 
once. Then the number of visits, the teacher makes to 
the garden exceeds that of a kid by: 

(a) aC. _ aC (b) BC: 

(c) 60 = aC (d) uC 


SECTION—V 


ASSERTION AND REASON TYPE 


A: The maximum number of points of intersection of 
8 circles 1s 56. 

R: The maximum number of points into which 4 
circles and 4 straight lines intersect, 1s 50. 


re n! 
" (n-3)! 


R: Product of 3 consecutive integers is divisible 
by 3!. 


is divisible by 6. 


A: If there are six letters L,, L,, L,, L,, L,, L, and their 
corresponding six envelopes E., E,, E,, E,, E,, E,. 
Letters having odd value can be put into odd value 
envelopes and even value letters can be put into 
even value envelopes, so that no letter goes into 
the right envelopes, the number of arrangement 
will be equal to 4. 


R: If P, number of ways in which n letter can be 
put in ‘n’ corresponding envelopes such that no 
letters goes to correct envelopes, then P, = n! 


i oe ae a | 
1! 2! n! 


. A: The maximum value of K such that (50)* divides 


100! is 2 


R: If P is any prime number, then power of P in 


n n n 
n! is equal to = ara + | bites where [.] 


represents greatest integer function. 


. A: A five digit number divisible by 3 1s to be formed 


using the digits 0, 1, 2, 3, 4, and 5 with repetition. 
The total number formed are 216. 

R: If sum of digits of any number is divisible by 3, then 
the number must be divisible by 3. 


. A: If f {a, b, c, d, e} > {a, b, c, d e} fis onto and f(x) 


# x for each x € {a, b, c, d, e} 1s 44 
R: The number of dearrangement for n object is n! 


1a 4 } 
I! 2! n! 


. A: The one’s, ten’s and hundred’s digit in 1! + 2! + 


Sha a) te Sl Ole 71 -FSl Ol a 20 e222! 
acer + 49! is/are 3, 1, 1 respectively. 

R: 1!+2!4+3!+4!+5!+6!+7!+8!+9! = 409113. 
and n! is divisible by 1000 for n = 20. 


. A: The total number of ways in which 4 Mathematics 


and 5 Biology teachers can be seated on a table for 
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a meeting, so that all the teachers of Maths dept. 
are not together is 4! (5!)?. 

R: Number of permutations of n different things 
taken all at a time when all m, specific things never 
come together is n! —m! x (n—m + 1)!. 


. A: Sum of all the odd divisors of 720, which are not 
a perfect square is 78. 

R: The sum of the positive integer divisior of N 
= Dp, . Dp, . py Dp, » When p,, p,, Pp; are 
different primes and a,, q,, ....... , O, are nat- 


ural numbers is given by ( DP, + P, ++ DP, ) 


(p, +p, +... +p, ) es (p, +..-+D, ): 


10. 


11. 


A: The sum of all the five digit numbers that can be 
formed using digits 1, 2, 3, 4, 0 1s (repetition of 
digits not allowed) 240 x 11111. 

R: The sum of all numbers that can be formed 
using all the non-zero digits a, a,, .....a,18 (a =): 


A: 4 points out of 8 points in a plane are collinear. 
Number of different quadrilaterals that can be 
formed by joining them is 53. 


R: If ‘m’ points out of ‘n’ points in a plane are collinear, 
then the number of different quadrilaterals, that can 
be formed by joining these points is "C',—"C,, + 1. 


SECTION-VI 


LINKED COMPREHENSION TYPE 


: If 25 identical things be distributed among 5 persons 
then 


. The number of ways each receives at least one is 

(a) “C,-5 (b). CS 5"-€, 

(c) uC. = ane; (d) aC 

. The number of ways each receives odd number of 
things 

(a) NC. (b) EC, 

(c) *C, (d) None of these 

. The number of ways each receives at least one thing 
but not more than eleven is 

(a6 =O, (b). "C= 5 

(C) VC =5"G, (d) None of these 

: Number of ways of distributing n different things into 
r different groups is r”, when blank groups are taken 
into account. But when blank groups ar not permitted, 
then the number of ways of distribution are 7’ — 'C 
GaDE NC) el) e... 

. 4 candidates are competing for two managerial posts, 
in how many ways can the candidates be selected? 
(a) 4 (b) “C, 

(c) 24 (d) None of these 

. 8 different balls can be distributed among 3 children 
so that every child receives at least 1 ball is 

(a) 38 (b) °C, 

(c) 8 (d) None of these 


1 


6. 


10. 


5 letters can be posted into 3 letter boxes in 
(a) 3° ways (b) 5° ways 
(c) °C, ways (d) None of these 


: We have to choose 11 players for cricket team from 


8 batsmen, 6 bowlers, 4 all-rounders and 2 wicket- 
keepers, in the following conditions: 


. The number of sections when at most | all-rounder 


and 1 wicket-keeper will play 

(Ce 6G Cat Ge Ca 
(b) "C), Pi, at PC, 

(c) ‘C. OC a nC 

(d) None of these 


. Number of selections when 2 particular batsmen don’t 


want to play, if a particular bowler will play 
(a) "Cy, * "Cy, (b) “Cy °C, * "Cy 
(Cc) "Cigt Cy (d) “Cyt mer 


. Number of selections when a particular bastsman and 


a particular wicke-tkeeper don’t want to play together 
(a) 2 mcr (b) “Cy ak Oar 
(C.-C EG. (d) None of these 


: Consider the letters of the word MATHEMATICS. 


There are eleven letters some of them are identical. 
Letters are classified as repeating and non-repeating 
letters: Set of repeating letter = {M, A, T}. Set of non- 
repeating letters = {H, EF, O, C, S} 


Possible number of words taking all letters at a time 
such that at least one repeating letter is at odd position 
in each word, is 


11. 


12. 


2 


9! 11! 
@) Zito! ©) 21.212! 
Il! 9! 9! 
©) 0121 22) ©) 212! 


Possible number of words taking all letters at a time 
such that in each word both M’s are together and both 
T’s are together but both A’s are not together is 


11! 10! 
| 8 ae eee 
ee ©) DAD: No 
©) 61.4! (d) 9! 
21.2! 2121.2! 


Possible number of words in which no two vowels are 
together, 1s 


13. 


14. 


15. 
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There are 8 official, 4 non-official members, out of 
these 12 members, a committee of 5 members 1s to be 
formed, the answer the following questions. 


Number of committees consisting of 3 official and 2 
non-official members, are 

(a) 363 (b) 336 

(c) 236 (d) 326 


Number of committees consisting of at least two non- 
official members, are 
(a) 456 
(c) 654 


(b) 546 
(d) 466 


Number of committees in which a particular official 
member is never included are 

(a) 264 (b) 642 

(c) 266 (d) 462 


SECTION-VII 


7! , 4! 7T!,, 4! 
eee Teen 
as, ©) 2 Ot 
MATRIX MATCH TYPE 
Column-I 


(i) The number of 6-digit natural numbers, where 
each digit appears at least twice. 
(11) In how many ways can five different books be 
dedup in three bundles? 
(111) How many non-empty collections are possible 
by using 5P’s and 6Q’s? 
(iv) How many students do you need in a school to 
guarantee that there are at least 2 students, who 
have the same first two initials? 


Column-II 
(a) 41 
(b) 677 
(c) 11754 
(d) 25 


Column-I 

(1) The number of five-digit numbers having the 
product of digits 20 is 

(11) A man took 5 space plays out of an engine to 
clean them. The number of ways in which he can 
place at least two plays in the engine from where 
they came out 1s 


(111) The number of integers from 1 to 1000 in which 
at least two consecutive digits are equal is 
(iv) The value of = by Si. 7 
l<i< j<9 
Column-Il 
(a) 77 
(b) 31 
(c) 50 
(d) 181 


Column-!I 


(1) The number of arrangements that can be made 
taking 4 letters, at a time, out of the letters of the 
word ‘’PASSPORT”’ is 

(11) The number of ways of forming a 4 letter word 
using the letters of the word MATHEMATICS, 1s 

(111) The number of selection of four letters from the 
letters of the word ASSASSINATION is 

(iv) If there are 9 students in section I of a class and 8 
students in section II of a class. A students coun- 
cil having 2 seats with one student from each 
section can be formed in ways is 


Column-Il 


(a) 2454 
(b) 606 
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(c) 72 
(d) 2424 


Column-I 
(i) The total number of selections of fruits which 
can be made from 3 bananas, 4 apples and 2 
oranges 1s 
(11) If 7 points out of 12 are in the same straight line, 
then the number of triangles formed 1s 
(111) The number of ways of selecting 10 balls from 
unlimited number of red, blacks, white and green 
balls is 
(iv) The total number of proper positive integer divi- 
sors of 38808 is 
Column-Il 
(a) greater than 50 
(b) greater than 100 
(c) Greater than 150 
(d) Greater than 200 


. Consider all possible permutations of the letters of the 
word ENDEANOEL 
Match the statement/expression in Column-I with the 
statements/expressions in Column-II. 
Column-I 


(1) The number of permutations containing the word 
ENDEA 


(11) The number of permutations in which the letter E 
occurs in the first and the last position is 

(111) The number of permutations in which none of the 
letters D, L, N occurs in the last five positions is 

(iv) The number of permutations in which the letters 
A, E, O occurs only in odd positions is 


Column-Il 
(a) 5! 
(b) 2 x 5! 
(c) 7 x 5! 
(d) 21 x 5! 


. If repetitions are not allowed 


Column I 
(1) How many 3 digit numbers can be formed from 
the six digits 2, 3, 5, 6, 7 and 9? 
(11) How many of these are less than 400? 
(111) How many are even? 
(iv) How many are odd? 
(v) How many are multiples of 5? 


Column II 
(a) 120 
(b) 40 
(c) 80 
(d) 20 


SECTION-VIII 


INTEGER-TYPE QUESTIONS 


. Find the sum of all natural numbers 7 such that 100 < 


n < 4000, that can be made with the digits 0, 1, 2, 3, 4 
if repetition of digits in the same number is allowed. 


. How many sides are there in a polygon which has 35 
diagonals? 


. Find the number of combinations of the letters of the 


word PROPORTION taken six at a time. 


«IX ew and? C=C = = .*°P,<0, then find great- 


est possible value of x. 
. 6 balls marked as 1, 2, 3, 4, 5, and 6 are kept in a box. 
Two players A and B start to take out 1 ball at a time 


from the box one after another without replacing the 
ball till the game is over. The number marked on the 


ball is added each time to the previous sum to get the 
sum of numbers marked on the balls taken out. If this 
sum is even, then 1 point is given to the player. The first 
player to get 2 points is declared winner. At the start of 
the game, the sum is 0. If A starts to take out the ball, 
then find the number of ways in which the game can be 
won by A. 


. Find the number of integral solutions to the equation 


2x +y +z = 20 withx, y,z>0. 


. Find the number of non-negative integral solutions of 


3x +y +z< 30. 


. How many integral solutions are there to the system 


of equation? x, +x, +x, +x, +x, = 20 andx, +x,+x, 
= 5 when x, 20 


. Anumber of four different digits is formed using the 


digits 1, 2, 3, 4, 5, 6, 7 in all possible ways. Find 
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(a) how many of them are exactly divisible by | 11. In how many ways we can put 5 letters into 5 cor- 
25? responding envelopes so that at least one letter go to 
(b) how many of them are exactly divisible by 4? wrong envelope. 
10. In a single correct match the column question, Col- 12. LetA= (1, 2,3,4, 55 fbea seine el function 
umn I contain 10 questions and Column II contain from A — A and number of such functions for which 
10 answers written in some arbitrary order. In how Nk) # kV K€ 4, 2, 3, 4, 55 18 Lp, find p. 
many ways a student can answer this question so that | 13. Let S = {1,2,3,4}. Then find the number of unordered 
exactly 6 of his matchings are correct. pairs of disjoint subsets of S. 
Answer Keys 
SECTION-III 
1. (c) 2. (b) 3. (c) 4. (b) 5. (a) 6. (d) 7. (b) 8. (b) 9. (a) 10. (c) 
11. (a) 12. (a) 13. (c) 14. (d) 15. (c) 16. (b) 17. (a) 18. (a) 19. (b) 20. (b) 
21. (c) 22. (a) 23. (d) 24. (a) 25. (b) 26. (c) 27. (b) 28. (b) 29. (c) 30. (b) 
31. (b) 32. (b) 33. (b) 34. (a) 35. (a) 36. (c) 37. (c) 38. (c) 39. (b) 40. (c) 
41. (c) 42. (d) 43. (a) 44, (a) 45. (b) 46. (c) 47. (d) 48. (b) 49. (b) 50. (c) 
S1. (b) 52. (a) 53. (c) 54. (a) 55. (a) 56. (d) 57. (b) 58. (b) 59. (c) 60. (d) 
61. (a) 62. (c) 63. (a) 64. (c) 65. (d) 66. (c) 67. (a) 68. (b) 69. (b) 70. (a) 
71. (b) 72. (a) 73. (Cc) 74. (b) 75. (b) 76. (Cc) 77. (b) 78. (c) 79. (a) 80. (a) 
81. (b) $2. (a) 83. (c) 84. (a) 85. (a) 86. (c) 87. (a) 
SECTION-IV 
1. (a, b) 2. (b, c) 3. (a,d) 4. (b,c,d) 5. (a,b,c,d) = 6 - (a, b, c) 
7. (a, b, c, d) 8. (a, b, c) 9. (ad) 10. (cd) I. (a,b,c,d) 12. (b,c,d) 
13. (a,b) 14. (a,b) 15. (a,b,c) 16. (a,b) 
SECTION-V 
1. (b) 2. (a) 3. (a) 4. (d) 5. (d) 6. (a) 7. (a) 8. (a) 9. (d) 10. (d) 
11. (c) 
SECTION-VI 
1. (d) 2. (a) 3. (c) 4. (b) 5. (d) 6. (a) 7. (a) 8. (a) 9. (b) 10. (b) 
11. (a) 12. (a) 13. (b) 14. (a) 15. (d) 
SECTION-VII 
1. @) > () (1) > (d) (111) + (a) (iv) > (b) 
2. (1) > (Cc) (11) > (b) (111) — (d) (iv) > (a) 
3. (1) > (b) (11) —> (a) (111) + (Cc) (iv) > (c) 
4. (1) > (a) (11) > (a, b, c) (111) > (a, b, c, d) (iv) > (a) 
5. (1) > (a) (11) > (d) (a1) —> (b) (iv) + (b) 
6. (1) > (a) (11) > (b) (11) > (b) (iv) > (c) (vy) > @) 
SECTION-VIII 
1. 94700 3. 53 4. 10 5. 168 6. 121 7. 1991 8. 336 9. (i) 40 
(ii) 200 10.1890 11. 119 12. 4 13. 41 
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HINTS AND SOLUTIONS 


TEXTUAL EXERCISE-1: (SUBJECTIVE) 


. (a) Shirt can be choosen in 10 ways 
Trouser can be choosen in 5 ways 
Tie can be choosen in 4 ways 
Total number of ways = 10 x 5 x 4 = 200 
(b) *.. Wearing tie is not necessary, tie can be choosen in 4 
ways if weared and there is 1 extra way when it is 
not weared 
Total ways = 10 x 5 x 5 = 250 


. (a) Number of ways of entering = 12 
Number of ways of coming out = 12 
As there is no restriction on the gate through which 
entry or exit are being made. 

Total ways = 12 x 12 = 144. 

(b) As the exist is to be done through a different gate, we 
are left with 11 ways to exist leaving the gate through 
which entry is done. 

Total number of ways = 12 « 11 = 132 


. Number of ways to go from A to B = 2 
Number of ways to go from B to C= 5 
Number of ways to go from C to D = 3 


COS 


B Cc 
Total number of ways = 2 x 5 x 3 = 30 


. Unit place digit has 5 choice 1.e., 0,2, 4, 6, 8 and ten’s place 
ee ree | BAP 4, 5,6, 7,8 or 9 
Total number of possible two digit even numbers = 5 x 
9= 45 
Out of these 45, than are four numbers having same 
digits 1.e., 22, 44, 66, 88 
Required number of two digits even numbers having 
different digits = 45 —-4= 41 
Aliter: Unit place digit has 5 choices 1.¢., 0, 2, 4, 6, 8 
Now if unit place digit is 0, then ten’s place digit has 9 
choices 1.e., 1, 2, 3, 4, 5, 6, 7, 8, 9 1.¢e., 9 ways. 
If unit place digit is any one of 2, 4, 6, 8 the ten’s place 
digit has 8 choice (excepting it self) 
Total ways = 9 + (4 x 8) =41 


. Given digits are 2, 3, 4,5 

Number of one digit numbers = 4 

Number of two digit numbers = 4 x 3 = 12 

Number of three digit numbers = 4 x 3 x 2 =24 

Number of four digit number = 4 x 3 x 2 x 1 = 24 
Total number of possible different digit number = 
12 +24 + 24 = 64 


A+ 


. Since each letter can be posted into any are of the letter 
boxes, so each liter has 6 choices. 
Number of ways = 6 x 6 x 6 x 6 x 6 = (6)° 


qT 


10. 


11. 


12. 


13. 


14. 


Each toss has two possible outcomes head or tail 
‘. Total number of possible outcomes = 2 x 2 x 2 = 8 = 
(2)° 
If the coin is tossed 4 times, five times, n times, then the 
respective number of outcome will be 2*, 2°, 2” 
Required outcomes 2°, 2*, 2°, 2” 


First place digit has 9 choices (except for 0) 
Second place digit has 10 choices (any digit) 
Third place digit has 10 choices (any digit) 
Eight place digit has 10 choices (any digit) 
Total number of possible telephone numbers = 9 x (10)’ 


Since each digit is odd and we have 5 odd digits 1.¢., 1, 3, 5, 
7 or9 
Also given that each number has distinct digits. 
First place has 5 choices, second place has 4 choices and 
third place has 3 choices 

Total number of such numbers = 5 x 4 x 3 = 60 


Unit place has 4 choices 1.¢., 2, 4, 6 or 8 and ten’s place has 
9 choices 1.e., 1, 2, 3, 4, 5, 6, 7, 8 or 9 
Total number of such numbers = 4 x 9 = 36 


600 = (2)° x (3) « (5)? 
Now any factor x of 600 is composed of any four of 2, 3 
and 5 1.e., x = (2)* (3) (5); where a € {0, 1, 2, 3}; b € {0, 
1}; c € {0, 1, 2} 

Total number of factors = 4 x 2 x 3 =24 


X = {1,2,3,........,100} and S = {(a, b,c): a, b,c, de X, 
a<b,a<c} 
Since a <b and a<c and b,c < 100 


=> a<100 

= ahas 99 choices i.e.,1,2,3..........99 
Now if a = 1, 6 has 99 choices 1.e., 2, 3,4 .... 100 
Similarly C has 99 choices 1.e., 2, 3, 4........100 


C. b#corb=c) 
If a = 2, b and c both has 99 choices 
If a = 3, b and c both has 97 choices 
If a = 99, b and c both has 1 choice 
Total number of ways of constructing a member of S = 
99:99. +98 +98 -9O7 F9OT +P 1 eI 


_~ wo 2_| a(n+1(2x+1) 
a -| 6 lL. 


n=! 


ie = 328350 


I* son has 6 options to get admission; II"? son has 5 options 
to get admission and III" son has 4 options to get admission 
Total number of ways = 6 x 5 x 4= 120 


I* item of column A has 5 choices to be matched in column B 
II"* item of column has 4 choices to be matched in column B 
Similarly, II", IV" and V" item of column J has respec- 
tively 3 choices, 2 choice and 1 choice in column B 


Total number of matching = 5 x 4 x 3 x 2 x 1 =5! =120 
Further, if there are multiple matching, then each item 
of column J has 5 choice in column B. 


Thus total number of ways of matching = 5 x 5 x 5 x 5 
x= 5) 


15. An ordered pair (a, d); where a = first term € {1, 2,3} and d 


16. 


17. 


18. 


= common difference € {2, 3, 4} 
Represent an arithmetic progression (having 10 terms) 
‘'. Total number of arithmetic progressions = Total number 
of ordered pairs (a, d) =3 x 3 =9 


(a) Repetition of digits are allowed: First place has 9 
choice (non-zero) and each of the next 4 places has 10 
choices (any digit) 

Total number of such numbers = 9 x 10 x 10 x 10 x 10 
= 9 x (10) 

(b) Repetition of digits are not allowed: First place has 9 
choices second, third, fourth, fifth place has 9, 8, 7 and 
6 choices respectively. 

Thus total number of numbers = 9 x 9 x 8 x 7 x 6= 
27216 


We are to form A.P.’s containing 3 terms from the set £1, 2, 
3,....,2n + 1} 
Let the terms be a, a+ b, a+ 2d, then a>1anda+2d< 
2x01 
=> 2d<(2x+ 1)-a<(Qx+1)-1 
=> 2d<2n => d<n 
Thus, whatever may be a> 1; d<n. 
If d= 1; then it forms following sets of AP’s {1, 2, 3}; 
PRG Fa oe, So Pe: ieee | Saree {2n — 1, 2n,2n+ 1} 
If d= 2; then it for as following sets of AP’s {1, 3, 5}; 
{2, 4, 6}; {3, 5, 7}; .... {2n —3, 2n— 1, 2n - 1} 
If d = 3; then it forms following sets of AP’s {1, 4,7}; 
£58 tS 53305 Oats {2n —5, 2n —2,2n+ 5} 
And so on 
Finally, If d= n; then the sets of AP’s are {1,n + 1, 2n 
+ }} 
Thus, we get (2n — 1) + (Qn —3) + (Qn—5)+....+ (1) 
AP’s 
Ek =a) ec a Mec Sic aa (2n — 3) + (2n — 1) = sum of first 
n-odd natural numbers = n? 


C.a>1>-a<-l) 


(a) By symmetry of two boxes, number of ways in which 
mouse can enter box 1 and come out in any way 1s the 
same as that of entering second box and come out in any 
way, 


It is sufficient to find the number of ways when mouse 
enters through box 1 and we twice it. 

Now corresponding to each of 3 ways of entering the 
box 1, mouse can come out leaving it in 2 ways or can 
enter second box in 2 ways. 
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If it enters box 2, then it can come out leaving it in 3 
ways or go back to box 1 in two ways. Now it can come 
out leaving box 1 in 2 ways or can enter box 2 in 1 way 
and come out leaving box 2 in 3 ways or go back to box 
1 in one way and come out leaving it in 2 ways. 
Required number of ways = 2[3 x {2+2(3+2(2+1 
(3 + 1 x 2))))}] = 2[3 x {36}] = 216 ways. 

(b) Natural ways corresponding to through box 1 and box 2 
are not same due to non-symmetricity 


Required number of ways = 4 [3 +2 x (4+ 1@G+1 «x 
4))] (entry through box 1) + 4 [3+ 1 x (4+2 x 3)] 
(Entry through box 2) 

= 100 + 52 = 152 


TEXTUAL EXERCISE-1: (OBJECTIVE) 


. (b) 5*4«3=60 


(i) (d) 5 x 4=20 


| (ii) (a) 5 x 5 =25 
. (d) 10 x 


2 x 2 = 40 


a 
size tube/tubeless _redside/plain black 


. (c) Prime number digits are 2, 3, 5,7 


Number of number having four different digits having 
each digit are prime number = 4 x 3 x 2x 1 =24 


- (ce) @A(bt+a(dtetf(gthtity).......... Last factor 


of the sequence) (Remaining alphabets) 
= (1) (2) 3B) A) GS) (6) (5) = 3600 


(‘.. Remaining alphabets are v, w, x, y, Z) 


. (b) Given digits are 0, 1, 2, 3, 4, 5, 6 


Units place digit has 4 choices 1.e., 0, 2, 4 and 6 

Now first place has 6 choices, where as second and third 
place each has 7 choices 

Total number of possible even 4 digit numbers = 6 x 7 
x 7x 4=1176 


. (b) First book can be placed in any of the 5 places 


Second book can be placed in any of the remaining 4 
places 

Third book can be placed in any of the remaining 3 
places 

Fourth book can be placed in any of the remaining 2 
places, 

Finally, fifth book has only one option left. 

Total number of ways in which, the teacher can arrange 
5 book in allow = 5 x 4x 3 x 2 x 1=120 


8. (c) First figure has 4 choices of rings 


Second figure has 3 choices of rings 
Third figure has 2 choices of rings 
Total number of ways = 4 x 3 x 2=24 
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9. (c) 1* place has 9 choices. 


2" place has 9 choices 

3" place has 8 choices 

4" place has 7 choices 

Total number of different digited 4-digits numbers = 9 
x9x 8x 7=4536 


10. (a) Number of ways = (8 x 7 x 6) (8 x 7) x (8) = (2)!° (3)! (7° 


TEXTUAL EXERCISE-2: (SUBJECTIVE) 


1. A= {2,3,4,5, 6}; B= {7,8} 


A x B= {14, 16, 21, 24, 28, 32, 35, 40, 42, 48} 1.e., A 
x B contains 10 elements and these are to be placed in 
any 10 of the given 12 boxes. 

The two boxes which are left either accommodate dif- 
ferent products of (4 x B) or same product of (A x B). 
In the former case, there will be two pairs of boxes each 
pair having same product but different from other and 
in later case there will be three boxes each having same 
product. 


. Store has slippers of 4 different sizes 1.e., 6, 7, 8 and 9 
Total slippers available = 201. 

If we assume that store contains 51 or more slippers of any 
size, then we have nothing to prove. So, trying to contradict, 
let each type of slipper be less than 51, then if we assume 
that each type of slipper be 50, then we are left with one 
more slipper, naturally, the least one will be one of the size 
6, 7, 8, or 9. 

Thus the store must accommodate at least 51 slippers. 


. Trying to contradict if each chapter contains 25 pages, then 
there will be 12 x 25 = 300 pages. Still 5 pages are left. Now 
then 5 pages belong to any one or more of 12 chapters. Thus 
we find that there will be at least 1 chapter having at least 
26 pages. For maximum number of such chapters if out of 
5 page left, if each page belong to a different chapter, then 
there will be 5 chapters having 26 pages. Thus there will be 
maximum 5 chapters having at least 26 pages. 


. Trying to contradict, if it is assumed that the number of 
packets of each type of diamonds be 11, then total packets 
will be 44. One packet is still left. That last packet contains 
diamonds of any one of the four types. Thus there will be at 
least 12 packets having diamonds of same type. 


. Possible sums are —3, —2, —-1, 0, 1, 2, or 3. If there sum are 
pigeon holds and boxes are pigeons, then by pigeon hole 


principle at least two boxes must have same sum. 


~- A= {x: x, xte€ N and 1 <x* < 4096} 
4096 = (2)'* = (2°)* = (8) 
A = {1, 2, 3, 4, 5, 6, 7, 8} 

= Acontains 8 elements. 


7. For a number to be disable by 5, its unit place digits must be 


either 0 or 5. If unit place digit is 0, then ten’s places digit 
has 9 choices and if unit place digit is 5, then ten’s place 
digit has 8 choices. 

Total possible numbers = 9 + 8 = 17 


8. (i) ES = 22) ; [.] 1s greatest inter function. 


-s 
= 120 — 36 = 84 
(ii) Ee a 2] SAS 1A 34 
5 5 

(iii) Let A = set of numbers between 73 and 241 which are 
divisible by 2 and 
B= set of numbers between 73 and 241 which are divis- 
ible by 5 


n(A U B)=n(A)+ n(B) -n(4 AB) 
aso) 
10 10 
= 84 + 34 -(24-7) = 101 
(iv) n(A AB) 

n(A UV B)-n(A AB) 
=300-( FH) 

10 10 
= 101 —- (24-7) = 101 —17 = 84 


Sy feat el eed ye 
(v) nA B)=| | 7) 24-7=17 


(vi) n(AQNB)=n(AUB)=n(X)-n(AVUB) 
= (241 — 72) — 101 = 169 — 101 = 68 


(vii) n(ANB)=n(A)-n(ANB) 


= 84-17 =67 


(viii) n(AQ B)=n(B)—n(ANB) 


=34-17=17 


TEXTUAL EXERCISE-2: (OBJECTIVE) 


. (a) max {n(A) + n(B) — n(x), 0} <n(A AB) < min {n(A), 


n(B)} 

max {65 + 75 — 100, 0} <n(4 AB) < min £65, 75} 
40 <x<65 

xe [40, 65] 


=> 
=> 


. (d) Since there are 5 balls of each colour 


If we draw any 6 balls, then by pigeon-hole principle at least 
two will be of identical colour 


. (a), (b), (c) Let the (m + 1) consecutive integers form the set 


A = {mq,mq + 1,mq+2,mq+3..mq+(m-+ 1)x} 
Here x is the element of any one of then form € {mq’, 
mq’ +1, mq’ +2, mq’ + 3,.....M’ +(m-—1)} 
In the selection of two elements, let one of the selected 
element be x, 
If x = mq’; then select the other number y = mq 
=> x+y=m(q' + q) which is divisible by m 
Ifx=mq +r; 1<r<m-l,then-m+1<-r<-l and 
hence 1<(m—r)<m-1 


Select y=mq+(m-—r)eEA 
x,y € A such that x + y= m(q' + q) +m, divisible by m. 
Similarly if x =mq+2,;0<r<m-—-1 
Select y=mq+r,0<l<m-1, 
=> x-—y=m(q — q) which is divisible by m. 
Ifx=mq' +r,0<r<m-—1, then y = mq 
=> xy=mgq (mq + 1 which is divisible by m. 


4. (b) Ina chess board of area 64 sq. inches (8 x 8); there are 


16 square each of side 2 inches of area 4 square inches. 
The maximum distance between any two ants with ina 
square of side 2 inches is 2/2 inches. If we put two 
ants in each square of side 2 inches, then out of 17 ants, 
one ant is left and hence by pigeon hole principle there 
must be a square of 2 inches having 3 ants. 

If out of these three ants two are placed at end points of 
a diagonal, then the distance of third ant from the first 
two ants will be less than 2/2 inches. Thus there will 
be at least two ants close than 2/2 inches. 


. (b) Since each word contains 4 letters, and we have total 26 
letters of English alphabet. So if we selected at least 

7 words, 1.e., 28 letters. Thus there will be atleast two 
words having atleast one common letter. 


. (c) 31 lotteries should be purchased as 30 are blank and 30 
have prizes. So if all 30 blank are among the purchased 
lotteries, then still 1 purchased lotery must have a prize. 


. (c) If we select 24 positive integers, then on dividing by 
23, we get 24 remainders, but only23 remainder are 
possible 1.e., {0, 1, 2, 3.......,22}. It means by pigeon 
hole principle atleast two integers must have same 
remainder. Let they be a = 23q, + r and b = 23q, +r. 
Then a — b = 23(q, — q,) which is divisible be 23. 


. (d) Including Mr. Ravindra Tiwari, there are 9 men and 8 
women. Thus if we invite atleast 10 people to dance, 
then by pigeon hole principle atleast one man and one 
women will be there in dancing group. 


. (c) Total items in lot = 500 

Production of first machine = 70% of 500 = 350 

So, if we select 351 items, then all the selected product 
are not made by a single machine. 


TEXTUAL EXERCISE-3: (SUBJECTIVE) 


121-10! 10!(132-1) 


(i) =10x131=1310 
9! 9! 
! ! ! 
(ii) n!} _ 15! _15x14x13x12! _ 
rix(n—r)! 12!x3! 12!k3x2 
iii —r+1)x————_ 
eee (n—r+1)! 
! ! 
Cog ee 
(n—r+l)(n—-r)! (n-r)! 
(iv) nm—1)(-—2)......... (n—-rt+1) 
=n(n—1)(n—-2)......... (n —(r—1)) 
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(n—r)[n-(r+])][n—-(r4+2)].....3.2.1 


__m es, 
(n—-r)! 
(i) P(15, r) = 2730 
=> “P=2730 25930 
(15-r)! 
_, (15)05—1)05— 2)...d5-(¢-D)A5= 1)! _ 5739 


(15-r)! 
=> 15x 14x 13~x.... x [15-(@-—]] = 2730 
Now, *.. 15 x 14 x 13 = 2730 


=> 15(r-)l=13 

=> r-l=2 > r=3 

(ii) P(15,r—1): P(16,r—2)=3:4 
15! 16! 

= 


GS-2! d6=7e2)\- 
IS! (8=r)!_ 3 
(l6—-r)! 16! 4 
(i8—r)xQ7—-r)_ 3 


=> 
16 4 

=> (18-r)x (17-rn)=12=4~x3 

=> 18-r=4 > r=14 


(iii) Pr —1,1r): P@r+1,r—1)=22:7 
(2r-Ily (r+2)! _ 22 
(r-1)! (2r4+))! 7 
(2r-1)! s (r+2)(r+1)r(r-1)! _ 22 


7 (r-1)! (2r4+1)(2r\(2r-1)! 7 

=> 7r+2)(r+ 1) =442r+ 1) 

=> Jr? +3r+2] = 88r+ 44 

=> Tr -67r—30=0 => Tr —70r+ 3r—30=0 
=> 7Tr(r—10)+3@7-10)=0 

=> (r—10)(7/r+3)=0 

=> r=10or aa .. r=10asris a-+ve integer 


. 3 English books can be allayed among the selves in 3! = 6 


ways. 
4 History books can be arranged among themselves in 4! = 
24 ways. 

5 mathematics books can be arranged among themselves in 
5! = 120 ways. 

Now these three sets of English, History and Mathematics 
can be arranged on a shelf in 3! Ways. 

Thus total number of ways = (3! x 4! x 5!) x 3! 


. Here vowels are U, and E. The consonants are N, M, B, R, 


S keeping the positions of vowels fixed; the consonants can 
be arranged among themselves in 5! Ways. 


. Three prizes can be given in '°P, ways 


Next there consolation prizes can be given in ’P, ways 


1 7 
Total number of ways= '°P, x 'P, = gOh ye 10! _ 10 
7! 4! 4! 
= Permutation of 10 taking 6 at a time 


10 7 10 
=> P, x P, or P 


. (i) Weare to find the number of possible words of the type 


having a pair ED and D is before a, not necessarily 
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just before G. So we permute (ED), A, U, G, H, T, R 
which can be done in 7! Ways. Now half are those ways 
in which D comes before G. Thus required number of 
words = ue 
2! 
(ii) Similarly, if we permute the letters D, A, U, G, H, T; E, 
R, then half are those ways when D occurs after E. 


8! 
Required ways = a 4x7! 
There are four even places i.e., 2", 4", 6", and 8", and 


we have three vowels 1.e., A, U and E. 
Thus these vowels can be arranged in even places in 


(iii) 


4! ae: 
= rT = 24 ways. Now the remaining five places can 


be occupied by 5 consonants 1.e., D, G, H, T, Rin 5! = 
120 ways. 
Thus, the required number of ways = 24 = 120 or *P, 
°P, ways. 
(iv) Considering the vowels group (4, U, E) as a single and 
permuting along with the letters, D, G, H, T, R, the num- 
ber of ways = 6!, but (A, U, E) can be arranged among 
themselves in 3! Ways. 
Thus total number of ways = 6! < 3! = *P, x °P, 
All the vowels are never together = (Number of ways of 
permutation of letters of word DAUGHTER) — 
(Number of ways when vowels are together) = 8! — (6! 
xO) P= CP Xe) 
First of all arrange the five consonant among them- 
selves, and it can be done in 5! Ways. 

Oe Me OMe Bec Oce 
Now the vowels can be arranged in any three of the six 
places in between/before/after consonants represented by 
cross marks as shown above. It can be done in °P, ways. 
Total number of ways = 5! x °P, = °P, = °P, 

Odd prime positions are 3”, 5“, and 7”, three vowels 
can be arranged in these places in *P, ways. 

Now the consonants can be arranged in remaining 5 
places 1.e., 1*, 2°°, 4", 6", and 8", in *P, ways. 
Required number of ways = *P, x °P, = 3! x 5! = 720 


Total number of permutations = 8!. Now in these 8! 
Permutations D, E, R can be permuted in 3! 1.e., 6 ways 
out of which only one specific arrangement is desirable 
which 1s when D occurs before E and E occur before R. 


(v) 


(vi) 


(vii) 
(viii) 


Thus required number of ways = > 8x7x6x5x4= 
56 x 120 = 6720. a 


(ix) Following patterns are desirable 
Di kaatnts DD lid marcaae aia 
And 
fatten ack TC ntact iet cel) eae acta dt 
Required number of ways = 2(=}- 2 x 6720 = 13440 
(x) There are two possible types of permutation for whose 


case 

(a) When D ...... R occure 

(b) When R ....... D occure 

Required ways = 2 x 6! =2 x 720 = 1440. 


10. 


11. 


. White and black balls are never together 


= (Total number of ways) — (Number of ways white and 
black balls are together) 
=O) = (lx 21) = “P= 2CP) 


. Number of 6 digit number formed using the digits 0, 1,3, 5, 


Lo 5 x5x4x3x2x1=600 


(except 
for 0) 


For disability by 10, unit plane digit must be 0. Remaining 
places can be filled up in 5 x 4 x 3 x 2 x 11.e., 120 ways. 


. (a) For a number to be greater then 40,000, first place digit 


has two choices 4 or 5, 2" place digit has 4 choices 

3" place has choices 2™ place only one choice. 
Required number of numbers = 2 x 4 x 3 x 2 x 1=48 
Odd number greater than 80,000, first place has only 
one choice 1.e., 8 units place has two choices 1.¢., 3 & 5 
Now 2", 3 and 4" places has 3, 2 and 1 choice respec- 
tively. 

Thus total number of ways = 1 x 2x3 x2x1=12 
numbers 


Any number between 3000 and 4000 has its first place digit 
3. It will be divisible by 5 if its unit place digit is 5. 

Now 2" and 3" place has 4 and 3 choices respectively. Thus 
required number of numbers = 1 x 4 x 3 x 1 = 12 ways. 


(b) 


(i) Total 10 persons can be arranged in a row in *°P,, = 10! 
(ii) Taking the graph of ladies as a single object, this group 
and 5 gents can be arranged in 6! Ways. 

Now corresponding to each of 6! Ways, 5 ladies can be 
arranged among themselves in 5! Ways. 

Thus the total number of ways = 6! x 5! Ways. 
Required number of ways = 2! x 5! x 5!, as ladies group 
and gent group can be arranged in 2! Ways. 1.e., (ladies) 
(gents) or (gents) (ladies) corresponding to each ways 5 
ladies and 5 gents can be arranged in 5! x 5! Ways. 
Total ways = 2! x 5! x 5! =2! x (5!) 

Number two ladies are together 1.¢., ladies cases sepa- 
rated first of all arrange the gents in 5! Ways. 

Now in between the gents, before and after total 6 
vacancies are generated in which 5 ladies can be 
arranged in °P, ways. 

Thus total ways = 5! x *P; = 5! x 6! 

First permuting ladies and arranging gents in between 
them staring from second position 1.e., Lm, Gn, Lm, Gn, 
Lm, Gn, Lm, Gn, Lm, Gn; where m,n, — {1, 2, 3, 4, 5} 
Number of ways = 5! x 5! 

Similarly first permuting ladies and arranging gents in 
between, then starting from first position 1.e., Gn, Lm, 
Gn,, Lm,, Gn,Lm, Gn, Lm, Gn, Lm, 

Number of ways = 5! x 5! 

Total number of ways = 2! x (5!)? 

Considering (L,, L,) on single group and permuting 
along with L,, L,, L,, G,, G,, G,, G, and G,, number of 
ways = 2! x 9! 

G,, G, re nor together = Total ways — number of ways 
when G, and G, are together 

= 10! —2! x 9! 


(iii) 


(iv) 


(v) 


(vi) 


(vii) 


(viii) L,, L, together and G,, G, together = Number of ways = 
2! x 2! x 8! 

(xi) L, L, together and G, G, never together = (L, L, 
together) — (G, G, together and L, L, together) 
= 2! x 91-2! x 2! x 8! 

(x) L, L, not together and G,G, not together 

= Total ways — (number of ways when either L, L, 

together or G, G, together) 

= 10! —[C, L, together) + (G, G, together) —(Z, L, and 

G, G, together)] 

= 10! —[2! x 91+ 2! x 9! —2! x 2! x 8] 

= 10! — [2! x 2! x 9! —2! x 2! x 8] 

= 10! —2! x 2! x 8!9-1)=8!C10x9-2x« 2x 8)= 

(58) x 8! 


12. Number of arrangement that do not contain F 


= Total arrangements — number of arrangements units which 
contains F’ 
= §P_ — 240 


! 
= <~240- 360 — 240 = 120 


TEXTUAL EXERCISE-3: (OBJECTIVE) 


-() ot OM) OE 05 Goi) 
25 25 
(b) n!} (2n)! 
(n—3)! 4(2n-3)! 
ae ea ee (2n)(2n a 2) 
=n(n—1)(n—2)+nQn—-1)(-1) 
=n(n—-1)[n-2+ 2n—-1]=3n(n-1) 
36.9.12....03n) _ (3)"0..2.3...0) _ 
. (d =e SS ey! 
ay Ce 
“. f(50) = 50! 


» (b) Given t, =n! .n 

=nl(n+1-—-1)=(n+1)!-n! 

is Sa Aaa 
=(2!-—1!)+@G!-2!)+....+[(+ 1)! -—n!] =(n+ 1)! 


—]! 
oe ene Peace 
a b Cc 
n} n} n} 
SS —————___ 35 =) 
a(n—r+l)! (n-r)!b (n-r-D!c 
1 1 or 
SS = Mm — = —- = (Say) 
a(n—r+l)(n-r) (n-r)b c ek 
k k 
=> ee =—————— Cc = 
(n—r+l)(n-r) (n-Tr) 
2 
a 
(n—r+l1)\(n—-r) 
k k? 


b = —— ; ac = ——_— 
(n-r) (n—r+l1)(n-1r) 
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Clearly ab, b, ac can’t be in G.P. and A.P. 
2 
Now, b? = i 


(n—r)’ 
eb+ae= | 1 
(n—r+l1)(n—-r)| (n-1r) 

_ k? (ltn—-r)} _ k? 

(n—r+l)\(n-r) 

b?=a(b+c) 
6. (b) DP ee ee Ee agh e E. 

= (1) 1! +22!) + 36!) +....+n@!) 


= Yrs Y(rtl—yr! = Sieedery 


(n—Tr) 


(n—ry’ 


=(n+1)!-1! 
_ (m+2)! (n+3)i 
(n+ 2) (n+3)(n+2) 
= ° cae (n+2) ~~ l or . ~ n+3 
(n+ 2) (n+3)(x+2) 
Na ea 
7. (a) = 
a b Cc 
As in solution of question number (5), b? = a(b + c) 
b 
=> =| 
a(b+c) 
8. (a), (b)"P,=n!;"P_, = a2 n! 
P= (a=)! 
= (a) is false. 
_])! 
Now a oa (n Oe" 
(n—r)! 


= (b) 1s false. 


Nown "P= n( G2 ia =p 
. (n—r)!) (n-D)! 


=> (c) 1s true. 
n! 
Now 2."P._,= a{ = > So 


n! 
Also 3."P_,= (= }- "P. 


=> (d) is true. 


9. (b) Given °°P .:*P_. = 30800 : 1 


! —_yry! 
25, ,. OOM. gle teen 
(S0-r)! 54! 
= 56 x 55 x (51 —r) = 30800 
= 51-r=10 => r=4l 


10 10 10 
10. (b) Yr P = Yrrt= Det) E rl] = W!-1="P,-1 
r=l r=1 r=1 


TG) Pe ro 
(2n+1)! (n-1)! =o 
(n+ 2)! 


(2n-1)! 5 
(2n+1)(2n) — 3 


(nt+2)(nt+l\(n) 5 
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12. 


13. 


14. 


15. 
16. 


17. 
18. 


19. 


20. 


21. 


=> 10(n+1)=3(n+2)(n+1) 

=> 20n+10=3n?+9n+6 

=> 3n*-11ln-4=0 => 3n?-12n+n-4=0 
=> 3n(n-—4)+ l(n-4)=0 

=> (n—4)(3n+1)=0 

=> n=4 


(a) Ist price has 50 choices 
IInd price has 49 choices 
IIIrd price has 48 choices 


50! gg 
Total = 50 x 49 x 48 = ——= 
47! 


P, 

(d) Let any number less than 1000 be of three digits. 
If 1 and 2" place digits are zeros, then 3 place has 5 
choices 1, 3, 5, 7 and 9 
If 1% place digits are zeros, then 3" place has 5 choices 
1.e., 1,3,5,7 or 9 and 2" place hove 4 choices 
Two digits odd numbers having different digits = 5 x 4 
= 20 
If no place have zero, 3™ place has 5 choices 
2" place has 4 choices and 1 place has 3 choices 
Total 3 digit odd numbers = 5 x 4 x 3 = 60 
Total nos. = 5 + 20 + 60 = 85 


(a, c) 1* ring has 10 choices 
2"! ring has 9 choices 


3" ring has 8 choices 


Total ways = 10 x 9 x 8= == oP. 


(a) Number of opening order pairs = 'P, 


(a) 1%, 2"¢, 3°44", and 5" strips can be coloured 
Respectively in 8, 7, 6, 5 and 4 ways. 
Total ways = 8 x 7x 6x5 =x 4=*P, = §P, 


; 26! 
(b, c) Number of different 4 letter = *° P, = oi 


(c) Every ticket corresponds to an ordered pair of two sta- 
tions. 

10! 

8h 

(c) Number of ways = permutation of 9 taking 6 at a time 
= PP, 


(c) "P,= 12 CP,) 


Thus number of tickets required = '° P, = 


n!} n! 
= 12 
(n—4)! = 


1 12 
(n—4)! (n—2)(n—3)(n—-4)! 
7 12 

~ (n—2)(n-3) 


> (n-2)(n—3)=12 > n=6 


(d) Number of ways of arranging m things = m! 
Now we have (m + 1) places to fill and n thing to be 
placed so that they are separated out by m thins. 
This can be done in”*’P_ ways. 


! 
Total ways = m! tp ) ways = m! (m+ 1)! 
‘ (m+1-—n)! 


22 


23. 


24. 


25. 


26. 


1. 


(a) (AU), LZ, G, H can be arranged in 4! x 2! = 48 ways. 


(0) cc A ccc Bocce Ooccccccc Dict: 


Total ways = 10! 
; 10! 
But required ways = “Ai 


Since order (A, B, C, D) is desired. 


(c) Required ways = (Total words) — (Numbers of words 
having no vowel) 


= P,- CP) 
= © 1290-24-96 
31 1 
(a) AXYB 


Let between the two particular persons A and B, 
two persons be identified by X and Y and they can 
be selected in °C, ways and they can be arranged in 
between A andBin 2! x 2! x°C, ways 

ABor BA XY or YX 
Now each of this group consisting of A, B, X and Y 
along with other 4 persons can be arranged in 5! Ways 


Total ways = 2! x 2! x °C, x 5! = 60 (5!) 


(d) 8 straight lines can intersect each other at °C, points 
4 circles can intersect each other at 2[*C,] ways 
Also 8 straight lines and 4 circles can intersect each 
other at 2(8 = 4) points 
Thus greatest number of points of intersection = °C, + 
24C,) +2 (8 x 4) 
= 28 + 12 + 64 = 104 points 


TEXTUAL EXERCISE-4: (SUBJECTIVE) 


(i) UUAE)NSRNC 


et —_- 234 5 6 


(1) vowels 
Number of ways = 4!= a 
= 360 x 24 = 8460 
(ii) Vowels never occur together = (Total number of ways) 
— (Number of ways when vowels occur together) 
9! 4lx6! _ 


6! 
= == = —[(9xX8x7-4x3x2x1] 
2! 2! Z} 


6! 
= 5% 8(60) = 172800 


(‘.. N 1s repeated twice) 


ALLAH ABAD 
1234 


5 678 9 


Total number of words formed = rey 


(‘.. A is repeated 4 times, L is repeated 2 times) 

Number of ways when both L are not together = (total num- 

ber of ways) — (number of ways when both L are together) 
9! 8! 


== ‘+ (LL)AAH ABAD 
412! 


4! MK— 234567 8 
1 


4 red, 2 white and 3 green flags. 
Required number of ways = Number of permutation of 


! 
RRRR WW GGG = —— 
4 red flags 2 white flags 3 green flags 41213! 


4. Given digits are 5, 4, 3, 5,3 


Number of numbers formed using all at a time = number of 
permutations of 5, 4, 3,5, 3 
= “5! 
212! 


. Given digits are 1,2,0,2, 4,2, 4 
Number of 7 digit numbers formed = (Total number of per- 
mutations) — (Number of permutations when 0 is at I* place) 
= ease fea rege 1) = oe 360 
312! 312! 312! 2! 


(‘.. 5 and 3 are repeated twice) 


6. (a) Given digits are 1, 2, 3, 4,3, 2, 1 


It is require to arrange the odd digits at odd places 1.e., 
at 1%, 3", 5" and 7" place odd digits are 1, 3, 3, 1 and 


. A! 

hence they can be arranged in Sint ways. 
The remaining digits 2, 4, 2 can be arranged at 2", 4", 
and 6" place in = ways 

4! 3! 
— x—=18 
2!2! 2! 
(b) Given digits are 3, 3, 5, 4, 4, 6, 6. 


Even digits are 4, 4, 6, 6 and they are to be placed at odd 
places i.e., at 1*, 3", 5" and 7" places. 


Total ways = 


. A! a 
This can be done in ot ways. The remaining digits 3, 
a . 3! 
3, 5 can be placed at 2™, 4" and 6" places in oi ways. 


4! 3! 
Total ways = ——x—= 


—=18 
212! 2! 


7. (a) When 1 object is chosen, number of ways = n 


When 2 objects are chosen, number of ways =n X n= 1? 
When 3 objects are chosen, number of ways = n x n x 
n=n 
When r objects are chosen, number of ways = n” 
gout, =A) 
(n—1) 
(b) Required number of ways = (Total out comes) — (Num- 
ber of out comes when no die shown an odd number) 
= (6X6X6x...x6)—-(3X3x3x...x 3)= (6)" — (3)" 
re ee ey 


n—time 


Total ways =n +n? + n'+.....+n 


. Given digits are 0, 1, 2, 3,....,9 

(a) Required numbers = 9 x 10 x 10 x 10 x 10, as first place 
has 9 choices except for 0. = 9 x (10)* 

(b) Required numbers = 9 x 9 x 8 x 7 x 6 =27216 

9x 9 x 9 x9x9=(9/ 


(except (except (Except for 
for 0) for 1* "4 place 
place digit) digits) 


(c) Required numbers = 


(d) Required numbers = (Total number of ways when 
repetition 1s allowed) — (number of ways when no two 
consecutive digits are same) 
= 9 x (10)* — (9) = 9(10* — 9%) 


. Required ways = (Total number of ways when a hotel can 
accommodate one or more friends) — (Number of ways 
when all friends stay in the same hotel) = (10)* — 10 = 10 
(10? — 1) = 9990 


10. 


11. 


12. 
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19! 
(a) Permutations of D...DAAA YY EEEI L = ——— 
9times 3 times > times 3 times 91312 13! 
12! 
(b) Permutation of 77 TT EEENRMDA = 
pear ard 2!2!3! 
2 times 2 times 3 times 
10! 10! 
(c) Permutations of CC A A LLUTOR = ———=-—_ 
2 times 2 times 2 times 21212! (2!) 


(a) To reach from_X to Y the man requires to take 5 horizon- 
tal steps and 4 verticle steps. 


; 5+4)! . 
Required number of ways = - = 1.e., number of 
| “9! 
permutations of HHHHHAVVVYV. Mesa 
2+2)! . 
(b) To go for X to B, number of ways = ( —— 1.€., per- 
mutation of HHVV and to go from B to Y. number of 
3+2)!. ; 
ways = < - 1.e., permutation of HHAVY. 
Total number of ways to go form X to ¥, via 
4! 5! 24 x120 
= — X — = ——=60 ways. 
212\ 312! 4x12 


Each n-bit sting corresponds to an n-digit word. The bit has 
value 1 corresponding to digit occurring in the word and 0 
corresponding to digit not occurring in the word. 


So to represent all possible permutations of n-digits, we 
require 2X2x2x....x2=(2)" string. 
FS 


n—times 
Out of these string only one string is the having no zero 1.e., 
111...1 
n—times 

(a) Thus number of strings having at least one zero = 
(2)"—1 

(b) Similarly there are two strings having either all 1’s or 
all 0’s, thus the numbers of strings having both 1’s and 
zeros = (2)"—2 


TEXTUAL EXERCISE-4: (OBJECTIVE) 


(b) First place has 9 choices (except for 0) 
Second place, 3" place and 4" place each has 10 
choices. 
Total number of 4 digits numbers = 9 x 10° 
Aliter: Largest 4 digits numbers = 9999 
Largest 3 digit number = 999 
Total 4 digit numbers = 9000 = 9 x 10° 


(c) Since each question can be answered in 4 ways 

‘. 10 questions can be answered in 4 x 4 x 4 x... 
(4)'° ways 
Out of these (4)'° ways only one sequence of answers is 
correct. 
So number of wrong answer sequences = (4)'° — 1 


(a) Each digit of 5 digited code has 10 choices (0 to 9) 
‘. Maximum number of attempts require to unlock = 10 x 
10 x 10 x 10 x 10=(10) 


x 4= 
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4. 


=e 


6. 


Te 


10. 


11. 


12. 


13. 


14. 


(a) Each number between 100 and 1000 is 3 digit number. 
Now for each digit to be odd, each digit of number has 
5 choices 1.e., 1, 3, 5, 7 or 9 
Total number of such type = 5 x 5 x 5 =(5) 


(b) Since each delegate has 6 choices for office 
'. 5 delegates has 6 x 6 x 6 x 6 x 6 = (6) choices. 


(c) Obviously there are five rings and hence the unlocking 
code is 5 digited, with each digit on each ring. 
Now each digit of code has 10 choices 
So maximum number of attempted require = (10)° 
Now, dialing 1 code require 5 seconds 
Total time requires to attempted ll 
(10)?x5 5x10 


codes = 


= 138.8 has =~ 11.56 = 12 hrs. 


3600 36 

1.e., 12" day 

(i) (b) Each person can leave the cabin at any one of the 
Tfloors 
5 persons can leave the cabin in 7 x 7 x 7 x 7 x 7=(7)° 
ways 

(ii) (c) 1* person can leave the cabin at any one of the 7 
floors 
2" person can leave the cabin at any of 6 floors and so 
on. 


Number of ways in which 5 persons can leave the cabin 
at different floors 


=7x6x5x4x3= — 
2! 


\ 
Aliter: Number of ways = ee 2 


~ 2! 


(a) Each of 5 bungalow can be given to any one of the 3 
daughters 
Number of ways = 3 x 3 x 3 x 3 x 3 = (3) ways 


(b) °P.+ °P, + °P, + °P,+ °P, + °P, (using any 6, any 5, any 
4,...,any 1) 
6! 6! 6! 6! 6! 6! 
Oo! i! 2! 3! 4! st) 
+30 + 6 = 1956 


720 + 720 + 360 + 120 


(c) Required ways = (Total ways) — (Number of ways when 
no die shows an odd numbers) = (6)” — (3)” 


(d) Required number of ways = (Total number of ways) — 
(Number of ways when no die shows a 5) 
=(6x 6x 6)—-(6 x 5 x 5)=216- 125 = 91 


(d) Number of ways in which a student can fail to get all 
answer correct 


= (Total number of sequences) — 1(correct sequences) = 
(4) -1=63 


(c) Let the number of candidates = n 

'. a votes can vote for maximum (n — 1) candidate 

-. Avoter can vote in"C, +"C,+7C,+...4"C, ways 
=> (2) =2=62 => (2)= 64 

=> n= 6 


(b) Required ways = (Number of ways of forming subsets 
A and B) — (Number of ways of for subsets A and B) 


15. 


such thatdA UB=oord UB=p 

= [ number of ways in which n elements can be distributed 
among four places A 7 BY, BA A’, A OB, (A U BY] 

— [number of ways in which n elements can be distrib- 
uted among three places 1.¢., (4 AB’), (B OA‘), (A NB)] 
—1 (when 4 = 0,B=0,P =(AUBY=09 

Remark: (A non-empty set having at least one element 
less than the number of elements of set A 1s called 
proper subset of A) = (4)"- (3)"- 1 


(b) m = Number of permutations of letters of the word 
BHARAT, when B and H are never together 


= 2x 2! (keeping (BH) together and permuting 
with A, R, A, T) 


= 360 — 120 = 240 and n = number of permutations 
of the letters of the word BHARAT when each word 


begins with B and ends with 7 = == 12 


m 240 _ 


—=20 
n 12 


TEXTUAL EXERCISE-5: (SUBJECTIVE) 


_])! 

Number of ways = ea) = at 
2! 2 
1)! 

Number of ways = — - = 


Consider the group of 3 specific beads as a single article 
and hence the total articles to be permuted in circular way 
are 21. Also group of 3 specific beads can be arranged in 
3! ways and corresponding to each of 3! ways, we have 


(21-1)! 20! . 
; = — circular arrangements. 


3!x 20! 


Total ways = 


Group of secretary, president, and joint secretary can be 
formed in following two ways. 


Sec. Jointsecr. 


Presi. Presi 


Joint sec. Sec. 


Considering the group of above three specific persons as 
a single article, we have total 13 articles to be permuted 
around round articles. 
Number of ways = 2(13 — 1)! = 2(12!) 
The consonant M, N, D, Y can be permuted around the circle 
in (4 — 1)! 1.e., 3! Ways. 
M 


Now in between the consonants 4 gaps are there, in which 
we can arrange the vowels O and A, which can be done in 
“P, ways. 

Total number of circular arrangements = 3! x 4P, 

_ 3tx4! 6x24 

a 

. There are 3 different red flowers} > 1* article 
5 different yellow flowers} — 2" article 
and 4 different blue flowers} —> 3" article 


3-1)! 
Required number of ways = co x 3!x 5! x 4!=17280 


= 72 ways. 


. Girl Y can have two girls in her neighborhood in two ways 
i.e.,G, YG, or G, YG, 
Similarly corresponding to each of two arrangements of 
girls group, boy X can have two boys in his neighborhood 
in two ways 1.¢.,B, x B, or B, x B, 

(girl) 


Y 
(ait) Yair 
S 
Hoc thay 
x 


(Boy) 
Total ways = 2 x2=4 


. (a) No two girls sit together 1.¢e., girls are separated. 
First of all arranging boys around table in (5 — 1)! = 4! 
ways. Now to separate the girls arrange then in 5 places 
in between the boys and it can be done in 5! Ways 

.. Total ways = 4! x 5! 

(b) Neither two girls, nor two boys together means girls and 
boys are separated 1.e., they are alternately. 
As 1n part (a), number of ways = 4! x 5! 

(c) All boys are sitting together: means all girls are also 
sitting together. Therefore number of ways = 5! x 5! 

(d) 5,5, sit together and g,g, sit together: we have following 
articles to be permuted around the circle (6,5,), (g,g,), 
b 5, by, bs, By Bip 8 

.. Number of ways = (8 — 1)! x 2! x 2! = (2!) x 7! 

(e) 5,b, together but g,g, not together = Number of ways 
when bb, are together — 
Number of ways when 5,), as well as g,g, are together 
= (9-1)! x 2! —(2!)? x 7! = 8! x 2! —Q!)? x 7! 

(f) Neither d,, 6, nor g,, g, sit together 
= (Total number of ways) — [(b, 5, together) + (g, g, 
together) — (6,b, aswell as gg, together)] 
= (10 —- 1)! —[@—- 1)! x 2!+@-1)! x 2!-—(Q!)? x 7!] 
= 9! —[8! x 2! x 2 -—(2!)? x 7!] = 7! [72 — 32 + 4] = 
44(7!) 


9. (a) Between B, and B, one person X can be selected in *C, 


= 18 ways and the group of two brothers and X can be 
arranged in 2 ways i1.e.,B, x B, or B, x B,. Now these 
groups along with other 17 persons can be arranged on 
round table in 2 x (18 — 1)! Ways 

= 18 x 2 x 17! = 2(18!) ways 


10. 
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(b) First of all arranging the 18 people around the table in 
17! Ways. 
Now two brothers can be arranged in between the 18 
people in '*P, ways. 
Total ways = 17! x '8P, = 171k = 1718!) 

(c) When exactly one person sits in between the twins 
BXB SP OP Pk: 
ed 

1 


Number of ways = *C, x (18 — 1)! = 18 « 17! = 18! 
The two brothers are always separated 


! ! ! 
Number of ways = (18-1)!  *®C, = = — 


To find the rank of a word we have two methods 

(i) Exhaustive method 

(ii) Short cut method 
We shall find rank of word ‘RATNA’ by using both 
methods and by short cut method for the remaining 
words. 

(a) Rank of “RATNA’ by using exhaustive method: 
Let less of word RATNA are A, A, N, R, T 


Number of words starting with A: A(ANRT)= 4!= 24 
t+—«/—-_ -_—“—_’ 


permute 


; 4! 
Number of words starting with N: N(AART)=—=12 


permute 


Number of words starting with RAA: RAA(TN) = 2!= 2 
a 
permute 
Number of words starting with RAN: RAN (TA) = 2!=2 
a) 


permute 


Number of words starting withRATA: RATA (N) =1!=1 
—~— 
permute 
Number of words starting with RATN: RATNA = 1! = 1 
Rank of RATNA = 24+ 12+2+2+1+1=42 


RANK of RATNA by short cut method: 
Step I: Write the letters of the word RATNA and above 
them number according to their order in English alpha- 
bet, keeping same number for same letter as shown 
below 

3 1 4 2 1 

R A T N A 
Step II: Rank will be (4! x x, + 3! x x, +2! x x,+ 1! x 
x, +O! xx, + 1); 
Where x, = (number of letters on the right of i" letter 
having numbers less than that on i" letter)/(factors hav- 
ing factorials of number of times each letter repeats) 

3 0 2 | 0 


i te 


=p egy OL Ol 
Rank = Aix 4 3tx 4 2tx 2 a ie eone 4 
2! 2! 0! 0! 0! 
=26-0+-44 14) —42 
(b) RANK of word Father 
3 1 6 4 2 5 
F A T H E R 
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Rank = 5! (x,) + 4! (x,) + 3! (x,) + 2! (x) + 1!) + 0! 


(x,) + 1; 2. (c) 
2 3 1 0 0 
Where x, ae marr ae x ag ae ai 
2 0 3 
= 5f= — yo Ix — + 
Rank = 5! 7 ile aes a 3. (a) 
1 0 0 
2!x—+1!x—+0!x —4+1= 240+ 18+2+1-=261 
0! 0! 0! 


Rank of word SHRUTI 
4 1 3 6 5 
S H R U 


Rank: s1(> Jratx{ © jearx( =] + 
0! 0! 0! 

21x{ 2 Jeat{ = Jo orx{ 2 ot 
0! 0! 0! 


= 360+0+6+4+1+0+1=372 


(c) 


(d) Rank of word ARRANGE: 
1 5 5 ; . 3 : 
A R R G 


rw o( 5 )($ a(S} 012): 


2 = z Jez Jeo ° Jin i 
0! 0! 0! 
=0+240+96+0+4+1+1=342 
(e) Rank of word TOPOLOGY 
5 3 4 3 2 3 1 6 
T O P O L O G Y 
Rank: (5 : ae }es(4 : }ea(S) F 
3! 3! 2! 2! 
af Jarl Jeu S : Jeo & : ‘ji 
0! 0! 0! 0! 
=7!+ 240+ 240+24+6+2+1=5040+ 513 = 5553 
(f) Rank of word JATTO: 
3 1 3 3 2 2 
T A T T O O 
Rank = si = a(S +3 | + 
312! 2!2! 2!2! 
6. (d) 


Zeta }eo(a)e 


= 30+0+3+2+0+0+ 1 =36 


TEXTUAL EXERCISE-5: (OBJECTIVE) 


1. (d) Permuting 6 boys along line in 6! Ways. 7. (©) 

X B, X B, X B, xX B, X BX B, 
Or BX B, X B, X BX BX Bx 

Now in space in between boys, 6 girls can be arranged 
in 6! x 2 ways. 
Total ways = 6! x 6! x 2=x (1) 
Permuting 6 boys along circle in 5! Ways. 
Now in 6 spaces in between the boys, 6 girls can be 
arranged in 6! Ways. 8. (c) 
Total ways = 5! x 6! =y (11) 
x DE SUSCE  ee p 
y 5!x 6! 


(XY)(D,D,D,....D 
(YX)(D,D,D,....D 
=2 x 18! 


- permutations = 2 x (19-1)! 


18 


Required ways = Total ways — number of ways when 
two particular delegates sit together 

= (20 — 1)! —2 x 18! 

= 19!-—2 x 18! = 18! (19 — 2) = 1718!) 


4. (b) Let there be 10 red colored pearls (different) and 10 


white colored pearls (different). 

Now 10 Red colored pearls can be arranged along the 
circle in (10 — 1)! = 9! Ways. 

After that 10 spaces are created in between the red 
colored pearls, in which 10 white colored pearls can be 
arranged in 10! Ways. 

But there is no difference between the clockwise and 
anticlockwise arrangement 


9!x10! 


So required number of ways = =(9!) x5 


First of all let us find the rank of word ‘AGAIN’ 
1 2 1 3 4 
A G A I N 


Rank = a(S : }eai{ = Je 2) + 1 > }ror( 
2! 0! 0! 0! 0! 
=0+6+0+0+0+1=7 


It means fiftieth word is not starting with A. 
Now, all words starting with A = 4! = 24 


jn 


4! 
All words starting with G= Tz 12 


, . 4! 
All words starting with J = ae 12 


Till now, we reached upto 24 + 12 + 12 = 48 words. 
Clearly, 49" word will start with N it will be NAAGI 
and 50" word will be NAAIG 


4 5 2° Oh 3 

D E B A C 

Rank = a= : | a= : } 2 ~) + uf Jor) 
0! 0! 0! 0! 0! 

= J2718 +2471 =93 


Go bf 2 “& oS. 3 
T A C K L E 
Rank = si }ai( © J+ %) af. 
0! 0! 0! 
{sets ets 
0! 0! 0! 
= 600+2+1+1=604 
3 1 4 
L A T 


1 @ 
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TEXTUAL EXERCISE-6: (SUBJECTIVE) (2) Teéproved: >| "C. } : k 
r=l x Oar k=1 
"Cr ~ on n n n = 
r=3r-—4orr+3r-4=x (es Carian G2, LHS = ¥ [=e } (at) 
r=1 r-1 r=1 r 


+4 
r=2or r= — ; thus for a solution 


=> 
_xX = a n(n+1) 
> r=2orn+4is divisible by 4 = Orin) = > GA)= > aaa 
r=1 r=1 r=l 
(i) "C,="C, +H) 
Se = Met) YeeRHS. 
=> r-r-rorrtr—-r=rn 2 = 
=> r—-2r=-Oorr=n 


=> 


n 


2 “Cc n—rt+l 
r=Oor2orn=r (d) $r{ = -Er(=)- dra-rth) 
r=1 r=l 


r-l r=l r 


=> r=0Oor2ornisa perfect square of some integer 
(iii) "C, i= “Cas 7 DW gat +e 
=> r+2r=rorer+2r+r=n ay” ee r=l 
er ee eee _n (n+1) _ n(nti2n+])  nn+l) 
=> r=Oor-l butr ~-1 2 6 2 
=> r=Oorr+3rean _ mo, One d 
344 
=> r=Oorr= ~3Ev9+4n 2 
2 _ n(n+l)) nt+2]_ n(nt+l1)(n+2) 
-34.)944n a 
=> r=Oor r= a 
—3+/9+4 on — 
Letr=ke {1,2,3.,.....}, then k= 3. — ae | 
— r-l r 
=> 9+4n= a 3 Now "C.>2C_, 
es oe <= 2n-r+1>r 
: : con 
=> r=0isa solution mn EN andr=k € N when eae vee 
y — 2k+3)' -9 Se Ey 
4 eS r<n 
2. (a) Some = 28 (i) ne ae — a) r= = Z. ae n | 
Cole = 70 (11) = oe C es C= CS eS : Oe C, (1) 
"Cc = 56 (iii) Now Cx Cx 
C _n-rtl_ 56_ eke Gi tae 
C ; 28 = 2n+]1 a 
=> n=3r-1 (iv) => r>nt+— 
Also by same formula, replacing r by r + 1, we get => r>(n+1) 
i oar _ n= (r + 1)+1 = 70 = 5 => Oe oe oe > Og gi OF as Ones < a On (11) 
"C. r+l 56 4 Combining (i) and (11), we see that "Cis the greatest 
5 value. 
ae I A ee (v) Among #"C_: r € {0, 1, 2,...,2n}. 
Solving (iv) and (v), we getr=3,n=8 oS eo a ee 
(b) ag Coe C. : ae Cee = 56 : 35 : 20 4. (a) dr C,)= 2 C,) - 2 C4 
x+1 n n-1 n n-1 n-1 n n 
=> heer Ge eee IG. ee Es 90 0-20 n- n- siti 
ae ee r-l r-l = yin: a Oa = n> "C3 = n((2)"") 
r=1 r=l 
oe 1 be it n-1 z= 
. hee a (b) Yr(r- "C= Yrvr-)-4- =. 
r=2 r ¢r 
n+lnin 
> -—:—:1=56:35:20 oe 3 
rtloror = n(n-l) "°C, =n(n-1) QY? 
n 35 7 = 
= r 20 4 @) (c) a nC =r n mic = nSr no 
n+1 56 8 ' = ee 
And = (11) 
r+1 35 5 


= ny (r-141)"'C_ 
Solving (1) and (11), we getx =7,r=4 2 
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(d) 


5. (i) 


(ii) 


= nS(r -1)-""C_,+ nS, TOC 
r=l r=l 


. ( =) n-2 n-1 
a aera C_, +n(2) 


n(n-l)¥"°C,_, +n(2)"" 
r=2 


= n(n — 1) (2)? + n(2y"*= n(n 1) +2] Y= n (n+ 1) 
Qyr 


n 
Src 
‘ 
r=l 
n 
_ 2 -l 
= n> r eC 
r-l 
r=l 


= “Se? —1)+1]-""'C_, 


= n> (r —1)(r+1)-"'C_,+ n>, al oe 
r=l r=l 

= n> (r+l(n-1)"?C,_, +n(2)"" 
r=2 

= n(n-1)> (r-2+3)"°C,_, +n(2)"" 


r=2 
aa ean WAR SOR BA). pas 
n(n DxG 2) Eee 


C._,+3n(x-1)(2)"* +n(2)"" 


= n(n-1(n—2)))"°C__, +3n(n—1)(2)"* + n(2)"" 
r=3 
= n(n — 1) (n—-2) (2)"? + n(2)"! + 3n (n—- 1) QQ)? 
= n2)"* [(m-1)@-2)+4+3 (2-1) (Q)] 
=n (2)"3 [n? -3n + 6+ 6n—- 6] 
= n(2)y"3 [n? + 3n] 
= n* (n+ 3) (2) 
oe _ Eos a °C, a “C, . uo 
CE Pe. Ge and "© AC. .2) 
= 7c. + “Cs + °C, + G, + or 
— “C, + 5 + °C, + , + 3 OF 
7 CC, 7 "C, ¥ °C, a °C, z C, + °C) 7 nor 
= eC. hs 2G, 4 °C. et 1, oh °C, a 4c. 
= °C + °C, 1C, + 8C, ="C, and soon..:.... 
= OC 
a os she a ae ca Os abe a Op + *C., 
= gee as as Om + a + sO te =C. 
= sl Oe + aC, + “G. + a + a Oe 
= CC, + Es + es + sa + aC + "Cy i! C, 
= CC. + aC + ae + Ce + 7G) = 5 Ox 
PG er Gr eC) © Jane: SO ON aya 
= a oe a C, = ss 7 aC 


TEXTUAL EXERCISE-6: (OBJECTIVE) 


es tients, BAL ese 
* > 26! 26! 51! 
"Cy. = "C,. 
'Ch+IC =morr=r-1>"'C =m 


3. (c) es + a Os < Boe 


aC. 
=> ME nC. => Z>1 
on 
n—-7+1 "CC.  n-rt+l 
> >1 ny = 
7 oe r 
Ss 7h > 7 => n>13 
=> n>l14 
Thus 14 is the least positive integer 
45 (a) AG OPC iigetel ee 8 (i) 


5, (b) 


oo — oe a Bak Ora wae 
— 2ntr ret as = 7] 
7 Cs + Ox Fosse a Cia 7 (2) 
(2y"—1=63 

(2)" = 64 = (2)° => n=3 


7 
40 47-j 
Ao Malone 
j=l 
— 40 46 45 44 40 
C, a Cy a Ce. a Chaat Cy 
— 40 46 45 44 40 
C,+C, + 8C, + 4C+...+ °C, 
= (WC, ae a) =f ss 6 a eC, ap uC. a a oe ae uC. ah us Ge 
= pas Om a: a ete sc OF ae no we BC. ot a Oe ae a Ge and so on 
Using nC ze i @ — mic — 471 
r r-1 r 8 


6. (c) f(x) =*°C,,, 


Y ¥ 


For domain, 2x —8>x+1>0;2x-8#0 
x>9andx>-1,;x#0 
x>9also,xe Z => xe {9, 10, 1],....,} 


7. (b) "C_,>2 (°C); x= 1 (clearly) 


=> 


YuUyY Y 


y 


1 
x 2 
20 —-2x+2<x Ce 
3x > 22 > x>7:3 
x>8 (1) 
Also 10>x-—1 and 10>x 
x<llandx<10 


From (1) and (11), we get x € {8, 9, 10} 
SC aS Ce ear bel 


8 ae ore 
3 = 105 


8 105-x-1+1 
3 x+1 
8 105-x 

< 

3 x+1 
8x+8<315-3x (Vv 
11x < 307 
x<27.9 
x <27 (1) 
Also 105>x and 105>x+1 
x < 105 and x < 104 
x < 104 
Alsox € Zandx>0 
we $061.22 3.2.27} 


(11) 


x+1>1) 


(11) 


5 
9. (d) ~'C,-*'C,- qo 2\(x-3)<0 


DE Me Poy 3) 20 
A4Al(x—5)! 3'x-4)! 4 


= ae |-$- 20-3 <0 


3'u(x-S5)!]4 (x-4)| 4 
3 ee 88) 5. 2y0-3)<0 
3'(x-5)!] 4(x-4) | 4 
= (x—-1)(x-— 2)(x- 3)(x— 4)(x- 8) -2(x- 2\(x-3)<0 
4x 6(x— 4) 
=> (x-2) (x-3) [@- 1) &@- 8) - 30] <0 
=> (x-2) (x—3) (x - 9x —- 22) <0 
=> (x-2)(x-3)(*- 11) («+ 2)<0 
=> xe (2,2) UG, 11) 
Also x —1>4 and x—1>3 and x € Z (combination 
restriction) 
x>Sandx>4andxeZ (ii) 


anal 


From (1) and (11), we get x € {5, 6, 7, 8, 9, 10} 
TEXTUAL EXERCISE-7: (SUBJECTIVE) 


. (i) (a) At least 2 girls 
2 girls + 2 boys 
=> Select 
3 girls + 1 boy 
Number of ways = °C, x °C, + °C, +°C, =3 x 10+ 1 x 
5=35 
(b) At least 2 boys and 1 girl 
2 boys + 2 girl 
=> Select ia e ‘ 
or 3 boys + 1 girl 
Number of ways = °C, x °C, + °C, x °C, = 30 + 30 = 60 
(ii) (a) At most 3 boys 
1 boy 3 girls 
=> Select jor 2 boys 2 girls 
or 3 boys | girl 
Number of ways = °C, x °C, + °C, x °C, + °C, x °C, 
=5x1+10x3+10x3=65 
(b) At most 2 girls 
2 boys + 2 girls 
=> Select jor 3 boys +1 girls 


or 4 boys 
Number of ways = °C, °C, + °C, x °C, + °C, 
=10x3+10x3+5=65 
» (a) °C, = 120 
(b) Since P, is already selected, other two can be selected 
out of remaining 9 
Number of ways = °C, = 36 


P selected, P, refuses 
(c) Two possible cores are there 


P rejected 


Number of ways = °C, + °C, = 28 + 84 = 112 
P, selected, 


(d) Two possible cases are there, 
P, rejected, PF refuses 


Number of ways = °C, + °C, = 36 + 56 = 92 


Permutation and Combination < 6.117 


P,P, selected 
P,P, rejected 
Number of ways = °C, + °C, = 8 + 56 = 64 


(e) Two possible cases are there | 


. Let S = {a,, a,, a,,.....,a,}, then every element of set s has 


two choices, either it is in a given subset or not. 
Thus two possible subsets = 2 x 2x2 x ....x 2=(2) 
Aliter: We have subsets having no element, 1 elements, 2 
elements, ......., n elements 
Total possible subsets ="C,, +"C, +"Cjt ..... "C= (2) 
Since o and S are improper subsets, (2)” — 1 are proper 
subsets. 


. (a) Father will go to zoo as many times as is the number of 


groups of three children out of eight 1.¢., °C, = 56 
(b) Each child will accompany the group of two children 
out of other 7 
Number of ways each child visit the zoo = ’C, = 21 
(c) Either C\C, go together or both do not go 
Number of ways = °C, + °C, = 26 
Ie goes, C, refuses 
(d) Following cases arise: 
C, do not go 
Number of ways = °C, + 'C, 
(e) Following cases arise: 
C,,C, goes 
C,,C, do not go, C, goes, C, refuse 
C,,C,,C, do not go 


Number of ways = °C, + 4C, + °C, 


. Number of hand shakes = “C, 


. (a) A parallelogram require two pairs of parallel lines, lines 


of first pair non-parallel to lines of second pair. 
Number of parallelogram formed = "C, x "C, 


(b) A chess board contains 
Square = (8)? + (7)? + (6)? + ..... mae 8 


{ { { 
unit 2units 8 units 
length length length 

8 
_ - Yrs _ 8x9xI17 = 04 


Next, chess a contains rectangles 
= °C, x °C, as each side contains 9 lines = (?’C,)’ 


7. Since every pair of two points forms a straight line 


Total "C, lines are formed but 6 collinear points repre- 
sent a single strongest line. 

Required number of lines = "C, — °C, + 1 

n(n-1) 6x5 


= +1 
2 2 
2 
_ a ) 4a” n—28 


Required number of line segments: = "C, 

Number of directed line segments = 2 x "C, as each line 
segment gives rise to two directed line segment one 
along formed and other backward. 
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8. (a) 


(b) 


9, (a) 


(b) 


10. (a) 


(b) 


number of diagonals; (7 > 3) = ("C, —n) 


: Onn =n) 21-1] = (=) 
2 2 


Total "C, triangles can be formed by joining the vertices 

of n-sided convex polygon. 

(i) If one side is common in triangle and polygons, 
then except for four points (two end points of com- 
mon side and two points, each next to end points); 
total (n — 4) triangles can be formed by joining the 
end points of common side with remaining of com- 
mon side with remaining (n — 4) points. 

Total n(n — 4) triangles can be formed with one side 
common 

(ii) Let the sides be numbered 1, 2, 3,....n, then the com- 
mon two sides can be (1, 2); (2, 3), (3, 4) ....... 

(n —1,n); (n, 1) 
Thus there will be n such triangles. 
(iii) No side common with that of the polygon 
= Total triangles — [(Number of triangles with one 
side common) + (Number of triangles with two 
sides common)]| 
="C, — [n(n — 4) + n] 
_ n(n—-1)(n-2) 


[n* —3n] 
3x2xl 
= a) 
6 
= n’ —9n+20 _ n(n—4)(n—-5) 
6 7 6 


If we select any one square, then we can’t select other 
14 squares lying on the same row and same column, 
So we are left with (64 — 15) = 49 squares for the select- 
ing of 2" square. 

64x 49 


Total ways = = 1568 


Here divided by 2 since we have counted (4, B) and 
(B, A) both pairs of 4 units squares in 64 x 49. 

Four units square forming a rectangle has its area 4 
square units = 1 x 4or4 x 1 or2 x 2. 

But 1 x 4 or 4 x 1 lie along a column and along a low 
respectively. Thus we require to find 2 x 2 rectangles 
1.€., squares of 2 units number of such squares are 7 < 7 
= 49 


a is Ongar Cs arene tae was Ocoee 

L.H.S. can be expressed as the number of ways of selec- 
tions of none or more things out of n-different things. 
Further the same process can be dealt with other 
method i.e., each element has two choices 1.e., either 
selected or rejected. 


Thus number of ways = 2x2x2x...x2=(2)" 
eS 


To form a committee having 1 chairman = select r per- 
sons in committee and there will be r choices to select 
a chairman; 1 <r<n 

= XN 2X 3X Teen XC OLAS: 


11. 


12. 


13. 


(c) 


(d) 


(e) 


(a) 


(b) 
(c) 


(d) 


(a) 
(b) 


(a) 


Aliter: Select a chairman and the remaining persons 
have two choices each 1.e., include in committee or not 
=n(2)"' =R.HS. 
To form a committee and from it a subcommittee. 
In a committee select r persons and from these r per- 
sons (2)' ways of forming a subcommittee = (2)°."C, + 
(2) C2 MG OQ)" ta ZC LAS. 
Also, every person has three choice 1.e., 

(1) He is in committee but not subcommittee 

(11) He is in committee as well as in subcommittee 
(iii) Neither in committee nor in subcommittee 
Number of ways of forming committee and subcommit- 
tee out of n-persons = (3)”. 
i Oe Ota, OF Oo Mira as Om as ORM arora aes On 4k Or 
= Number of ways of selecting persons out of n men 
and n women 
= Number of ways of selecting n persons out of 2n 
persons = "C_ 
a CFs Clk at Cre, OM ae ries Oe 1 OF 
= Number of ways of selecting r (< m, n) persons out of 
(m) men and (n) women 
= Number of ways of selecting r persons out of (m + n) 
persons = ""C_ 


(Oem ere er Saree S, can be permuted in 8! Ways but S, 
and S, can address in the same order of S, after S, 

Total ways = 2! x 8! 

(S,,5,), S,,8,,5,, .....S, can be permuted in 8! ways. 
eure: i.e., S, speaks before S, 

If we permute S,,S,, S,, ..... : 
Number of ways = 9! 


Half of these are the ways when S, speaks before S,, 
Required ways = - 


Aliter: Choose any two positions out of 1%, 24, 
3", .....9" and in 1* selected position, let S, to speak and 
in second selected position, let S, to speak. 

Now in remaining 7 positions, 7 speakers can speak in 
7! ways. 

Total number of ways = ’C,x 7! 


; sr ctceganiNn elstna ne out of 9! arrangement 
each of 3! orders of group (S,, S,,.5,) occurs equal num- 
ber of times. Thus (S,, S,,.S,) order occurs in = ways. 
Aliter: Selecting 3 positions for S,, S,, S, in this order, 
and permuting the remaining, number of ways = °C,x 
6! = 84(6!) 

5 square citizens + 3 out of 10 = °C, ways. 

8 members out of 10 (square citizens are excluded) = 
°C, or °C, ways. 

5 square citizens can be arranged in 10 chairs in "P, 
ways and the remaining 5 chairs can be occupied by 5 
other persons in '*P, ways and remaining 5 persons can 
stand in 5! Ways. 

Total number of ways = '°P, x P, x 5! 


10! 10! 
— — x — 


Aliter: Out of 10 chairs 5 can be occupied by 5 senior 
citizens in *°P, ways. The remaining 10 persons can be 
arranged in 10! Ways. 

.. Total number of ways = '°P, ~ 5! 

(b) None of senior citizen occupy the chair: 10 people 
other than senior citizens can sit in chairs in 10! ways 
and the 5 senior citizens can stand in 5! ways. 

Total number of ways = 10! x 5! 


14. (a) Number of boys | Number of girls 
1 0 
2 1 
3 2 
n (n—1) 
Total number of ways = "C, x "C, + "C, x *C, + "C, x 
aC, +. ae 4 nome 
= ="C x ed i C, x oon ae nC, x Sale Nee + aC 4 4 
= Number of ways of aieing (n + 1) things out of 2n 
= 24 = 2n! 
mt (n+D'(n-D)! 
(b) Number of boys | Number of girls 
2 0 
3 | 
4 2 
5 3 
n (n— 2) 
Total number of ways = "C, x "C, + "C, x "C, + "C, 
ik Fa rei ah Cote ay OF EN 
= me x mC + on x oe + OF x s Ga = on eft . oa x iC; 
= 2nC 
m2 
- (2n)! 
(x+2)!(x- 2)! 
Co) Wa Soe ie Ci aes Che Se Ciena Ore as Oreren caer < Pre On 
== ="C, x "C. A i "GX Coant is aon x 4 Oe me Ma eae + OTE 
XC, = = gy Seer 
15. 6 > bowl 


3 —+ keep wicket 

None can bowl and keep wicket 

Total 15 players are there, and to choose 11 containing at 
least 4 bowlers and 2 wicket keeps 


4 bowler + 2 wicket keeper 

5 bowler + 2 wicket keeper 

6 bowler + 2 wicket keeper 

4 bowler + 3 wicket keeper 

5 bowler + 3 wicket keeper 

6 bowler + 3 wicket keeper 

=, 3C. a OP eC. <A. Sa OF =eC. Se RC. ae 

6C, x C, x C, #£6C, x IC, x oe #6C, x30, x ©, 
= 15d 3086) EG 3 x 15) +1 <3 < 20) +(15 «1 
x 15)+(6 x 1 x 20)+d1 x 1 « 15) 
= 270 + 270 + 60 + 225 + 120 + 15 = 960 


16. 


17. 


18. 


1. 


2. 


Permutation and Combination < 6.119 


Digits are non-zeros 1.¢e., 1, 2, 3.....,9 

1* place digit has 9 choices (Except for zero) 

2"! place digit has 8 choices (Except for I* place digit) 
34 place digit has 8 choices 


nth place digit has 8 choice 


Total number of possible numbers of n digits = 


9X8X8X.....x8= 9x (8)! 
xoestd 


(n-1) times 


Clearly for 0 <x< 1, xa eipeg 

q 

If p = 1, g has 5 choices 

If p = 2, gq has 4 choices 

If p = 3, g has 3 choices 

If p = 4, g has 2 choices 

If p = 5, g has 1 choices 

i 6 is impossible as g has no choice for it 
We have total =5+4+3+2+1=15 


Number x= €(0,1) but tere and eer 
2 4 6 3 6 

aan 

a 8 23.2 

Neglecune e and = we are left with (15 —4)= 11 

numbers 


For a path of length 2n starting from origin to point (n, n), 
we are to take n horizontal step of unit length and n vertical 
steps of unit length. 

nN) (n,n) 


origin (0,0) 5 (n,Q) 
1.e., number of permutations of 


2n! 
HHH....HVVVV....V == "C 
(n times) nin! : 


(n times) 


TEXTUAL EXERCISE-7: (OBJECTIVE) 


(a) Gentle men | Ladies 


3 2 
4 1 
Number of ways = *C, x °C, + 4C, x °C, =4 = 1541 x 
6 = 66 
(b) °C, x *C,4+ °C, x *C, + °C, x PC, +t PCy, X PCy 
—~~— 
boys girls 


= 25 25 25 25 25 25 — 50 
Ci . Cy * C, - Ciyhut Cy, ‘ C, Cy 
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3. 


10. 
11. 


12. 


13. 


14. 


1 red + 3 out of 10 (green + yellow) 
(b) \2 red +2 out of 10 
3 red + 1 out of 10 


ae. x OC, $C x OC, a oF nC 
23 100 43% 4541 x10 505 


(c) Let each student attempt r questions. 
= Number of combinations of r questions = "C_ = °C” 
Students will be maximum if °C, is maximum = *C_, 


(c) 6 consonants can be selected out of 10 in °C, ways and 
3 vowels can be selected out of 4 vowels in *C, ways 
and 9 letters can be arranged in 9! ways. 

Total number of ways = "°C, x *C, x 9! 


(c) Since a, is included, the remaining 2 elements can be 
selected out of (n — 1) (Except for a,) in™’"C, ways. 


(c) Since 2 friends are not attending the party together we 
are to select 5 out of 7 when both are not invited 
Number of ways = 'C, = ’C, = 21 
Also when any one is invited the other is not attending 
Number of ways = 2 x ’C, = 70 

= Total ways = 21 +70= 91 


©) Clearly T, = °C, 


(n+1)(n)(n—-1)—n(n-1)(n- 2) 
3! 

n(n—1)[n+1-—n+2]= 126 

n(n — 1) (3) = 126 

n(n — 1) = 42 

n=7 


= 21 


YUU Y vr 


-a, 


a) Required number of triangles = Total no of triangles 
— (As with are side common with octagon) — 
(As with two sides common with octagon) 
= 8C,-(n(n—4))—1n 
= 56 — [8 x 4] -8 
= 56 — 40 = 16 


(c) Number of As = °C, — ’C, = 220 — 35 = 185 


(b) Number of diagonals = "C, —n 
=> P="C,-n 


(d) i Oa 
=> n(n—1)= 187= 14 x 13 
> n=-14 


(a) Four consecutive nos. are (1, 2, 3, 4); (2, 3, 4,5) ..... (27, 
28, 29,30) 1.6.27 
Now total number of ways of selecting 4 out of 30 = 


30C 

4 
Required number of ways = °C, — 27 
7 RES eS Cay ~ 97378 


4x3x2x1l 


(b) Let the number of selected students = n out of n such 
that at least 2 are selected and atleast 2 are excluded 


15. 


16. 


17. 


1. 


=> 2<n<(n-2) 

= Number of ways ="C,+"C,+ "C+... + "C 
al 2) cee i, Oren aes Orn cee: On a Om 
=2"—-[l+nt+n+1]=(@)"-2n-2 


(b) Let n=(2m + 1);m € £0, 1, 2, 3......} 
Let the numbers be a, a+ d,a+2d 


=> a>lat2d<2m+1 
=> 2d<2m+1-a<2m+1-1 
> d<m 

For d= 1 


AP’s > (1, 2, 3); (2, 3, 4)... (2m — 1, 2m, 2m + 1), 
For d=2 


AP’s > (1, 3, 5); (2, 4, 6); (3, 5, 7) ......... (2m — 3, 2m 
—1,2m+ 1) 

For d = 3, 

AP’s > (1, 4, 7); (2, 5, 8); .....22m — 5, 2m — 2, 2m + 1) 
For d= m, 


AP’s > (1, 1 + m, 2m + 1) 
Total number of AP’s = (2m — 1) + (2m — 3) + (2m — 5) 
ore lor=1+3+5+....+(@Qm-1) 
n-1) 
| 


= sum of first m odd numbers = m’ = ( 


(b) Total integer points including boundary = 22 + 21 + 20 
+ t= PX? 2953 
2 
C(0,21) 
A(0,0) B(21 0) 


Out of these points, number of point lying on boundary 
= 224 21-420 =63 

a — n— 

on AB on AC on BC 
Number of integer points in the interior of D = 253 — 63 
= 190 


(d) There are total 7 points out of which AGB; DEC, AFC, 
BFD, EFA are collinear 
D E me 


A G “B 


Required number of A’s formed = ’C, — 5 = 35 — 5 = 30 


TEXTUAL EXERCISE-8: (SUBJECTIVE) 


(B, + B,) has (n, + n,) toys. 

Now, after mixing them, ifn, toys are given to B,, in ""” C,, 
ways, n, toys are left which goes to B,. But there is a ways 
of selecting n, toys for B,, which exactly match, with the 
original one. 


Required number of ways = """C, —lor "™"C, -1 


Permutation and Combination < 6.121 


2. (a) (i) Required number of ways = Total number of ways — 6! 6! 
(Number of ways when no pink shirt is purchased). (iit) sro Qi 
= eee + gu CF + 69 + et a) — CPC, + aC + a OF . . 6! 4! 6! 
Page eg) = 2 2) fe ye Aliter: °C, x “C, x “C, =—— x 


OU) eae (a Ohi alas Oe cere ais OVO) 1 or Gas Os aaa, Oa aera 
me OP ce a! Os ans Os areere ces aed Soe) 
=P -)e"=)Cr=) 

(b) 3 identical coins of 25 paisa; 4 identical coins of 50 
paisa; 2 identical coins of 1 rupee Total number of ways 
= (Number 25 paisa coin or 1, 25 paisa coin, 2, 25 paisa 
coin...) x (Number 50 paisa coin or 1, 50 paisa coin ....) 
x (Number 1 rupee coin, or 1, rupee coin ....) = 4 x 5 x 
3 = 60 ways. 

(i) He can give either 1 coin of 1 rupee coin or 2 coin 
of 1 rupee along with other coins. 
.. Number of ways = 2 x 4 x 5 = 40 
(ii) He can give 25 paisa coins in 3 ways, 50 paisa coins 
in 4 ways and 1 rupee coins in 2 ways, when atleast 
one coin of each type is given 
Number of ways = 3 x 4 x 2 = 24 


3. Total population persons having one tooth + persons having 


2 teeth + 2 cases having 3 teeth +........ + Persons having 32 
io ti Si a Ota ee: OP eee ae Ore 

(".. °C, represents the combinations of 32 positions taking r 
at a time) = (2)? — 1 


. There are 2 A’s; 2R’s; 2N’s; 2E’s; 1G; 1M; 1T 

(i) One or more letters can be selected 1.e., not all rejected 
=3x3x3x3x2x2x2-1=647 
(‘.. A can be rejected, one A selected or 2 A selected and 
SO On) 

(ii) If at least one letter of each type is selected, then after 
selecting 14, 1R, 1N, 1B, 1G, 1M and 1T, we are left 
with 14, 1R, 1N and 14, each of there can be selected 
in two ways. 

Required number of ways of selective = 2 x 2 x2 x2=16 

(iii) After selecting all E’s we are left with 2 A’s, 2 R’s, 2 
N’s, 1G, 1M, 1T 
Number of ways of selection =3 x3 x3x2x2x2= 
216 


. (i) Itis the distribution of 6 different things equally among 
3 unnamed groups. 
(2e2+2)) . .°6! 
(2!)°.3!  (2!)°.3! 
i ON cal OD al OF 
3! 
_ 15x6xl_ 


Number of ways = 


Aliter: Number of ways = 


15 


6 
(ii) Case (i): 3 groups; containing 4, 1 and 1 book 
Case (ii): 2 groups containing 4 and 2 books. 


6! 6! 6! 
Required number of ways = oD, (| 
AlW!1!2! 4!2! 4!2! 


Aliter: Required number of ways 


6 2 1 
Cox exc 
= St 8, x 7C, = 30 


AN DIK (Oly? 
(We don’t divide by 3! as distribution is amongst per- 
sons 1.€., naming groups) 


. (i) It is the distribution of 15 thins into three unnamed 


eee 15! sd! 
51515!-3! (5!) -3! 
(ii) Now the distribution is among the naming groups, 
15! 15! 
51515! (5!)° 
(iii) There are m subject and there are n different volumes of 
each subject. Thus total books = mn. 
(a) There (mn) books are to be divided into n unnamed 
groups equally. 
Thus each groups having m books. 
(mn)! 
(m!)" .n! 
(b) To distribute (mn) books into m unnamed groups each 
containing n books. 


Number of ways = 


therefore the number of ways = 


Number of ways = 


(mn)! 
(n!)” m!} 
(c) To distribute (mn) book among n persons 1.e., n naming 
groups equally. 


Number of ways = 


(mn)! 


(m})" 


Number of ways = 


. Weare to find the numbers of ordered pairs (P, Q) such that 


P,OcAandPOAO=o0. 
A(n-elements) 


Each element of A has three choices i.e., P AQ’ or On 
P’ or (PU Q)’ 
Total number of ways = (3)° 

(i) (P AQ) contains exactly two elements. These two ele- 
ments can be selected in "C, ways and the remaining 
(n — 2) can be distributed among (P 4 Q’),; (0 1 P’); 
(PU Q) ‘in 3) ways. 
Total number of ways = "C, (3)"* 

(ii) Each element has two choices i.e., P AQ’ or OW P’ 
Required number of ways = (2)” 


. It is the distribution of 10 thins among 5 naming groups 


each having equal things 


(2!) 


Number of ways = = = 113400 


. Two girls and one boy can be selected out of 4 boys and 6 


girls in °C, x 4C, ways. 
Now, we are to distribute 3 toys among three persons (nam- 
ing group) equally 
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corresponding to each selection of 2 girls and 1 boy 
Number of ways = — = 

(1!) 

Total ways = °C, x *C, x 6= 15 x 4 x 6 = 360 


TEXTUAL EXERCISE-8: (OBJECTIVE) 


1. (a) Each of n-different balls has k choices 1.e., each can go 
to any of the k different boxes. 
Number of ways = (k)". 


2. (a) Each toy has 5 choices 
Total number of ways = (5)® 


3. (c) Each letter has 7 choices 
Total number of ways = (7)° 


4. (i) (b) Total number of ways = (3)° 
(‘.. Each ball has 3 choices) 
Number of ways unwanted 
(a) When all balls goes to only one box. 
Number of ways = 3 
(b) When all balls goes to two boxes. 
Number ways = °C, x [(2)’ — 2] when all balls go to 
a single out of two boxes 
Required ways = (3)° — [3 + 3(30)] = 243 — 93 = 150 
(ii) (c) 5 identical balls and 3 different boxes, no box 
remains empty. 
Following can one possible 
Case (i): 1 box > 3 balls; 2 box > 1 ball; 3 box > 1 
ball 
Case (ii): 1 box > 2 balls; 2 box > 2 balls; 3 box > 1 
balls 
Now, since there are 3 different boxes 
Case (i): Can occur in 3 ways 1.e., any one of three 
boxes contains 3 balls and other two 1 ball. 
Case (ii): can occur in 3 ways 1.e., any one of there 
boxes contains 1 ball and other two 2 balls 
each 
Total ways = 3 +3 =6 
(iii) 5 different balls, 3 identical boxes, no box remains 
empty. 
Following cases are possible 
Case (i): One box contains 3 balls and other two one 
ball each. 
Number of ways = °C, = 10 ways 
Case (ii): Two boxes contain 2 balls each and a third 
box contains 1 ball. 
5 4 
eS =15 ways 
2 
.. Total ways = 10+ 15 =25 
(iv) 5 identical balls and 3 identical boxes: 
Now cases depend on the number of balls contained in 


Number of ways = 


boxes. 
following cases are possible 
(a) 3,2, 1 (b) 2,2, 1 


2 ways 


(v) Balls as will as boxer are identical but boxes are placed 
on a low: Following cases are there 


Box 1 Box2 Box3 


2 2 1 
2 1 2 
Number of balls 1 2 2 
3 1 | 
1 3 1 
1 1 3 


Total ways = 6 


5. (c) It is the distribution of 50 different things among 5 
unnamed groups, 3 groups containing 12 things each, 
and 2 groups containing 7 things each 

50! 


Number of ways = ——_.——.—_—_ 
(12!) (7!)° -3!-2! 


6. (b) 3 persons for giving 12 balls each can be selected in °C, 
ways and remaining two would get 7 balls each. 
Let first 3 persons get 12 each and next 2 persons get 7 


each 
1* nd 3d Ath 5th 
12 12 12 7 qT 


= Ca . aC. ss nC. y, 6s e iG: 
Required number of ways = °C, = °C, x °C,, x *8C,, x 
nC eG IC; 
5! 50! 38! 26! 14! 
= —x1lx——x x —— x —— 
312! 12138! 12126! 12!14! 7!7! 
_ 50-5! 
(12!) (7!)7 -3!2! 


TEXTUAL EXERCISE-9: (SUBJECTIVE) 


1. I* place has 9 choices (except for 0) 
II" place has 10 choices 
III" and IV" place has 10 choices each 
Total possible numbers of 4 digits = 9 x 10 x 10 x 10 = 
9000 
Aliter: Largest number of 3 digits = 999 and largest number 
of 4 digits = 9999 
Total number of 4 digit numbers = 9999 — 999 = 9000 
(a) We know that out of (2n) constantly natural numbers n 
are odd and n are even 
= 4500 are odd 
(b) 4500 are even. 
(c) Sum of digits will be odd if exactly one digit is odd, 
other 3 are even 
Or three digits are odd and 1 is even. 
Case (i): 1 digit odd, 3 even. 


HOOD =5«5x5x5= 625 


odd even even even 


DOO OD =4x«5x«5x5x3=1500 


even odd even even 
ihascbepmmi 


3 ways 


Case (ii): 3 digits odd, 1 even 


HOO =5«5x5x5x3=1875 


odd odd odd even 
Soe eet 


3 ways 


[UE J=4«5x5x5= 500 


even odd odd odd 
Total number of numbers having sum of digits odd 
= 4500 
Total number of numbers having sum of digits even 
= 9000 — 4500 = 4500 
(d) For divisibility by 5, unit place digit must be 5 or 0 
Number of numbers divisibly by 5 =9 x 10 x 10 x 2= 
1800 


. P,—°P, (Numbers with first digit = 0) 


10! 9! 9! 
A gh ee ee 


For even numbers: 
Unit place digit has 5 choices 1.e., 0,2,4,6 or 8 
Now thousand place would have 8 choices (except for 0 and 
units place digit if unit place digit is non-zero) and a choices 
(except for 0 which is in unit place) 
Hundred place would have 8 choice and ten’s place would 
have 7 choice 
Total number of even numbers of 4 digits = 8 x 8 x 7 x 
4+9x8x 7x 1=2296 
. (a) (i First place has 5 choices (Except for 0) 
Second place has 5 choices 
Third place has 4 choices 
.. Total number of number formed = 5 x 5 x 4= 100 
(ii) First place has 5 choices 
Second place has 6 choices 
Third place has 6 choices 
.. Total number of numbers formed = 5 x 6 x 6 = 180 
(b) Three digit numbers greater than 300. 
Hundred place has 3 choices 1.e., 3, 4 or 5 
Ten’s place has 5 choices (Except for hundred place 
digit) and unit’s place has 4 choices 
Total number of 3 digit numbers greater than 300 = 3 x 
5 x 4=60 
Four digit numbers less than 3000 
Thousand place has 2 choices (1 or 2) 
Hundred place has 5 choices (except for thousand place 
digit) 
Ten’s place has 4 choice 
Unit place has 3 choice 
Total number of four digit number less than 3000 = 2 x 
5x4x3=120 
Total number or required numbers = 60 + 120 = 180 


4. (i) [Sai yao s10*41040 =(1+2+3 +4) (4) 


i=l 


(1111) = (640) (1111) = 711040 


(ii) [Sai nao? +10° +1040 = (10) (6) (1111) 


i=l 


= 66660 


Permutation and Combination < 6.123 


. (a) Possible number of plates without repetition of alpha- 


bets and digits = 26 x 25 x 24 x 9 x 9 x 8 = 10108800 
(b) Number of plates with repetition of alphabets and digits 
= 26 x 26 x 26 x 9 x 10 x 10 = 15818400 


. For divisibility by 8, a 7 digit number gfedcba must be 


such that (4c + 2b + a) is divisible by 8; where a, b,c, d, e, 
fg, € £1, 2, 3, 4,5, 6, 7} and are all different. 

But for divisibility by 8, a must be even. 

a €{2,4, 6} 

Now (4c + 2b + a)=8k,k EN 


> [e+ b+) ak (i) 


Let a=2; then2c+b+1=4kkeN 

= b must be odd =>, bee 41,3. 5.-75 
For b=1,2c+2=4k >c=2k-1> c€ {3,5,7} 
For b= 3,2c+4=4k > c=2k-25c€ {4,6} 
For b=5,2c+6=4k >c=2k-3> ce {1,3,7} 
For b=7, 2c+8= 4k > c=2k-45c€ {4,6} 
Now, let a= 4; 2c +b+2=4k 


= b must be even => be€{2,6} 
For b = 2; 2c + 4 = 4k 


=> 2c=4k-4 => c=2k-2 

=> ce {6} 
For b = 6; 2c + 8 = 4k 

=> 2c=4k-8 => c=2k-4 

=> ce {2} 
Now, Let a = 6; 2c +b+3=4k 

= b must be odd => be {1,3,5,7} 
For b= 1;2c+4=4k 

=> c=2k-2 => ce {2,4} 
For b = 3; 2c +6 = 4k 

=> c=2k-3 = ce {lo Tt 
For b = 5; 2c + 8 = 4k 

=> c=2k-4 => ce {2,4} 
For b = 7; 2c + 10 = 4k 

=> c=2k—-5 => oe 4) 3, 5} 


There are 22 triplets (a, b, c) for which g fedcba 
is divisible by 8. Now after fixing a, b, c; d, e, f, g must 
belong to set of remaining 4 digits; which can be per- 
muted in 4! ways. 


Total numbers = 4! x 22 = 24 x 22 = 528 


. (a) A five digit number ed cba, where a, b, c, d, e are dif- 


ferent and belong to set {1, 2,3, 4, 5} would be divisible 
by 4i1f2b+a=4k,keN 

=> a must be even => ae{2,4} 
For a=2;2b+2=4k 


=> b=2k-1 =~ be 413.9} 
For a= 4, 2b+4=4k 
=> b=2k-2 => be {2} 


There are 4 pairs of (a, b) € {(2, 1), (2,3), (2, 5), (4, 2)} 
for which the number ed cba is divisible by 4 after 
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fixing b and a; the digits e, d, c belong to set of other 
three digits and can be permuted in 3! Ways. 
Total number of required numbers = 3! x 4 = 24 


(b) Let edcba be a five digit number divisible by 4; 


=> 


=> 


=> 


=> 


=> 


where a, b,c, d,e € §{1,2, 3, 4, 5, 6, 7, 8}, then 
2b+a=4k,keN = amust be even 

ae {2,4, 6, 8} 

For a=2; 2b =4k —2 


b=2k -1 => be {13.5.7} 
For a=4; 2b =4k-—4 
b=2k —2 => be {2,4,6, 8} 


When repetition is allowed and {2, 6, 8} when repletion 
is not allowed. 
For a = 6; 2b = 4k —6 


b=2k —3 => be {1,3,5,7} 
For a= 8; 2b=4k-8 
b=2k —4 => be {2,4,6, 8} 


When repletion is allowed and {2, 4, 6} when repetition 
is not allowed. 
When repetition is not allowed; 


From above, we have 14 pairs (a, b) for which the num- 
ber ed cbais divisible by 4 


6! 
Number ofrequired number= ° P, x (14) = a x 14=1680 


(ii) When repetition is allowed: 


From above, we have 16 pairs (a, b) for which the num- 
ber edcba is divisible by 4. 

Now each of e, d, and c have 8 choices. 

Number of required number = (8)* x 16 = 8192 


8. Let abcde bea fine digit number divisible by 3 where a, 
b, c, d, e are different and belong to set {0, 1, 2, 3, 4, 5} 


=> 
=> 
=> 


at+tb+ct+d+t+e=3k 

a, b,c, d,e € {1,2, 3, 4, 5} or {0, 1, 2, 4, 5} 
Required number of numbers formed = 5! + 4 x 4! = 
120 + 96 = 216 


TEXTUAL EXERCISE-9: (OBJECTIVE) 


1. (d) [¥, Dr (aycto* +10" +10" +10! +1)= (13) (24) 


i=] 


(11111) = 3999960 


. ? ; 
2. (a) x,<x,<x,<x,<x,<x,<x,; x,’s are different and non- 


Zeros. 

xe {1 2,.3,4) 5.6,.7,,8) 9} 

Now 7 digits out of 9 can be selected in °C, = °C, = 36 
ways. 

Now each of 36 groups of 7 digits has a greatest digit 
not giving the value for x,. 

Now, select any 3 out of remaining 6 from each group 
they can be arranged either in left of x, or night of x, ina 
unique way as desired the other three will be automati- 
cally arranged in other side of x,. 


Total number of required numbers formed = 36 x °C, = 
ee 
7 3 


3. (d) 


4. (d) 


5. (a) 


6. (a) 


For a six digit odd number, unit place digit must belong 
to set {5, 7, 9} and digit on extremely left has 

4 choices 1.e., 6, 7, 8 or 9 

Now, from left 2™ place, 3 place, 4" place and 5" place 
each has 6 choices. 

Not that 600000 is included in above scheme 

Total number of numbers formed = 4 x (6)* x 3 —1 = 
15552 —1= 15551 


If the number is greater than 600000, then first place 
digit has 4 choices 1.e., 6, 7, 8 and 9. 
But the number should be odd and digits are different. 


Case (i): 


tt 

has2 (filed with has 3 

choices 4 different choices 
6or8 digits) 5,7or9 


Number of ways = 2 x 4! x 3 = 144 
Case (ii): 


has 2 (filled with has 2 
choices 4 different choices our 
fjorg digits) of 5,7or9 


Number of ways = 2 x 4! x 2 = 96 

Total ways = 144 + 96 = 240 

Case (i): When two 1’s and two non-zeros are selected 
e.g., (1123) 


l 
Number of ways = a 


x oy = 36 
Case (ii): When two 1’s, one zero and one non-zero are 
selected (e.g., 1103) 
4! 3! 
Number of ways = °C, x (<->). 27 
2 2) 
Case (iii): When all four digits are different and non- 
Zeros (e.g., 1234) 
Number of ways = 4! = 24 
Case (iv): When one 1, one zero and two non-zeros are 
selected (e.g., 1023) 
Number of ways = °C, (4! — 3!) =3 x 18 = 54 
Case (v): When three non-zeros and one zero is 
selected (1.e., 2040) 
Number of ways = (4! — 3!) = 18 
Total numbers = 36 + 27 + 24+ 54+ 18 = 159 
One digit numbers = 5 
Two digit numbers = 5 x 5 
Three digit numbers = 5 x 5 x 4 
Four digit numbers = 5 x 5 x 
Five digit numbers = 5 x 5 x x2 
Six digit numbers =5 x 5x4x3x2x 1 
Total numbers formed = 5 + 25 + 100 + 300 + 600 + 
600 = 1630 
Number of numbers greater than 3000 = 3 x 5 x 4 x 3 
600 600 = 1330 


four digit numbers _ five digit numbers 


4x3 
4x3 


x 


7. (a) Each of these numbers will be of the type 12341 or 


123412 1.e., with a digit repeating 3 times or two digits 
repeating twice. 6! 


6! 
Required numberof ways= — x 4+ x *C, =1560 
3! 2!x 2! 


8. (b) The smallest 7 digit numbers is 1000000. The sum 


10. (a) 
11. (a) 
=> 
=> 
=> 
=> 
12. (c) 
13. 


of its digits = 1 = odd. Thus the sum of digits of next 
numbers will be 2 1.e., even. The sum of digit would be 
odd and even alternatively. The greatest 7 digit number 
is 9999999; the sum of its digits is odd. From 1000000 
to 9999999 we have total 9000000. 


For even number the unit place digit has two choices 0 or 2 
Case (i): If unit place digit is 0, other three places can 
be filled up in 3! = 6 ways. 

Case (ii): If unit place digit is 2, Thousand’s place has 
2 choices, hundred place has 2 choices, Ten’s place has 
only 1 choice 

Total number of ways = 6 +2 x 2x 1=10 


First place (from left) has 3 choice 1.e., 1, 2 or 3 

Second place has 4 choices 

Third place has 4 choices 

Fourth place has 4 choices 

Total number of numbers formed = (3 x 4 x 4 x 4)- 1 
(*.. 1000 is included) 

= 192-1=191 


For divisibility by 4, the number abcd must be such 
that 2c + d=4k,k e N anda, b,c, de §1, 2, 3,4, 5} 
Also clearly d must be even 


de {2,4} 

For d= 2; 2c = 4k —2 

c=2k-1 => de§{l, 3,5} 
For d= 4; 2c = 4k —4 

c=2k-2 = ice 12.4% 


a and b have 5 choices each 
Total number of required numbers = 5 x 5 (3 + 2) = 125 


Out of digits 1,2, 3, 3,3, 2, 1 a seven digit number can 
be formed with 1*, 3", 5" and 7" odd places. 
Further we have 5 odd digits 1.e., 1, 3, 3, 3, 1. 
Thus arise two cases. 
Case (i): Using 1, 3, 3, 3 for odd places 
4! 3! 


Number of ways = ai x 


ph 
(for 2.2.1) 
Case (ii): Using 1, 1, 3, 3 for odd places 
Number of ways = ie 
2!2! 2! 
rae) 


(for 2,2,3) 
Total number of required numbers = 12 + 18 = 30 


(c) From 000 to 999 each digit will occur equal number of 


times but from 000 to 999, we have 1000 numbers. 
Thus number of digits = 1000 x 3 = 3000. Thus each 
digit will occur = 300 times. 

Thus from 000 to 999, 5 will occur 300 times. 

It implies from 1 to 1000, 5 will also occur 300 times. 


TEXTUAL EXERCISE-10: (SUBJECTIVE) 


1. Number of ways of selecting 2 girls and one boy out of 6 
girls and 4 boys = °C, x *C, = 60 ways. 


2. (a) 


(b) 
(c) 


3. (a) 


(b) 


Permutation and Combination < 6.125 


Now 3 toys can be given to 3 children in 3! ways (Per- 
mutation of 7, T,, T;) 
Total ways = 60 x 6 = 360 


420=2x2x3x5x 7=(Q)x3'x5'x 7 

Number of positive integer devises of 420 = (3) (2) (2) 
(2) = 24 

Future, Sum of positive integer devises = (1 + 2 + 27) 
(1+3)(1+5)(1 +7) = 1344 

1008 =2x2x2x2x3x3x7=(2)' x 3) x (7)! 
Number of even proper devises = (4 x 3 x 2) —1 = 23 
1800 =2 x*2x2x3x3 x (5) x (5)=()8 x (3) x GY 
For divisibility by 10, factor must contain at least one 2 
and at least one 5. 

Number of proper devisors and divisible by 10 = 3 x 3 
2 Le 17 


Number of positive integer proper devises of 2? . 67 15” 
1.e., of (2p*4 (3)9*" (SY 

=(pt+q+l)(qtr+ D+ 1-2 

Number of positive odd proper divisors of 3” .6” . 21” 
1.e., of (2)". BP" (7) =(ptmt+nt+1)(n+1)-1 


4, 420=2x2x3x5x7=(2)? x 3! x (5)! x (7)! 


(a) 


(b) 


(c) 


1. (a) 


2. (ce) 


3. (c) 


Number of even positive integer devisers = 2 x 2 x 2 x 
2=16 

Sum of even positive integer devisers = (2! + 2”) (1 + 3) 
(1+ 5)(1 +7) = 1152 

A factor will be divisible by 6 if it contains at least one 
2 and one 3. 

Number of such divisors = (2) (1) (2) (2) = 8 

Sum of such divisors = (2 + 27) (3) (1+ 5) (1+ 7) =6 
x3 x 6 x 8 = 864 

Divisors of the form (4m + 2) = 2(2m+ 1);m € Wie., 
having exactly one 2 

Number of sub divisors = (1) (2) (2) (2) = 8 and sum of 
divisors = (2) (1 +3)(1+5)(1 +7) 

=2x4x6x 8=384 


TEXTUAL EXERCISE-10: (OBJECTIVE) 


12600 =2x2x2x3x3x5x5x7=(2) x GB) x (Sy 
x (7)! 
Number of divisors = 4 x 3 x3 x 2=72 
Sum of divisors = (1 + 2 + 2?+ 33)(1 +3 +37)(1+5+ 
5’) (1 + 7) 
2*-1)\(3°-1\(5°-1 
fe (8) 
2-1 3-1 5-1 
= 15 x 13 x 31 x 8 = 48360 
1008 =2x2x2x2x3x3x7=(2)'x BY «(7 


Number of positive even proper divisors = 4 x 3 x 2-1 
23 


10800 =2x2x2x3x3x5x5=(2)3 x (3)? x GY 
A positive integer divisor of 1800 will be divisible by 6 
if it contains at least one 2 and one 3 in its prime factor- 
ization 1800 1s also a divisor of such type, but improper. 
Number of such divisions = (3 x 2 x 3 -—1)=17 
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Sum of such divisor = (2 + 2? + 2%) 3 + 37)(1+5 +5?) 
= (14) (12) (31) = 3408 


4. (ec) 1260=2«2x3x3x5x7=Q2)yx BYx 5) 
‘. Number of positive integer divisors which have proper 
=(3 x3 x2 x 2)-(2) = 34 


5. (a) 2520 = (2)° x (3)? x (5) « (7) 
‘. Number of proper positive integer divisors = 4 x 3 x 2 
x2-2=46 
6. (b) 72=2x2x2x3x3=Qy BY 
‘. Sum of proper positive integer divisors = (1 + 2 + 27+ 
2°) (1 +3 + 37) —-(1 + 72) = (15) (13) — 73 = 122 
Ts (d) 504=2x2x2x3x3x7=(Q)« BY x(/) 
Number of even divisors = 3 x 3 x 2=18 


8. (c) (2P. (6)7. (5) = 2p r4. BT". OY 
A number to be divisible by 30 must contain at least one 
2, one 3 and one 5. 
Number of positive integer divisors divisible by 30 = 
(pPtaaqtnr)(r). 
But these positive integer divisors include 30 and the 
number it self Gmproper) 
Thus the proper positive integer divisors divisible by 30 
and greater than 30 = (p + gq) (q+7r) (1) -2 


TEXTUAL EXERCISE-11: (SUBJECTIVE) 


1. (i) Number of ways = coefficient of x’° in the expansion of 
Cle Pea Ln)? 


4 
= Coefficient of x'° in | 


—x 
= Coefficient of x’° in (1 — x)* 


_ (-4)\(-5)(-6)....(-4 - 10+ 1) 


(10)! 
—1)'°(4-5-6....13 13! 
= ( ) ( a =a Oe Or 137 
10! 3110! : 
(Also coefficient of x‘ in (1 +x+2x74+2x°+.....)%is"* 


n- C ) 

(ii) Number of ways = Coefficient of x’ in (x+x7+2°+....)4 
= Coefficient of x° in (1 txt+2x?+ P= oF E-9C) = 
G0) oat OP 
Aliter: Required number of ways = Number of solu- 
tions of equation x, + x, + x, +x,= 10,x,> 1 
or (x, - 1) + @,-1)+@,-I+@,-1) =6ory, +y, 
TY; TY, = 6,2 O= OC, = PC, 


2. (i) Required number of ways = Number of solutions of 
equation x, + x, +x,=10,6>x,>lory, ty, + y, =7,; 
32 y 20 y Hea 1a", > "C, = 36 
But there include the cases when y, = 6 and 7 1.e., the 
undesired cares ye {6, 1, 0}; and y.€ {7, 0, 0} 1.e., (3! 
+ 3) cases 
Required number of ways = 36 — 9 = 27 
Aliter: Required number of ways = coefficient of x!° in 
the expansions of (x + x7 + .... + x®) 


(ii) 


(b) 


(c) 


SuUY 


=> 


= Coefficient of x7 in(1 + x+x?+...+ x)= Coefficient 


3 
6 
ay l-x 
x’ in 


l-x 
= Coefficient of x’ in (1 — x*°)? (1 — xy 
= Coefficient of x’? in CGC, + 3C (x)! + 3C, (x? + 


3C(-*)*) | 14. 3x4 es + 
(-* x ore 
= Coefficient of x’ in (1 — 3x*) (1 + 3x + 6x7 + ....) = 


(-3)(-4)(-S)(OUDEBV-IVED gy cr _g e997 
7! : 


Required no of ways = Number of solution of equation 
Ava ee eG 

Ory, +¥,+y,=80<y, S55 y,=%,-1 

= Coefficient of x? in (1 +x + x74 .... + x°)8 

Aliter: Required number of ways = °*’C’,, — number of 
undesired cases 

Undesired cases are when y, = 6, 7 or 8 

y.€ (6, 1, 1}, y,€ {6, 2, O}; v.e {7, 1, 0}; y.€ {8, 0, 0} 
Number of undesired cases = 3 + 3! + 3!+3= 18 
Required number of ways = °C, — 18 = 45 — 18 = 27 


- (a) x, +x, +x, +x, +x, = 20; x, 20 


Number of ways = °C, = ¥C, 

Xx, +X, +x, +x, +x, =20;%,> 1 

Or (x, - 1) + @,-D+@,-1)+(@,- 1) + @,- 1) = 15 
x,-120 

Ory, +¥, + 3+ ¥, + ¥5= 135; y,209,=%,-1 
Number of ways = °*4C, = "°C, 

aan eae eae rae Sa 20; x,, x,>2 and x > 0 for i>3 
Or (%, — 2) + @,- 2) +x, + x, + x, = 16 

Ory, ty, +x, +x, +x, = 16; y, x, 2 0 

Number of ways = '°**C, = °C, ways 

2x, + 2x, + 2x, + 2x, + 2x, = 20; x, > 0 

Or x, + x, +x, +x, +x, = 10; x,>0 

Number of ways = '°**C, = “C, ways 

Let x, be the senior beggar; then x, > 3 

x pie ee +x, = 20; x,> 0 fori# 5 and x, > 3 
eee et ey 

Ror ke eee ye Tix 

Number of ways = '7**C,, = 7'C, 

x, bx, +x, +x, tx, — 20) x, 2 3 


¥ (x, -3)=5 


oe eee 


i=l 


Number of ways = °**C, = °C, 


oi XP 10; x, <6,;x%, <7; x, <8 


etd ee OA 


Total number of ways = '°*?C, — Number of undesirable 
cases : (1) 
Now, undesirable cases are 

Case (i): x, = 7, x, + x, = 3; x,, x, 2 0 


? 2? 2S 


Number of ways = °*'C, =4C, = 4 


Case (ii): x, = 8, x, + x, = 2; x,, x, 2 0 


5. (i) 


(b) 


(c) 


(i 


2 ?? 


Number of ways = **'C = C= =35 
Case (iii): x, = 9, x, + x, = 1 
Number of ways = '*'C, = 7C, =2 
Case (iv): x, = 10; x, —x, =0 
Number of ways = 1 

Total ways = 4+3+2+1=10 
Similarly for x, = 8, 9, or 10 


Number of undesirable cases = 3 + 2 + 1 = 6 and for X, 


= 9,10 

Number of undesirable cases = 2+ 1 =3 

Total number of undesirable cases = 10 +6+3=19 
Required number of ways = °C, — 19 = 66 — 19 = 47 


ey; Vide ee Oh eg a eo 


2 19 “99 
¥ (x, +5)= 15 
i=l 


3 
yy, =15;y, =x, +520 


i=l 

Number of ways = °*?C, = 'C, 

x, +x, +x, + 4x, = 20; x, > 0 
Here,0<4x%,<20 > O<x,<5 
For x, = 0; x, + x, + x, = 20 


2 

For x,= 1, x, + x, + x, = 16 
For x, = 2, x, + x, +x, = 12 
For x= 3522, raya 8 
For x, = 4, x, + x,+x,=4 


For x, = 2, ey SD 

Nuienbet of ways = 2C, sass OF cage! Oe carn Orr as OE aie Oe 
= (11 x 21)+ 9 x 17) + (7x 13) + (5 « 9) + (3 ~ 5) + 
P= 231 153-7 91-45 15 F 1536 

Aliter: x, + x, +x, = 20 —‘*x, 


5 
20-—4t+2 
2G 


t=0 

a 4 Gn 4 nC 4 OG: 4 5 on of aC. = 536 
BOK a a= 20) sx, lvand 4,20. ok 
x, +x, + 15; x,>0 has **'C, = °C, = 16 solutions 
Now corresponding to each of 16 solutions, x, + x, + x, 
= 5; x, = 0 can be solved in °*’C, = 'C, 
way 

Total number of solutions = '°*’C, = 16 x 21 = 336 
To find integer solution of 

(a) xyz = 24; where x, y, z are non-zero integers 

=> xyz = (2)' x (3)! 


Let x= (2)%(3)"; y=(2)%(3)" and z=(2)%(3)" 


(2)% 124% J (6) ee = (2) : (3)' 
a,+a,+a, = 


B, + B, + B; 
Number of ways = °C, = °C, = 10 x 3 = 30 
Now, above 30 solutions are for x, y, z > 0. 
Also x .y.z=24 can be obtained when any 2 of x, y and 
z are we —ve and other 1s +ve. 
There are 3 more ways. 
Thus total number of possible solutions = 30 x 4 = 120 


Permutation and Combination < 6.127 


(b) x, .x,.x, .x, = 360 = (2)° x GY « (5)! 

Let x, = (2)%(3)%(5)"s x, >0 

xx, x, .x,.= (22% -(3)2" (521 <i <4 

= (2). 3)’ . (5) 

20, — 3, Up. 2327. = 1 

a,+a,+a,+a,=3,0,20 

Be Dit Bye p,-2; P20 

Vion Bria a eye 

= Number of positive integer solutions °C, x °C, x *C, = 
20 x 10 x 1 = 200 
Same number of solutions can be obtained if we take (1) 
all x is —ve, (11) 2x’s +ve and 
2x’s —ve (*C, ways) 
Total number of solution + ve or —ve = 200 x 8 = 1600 
Here negative integeral solutions means solutions hav- 


ing atleast one of x,’s —ve. 
Negative integral solution = 200 x 7 = 1400 


yy 


6. Non-negative integral solution of x, +x, +x,+x,<n,né€ 
Z andn>0O 
4c +5C + 6C + 7C + + nt2C + 2t+3C 
3 3 3 3 °°" 3 3 
=4C +5C + 6C + 7C + + nt2C f ut3e 
1 2 3 400" n-1 n 
at Stns Ge Sia Oa al OF es OO ces Oo a aa OF 
0 0 1 2 3 4 n 
— 4 5 5 6 7 nt+3 
C,+ CC, +°C,) + C, + 7C, 4.4 89C, 
SIC CC iC arc, 
And so on, finally, 
—_4 nt+3 n+ 3 =— _4 n+4 —ant4 22 
es bs C -1 r C,, Ci ‘ C,, C, 1 


7. 3xt+ty+z<30; x, y,z>0 
=> yt+z<30-3x 
=> ytzt+u=30-3x,0<u<30;0<x< 10 
ies Olin OP raaas Og nai Oa ere ake Oita as ON 


I 

= Gee er ee eo eo ee) 
1 

= BP aaa Sorat! 
| 11 

= 5 a+ (DO) x [2+ (n—- 1) B)] 

n=l 

1 11 l 11 ; 

= —) (3n-2)(3n-1)= — ) (Qn -9n+2 
7 On 2GR-D= 5D ) 
1 11 ; 9 

= —x9) n° -—) nll 
pun 3 


= S| ee exer = 2277-297 +11 
2 6 2 
= 1991 


8. Let x, be the number of delegates entering through door A; 
where 4 € {A, B, C, D, E, F, G} 
eo Ry ex we, be ee = 200 ee 0 
Number of solution = *°°* °C. = °C, 
Now corresponding to each of above solution, the del- 
egates can be permeated in 200! Ways. 
Total number of possible 7 lists (each list having names 
of delegates entering one of the seven gates) 
— ais oe x 200! — cee ate 
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9. a+b+c=50;a,b,c,>0anda,bceZ 


Number of possible ordered triplets = °°*?C, = °C, 
If a, b, c>0; then (a— 1) + (b-1) + (e-1) = 47 
=> d+e+f=47,d=a-1>0asa>1 
Similarly e, f>0 
Number of different ordered triplets = *7*’C, = °C, 
TEXTUAL EXERCISE-11: (OBJECTIVE) 


. (a) x+yt+z+t=20; xy,z>-1 

=> ot er a Dd ar darter) = 24 

= x ty +2 +f =—244 =xt+120; y’ 
Number of integer solution = *’C, 


52.8 =O 


. (a) xtyt+z<n,x,y,z€Wandxe N 

‘. Number of solution = °C, + 4C, + °C,+....4"77C, 
=3C, +4C,+5C 4.4 "7C, ; 
= 20, +0 +30 aks Oe +5C 4 bah aes Of 
= AC. HC +4C. +5C +... +c 
= note OM ELE Ol 
= Ce ms sass On — ies Ce 1 = pas OP — ] 


. (b) 4 oranges + 5 apples + 6 mangoes 
Number of ways = (4+ 1) (5+ 1)(6+1)=5 x6 7= 
210 

But there is a way when no fruit is selected 1.e., all 
rejected 

Number of ways of selection of fruits = 210 — 1 = 209. 


. (d) Number of ways of putting 12 identical coins into 5 dif- 
ferent purses is the number of positive integer solutions 
of equation x, +x, +x,+x,+x,=l2ory,+y,+y,+y, 
+y,= 7, y,2 0 


11x10x9x8 
i.e., ''C, =————— = 330 
24 


. (b) xt+yt+z+w=20;x,y,we Norx’ t+y +z’ +w = 16; 
x =x-1>0ete. 


Number of solution = °C ; ~~ 969 
¢ (A)R eR Re 22, (1) 
sae, ee ta 5; x, >0 (11) 


From equation (11), we get x, +x, + x, =5,x, 20 
= Number of solutions = ’C, = 'C, 

Now from (1), x, + x, + x, + x, + x, = 22 
=> I+x,+x,— 22 = x, +%,=17x,%,21 
=> Y,+Is= 15, YY, 2 0 

Number of solution = °C, = '°C,, 
= Required number of solutions = ’C, x '°C,, 


. (ad) xt+yt+z+w=20 
Letx=2u+ 1, y=2v+1,;z=2s+ 1; w =2t+ 1; where 
u, v, Ss, t € W (whole number) 

S&S 2 20+ 28 2t A = 20 

=> ut+vtst+t=8u,v,s,t,E W 

= Number of solution = "C, = 165 


. (a) a+ b+c+d=24 anda, b,c, dare even natural numbers. 
=> a,b,c,deN andeach>2 


5. 


Let a =2u, b=2v,c =2w,d=2t,u,v,w,t,EeN 
2u+2v+2w + 2t=24 
u+vt+wt+t=12;u,v,w,teN 
(u—1)+(v—-1)+(w-1)+(-1=8 
ut+y+w +f =8:u,v,w,t>0 

Number of solution = "'C, = 165 


YUUUY 


TEXTUAL EXERCISE-12: (SUBJECTIVE) 


1 1 1 1 =1 
(a) A= 51-4 oat |= a4 


2! 3! 4! 5S! 
1 1 1 
(b) a,=3f1- a4 2-2 |x Zoe =2x10=20 


Number of ways of 
selecting 2 letter which 
are correctly placed. 


1 1 1 1 
a= 41-242 -2 42} 


(i) Each student has three choices for classrooms. 

.. Number of ways of distribution = (3)! 

(ii) Number of ways of distribution when empty classrooms 
are not allowed 


= (3)10° _ ne (CA as + a Om (1)! 
= (3)! — 190(2)! 4 100% 9? = ZZ 
= (3)! — 100 (2)! + 4950 


(a) (i) Required number of combinations of four letters 
= coefficient of x* in (1 + x)? (1 + x + x’) (for E, X, M, 
T, O) (for A, I, N) 
= Coefficient of x* in(1 + xP (l1+x+x) 
= Coefficient x* in CC, + °C\x + °C, x7 + °C, x*° + °C, x*) 
«CC, (1 +x) + 3C, (1 + x)? 2) + 
°C, (1 +x) @) 
= Coefficient of x* in (1 + 5x + 10x? + 10x° + 5x*) x (1 
ee a Bx Foe Sx ae 
3(1 + x) (x")) 
= coefficient of x* in (1 + 5x + 10x? + 10x? + 5x*) x (1 + 
3x + 6x? + 7x? + 6x4) 
=6+ 35+ 60+ 30+ 5 = 136 
(ii) Number of required condition as 
= Coefficient of x* in 
(l+x) (lt x+x’)(lt x42? +x° +x")! 
SR a a a ey 


(For H, B, D) (For L) (For A) 


= ee Be) eee ae xe 
= a as Poe S333 33 = 23 

(b) Number of required combinations 
= Coefficient of x® in 
(It+x) x(i+¢x4x°) x(ltx4+x7 +x’) 
(for I,N)  forh,R) SCO) 
= Coefficient of x° in (1 + x3 + 3x7 + 3x) x (1 +x? 4244+ 
22 aa) RC ea) 
= 2 ha 2 2 ea a BOO Oa a8 
+ 6+ 6) = 53 

Required number of arrangements = coefficient of x* in 


xX ; xX x? 
a+ | (4242 | 
I! I! 2! 


10. 


= coefficient x* in 4! (1 + 5x + 10x? + 10x° + 5x‘) x 


inGetod? pe ea 
2 4 


9 409 
= 4] 2+20+45+30+5|- 24{ ; }- 2454 


. Required number of selections of 5 letters 


= coefficient of x in (1 + x) (1 +x+ 2x7) x (1 +x4+2x7+ x) 

Clea ae CL eee ae ee a) 

= coefficient of x° in 

cal eed er erda ket 
x-1 || x-1 || x-1 x-1 

= coefficient of x in @? — 1) G*- 1) @- 1) G°-1) x 

- 1)“ +x 

= coefficient of x° in (x7 — 1) @*-— 1) & 

x (1 + 4x 4+ 10x? + 20x3 + 35x4 + .... +) 

= coefficient of x° in (2x3 — x4 — x4 -—- x — 2° +: 14+x)(1 4+ 4x 

+ 10x? + 20x3 + 35x* + 56x°) 

=(-10 -8-2+56+35)=71 


—1)@?°-1)d +x) 


(i) Let x, = number of flags displayed on i" mast; i € {1, 2, 
3, 4} 

=> xX, +x, +x, +x,=5,%,20 
Number of ways = °*°C, = °C, = 56 
Now each of the above 56 distributions of 5 different 
flags can be permuted in 4 groups (masts) in 
56 x 5! = 6720 ways. 

(ii) x, + x, +x, +x,=5,x,> 1 

= Ba aes a | ae l;y,=x,-120 
Number of ways = '°C, = *C, = 4 ways and each way 
of distribution can be permuted in 4 x 5! = 480 ways. 


"C’, — [Number of ways when 3 consecutives are selected] — 
[Number of ways when 2 consecutives are selected] 
="C, —(n—-2)—-[2(1-3)+(—-3)(n-4)] = "°C, 


Number of ways = °C, — [Number of ways when 3 consecu- 
tive are selected] — [Number of ways when 2 consecutive 
are selected] = "C,—n—n(n-4)= —a 
(i) 10! = 2? -34-5'- 7° 


P = Exponent of 2 in 10! = ehh = ae 2 
2 
+1=8 


q=Exponentof3in 10! = Ee sea 


ise 


3 

0 
r = exponent of 5 in 10! = 2 
s = exponent of 7 in 10! =| 
p=S8:¢=4,7>2;s— 1 
Aliter: 10!=1x2x3x4x5x6x7x8x9x 10 
=)A2%3*2? 85% 25357 52x SK 2x5 
= 2 x GY x GY * 7) 

=p =8,qg=4,r=2,s=1 
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(ii) (a) (i) Number of zeros at the end of 100! 
Exponent of 2 in 100! = ca + ca + ca + ca 
2 2 2 
+ Poe =50 +2512 4673 +1=97 
Exponent of 5 in 100! 


= 20 || P| XP] = 20+ 4= 24 
5 5 5° 
Exponent of 10 in 100! = common exponent of 2 and 5 


= 24 
There will be 24 zeros at the end of 100! 


50 50 50 50 50 
ii) Exponentof2in50!= +) — |+] —|]+} —]+|] = 
wan Sheba le 


=J tr i2rorsal=4] 


Exponent of 5 in 50! = 2)4/2)- =10+2=12 


There will be 12 zero at the end of 50! 
(iii) * Exponent of 2 > exponent of 5 
It is sufficient to find the exponent of 5 


Exponent of 5 in 25! = 2)./2)- 5+1=6 
= There will be 6 zero at the end of 25! 


(b) /=L.C.M. of 8!, 10! and 12! = 12! 


h=H.CLF. of 8! 10! and 12! = 8! 
be ued = 12% 
h 8! 


(c) Exponent of 2 in x= 20 x 19 x 18 x.....x 11 


1] x 10 x 9= 11880 


, 20! 
= Exponent of 2in x= Gol 


= Exponent of (2 1n 20!) — (Exponent of 2 in 10!) 


(EMF EHE)- 


10 10 10 
(Pageatiba | =(04+572+)=672+) 


= iLO 


(d) 250! is divisible by 5’, to find maximum value of p 
means to find exponent of 5 in 250! 


~ [228] [222] [289] = 50 + 10+2=02 


100! 
30! 70! 


(e) Exponent of 12 in '’C,, = 


Exponent of 2 in 'C,, 


= (exponent of 2 in 100!) — (exponent of 2 in 30! + 
exponent of 2 in 70!) 
= (50 29 6 12-6 631) SO 7 3 1 35 
1784 42+ 1) = 97—73—4 
5 ot 8D 100! 

Exponent of 3 in “"C,, = 

30! 70! 
= (exponent of 3 in 100!) — (exponent of 3 in 30! + 
exponent of 3 in 70!) 
=(99 + 11+3+4+1)-(0+3+1+234+7+2)=114- 
46 = 68 
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OO = (2) GB)" sO eX as 
= (AY? x (3) x (5) (TY ae 
= (12)? (3)% « (5)! (TY" % sae 

= Exponent of 12 in °C, = 2 


TEXTUAL EXERCISE-12: (OBJECTIVE) 


. (c) From 000 to 999, each integer is repeated equal number 


1000 x3 


of times 1.e., = 300 times 


5 also occurs 300 times from 000 to 999, and hence 300 
times from 12 to 1000 


. (c) Each of n district objects has two choices 
‘. Total number of ways = 2” 
Now number of ways when either of two boxes is 
empty = 2”—2 
But due to identical boxes is a duplication of each case 
2 = 2 
2 


Required number of cases = =(2)"'-1 


[.. A. sy uh 
. (b) Number of ways = a(i-t+o ta) 
1! 2! 3! 4! 


= a{t-a+) =12-4+1=9 


|! ae ee | 
= ‘c,-afi-t+ toad 


+ 
I! 2! 3! 4! 5S! 
1 1 21 1 1 = 1 
of 1- bet  a 
I! 2! 3! 4! S! 6! 


=15 x (12-441) +6 x (60—20+ 5-1) + (360 — 120 
+ 30—6+ 1) = 135 +264 + 265 = 664 


5. (c) Exponent of 12 in 50! 


; 50 50 50 50 50 
Exponent of 2 in 50! = 2 + eI + EB + = + > 
2 2 2 2 2 


=25+12+6+3+1=47 


Exponent of 3 in 50! = Se | 2] = 16 


3? 3° 3° 
+S 0S 22 
50! = (2)*" x (3)? x (5) x (7) * o.. 
= (2) X22) (3)? OY SP aac 
= [27]? « (2) GB)” * (SY * C7)” * «... 
= (4) x (3)? x (2) x (Sx (7)" * 
= (4 x 3)”? x (4) Q) « (5) x (F)™ & oa... 
= Exponent of 12 in 50! = 22 


6. (b), (d) Exponent of 2 in 24! 


24] [24] [24] [24 
= eesueaueae 12+6+3+1=22 
a (ial ee 2 p 


Exponent of 3 in 24! = Ee + EJ + Ee =8+2=10 


10. 


24! = (2)? x (3)! x (5)! x (TY Xa. 
= (2 x 3)! x (2)? x (SY x TY" on 
= Divisible by (6)'° 
= (23) x (2) 3)’ x BY? x GY x (7) & 
=> Divisible by (24)° 
=(27)° OY 6B). G6) RY cis 
= (4 x 3)! x (2)? x (5) x (7) on... 
=> Divisible by (12)! 
= (24)5 x (2)? x (3) x (5S) x (7)® * 0... 
= (24 x 3) (2)? « (3) « (SY (TI a 
= (48)° x (2 x BY x (5) x (7) o. 
= divisible by (48) 


(a) Exponent of 2 in 60! = ecru eaues 


Os Le hae Sou = OO 


Exponent of 5 in 60! = Sha S/S =12+2=14 


ww’ 


.. Exponent of 10 in 60! = (14) 
= There will be 14 zeros at the end of 60! 
100! 
” 50!50! 
= (Exponent of 7 in 100!) — 2(Exponent of 7 in 50!)= 
(14+2)-2(7+1)=0 
(b) Exponent of 2 in *°P , Le., — = (Exponent of 2 in 50!) 


— (Exponent of 2 in 40!) 
=(25+ 12+64+3+4+1)-@Q20+10+5+2+1)=9 


(c) Exponent of 7 in *°C,, 1.€ 


(c) Largest integer n = exponent of 3 in 45! = 
S424) 3] ae) ES a ana ee 
3 3 3 


SECTION-III: (SINGLE CORRECT) 


. (c) A matrix having 4 elements can be of order 1 x 4; 2 x 2 


or 4 x 1; 
Now in each matrix each element has 4 choices. 
Total number of different possible matrices = 3 x (4)* 


Ce x = x “SP x Ci 
3! 
52! 35! 18! 
x x x1 
_ 17135! 17!x18! 17!xl! = 52! 
3! (17!)°.3! 


(b) 


(c) Let the number of men =n 

Number of women = 2 

Total participants = (n + 2) 

Now number of games played by men among the m 
selves = 2("C,) 

Number of games men played with women = 4n 
According to question 2("C,) = 4n + 66 
nn—1)=4n+66 => n*-5n-66=0 
(n—11)(n+6)=0 

n=1lorn=-6 

Total number of participants = 11 + 2 = 13 


YU 


10. 


' 
(b) m, =r 25 2!= 2520 — 720 = 1800 
2) 2 
5! 
m,=—=60 .. B36) 
2! m 


2 


(a) In between the + signs or on their left or right there are 


(d) Number of subsets = 


Y 


=> 


=> 


(b) x, + x,+x,+x,=O0orlor2or3or... 


7 places, out of which any 4 can be used to put 


ett nb, % 7! 
— 7 — ee 
ve signs in 'C, ways ai = 


BC +18 + BC FC + + 


CL a a Ee AG Ae ON er aaa EG 
Put x = cube roots of unity 1.¢., 1, w, w? 

18 — 18 18 18 18 18 7 
(2) Os aes Or aad Oa ces, Sor eee sia Or (1) 
| a2 w)'8 = a ae a Ca w ae as OF w- ate “C, w a 

18 18 aa 
ass OF (11) 
¢| ob w’)'8 = aa Or a a On w- fe a Oo w'* al 
MC We or esses + 8C,, Ww? (111) 


(2)'8 + 1 + w)'8 + ¢! + w’)!8 = a[C, + 


os Oe +... + nad 
(2)"° +(-w’)" +(-w)" = GR ate ne ine oe 
3 
18 18 
(eo NEES "CO, + °C, +..4+ °C, > eure 
3 3 
n and each x,>0 


Number of solutions = “Ce + Eee + °C, + "Cx: ot iii 
= 4 4 5 6 nt 3 se 3 = 4 = 
Coe "CeO Cag Cir weer ee! Ae ed) 


=5C_+5C, + C4... > 


= nt3C 


(b) Case a First two ee have etal digits. 


Number of ways = 9 x 9= 81 

Case (ii): Last two places have identical digits (non- 
Zeros) 

Number of ways = 9 x 8 = 72 

Case (iii): Last two places have identical digits (zeros) 
Number of ways = 9 x 1=9 

Total number of ways = 81 + 72 + 9 = 162 


(a) India can won if 
(i) India wins first 5 matches 
(ii) Indian wins 5 matches and loses 1 
(iii) Wins 5 matches and loses 2 
(iv) Wins 5 matches and loses 4 
(v) Wins 5 matches and loses 4 


In above cases the 5" winning should be at last match. 
Number of ways = 4C, + °C, + °C, + 'C, + °C, 

As the first 4 winnings should be from any four of the 
matches played except for the last (reserved for last 
win) = 1+5+ 15 +35 +70 = 126 


(c) If a 7 digit number does not change on reversing the 


order, then it should have same digits at equidistant 
places from left and right ends. 

Thus if we first fix fourth place, then it can be done in 
10 ways. 

Now (first and last) have a choices (Second and second 
last) 


11. 


12. 


13. 


14. 


15. 


16. 


(a) 


(a) Number of ways = Ty 


Permutation and Combination < 6.131 


(Third and third last) have 10 choices each 


ie 0 ways | 
ry 10 ways - 
10 ways 


9 ways 
Total number of 9 x 10° 
3780 =2x2x3x3x3x5x7=(Qyx(Q2yx5x7T 
Number of facts divisible by 2 or 3 or both 


= Total facts — factors neither divisible by 2 nor by 3 
=(3x4x2x2)-(1x1x2x2)=48-4=44 


‘Px 17 


ieee letter 


first letter fang middle 
2 vowels 


= 17x 2x17 = 5780 


(c) A = {x: x 1s prime and x < 30} 


A= 4253555 9511-13. 17519,.23,.293 


Let ~ be any rational number when p, g € 4, 


Then the number of such rational numbers = (10 x 10—9) 
=9] 

(We subtracted 9 as if numerator and denominator are 
same, we get 1, 10 times, retaining 1 times and remov- 
ing 9 times). 


(d) For forming a A we can use (AB, BC, CD) or (BC, CD, 


(c) 


DA) or (CD, AD, AB) or (AB, BC, AD) 


ae | 
f 
6} i 
4 
¢ 
A 3B 
Number of triangles =(3 x 4x 5)+(4x5x6)+(5 x63) 
+ (3 x 4 x 6) 


= 60 + 120 + 90 + 72 = 342 


Required number of As = *C, — 3C,) 

_ Bp)\Bp-YGp-2)_ 3p)P-Y(p- 2) 
3! 3! 

= Pip-Gp-2)-(p-e-2) 


_ p 
= 5 8P" — 6p]= p’(4p-3) 


(b) Let A = {1, 2, 3, 4....... 200}; B = £5, 10, 15....... 200} 


and C = A —B, then the product of two factors will be 
divisible by 5 if atleast one of two factors is a multiple 
of 5. 

Case (ii): When exactly one factor is a multiple of 5 
Number of product = 40 x 160 = 6400 

Case (ii): When both factors are multiple of 5. 


Number of product = “C, = ees 780 
Total numbers = 6400 + 780 = 7180 
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17. (a) Number of ways = Coefficient of x* in (1 + x) (1 +x+ 


18. (a) Family of lines arey=x+r 


19. 


20. 


21. 


22. (a) 


(b) n= 21C. 


x? + x*) = Coefficient of x* in (1 + 3x + 3x7 4+ x)(1 +x 
PX ee) oer oes 7 
(i) and 
yr-xtr (ii) 
where r € {0, 1, 2, 3, 4} 


Total 16 squares of unit diagonal length are obtained 
from the intersection of two given families of straight 
lines. Out of these squares of 2 units diagonal length are 
3x39 


21-1 


214+1. 
For n to be maximum, r = a or 


1.¢.,r= 10o0r11 


(b) Let the number of children in the class = n. 


YUU J 


(c) 


Number of groups of 3 children = "C, 
Each child would go to zoo *'C, times. 
According the question: "C, = 84 + "'C, 


oe rn (n—1)(n—- 2) 

n(n — 1) (n—2) = 504 + 37-1) —-2) 
(n—1)(n—-2)(n—-3) = 504 
(n—1)(n—-2)(H-3)=7x8x9 

x= 10 

These are five dashes and eight dots, out of which we 


are to use only 7. 
. Mt Se ee ae 
= Coefficient of x7in 7! ap oh ane +— | x 


2! 3! «(tS 
= x? x x x° =| 
Wp pO 
21° 3! «A! OS!) 6! C7! 


1 1 2 2 
= 1{h424 + 


— sag) = 1+7+42+70= 120 
7! 6! 215! 314! 


10 10 
40 40+ j — 40 40+ j 
Cy, +) Chosj C3, +> Cy 
j=0 j=0 


10 10 
40 40 40+ j 41 41 40+ j 
= C3, 2 C3 +) Cy = C3, - C50 +) C50 
j=l j=2 


10 
— *# 40+ j — 50 50 =. = 54 
Cy +) C39 Ci 2 Cu Cy Cy 
j=2 


Proceeding similarly 
using parcals value 


23. (d) All possible ways are (0, 0, 9), (0, 1, 8), (0, 2, 7), (0, 3, 


6), (0, 4, 5), (1, 1, 7), C1, 2, 6), C1, 3, 5), C1, 4, 4), 

(2, 2, 5), (2, 3, 4), (3, 3, 3) 1.e., 12 ways. 

Aliter: Let a, b,c be the number of balls in box 1,2 and 3. 
atb+ce=9 (1) 


(i) 
(ii) 


(iii) 


24. (a) 


Number of solutions of (1) = ?*?C, = "C, = 55 

But these are not the actual solutions 1.e., duplication is 
theree:0.,.0— 1; b=2,,c— 6, ora—2,.b=— l,c=6 
These two solutions are same as the boxes are identical. 
We have following three types of distribution. 

When all the boxes, have equal number of balls. 
Number of solutions = 1 1.e., all boxes have 3 balls. 
Two boxes have same balls: 1.e., (1, 1, 7); (2, 2, 5); (4, 
4, 1); (0, 0, 9) 

Number of solutions of (1) arising from this case = 4 x 
3 = 12 

All boxes have unequal number of balls: 

Number of solutions of (1) arising from this case = 55 
—(1+ 12)=42 

For our problem, number of ways = 1+ 4S =1+4 
sce Ma - 


Case (i): First and last uses the consonants C, L 
Required ways = 2! x (Number of permutations of C, L, 
T, A, U, A, E) = 2x 


Case (ii): First and last uses the consonants C, C, 


=7! 


Required ways = (Number of permutations of L, L, T, 
A,U,A,E)= 
212! 
Case (iii): First and last uses (L, L) 
Number of ways = —— 
2!2! 
Case (iv): First and last uses (L, T) 


Number of ways = 2! x (Number of permutations of C, 


yee 
L, C,A, U,A, BE) = 2ix—=— 
212) 2} 


Case (v): First and last uses (C, T) 
Number of ways = . 


Total number of ways = 7!+2 aoe +2 I 
' 2!2! 2! 
7 


a Te 
= 27+ >= 57) 


25. (b) x, y,z7<O0;x+yt+tz+12=0 


=> 
=> 
=> 
=> 
=> 


=> 


xtyt+z=-12 => Yt+tOo)+WH=12 
x +y' +z’ = 12; (where x’ = —x etc. 
x S0Sa% 21) 
(x -1)+Q’'-)+@-)=9 
Kay ae SO 
(where x’ = x’ — 1 etc. and x’’ > 0) 
Number of solutions = °*?C, = "C, = 55 


26. (c) Out of 10 digits 4 digits can be selected in °C, ways and 


can be arranged in a unique way a,>a,>a,> a, 


n(A) = °C, = 210 


27. (b) Even digits are 0, 2, 4, 6, 8 out of these 5 we are to use 


any 4 so that their sum is divisible by 3 

We can choose (0, 4, 6, 8) or (0, 2, 4, 6) 

Number of numbers divisible by 3 and having each 
digit even is = 2 x (4! — 3!) = 36 


28. (b) Smallest group having n-people implies n is the total 


number of different predictions 
=3x3x3x3x3=243 


29. (c) Leta,, a,, a,, a, be the marks obtained in paper 1*, 2"%, 


30. 


31. 


3'4 and 4" respectively. 

Then 0 <a,<manda,t+a,+a,+a,=2m 

Number of ways = "°C, oe (1) 

But here those cases are also included when any one of 
a,’s attain value greater then m L.e., 

fe Lott F 2s 2M. 

We are to exclude those cases: 

When a, =m + lha,ta,t+a=m—-1 

Number of ways = 4("*'C,) 

When a, = m + 2; ata,+ a=m-—2 

Number of ways = 4(”"C,) 

When a, = m + 3; a, +a, + a,=m-—3 

Number of ways = 4(’"'C,) and so on. 

Finally when a, = 2m, a,ta,+a,= 0; 

Number of ways = ’C, 

Thus total number of undesirable cases = 4[?C, + °C, + 
5 Glee ree. amis Cheri Or 

ge aa ed Occ Oana ec | A 
AC] = AGO) 

Required number of ways = °C, — 4 ("™C,) = 


+1 
(2m? +4m+3) 


(b) Each group would consists of 6 teams and they play 


against each other a total of °C, = 15 matches 

Total matches played by two groups = 2 x 15 = 30 
Now after selecting 3 top teams from each group, 
total 6 teams would play each other a total of °C, = 15 
matches. Further, after selecting 4 teams for semi-final, 
they would play *C, = 6 matches 

Before final match, there will be 30 + 15 + 6 = 51 
matches. 

Now two top teams play in the final for best of three 
matches means a team winning two matches, would be 
declared world champion. For this at least two matches 
would be played as if a team wins two matches con- 
secutively is no need for third match. 

Minimum number of matches played = 51 + 2 = 53 


asin? x ; Zoos g pene ‘ 5008" w > 120 (i) 
0 < sin’0, cos*o < 1 

l< gine a * <afora>1 

er er) = eae") <3 

1<4°"? <4 and 1<5°°" <5 

l < asin? x : 3008" De qsin’z ; 5008" w < 120 (ii) 
From (1) and (11), we get De BOE At eigen = 170 
sin’x = cos’*y = sin’z = cos’w = 1] 

sin x = +1, cosy = +1, sinz = +1, cos w = +1 

a3 E 


x, y,Z,we[0,10]c 0,32+— |= xe] — 
2 pa aaa 


Permutation and Combination < 6.133 


=> w,ye {0, 1, 27, 3z} 
=> Required number of 4-tables (x, y,z, w)=3 x4x3x4 
= 144 


32. (b) 5 points lying on a circle represent a circle. 
We have total 11 points, any three of these represent a 
circle and no four points except for give 5 are concylic. 
Total number of circles formed = "C, —°C, + 1 = 156 


33. (b) Let a,, a,, a, be the number of coins received by 1*, 2" 
and 3" person respectively. 
Then a,> 1 and a,# afori# j anda,+a,+a,=7 
Number of cases: (1, 2, 4); 1.e., a persons get 1, 2" 
person 2 and 34 person 4 coins. 
Required ways = 3! « ('C, x °C, x 9C,) = 3! x 7 x 15 x 
1 = 630 ways. 


34. (a) Required sum = [2x SE 3x Stax | x (10° + 


104 + 10? + 10? + 10! + 1) 
= (20 + 60 +120) « (111111) = 22222200 

35. (a) Number of numbers lass than or equal to 10’? which are 
perfect squints = ¥10'* = 10° 
Number of numbers lass than or equal to 10’? which are 
perfect cubes = ¥10'* =10* 
Number of numbers less than or equal to 10’? which are 
perfect 4" powers = ¥10'* =10° 
Number of numbers which are perfect square as well as 
perfect cubes = ¥10'7 =107 
Number of numbers which are perfect cubes are well as 


perfect forth powers = “/10'? =10' 
Number of numbers which are perfect square as well as 


perfect 4" powers = ¥10'* =10° 
Number of numbers which are perfect square cubes as 


well as perfect 4" powers = “/10'7 = 10 


Number of numbers which are neither perfect square, 
cubes and 4" powers and less than of equal to 10” 
= 10” — [10° + 10* + 10* — 10? — 10 — 10° + 10] = 
999998990100 


36. (c) For first table m gentlemen can be selected and per- 


_1)! 
muted in °C. eo ways. 


ai —1)! 
The remaining n gentlemen can be permuted in ee 
2 

ways 
(m—1)!(n-1)! 


Total number of ways = °C, x 5 


_ (m+n)! (m—Vl (@—)!_ (mtn)! 
n\m! 2 2 Amn 


But m gentleman and n gentleman can also be arranged 
in 2" and 1* table respectively 


eet 


Required number of ways = 2 
4m 


37. (c) Let the five digit number be abcde 
=abhc00+deis divisible by 25 if de is divisible by 25 


6.134 >» Fundamentals of Mathematics—Algebra | 


=> 


il 


38. (c) 


39. (b) 
=> 
=> 


=> 


=> 


de € {00,25,50, 75} 
de = 25or 50 (others impossible) 


For de= 25 , a has 3 choices 1.e., 1, 3, 4; b has 3 choice; 
c has 2 choice 

Required number = 4 x 3 x 2 = 24 

Number of numbers divisible by 25 and of given form 


8 + 24 = 42 


Sum of six numbers € {—1, 0, 1} vanishes if 
(i) All are zeros 

(11) 2 zeros; two (1’s) and two (-1’s) 

(111) 4 zeros; one 1 and one —1 

(iv) Three 1’s and three —1’s 

Required number of ways = 1+ 

=1+90+30+ 20= 141 


6! 6! 6! 
a ay 2 
(218 4! BY) 


xyzyx,x<y; clearly x #0 

MES 152.8 x. 9} andx<y 

x#y>xe {1,2,3,4,5,.... 8} andy € £2, 3, 4,....9} 
Number of choices for y= 8+ 7+6+....4 1 = 36 
Also z has 10 choices (any digit) 

Total number of numbers = 36 x 10 = 360 


40. (c) Number of ways when two consecutives are selected = 


=> 
=> 


41. 


2(n —3)+ (n—3) (n—-4) 
Number of ways when three consecutives are selected 
=(n — 2) 


Number of ways when no two are consecutives = "C, — 
[(n - 3) (n-2) + (n-2)] ="C, - (2-2 =P, 
=) 


Number of ways when 2 consecutives are selected = 
n(n — 4) 

Number of ways when 3 consecutives are selected =n 
Total number of ways when 2 or 3 are consecutive = 
n(n —4)+n=n(n—-3) 

Number of ways when number of two are consecutive 
="C = nn= 3) - 2. 

FO = 6 

(n— 2) +n(n—3)=6 

nv —4+4n+n*—-3n=6>n=10 


(c) For x = 1, and x = 3, the equation 1s satisfied for x = 4 


L.H.S =9 + 4!; R.H.S =(N/ 

H—1=dy 

1!+2!=3 + (NY 

I!+2!+3!=9=@GyY 

1!+2!+3!+4!=33 # (NY 
1!+2!+3!4+4!4+5!=153 

From 5! Onwards, the sum 1! + 2! + 3! + 4! + 5! +6! 
EL? Ast’, , would have 3 at its unit place, and there is no 


natural number whose square has unit place digit 3. 
There are exactly two solutions x = 1 and x = 3 


42. (d) A signal having 6 flags can have 


43. (a) 


(1) 4 white, 1 blue, 1 red flag. 

(ii) 3 white, 1 blue, 2 red flags 
(iii) 2 white, 1 blue, 3 red flags 
(iv) 4 white, 2 red 
(v) 3 white, 3 red 
A signal is identified by the order of columns. 
Total number of signals formed 

6! 6! 6! 6! 6! 


4! 312! 213! 4!2! 313! 


l 
= 6f oat 185 
Al! 312! 2!3! 412! 313! 


Required number of words = < — [CNumber of words 


starting with E) + (Number of words ending with E) — 
(Number of words starting with E and ending with E)] = 


44, (a) 


45. (b) 


46. (c) 


Let the three digit number be abc ;be §1, 4, 9} 
Corresponding to each choice of b, a has 9 choices 1.e., 
a eé {]1, 2, 3,....,.9} and corresponding to each choice of 
pair (a, b), c has 9 choices 1.e., c € {1, 2, 3,....,9} 

Sum of numbers 


9 9 
= 3x9) kx10° + (14449) x10x 8149) k 

k=1 k=l 
= 27 x 45 x 10? + 14 x 810 + 1215 = 121500 + 11340 
+ 1215 = 134055 


1 million = 10,00000, thus 1 million is smallest 7 digit 
number and we are two find 7 digits numbers greater 
than 1 million and formed by using the digits 1, 2, 1, 2, 
0, 5,2 and divisible by 5. 

Clearly unit place digit should be 0 or 5. 

If the unit pines digit is 0, the other digits can be per- 


. 6! 
muted in ——= 60 ways. 
312! 


If the unit place digit is 5, the other digits can be per- 


muted in = = = 50 
312! 3!2! 
Required number of number = 60 + 50 = 110 


Required number of ways = coefficient of x'* in (1 + x? 
ate x"y ; 

_ ; | X’yp-l 

= Coefficient of x" in — 

= Coefficient of x in [x* — 1]? @’?-1y° 

= Coefficient of x" in (1 — x* (1 —x’y° 

= Coefficient of x4 in CC, — °C, x® + °C, x!) x (1 + 5x? 
+ 70x? + 330x'*) = 330 — 350 + 50 = 30 


47. (d) From 000 to 999, (writing 2 as 002 and 12 as 012 etc.). 


There are 1000 numbers having 1000 x 3 = 3000 digits 
in which each digits occur equal number of times 1.e., 
300 times. 


48. (b) 


Sum of all digits from 000 to 999 = 300 (14+2+3+.... 
+ 9) = 13500 
Sum of digits from 1 to 1000 = 13500 + 1 = 13501 


n(A) = 6; n(B) = 3 
Number of onto function = (3)° — °C, (2)° + °C, (1)°= 
729 — 192 + 3 = 540 


49. (b) Case (i): All 6 are different 


Number of ways of selecting 3 balls = °C, = 20 
Case (ii): Three each of two columns (say) RR RBBB 
Number of ways of selecting 3 balls = Coefficient of x° 
nC) ax + ee)? ; 
_ ; 1-x* 
= Coefficient of x? in 
l-—x 
= Coefficient of x? in (1 — x*)? (1 — xy? 
= Coefficient of x* in (1 + x8 — 2x‘) 
2 3 
2(3)x" 234), a. 4 
2) 3! 
(These four ways are RRR, BBB, RRB, RBB) one can 
also write directly 
Case (iii): Two each of three columns (say) RR BB WW 
Number of ways = Coefficient of x° in (1 + x + x’)? 
= coefficient of x is (1 — x)? (1 — xy? 
= Coefficient of x° in (1 — x° — 3x° + 3x*®) (1 + 3x + 6x? 
+ 10x 4:2, :2) 
= 10 —-3 =7, these 7 ways are (RRB), (RRW), (BBR), 
(BBW), (WWR), (W WB), (BRW) 
(one can write directly) 
Total number of ways = 20+ 4+ 7 = 31 


f+ 2x+ 


50. (c) 20<x+yt+z<50;x,y,zEN 


31. 


52. 


53. 


Required number of solutions = (Number of solutions 
of x + y+ z< 50) — (Number of solutions of x +y+z< 
19), x,y,z EN 

= (Number of solution of x + y + z < 47) — (Number of 
solution of x +y+z<16);x,y,zEW 

(Whole number set) 

— (Pe; Ae oe ie aoe ae os x 2c] _ [Ac: 4 mC ef eC re 
oe ses) Bal Kea Oa Oe 


(b) Let x, y, z be the number of questions attempted from 


Y 


section A, B and C respectively. 

Since at least one question is to be attempted from each 
section 1] <x,y,z<3andx+y+z=5 
(x-1)+Q-1)+@-1)=2,x,-12 0 ete. 

HEY he = 22 Se 0 ele, 

Number of ways = *C, = 6, which are (1, 1, 3); (1, 3, 1); 
(3, 1, 1); 2, 2, 1); 2, 1, 2); C1, 2, 2) 

Required number of ways = 3[*C, x *C, x 4C, + °C, ~ 
4C, x 4C,] = 624 

Out of six married couples, one couple can be selected 
in 6 ways. The other two persons are two be selected 
from remaining 5 married couple, so that a couple is not 
selected 

Number of ways = 6['°C, — 5] = 240 


(c) For exactly 18 correct forecasts out of 21, 3 must be 


incorrect and can occur in *'C, ways. Now each of the 


54 


55 


56 


37 


38 


59. 


60. 


Permutation and Combination < 6.135 


3 incorrect forecasts has two ways of incorrectness. 
Hence total number of ways = 'C, x 2 x2 x 2=8('C,) 


. (a) Every group of 4 points on the circumference of circle 


would provide an interior point of intersection as shown 


below 


‘et ay 


Maximum number of interior points of intersection = 
9xX8x7x6 
9 C — — 


4= = 126 
4x3x2xl 


- (a) Number of ways = °C, x ®C_ + °5C, x 8C, + 5C, x 8C, = 


10 x 8+5 x 28 +1 x 56= 80+ 140 + 56 = 276 


. (d) Required number of ways = Coefficient of x? in (1 + x + 


x2 + + x14 er 

= Coefficient of x* in Ee * | 
—x 

= Coefficient of x? in (1 — x!!)* (1 — x)4 

= Coefficient of x* in [*C, —4C, x4 + ....] 


c pe OX, 4OVOX? AVEO) os , : 
2! 3! 8! 
_ 4(5)(6)..-(11) _ 9x10X11_ 


8! 3x2x1 : 


. (b) Required number of ways = Coefficient x? in (x + x” + x°)® 


= Coefficient of x’? in x1 + x + x’)® 
= Coefficient of x® in (1 + x + x’)® 


1-x 
= Coefficient of x° in | 
l= x 
= Coefficient of x®° in (1 — x°)* (1 — x)® 
= Coefficient of x° in [°C, — °C,x° + °C,x*] x [1 + °° F> 
Cx af 6+ °1C x] 
Sega OG. tC = 14] 


. (b) We have 4 groups of different nations, they can be 


arranged on a circle in 3! Ways Further the people 
inside the groups can be arranged among themselves in 
2!, 3! And 4! Ways respectively. 

Total number of ways = 2(3!)°.4! 


(c) Required number of ways = (Total number of ways of 


arranging 7 persons) — (Number of ways where two 
American are together + Number of ways when two 
Britishian are together — Number of ways when both 
American and both Britishian are together) 

= 6! —[2 x 5!+2 x 5! —4! x 2! x 2!)] = 720 — [480 — 96] 
= 240 + 96 = 336 


(d) 4 boys can be arranged around a circular table in 3! ways 


Now after arranging 4 boys, 4 places are created in 
between the boys, in which 4 girls can be arranged in 
4! ways. 

Number of ways when boys and girls are separated = 3! 
x 4! = 144 
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Now out of these ways we are to exclude those ways in 
which a particular boy and a particular girl are together 
say B, and G, 


“PR oo Fat, 4 
M B, pa —S + S \. G {_——. 
~~ ~ a 


—_ 2 es pe 
> — —— mag: ? — —s, 


~ ‘\ f ‘ 
/ ‘ y 

r \ 
/ \ 
j 


Now each of two cases B, B, Bc can be arranged in 3! 
ways. 
(S55 


Now G,, G, anil G, can be arremeed 4 in position marked 
(X) in 3! a 
Total number of ways when B, and G, are together = 2 
x SI Gh= 72 
Number of ways when girls and boys are separated and 


65. 


(d) 10 identical boxes can contain 12 balls such that each 


box contains at least one ball in the following cases: 
Case (i): 8 boxes single ball each + 2 boxes single balls 
each 


Single ball boxes | Boxes with double balls 

a i 
2W,6B; (WW)(WW) 
3W,5B; (WW) (WB) 
4W,4B; (WW)(BB) ;(WB)(WB) 
5SW,3B; (WB)(BB) 
6W,2B; (BB) (BB) 

Case (ii): 9 boxes single ball each + 1 box containing 3 


balls 


Single ball boxes _ Triple ball boxes 
i Tt 
3W+6B: (WWW) 


4W+5B; (WWB) 
5W+4B; (WBB) 
6W+3B; (BBB) 


Total 10 ways are there 


a particular boy and a particular girl are not together = 66. (c) L=?° =?" C, 
144 — 72 = 72 = (NC erie = 2h 
| } | , N= eC 
61. (a) 4 different Prizes can be given to a particular student in 2=M Ed oN 
°C", ways eee 
Rest 5 different prizes are to be given to rest 4 students. | §7- (a) There are two possible ways of distribution as given 
Each of rest 5 different prizes has 4 options. below: 
Total number of ways = °C, x 4 x (4)x4x4x4=°%C, Case (i): 2 books, 2books, 4 books 
(4) = 8C, (2)"°. Number of ways of selection of 2, 2 and 4 books = °C, 
6 40 — = 
62. (c) Two balls which are to be put in the boxes of same ee en A a ee 
colour can be selected in °C, ways 1.e., 10 ways Case (ii): 3 books, 3 books, 2 books, 
_ ; Number of ways of selection of 3, 3 and 2 books = 8C 
Now, the remaining 3 balls are to be put in three boxes 3 
; x °C", x 7C, = 56 x 10 = 560 
such that no ball goes to the box of its own colour, 3 2 
; 4. 4 Total number of ways of selection of (2, 2, 4) or (3, 3, 
which can be done in af ata =| ways Le., in 2 2) books = 420 + 560 = 980 
ways 2 3! Now, 2 student getting same numbers of books (Le., (2, 
Total number of required ways = 10 x 2 = 20 2) or (3, 3)) and 3" student getting (3 or 4) books can 
63. (a) Number of ways of distributing p identical white balls be selected in 3 ways. 
in n different bags (1, 2) > @ or 3 each); 3 > © or 2) 
= Number of solutions of equation x, + x, + x, + ....+ (2, 3) > @ or 3 each), 1 > @ or 2) 
x, =p; x,20 (1,3) > @2 or 3 each); 2 > (4 or 2) 
=Ptm-IC  =P*"-IC ways Total number of ways of distribution = 980 x 3 = 2940 
- 1 re +n- ‘ : 
Similarly for q identical balls = 4*""'C, ways and forr | 6g, (b) Required number of ways = Number of solutions of 
identical balls ="*""'C, ways equation (x, + x, + x, +x, = 8; x,2 0) — 
Total number of ways of distribution = ills Os eo (Number of ways when any one gets 5 or more angles 
e Wer €, ways (5 oranges) (6 oranges) (7 oranges) 
64. (c) For the time being, let three A’s are different 1€.,A,,A,,A, =¢,- 4 C x5C, 44 Cx! C, 44 CXC, + 
Let x be the actual number of circular permutations 
A, 
yan si ~ (8 oranges) (4 oranges) (4 oranges two persons) 
| is "ClO xX = yen 
Nv = 165 —[40+ 24+ 1244+ 54] =31 
69. (b) Number of ways of forming groups of 2, 3 and 4 people 


| 
Then, x.3!=(6—1)! => =- 20 


gd Ort a Coe cas Cs 


Now, three floors out of 10 floors (except for ground 
floor) can be permutated in '°P, ways 

Total number of ways in which 9 people can leave the 
lift in the groups of 2, 3 and 4 

= IC AC NE 

_ 9! 7! 10!_ 9x8x10!__ 10! 


= —x— X1x — = ——_ = — 
2!7! 314! 7! 2x6x24 4 


8 8 4 
C.™ C, x C, 


Total number of ways = 15680 + 29400 + 1960 + 18816 
+ 6272 + 4704 = 76832 


71. (b) Let 7, denotes the days when two train departs a day for 
three days. 7, denotes the days when one train departs 
a day for two days and 7, denotes the days when three 
trains depart a day for two days. 
Required number of ways of compiling time tables = 
Number of permutations of 7,7,7,T7,7,7,T 


a a sa a ak 
7! 


= — =7X5xX3x2=210 ways 
31212! 

72. (a) Any number between 1 to 999 is of the form abc when 
0 <a, b,c, <9. Let us first count the numbers in which 
3 occurs exactly once. Since 3 can occur at one place in, 
1 x °C, x 9 x 9 = 234 ways. Next 3 can occur in exactly 
two places in, °C, x 9 =27 
Lastly, 3 can occur in all three digits in only one way. 
Hence the number of times 3 occur 1s = 1 x 243 + 27 x 
2+1x3=243 + 54+3 = 300 
Alter: Since 3 do not occurs in 1000 
We have to count number from 1 to 999. 

Any number between 1 and 999 is form xyz; 0 <x, y,z <9 
Case I: 3 occur exactly once. 
3 can occur at any place out of 3 in °C, ways remaining 
place can be filled in 9 x 9 ways. 
Numbers = 3 x 9 x 9 = 243. 
Case II: 3 occurs twice: °C, x 9 = 27 
27 number are that 3 occurs twice 
3 occurs twice (2 <x 27) times = 54 times. 
Case ITI: 3 occurs thrice: Only 1 numbers 
3 occurs 3 times 1s = 1 x 2344+27 x 2+1x«x3+243 + 
54 + 3 = 300. 
73. (ce) x+y + 3z2= 33; x,y,z220>x+y= 33 -32 
1 


1 
=> Number of solutions = 4 **"'C, 
t=0 
= a GA + a Or + =O. + a Cs eee se 


12 
=1444+7+....+314+34> —[14+34]=210 
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74. (b) Required number of ways = Coefficient of x°° in (1 +x 
eres nt ee)? Clee ae Xe) 
26 


. 1- 
= Coefficient of x°° in ( , - 
—x 


= Coefficient of x in (1 —x*Y (1 —x)? 1 —-x) (1-x)y' 
= Coefficient of x in (1 — x)? 1 — x") (1 -— xy? 
= Coefficient of x°° in (1 — 2x**) (1) 1 — xy? 
= Coefficient x°° in (1 — 2x°*) * 7 IC. + 3 * 
IC x) 
24 
Sn = 20) = en OO O10 


2 
J data ate) 


75. (b) Required ways = °C, — Number of ways when any one 
of three rows remains empty 


_ 8x7x6 | ¢ 
3x2x1 


C; + °C, |=56-2x6=44 


Row lempty Row 2 empty 


76. (c) If we want to fill AAABBB, so that none of R,, R,, R,, 
R,, R, remains empty, then we are to use R, and 
R, and from R,, R, and R, use any two boxes of one of 
the three rows and one box of reaming two rows. 
Number of ways of selection = 


3 3 3 
Ix1x} 3(C,) x “G x ‘¢, 
a4 : <a — — 
Be: te R, or R, or R, uses Single Single 


2 boxes Ox box 

=3x(3)x3x3=81 

Required ways of permutations of AAABBB in these 

81 ways of selection 

_ 81x3!_ 81x 720 

31x 3! 6x6 

77. (b) Required ways = °C, — (Number of ways when R, or R, 

are unused) 


= 1620 


R,> 
R-> 
R,-> 


=*C, - (°C, + C,) = *C, - (12) = 56 - 12 = 44 


78. (c) Number of diagonals of n sided polygon are given by = 
"C, —n = 104 (given) 
n(n—1) _ 


n=104 => =[n-1-2]=104 


=> n(n—3)=208 => n’>—3n—208=0 
=> n=16 


79. (a) Case 1: Ifthere is only one line: Number of sub parts = 2 
mee 
2 
Case 2: If two lines are there: Number of sub parts = 2 
hea 
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80. (a) 


=> 


Case 3: If three lines are there: Number of sub parts = 
2 Daa 1 


Case 4: If four line are there: Number of sub parts = 2 
qed or ee Uh 


Case 5: If five line are there: Number of sub parts = 2 
+2+3+4+5=16 


And in generally, if there are n-lines, Number of sub 
parts=1+1+2+3+4+...+n 
n(n+1)_ n?>+n+2 

2 pi 
The number of numbers starting with 1 and not divisible 
by 5 = (6! — 5!) = 600 


= 1+ 


wily 2,5,4,9;6, 73:1): 2:3,4,6,7,5 
oe —s 

Similarly 600 numbers are there starting with 2 and not 

divisible by 5 and 600 numbers are there starting with 2 

and not divisible by 5. 

There are 1800 numbers starting with 1, or 2 or 3 and 

not divisible by 5 

Next, fix 41 in first two places 41, 2,3,5,6,7;41 2,3,6,7 
ee ee 


5! ways 4! ways 


Number of numbers not divisible by 5 = (5! — 4!) = 96 
Similarly number of numbers starting with 42 and not 
divisible by 5 = 96 

Total 1800 + 96 + 96 = 1992 numbers are there upto the 
numbers starting with 42 and not divisible by 5. 
Number will be 1992 number will be 42, 76, 531 
Number will be 1993 number will be 43, 12, 567 
Number 5, 67 can be permuted in 3! = 6 ways out of 
which two are divisible by 5, which are 675 and 765. 
1992 + 4 = 1996 the number not divisible by 5 is 43, 12, 
756 

Clearly 1997 in number will be starting with 4315, and 
ends the smallest permutation of 2, 7 and 6 

Now 276 can be permuted in 6 ways (1996 + 6); 2002 
number will be 43,15, 762 


greatest permutation 


2001 number will be 43, 15, 726 


81. (b) 6 left gloves can be distributed to 6 persons in 6! ways. 


82. (a) 


83. (c) 


84. (a) 


Now distribute 6 nght gloves so that at least 3 persons 
get a complete pair. 

Number of ways corresponding to each of 6! distribu- 
tion of left gloves, when right gloves distributed 

So that exactly 3 or 4 or all for a complete pair. 


7 ‘ol a(i-tetet||eec|a(i- tat V/s 
I! 2! 3! I} 2! 
20 [2] + 15(1)+1=56 


Total number of ways when atleast three persons get a 
complete pair = 6! x 56=6! x 7x 8=8! 


c.d. = 2; (1, 3, 5); (2, 4, 6); G, 5, 7); .... (21, 23, 25) 
Total groups = 21 

c.d. = 4; (1, 5, 9); (2, 6, 10); ..... 317, 21, 25) 

Total groups = 17 

c.d. = 6; (1, 7, 13); (2, 8, 14); ...., (13, 19, 25) 

Total group = 13 

ed. = 1251; 13,25) 

Total group = 1 

Total number of groups of three numbers in A.P. with 
even common difference 


=14+54+9+.....421= =(1+21)= 66 


Unit place has 3 choices 1.e., 0, 2 or 4. Each of these 
digits occur in 5 x 6 x 6 = 180 times. 

Sum contributed by unit place digits = 180 (0 + 2 + 4) 
= 1080 

Now thousand place digit has 5 choicesi1.e., 1,2,3,40r5 
Each of there digits occur in 6 x 6 x 3 = 108 times 
Sum contributed by thousand place digit = 10° x 108 (1 
+2+3+4+5)= 1620 x 10° 

Similarly contribution to sum by hundred and ten’s 
place digits each of 0, 1, 2, 3, 4, 5, occurring 

5 x 6 x 3 = 90 times = 10?x 9010+ 1+2+3+4+5) 
= 1350 x 10? 

And 10 x 90(0+ 14+2+3+4+5)= 1350 x 10 

Sum of al even numbers = 1620 x 10° + 1350 (10? + 10) 
+ 1080 = 1769580 


There are 7 types of notes of denominations 5 Rs, 10Rs, 
20Rs, 50Rs, 100Rs, 500Rs and 100Rs. 
Now in a set order containing 10 Currency notes can be 


displayed in 7X 7X7x.....X7=(7)"° ways 
(10 times) 
(‘.. Currency notes may be repeated) 
After selecting one note of each denomination, we are 
to select 3 more notes 
Following cases are possible: 
Case (i): All 3 are of same denomination 1.¢., 7 ways. 


10! 
Number of ways of forming set order = at x7 


Case (ii): 2 of same denomination and 1 of different 
1.€., ‘Cx Z 10! 
Number of ways of forming set order = Err x'C.«2 


Case (iii): All 3 are of different denominations 1.¢., ’C, 
ways 


10! 


Number of ways of forming set order = ———_ 
2!2!2! 


Total number of ways 
10! : 10! 10!~—og 
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jou] a+ 243 | i 1010] 


28 49 
10107)( = = 10 = | 


85. (a) Following cases are possible 
Case (i): All some digits 9 numbers of this type (11111, 
2272) 3.99999) 
Case (ii): Exactly 2 different digits number of ways of 
selecting 2 different digits °C, = 45. 
Sub case (a): When one of two different digits is 0 and 
other is non-zero e,g., 50000, 50500; 55500 etc 
Corresponding to each of such 9 selections, first place 
has exactly one choice 1.e., non-zero digit each of next 
4 places has two choices 0 and non-zero digits. 
Number of such numbers formed = 9(1 x 2 x 2 x 2 x 2-1) 
= 135 (one way is subtracted when each digit is same) 
Sub case (b): When both different digits are non-zeros. 
e.g., 57757 
Number of ways of selection = °C, = 36 
Now each of such 36 elections, each place has 2 choices 
Number of such numbers formed = 36(2 x 2 x 2 x 2 x 


2 — 2) = 1080 
Two ways are subtracted when all digits are same in two 
ways) 


=9 + 135 + 1080 = 1224 


86. (c) Let the fixed seats of master and mistress be as shown 


below: 
master 
n /j \ n 
i ye 
(n—2} mistress 
guests + master master master 
/ G, 
n 
; guests 
= 2 1 G, 
mistress mistress mistress 


Case (i): When G,G, are on left half or right half of 
circular table. 
Number of ways of selection and arrange 


= 2[7"?C, nl{nt- (n-1)!x2}] 


2n-2)! 
=2 other Dien— 2) 


= 2[(2n — 2)! ((n — 1) (n= 2))] = 2n — 2)! (2n? — 6n + 4) 


. (b), (c), (d) Total number of ways = 
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Case (ii): When G, and G, are on left and right side 


misters. 
Number of ways of selection and argument = 2[7”°C_ 
—2)! 
Salil lO hn eon oy ie 
(n—1)'(n-1)! 


Total number of ways of argument = (2n — 2)! [2n? — 6n 
+ 4+ 2n?] = (2n — 2)! [4n* — 6n + 4] 


87. (a) Case (i): When difference is 1, pair of numbers can be 


(1, 2); (2, 3), ...., (99, 100) 1.e., 99 

Case (ii): When difference is 2, pair of numbers can be 

(1, 3); (2, 4), ...., (98, 100) 1.¢., 98 

Case (iii): When difference is 3, pair of numbers can be 

(1, 4); (2, 5), ...., (97, 100) 1.e., 97 and so on 

Finally when difference 10, pair of numbers can be (1, 

11); (2, 12); (3, 13), ..... (90, 100) 1.e., 90 

All possible pairs with difference atmost 10 = 90 + 91 

+92 tice 99 

_ (99)(100) (89)(90) 
2 2 


= 945 


SECTION-IV 


- (a), (b) Given n distincts objects a,, a,,.....a, (each in abun- 


dance) 

Number of ways of choosing r ( r > n) taking each of these 
at least once 

= Number of ways of distributing (r — n) identical objects 
to n types 


= 0000...0 1111... 


r—n balls —_n—1 seperate 


= SEE ee. ene 
(r—n)\(n-1)! — ‘ 


1 


. (b), (©) P = n(n? — 1) (n? — 22) (n? — 32)..... (2 —P);n>F 


=> P=n(n+1)(n-1)(n+2)M—-2)(n+3)(n-3)....(n 
+r) (n—-1) 

=> P=(n-1r)(n-(r-])....(n—3)(n-—2)(n—- 1) x n(n 
+ 1)(n+2)(n+3)..... (n+Tr) 

=> Ps the product of (2r + 1)!, consecutive integer 

=> Ps divisible by (2r + 1)!, also (2r + 1)! = (r+ 1) (2r) 
(2r — 1)! 

= Pis also divisible by (27 — 1)! 


. (a), (d)xt+y+z+w=19 


Number of positive integer solution = number of whole 
number solution of the equation x,+ y, + z, + w, = 15 

= Number of ways of distributing 15 identical objects to 4 
persons 


= Number of arrays of 00000.0 111 =?C 
Ue a 3 


15identicalballs 3seperate 
= Coefficient of x’? in (x + x7 +: x3 +...4+ xl? )4 
(200)! 
(100)!(2!)'” 
divided by (100)! since the groups are unnamed. => (c) 
_ 100!.(101)(102)(103)....(200) 
(100)!(2!)'° 


(SEEKER 


2 
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(200)! (1.3.5...199)(2.4.6...198.200) 
(100)1(2)'? — (100)!(2)'° 


(100)!(2)'°° 


Also 


=(1.3.5.... 199) 


= (d) 


5. (a), (b), (©), @) 


Let number of a’s be k and number of b’s be 2n — k 


= Number of arrangements = _ an to be maxi- 
mum; k = 2n—k Ki(2n—k)! 
pay a 2n(2n=W2N= 2)...4.3.2.1 ane 
nin! ‘ 
5 Ae SEC) (1.2.3....n) 
n! 
_ 2.6.10.14.......(4n— 2) ov . 
n} 
Also 2n(2n—-1)(2n- 2)..... wr eras) 565 
n! 
n { =a n a 
Also *C = 2 nif. 3..(2n 1)]_ 2"[1.3...2n-D] = (4) 
(n!) n! 
- (a), (db), ©) 
Total number of ways = Number of ways when R and W 
together = 8! — 7! 2! => (a) 
= 7! (8-2) =6(7!) => (b) 


Now, Arrange 6 balls excluding R in 6! ways and in 7 gaps 
2 balls R and W can be arranged in ’p, ways. 

= Total number of ways = ‘p, x 6! ways = 2.6! .’C, 

=> (c) 


- (a), (b), (©), 

Let the friends be PF’, F,,, F,, Fi... ... LP ed 

Thus required ways = Total number of ways — Number of 

ways when two particular friends F’, and F’, (say) are invited 

="C.-n UF as) = 7G, CG, ways 

=> (a) 

Also, n(F,F,...)X °C, +n(F,F 1...) X °C, + n(FiF,...) X °C, 

=> °C,+2 CC) =’C, + 2CC,) =3 CC,) ways = 3x (126) = 
378 ways 

- (a), (b), ©) 

Let x, y, z, u be the number of vertices left between any two 


chosen vertices 
=> x,y,z,u2landx+y+z+u=16 (1) 


9; 


10. 


11. 


Equivalently, x+y+z+u=12;x,y,z,u = 0 
20x°C, _ 5x15x14x13 


4 3x2 
Also on choosing one of the vertices (say A) 


Required ways = =2275 


(a), (d) Case (i): When two points from non-collinear points 
and two points from collinear points are taken to form a 
quadrilateral. 
Number of possible quadrilaterals = ’C,x°C,,. 
Case (ii): When three points from non-collinear points and 
one point from collinear points are taken to form a quadn- 
lateral. 
Number of possible quadrilaterals = ’C, x °C,,. 
Case (iii): All the four points are taken from non-collinear 
points to form a quadrilateral 
Number of possible quadrilaterals = 'C, 

Total possible quadrilaterals = ’C, x °C, + 'C, x °C, + 


’C,= 21x 10+ 35 x5+35=420=7x6x5x2= 


! 
22). 2 P, 
4! 


(c), (d) Number of non-negative integer solutions of x + y + 
2 w= 10 =O = PC 
Number of ways of distributing 10 identical objects in four 
different boxes. 
=> (a) 1s correct option 
Also it is the same as number of selections of 10 objects 
from a lot containing 4 varieties of objects 
=> (b) is correct option 
Clearly (c) and (d) are incorrect. 


(a), (b), (c), (d) Let x the number of horizontal steps taken 
by I, and x’ that by J, and let y be the number of vertical 
steps taken by J, and y’ by J,. 


xty=x ty (". speed of J, and J, are equal) 
Furtherx +x’ =8andyt+y =8 
=> x =8=xy =8-y» 
x + (y)=(8-—x) + (8-y) 
=> 2(x+y)= 16 > XE VHS 
=> y=8-x 
To meet at any point 


Number of ways in which J, can take x horizontal steps 
and (8 — x) vertical steps 
_ [x+(8-x)]!_ 8! kg 

x(8—x)!  xl(8—-x)! 
Similarly J, can take (8 — x) horizontal steps and x verti- 
cal in °C, ways. 
The two can meet corresponding to a particular value of 
x in ®C_ x °C, = @C_)’ ways 
But x € {0, 1, 2, 3,4, 5, 6, 7, 8} 
Total number of ways in which two insects can meet 
during their joining 


= LECY = CGY + CGY ++ CGY 


= "Cy is Os OF SC, ais Ore Oe rena aa Oty OF ale OF 
(d) is correct option. 
16x15x14x13x12x11x10x9 


Further '*C. = 
e 1x2x3x4x5x6X7x8 


= (a) is correct. 


_ (2)°x2x(2)°5x7x13x3x11x5x9) 
1xX2x3x4x5x6x7x8 


=> 
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c.d. = (m — 1); (1, m, 2m—1); (2, m + 1, 2m) 

c.d. =m; (1, 1 +m, 2m + 1); Gmpossible) 

Number of 3 terms in AP=2+4+6+....+(2m-— 2) 

_ (m-)) 

2 

oa 
Z\2 4 

(b) is correct option. 


[2+2m-—2)]= m(m-1) 


14. (a), (b)a<b<ca, bce §1,2,3,n} 


=> 


=> 


Case (i): a < b < c select any 3 out of n; and arrange 
them in ascending order and naming a, b, c 
Number of ways = "C,. 
Case (ii): a = b <c select any 2 out of n; and arrange 
in ascending order first are becomes a and b and the 
second one becomes c. 
Number of ways = "C,,. 
Total ways = "C, + "C, 
(a) is correct option. 
= "*IC, (by Pascal’s rule) 
(b) is correct option. 


15. (a), (b), (c) 
HEE GEE GS) ta oi 33 
LAZA3Z3A4 AS KA 6 7 5 
He will stop after 5 steps or after reaching 3 or —2 
=e Ap one (a) Number of ways of reaching (—2) are 
 GEISIEIERG HG) Med Bea 
PURER ONS PRD OE NA Te O>C) -O -D > & 
= (c) is correct. (O0O)> dad) 70) 7% ©) &) 
. (b), (c), (d) Let the occupied seat 1s represented by G and mes ae) 
vacant by R, thus we are booking for permutation of 4G and Dy NaySot meaening (ate 
6R such that no two G are together. is i) Ms aC ic aa 
(O) >) eel 2) > 1) 
(I R(2)R(3)R(A)R(S)ROO)R) O70) 72 3770 9 2 ®@ 
_ | O>C) +O +0) > ® +@ 
Clearly it is equal to number of ways of choosing 4 => 4dways = (b) 
places out 7 vacant place = 'C, (c) Total ways in which he stops after five steps are 
=> Number of ways of arranging 4 people in 7 1s required (0) > (1) >(0) > (1) > 0 >) 
ways = 'C, x 4! = 'C, x 4! = 840 09> 0) %2 90) > ® >) 
. (a), (b) Case 1: Let n = 2m + 1 (odd) Ord 7~@ 7H ~*~ @& ~~) 
c.d. = 1; (1, 2, 3); 2, 3,4) .....(2-2,n—1,n) Ord -@ 70M 7 & GB) 
c.d. = 2; (1, 3, 8); (2,4, 6) .....(n—4,n—2,n) Or CD) 7~@ ~ CD © CEC) 
c.d. = 3; (1, 4, 7); (2, 5, 8) .....(n—5,n—3,n) O7r CD) 7~@ ~ Gd ~*~ 2 GB) 
c.d. =m; (1, 1+m,2m + 1) (Oye (Gl). =e) =e Oy > (Or =e) 
Number of 3 numbers in AP=1+3+5+....+(n—2) (0) > @) >O0O) 7 ¢C)7> © (7) 
a a ee (#=1\ 4-9 (n=)? O70 22 20) > @ +e) 
2 a, 4 4 (Oy CL) =O) =e El) = OO) ET) 
=> (a) is correct. (Olay oGl) =O): = Cl) = 0) =a) 
Case (ii): If n is even; n = 2m (0) md (1) 7Q 7M > @ ~©@ 
eds = fs 300 3:4) an Om 2 21, a) Whichare=12 0 =>  (¢) 


(d) Total ways of completing the experiment = 16 


e.d. = 2; (1, 3; 5); C,.4, 6) «.... (2m —4,m —2, 2m) 
= (d) (incorrect) 


c.d. = 3; (1, 4, 7); (2, 5, 8) ..... (2m — 6, 2m — 3, 2m) 

c.d.=4; (1, 5, 9); (2, 6, 10) ..... 2m — 8, 2m — 4, 2m) 16. 
c.d.=(m—2),;(1,m-— 1, 2m — 3); (2,m, 2m —2)..... 3, 

m+ 1,2m— 1); (4,m-+ 2, 2m) 


(a), (b) Number of times the teacher visits the zoological 
garden = °C. 
Number of time each child visits the zoo = *C,,. 
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Yd: 


Number of times the teacher visit the zoo exceed the 
number of times each child visit = >C eee 24C 3 
By Pascal’s rule “C+ C= C, 

a oe _ Be = ™G, | 

(a) and (b) are correct option. 


SECTION-V: (ASSERTION REASONS) 


1. (b) Maximum number of points of intersection of 8 circles 


aC. 0 = Assertion is correct. 

Further 4 circles and 4 straight lines can intersect at 
maximum = 2.4C, + 4C, + (4 x 2) x 4=12+6+32=50 
Reason is also correct, but being no link between asser- 
tion and reason. 


ia n(n—1)(n—2) = Product of 3 consecutive 
(n— 3)! 


integers must be divisible by 3!. 
Assertion is correct. Also reason 1s correct explanation 
of assertion. 


Clearly reason is true 


L,, L,, L, > E,,E,, E, 
So that number letter goes to correct envelope. 

1 1 1 
Corresponding number of ways= af - ae CTmET: } 


Similarly L,, L,, L,— E,, E4,, E, 

So that no letter goes to correct envelope. 
Corresponding number of ways = 2 

Total ways = 2x2=4 

Assertion is true and reason correctly explanation of the 
assertion. 


4. (d) Clearly the reason is correct 


To find exponent of 50 in 100! 
Exponent of 2 in 100 = 


100 100 100 100 100 100 
creed fe i ieee (el ere eel al ecard bac Dewar cand a ea ae 50 + 
2 2 2 2 2 2 
227 12767 or So] 


Exponent of 5 in 100! = = oun 


AS + Se |= 20+4=24 


2 


100! = (2)? (5)* (3)k (7)! ..... 

= (2)°7 (25)? (3)* (7)! .... 

= (2 « 25)? (2)? BY) x: 

= (50)!? (2) (3) (7)! ... ... 

Exponent of 50 in 100! = 12 

k=12 => Assertion is incorrect 


5. (d) Clearly reason is correct 


Sum of all given digits =0+14+2+3+4+5=15 

To get a group of 5 digits having their sum divisible by 
3, we are to exclude a digit divisible by 3 

1.e., 0 or 3 

Number of five digit numbers divisible by 3 = 5! + (6! 
— 4!) = 216, but then are the number without repetition. 
Obviously, it repetition is allowed, then three will be 
more such numbers including there 216 numbers 
Assertion 1s incorrect. 


6. (a) Clearly the reason is correct standard result for number 


=> 


=> 


of de-arrangements. 
It f. {a, b, c, d, e} > {a, b, c, d, e} is onto and f(x) # x 
All the elements of sets {a, b, c, d, e} are to be mapped 
to elements of itself and no element is image of itself. 
Number of ways = sitar t4o | 44 

I! 2! 3! 4! 5! 
Assertion is correct 


7. (a) It can be verified that 1! + 2! + 3!+....+9! = 409113 


=> 
=> 


Also for n!; n = 20 

n! =5 x 10 x 20k; where k = (4! x6x7x5x9x11x 
12x .....x19)xmmeZ 

n! is divisible by 1000 

Reason is correct option. 

Now, 1! + 2! + 3!+....+4!+20!4+21!+... +49! 


409113+(a,a,q,...4, 000+ b,b,b,...b,000 +....+ n,7)N,....n,, 000) 


= ttt,...t,113 ; having its one place digit, ten’s place digit 1 
and hundred’s place digit 1. 


=> 


8. (a) Total permutation = 


Assertion is true and correctly explained by reason. 

9!, when 4 maths lecture are 
together MM, M,M, B, B, B,B,B, 

No of permutation = 4! x 6! 

Required permutation = 9! — 6! x 4! =6!. [9.8.7 — 24] 
= 6! x 24[21 — 1] = 6! x 24 x 20 =6.5!. 24. 20 = 5! x 
5! x 4=4 (5!) 

Both assertion and reason are correct and also reason is 
the correct explanation of assertion. 


9. (d) Clearly reason 1s correct as it is the standard result of 


=> 


obtaining sum of positive integer divisors. 

Now, 720 = (2)* x (3)? x (5)! 

Sum of positive odd divisors of 720 = (1 +3 + 37) (1 + 
5) = 78 

Now, perfect square odd divisors of 720 are 1 and 9 
only 

Sum of positive odd divisors of 720, which are not 
perfect square = 78 — (1 + 9) = 68 

Assertion 1s incorrect 


10. (d) Reason is standard result and hence correct. 


=> 


11. (c) 


Since by using all digits 1, 2, 3, 4, 0, every number 
starts with a non-zero digit 

Sum of all such number will be = (1 + 2 +3 + 4) 4! (10%) 
+(1+2+3+4) (4! —3!) 103+ 107+ 10+ 1) 

= 240 (10%) + 180(10? + 107+ 10+ 1) 

= 240 x 10* + 180(1111) 

= 240 x 10* + 240 (1111) — 60(1111) 

= 240 x (11111) — 60(1111) 

Assertion is incorrect 


Out of 4 collinear and 4 non-collinear points a quadri- 
lateral can be formed if we take 


(i) Two non-collinear points and 2 collinear points. 


Number of such quadrilaterals formed = 4C, x *C, 


= 36 


(11) 3 non-collinear points and 1 collinear point. 


Number of such quadrilateral formed = C. IC A 


16 
(111) 4 points from non-collinear points, 
Number of quadrilaterals formed = 4C, = 1 
Total number of quadrilateral formed = 36 + 16 + 
153 
Obviously reason 1s incorrect. 


SECTION-VI: (PASSAGE) 


Passage A: 
Le (A) eR ee ee 20 el 


=> 


at+b+cet+d+e=20 
Required number of ways = **°?"'C,, = ™C, 


2. (a) Letx,=2A,+ 1 


3. (c) 


Required ways = Number of integral solutions of A, + 
ASA. A, A:= 10 
Reduired Ways PE, 


Required number of ways = coefficient of xin (x + x? 
tx3t.... +x) 

= = Geni cietit of x in Cl FX eee) 

= coefficient of x?° in (1 — x!) a —x)y° 

= coefficient of x” in (1 —°C, x".......) d-xy° 

= coefficient of x” in (1 — x)° —5 « coefficient of x? in 
(l-xy° 

— 5+ its Co —_ 5 x 5+9-1 G, = err _ 5 x a OF = a em —_ 5 
x a Oo 


Passage B: 


4. (b) Number of ways of selection = *C, 
5. (d) B, B,B,B,B,B,B_B, 


Total ways = 3° 

Number of ways when 1 boy receive no ball = 3 x 28 
(ways for selection of 1 boy) 

Number of ways when 2 boys receive no ball = °C, (1)° 
Required number of ways = 3° — 3.2° + °C, . (1)° 
Aliter: Number of ways of distributing ‘n’ different 
things into ‘vr’ different group when no box should 
remains empty is7r?—’C, 7@— 1)" + "C,(r— 2)" +... + 
ab ean Cone 

Here n = 8 andr =3 

Required number of ways = 3° —°C,. 2° + °C,.1° 


6. (a) Since each letters can be posted in 3 ways 


Required number of ways = 3° 


Paseaee C: 
7. (a) 8 Batsman, 6 Bowlers, 4 All rounder, 2 Wicket keepers 


Required number of ways: 

(a) No All rounder, No Wicket keepers 
(b) No All rounder, 1 Wicket keeper 
(c) 1 All rounder, No Wicket keeper 
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(d) 1 All rounder, 1 wicket keeper 
a Ors + ac x "Cs + Ge x ass Or + ues oe gs 
8. @ oe I: When agile ‘sowler players: 
Number of ways of selection = selection of 10 persons 
from 6 batsman, 5 bowlers, 4 all 
rounder, 2 wicket keepers. = ''C,, 
Case II: When that particular bowler does not play! 
Numbers of ways = °C, 
Total number of ways = '’C,, + °C, 


9. (b) Case I: Batsman plays: Number of ways = *C,, 


Case II: Batsman does not play: Number of ways = °C, 
Total number of ways *C,, + °C,, 


Passage D: 
10. (b) MM, AA, TT, HE, C, S, I 


if 2} 3/4[5] 6} 7] [9 fiojss 
SF er a a 
Required number of ways = Total Number of ways 
— Number of ways when no repeating letter is at odd 


Repeating letters are 6, 
Number of even places 5 
”. Atleast one letter occupies odd place 


.. Numbers of ways= 0 


11. (a) Both M’s and both A’ S are together 


|MM |,| AA], TT, HE, C, S, I 


9! 
Number of ways = a 


= Number of ways when both M’ S, A’s and T’ S are 
together 


[Mm |,| AA|,|7T], HE, C, S,1= 8! 


9! 
Required number of ways = aa 8!= °C,.7! 


12. (a) Firstly arrange consonants and then vowels at empty 
space (CROSS MARK METHOD) 
xMxMxTxTxHxcxSs~x 
Required number of ways 
Sy ‘C.. x a 

2!2! care pM 


Selection of 4spaces —— 
Arrangement of 4 vowels(AAEI) 


13. (b) Number of ways = °C, x *C, = 56 x 6 = 336 


14. (a) Number of ways = (2 non-official and 3-official) + (3 
non-official < 2 official) + (4 non-official = 1 official) 
= CCC) CCa* "Cr CCX "G) = (336) 112) 
+ (8) = 456 
Aliter: Number of ways = Total ways — [Number of 
ways when 1 non-official is selected + when no non- 
official is selected] = ’C, —[@C, x *#C,) + °C] 


meraee 1098 (87654, 87654)_rop 1290.4 


56] = 792 — 336 = 456 
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15. (d) Required number of ways = "'C, 


Se UL eee eye 
120 


SECTION-VIII; (MATRIX MATCH TYPE) 


1. @) >©; GD>@); Gil)>(@); (iv)>(b) 
(i) Case (i): Using single distinct digit x(say); x 4 0 


; 9 numbers formed 


Case (ii): (a) Using two distinct digit x, y both non- 
Zeros 


or 


6! 6! 
= °C, «| ()+2( 5 )- 1800 
313! 2!4! 


(b) Using two distinct x and y: x= 0, y# 0 


5! 5! 5! 
Number of ways =’C |= + =) 225 
4! 312! 312! 
Case (iii) (a): Using three different digits, x, x, y, y, z, 
Z,xX,y,zZ#0 
Number of ways =’C Pane 7560 
21212! 
(b) x=0,y#0,z#0 , , 
Number of ways =°C, ea = 2160 
2!2! 212! 
Total number of ways = 9 + 1800 + 225 + 7560 + 
2160 = 11754 
(ii) (3, 1, 1); @, 2, 1) 
‘ °C, x*C 
Now of ways = °C, py 25 
(iii) (6) (7) - 1 =41 
e__—’ 
ways of selection ways of selection when non of 
of SP's of 6Q's pad Q are 


selected 


(iv) First letter can be used in 26 ways and er letter can 
also be used in 26 ways for different first two initials 
26 x 26 = 676 students can have two different initials. 
There should be atleast (676 + 1) = 677 students in the 
school to guarantee. 


2. (I>(C); (i) (b); (ili) (4d); Gv) (a) 
@G@) 20=1x2x2x5x1l=1x4x5x1x1 


Required number of numbers 
= gon gee 30+ 20=50 
22! 3! 
(ii) Required number of ways = 5! — (Number of ways 
when exactly 1 play was put in its position + Number 


of play was put in its position) 


= st C, alts Z-tep}s(i-tet- tet -t] 
I! 2! 3! 4! is 2h Bt a 3) 


= 5!1-[5(12— 441) + 60—20+5-1] = 120 -[45 + 44] =31 


(iii) Form 1 to 1000; for atleast two consecutive same inte- 
gers the number must be either of two digits or 3 digits. 
For two digits numbers, number of ways = 9 
For three digit number, 


Number of ways 
9 x 9 + 9 + 8K9 + 9 + 1 ==172 


a se ee ee a ee a ee 
ten's & hundred unit place digit type(500) numbers of numbers of (1000) 
place digit same (different) type 788 type 777 


Total numbers = 9 + 172 = 181 


(iv) <y dts 


1<i <j<9 


7 es 
15 5 


_ me x1) - 7 | Bo2sste)) a 
2 2 


3. @>(©); Gi) > (a); Mill) > (©); Gv) > (©) 


(i) Required number of arrangement = Coefficients of x* in 
2 2 
afi 7 =| (1+ x)? 
1 
= alc, +*C, are 2°C, Hc) #CC,)| = 606 


(ii) Required number of ways = Coefficients of x* in 
2 3 
afiex+= | (l+xy 


= Coefficient of x* in 


x? ; x x ‘ x’ 
4!) °C,| x+— | + °C} x+— [+ °C,| x4+— | +°C,| x4 = 

2! 2 2 2 
MRE eC eae CO eG eG Ce PC Xe 


= Coefficient of x* in 


3x° Pam x° 3x4 3x? 
= Al 14+3x+—4+3] x°+—42x° |4+x°+—+—+— 
2 4 8 4 4 


X Clee Oe a LOR ax Ee) 
3 3 3 3 
= af 54304154304 34154543 |- 24{ 100+ 245) 
4 2 4 2 


= - Sx 24 = 2454 
(iii) Number of selection of 4 letters from the word ASSAS- 
SINATION 
= Coefficient of xtin (1 +x4+x74+ 224+ x4) (1t+x4+2x74+ 
we) +x+ x’ x (1 +x 
= ceo of x* in (1 + 2x + 3x? + 42° + 4x*) (1 + x 
PP eee tee) Cl eee 28) 
- aan of x* in (1 + 2x + 3x? + 4x° + 4x‘) (1 + 4x 
+ 8x? + 10x? + 8x‘) 
= 95 202-24 16-4 = 12 
(iv) We can choose a student from section I in 9 ways and 
from section IT in 8 ways. 
Total number of ways = 9 x 8 = 72 ways 
4. > @); @) > @), (6), ©; Gil) > (a), (b), (©), (@); Gv) > (@) 
(i) Total number of ways of selection = (4 x 5 x 3)-—1= 
59 > 50 


(ii) Number of triangle formed = °C, — 
50 


’C, = 1857 > 100 > 


(iii) Coefficient of x! in (1 +x + x aoe Sean 


Fa 

l-x 
= Coefficient of x'° in (1 —xy4# = 472 IC = BC, = 286 
> 200 > 150 > 100 > 50 

(iv) 38808=2x2x2x3x3x3x7x7x 11=()x« GY 
x (7)? x 11 
Number of proper positive integer devisors = (4 x 3 x 3 
x 2) — (2) = 70 > 50 


= Coefficient of x!° in 


5. (i) > (a); Gi) > (d); (ili) > (b); (iv) > (b) 


(i) (ENDEA), N, O, E, L 
Number of permutations = 5! 
(ii) £,(N,D,E,A,N,O,L),E 
SS 
7/2! 7 
Number of permutations = > = 7x 3(5!) = 21(5!) 
(iii) First four positions are reserved for D, L, N,N 


D, L, N, N can be arranged in first four positions in = 


4! 

—=12 ways 
2! 51 
The remaining 5 letters can be arranged in a 


5! 
Total number of required ways = 12 x a =2x5! 


(iv) A, E, O occurs only in odd positions 1.e., in 1*, 3", 5", 
7", and 9" positions i.e., A, E, E, E, O occur with any 
Set sty ON 
order in 1*, 3™4, 5, 7" and 9" positions in = ways. 


The other 4 letters D, L, N, N can be arranged in 
remaining 4 places in = ways. 


5! 4! 
Total number of ways = a x a 2x9! 


6. (i) > (a); Gi) > (b); (ali) > (b); Civ) > (©); (VY) > @) 


(i) Required number of numbers = *P, = 6 x 5 x 4 = 120 

(ii) For numbers less than 400 hundred’s place has 2 
choices 1.e., 2 and 3 
Ten’s place and unit place has respectively 5 and 4 
choices. 

.. Numbers less than 400 = 2 x 5 x 4 = 40 

(iii) Numbers which are even, have number of choices for 
unit place = 2 
For ten’s and hundred place number of choices = 5 and 4 
Required number of numbers = 5 x 4 x 2 = 40 

(iv) Number of odd numbers = 120 — 40 = 80 

(v) For a number to be a multiple of 5; unit place has only 
one choice, and ten’s place and hundred place has 5 and 
4 choices 
Total number of such numbers = 5 x 4 x 1 = 20 


SECTION-VIII: (INTEGER-TYPE QUESTION) 


1. Sum of there digit numbers formed = (1 + 2 +3 + 4) x 25 x 
107+(+1+2+3+4+4)(4«5)x10+(0+1+2+3+4) 
(4x 5)x1 


5. 


Permutation and Combination < 6.145 


Sum of 4 digit numbers (< 4000) formed = (1 + 2 + 3) (125) 
x 10°+(0+14+2+3+4)3x5x5)x 10?+0+1+2+ 
aie es x5x5)x10+04+14+2+3+4)3x5x«5)x1 
Sum of 3 and 4 digit numbers formed from 100 on to 
4000 
= 10 (2500 + 200 + 20) + 750,000 + 75000 + 7500 + 
750 + 4000 
= 27,000 + 7, 50,000 + 75,000 + 82,550 + 8,250 + 4000 


= 947000 
"C,-n=35 => n(n-1)-—2n=70 
=> n—3n—70=0 => (n-10)(n+7)=0 
= n-—10 


Coefficient of xin (1+ xf (1 +x+ 2x) (1 +x4+ 2x74 x’) 


2 4 
= Coefficient of x* in [1 + 3x + 3x? + x] = = | 
—x 

= Coefficient of x° in (1 + 3x + 3x* + x*) (1 + x® — 2x°) (1 - 
x’) x (1 —xy* 

= Coefficient of x®° in (1 + 3x + 3x? + x) [1 — x4 
x (1 -xy° 

= Coefficient of x° in (1 + 3x + 3x? 

x® — 3x® — 2x*) (1 — xy? 

= Coefficient of x® in (1 + 3x + 3x? — x° — 7x* — 9x° — 4x°) 
(l-xy° 

= Coefficient of x° in (1 + 3x + 3x? — x3 — 7x* — 9x° — 4x°) (1 
+ 3x + 6x? + 10x73 + 15x*4 + 21x° + 28x%) 

= 28+ 63+ 45-10-42 —-27-4=53 


+ x®— 2x3] 


— (2)x3 + x3 —x* — 6x4 — 9x5 


x EN; and *'C,- “C- 2.7 <0 

_ @=D! GD! 5-2, 
4Alix—S)! 3x-4)! 4(x- 4)i 

me (x-2)'] &-D («-)) _5 ] 
(x—5)!] 4! 34(x-4) 4 (x-4) 
x-1l (x-l) 5 

oes, eae we ee 


24 6(x-4) 4(x-4) . 
(x-1)(x-4)- 4(x-1)- 30 


2<x<ll 
xe {1, 2, 3,.....10} 
10 is then greatest possible value of x. 


=> <0 
12 

=> —9x—22 <0 

=> (x-11)(«+2)<0 

=> 

=> 


A can won the match if he makes the sum even at 1* and 34 
turn of match or at 1* and 5" turn of match or at 3" and 5" 
turn of match, initially sum = 0 


a ee ee 
pA Be ae | eB 


A makes sum even at 1* and 3" then 


Even Odd Odd =e an os 
(1) (0) (2) = = = 
Even Even Even _ _ _ 
(1) (1) (2) ss = = 


6.146 >» Fundamentals of Mathematics—Algebra | 


A makes sum even at 1* and 5" then 


Even | Even | Odd | Even | Odd __ 
| Odd | | Odd _| 


Even Even Even 


(1) (0) (1) (1) (2) 


A makes sum even at 3 and 5“turn 


A B A B A 
| Odd | Even | Odd | Even | Even | 


Total number of ways in which A can won the match 
=(3x3x2+3x2x1)+3x2x3x1x2+3x3-x 
2x1x2)+3x3x2x2x 1) 

= 24+ 4 x 36 = 168 ways 


6. 2x+y+z= 20; x, y,z>0 


yt+z=20-2x%,0<x<10 , 
Number of solutions = Yo?"*'C,=21+19+17+.... 
‘A121 a 


7. 3xt+ty+z<30 


Let there be a stack variable ¢, 0 <t < 30 
SS seer yp rst = 30 
=> ytz+t=30-3x,0<x<10 


10 
Number of solution = } °C, 
x=0 


°C, + C, + Ct... +7C 


2 


32X31 29x28 26x25 
= + + + 


2 pi 2 


2x1 
.+— 


1 
= au +4.54....+25.26+ 28.29 + 31.32] 


= —> [1+ (n-1@)][2+ (@-YE)] 

= 5D n— 230—1 = -¥ (on —9n+2) 
9 11 9 11 11 

= op ay oP > 

ny. - 1(12)(23) } 9 (11)2) : 


2 6 2 <2 
= 2277 — 297 + 11 = 1991 


11 


» x, +x, +x, = 5; x,>0 has number of solutions = 'C, = 21 
Now x, + x, +x, +x, +x, = 20 
=> 5+%x,+x,=20 => x,+x,=15 

Having number of solutions = "°C, = 16 


Total number of solutions = 21 x 16 = 336 


. (a) For divisibility by 25, last two digits must by 25 or 75 
i.e., the number must be of the type = ab 25 orab75 


Number of possible 4 digits numbers formed by using 
the digits 1, 2, 3, 4, 5, 6, 7 which are divisible by 25 = 
5x4x2=40 


(b) For divisibility by 4; 2(ten’s place digit) + unit plane 


digit must be divisible by 4 1.e., of the form, abcd; 
(2c + d) must be divisible by 4 
c= lid=2:d=6: 


c=2;d=4, 
c=3,;d=2;d=6 

= 4; d= impossible 
c=5:d=2:d=6 
c=6,d=4,; 
c=7,d=2,d=6 


Number of numbers divisible by 4 
=§x4x2+5x4+5x4x2+5x4x2+5x4+5 
x 4 x 2=200 


10. If exactly 6 of his matching are correct, then the remaining 4 


11. 


12. 


13. 


statements from column I must be incorrectly matched with 
4 statements from column II 


Number of ways = '°C, afta ttt] 


lo! fi 1 1 
pence ||| ee eae 
6141 |2 6 24 


12-—4+1 


Required number of ways = Total number of ways — Num- 
ber of ways when number one goes to wrong envelope 
=(5!-— 1) = 120-1= 119 


One-one onto functions 
f:A7A;A = 1, 2, 3, 4, 5} for which fk) # k 
Ded hd 

a << |, eee Seen ea meine) Ey We 

sf vial i ai A x 44 = |1p (gives) 
=> p=4 
S - {1, 2, 3, 4} 
Let P and Q be two subsets of S such that P ~ Q = 6 and for 
unordered pairs (P, Q) = (Q, P) 

S=(1,2,3,4} 


Now each element of S has 3 choices 1.e., P or Q or 
(PU Q) 

Number of ordered pair of disjoint sets formed = 3 x 3 
x3x3=81 

Out of which one pair is (0, 0) 

Remaining 80 are ordered pair such that at least one 
element of each pair is non-empty. 

But in above collection we have pair of the type (P, Q) 
and (Q, P) both. 


, pies 80 
Number of unordered pairs of disjoint sets = ss = 40 


Also (@, 0) is one of the unordered pair. 
Total 40 + 1 = 41 unordered pair of disjoint sets are 
there 


Binomial Theorem 


Bet intRopDucTION 


Binomial [Bi (two) + Nomial (terms)] is an expression contain- 
ing sum of two different terms 


eg,atx,bt+cx,pt+ qxe,xty,x’*+t lly’ etc. 


Any power of binomial expression {(a + x)?} can 
be expanded in the form of a series which 1s obtained by 
process of continuous multiplication as below: (a + x)? = 
(at+x)(at+x)=a@ +axt+xa+x?=a’+2ax + x? which can 
be explained as the terms of expansion are obtained when 
any one of two terms a or x are selected from each factor 
and finally they are multiplied together. When number a is 
chosen from each factor, a” is obtained. When only one x is 
selected from two factors, (which is done in *C, ways) the term 
2ax is obtained and when all x are selected, then x” is formed. 


SOG xy aC. xk FC .ax eS Ca x 
oc OF: saws Otero) ages Ole oa 
Similarly, expansion of (a + x)? =?C, a? + °C, a’x + °C, 
a'x? +°C,x? 


CHAPTER 


Binomial Theorem 


After finding above expressions, mathematician observed 
that all of them follow a definite pattern. Observing these 
patterns, the expression for (a + x)" has been obtained, 
where 7 1s a positive integer which is given by 

(a + x)" = 4 8 a” x? + “C. qn x! + a oF qr x? + aC. a’? 
ax"? +"C ax" 


(1 1S a positive integer known as index of binomial and ’C_ 
is binomial co-efficient) 

(a — x)” = *C., a" x? as "C, qv x! + oF qr x? = a OF qa’ 
OH tC ax + (-I""C a’ x" 


Explanation: The expansion of (a + x)” G.e., multiplication 
of (a + x) (a+ x)....(a + x), n times) will contain "C, num- 
ber of a” x° (when number a is chosen from each and no x 
from n-factors factor 1.e., "C, ways). 

"C, number a” x (when one x is chosen from any one 
of n binomial factors and remaining (7 —1) a’s in"C’, ways). 
Similarly, the other terms can be obtained. 
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Properties of binomial expansion 


is Ores Os Correa "Care known as binomial co-effi- 
cients. 


2. nis called as index of binomial. 
3. a+x1S known as base of binomial. 


4. The binomial expansion is homogenous in a and x. 
1.e., sum of powers of a and x in each term remains 
constant and this constant is equal to index of 
binomial. 


5S. Number of distinct terms in the expansion is equal to 
(n+ 1) 

6. General term is known as representative term of 
binomial and it is ( + 1)" term of the expansion and is 

given by 7... ="C_a"-" x’ 

7. The equidistant binomial co-efficients from beginning 
and end are equal. 


NOTES 


Proof: Writing the expansion of (a + x)” and (x + a)" 
Ge NS Oe Ga eae Oe a een Ca? 
Sale ree ak OME. Alaa OF a ck (1) 
One) OG a Ce Oa ee a 
Tig eG ya (11) 
and comparing the co-efficients of different power terms of 
x, We can say 


oe ~ "Cy gee - goer "C, = "C, 


Adding the expansions of (a + x)” and (a — x)" we get 
tel Gxt a2 aC are eC ae aay 
= 2 {sum of terms at odd places} 


The last term is "C_ x” or "C__, a x*" according as n is 
even or odd respectively. 


n ni 
1. The number of terms in the above expansion will be — + 1, when n is even and —— when n is odd. Subtracting 


(a+x)"—(a—x)"=2{"C,a™'x'+"C, a"? x? +....} =2 {sum of terms at even places} 


The last term is"C__,ax"' or"C_ x’ according as n is even or odd respectively. 


n 
2. The number of terms in the above expansion will be z 


n+1 
, When n is even and =a when n is odd 


ILLUSTRATION 3: Find the total number of terms in the expansion of (x + a)’ — (x — a)'™ after 


simplification. 


. l 
SOLUTION: Since 7 is even, therefore number of terms = = = 50 


ILLUSTRATION 4: Find the number of terms in the expansion of (x ++ x? +1)" —(x4-vV x" -1)"” 


SOLUTION: Since 7 is odd, therefore number of terms = 


i _ 4 


General term (r+ 7) term from beginning 


The term "C, x”” y’ is the (7 + 1) th term from beginning 
in the expansion of (x + y)”. It is usually called the 


general term and it is denoted by 7 ,. 
1C. xr y r 


13 
: : ; | 
ILLUSTRATION 5: Find the 7th term in the expansion of a A ‘ 


6 
SOLUTION: Seventh term 7, = 7... = °C, (4a)’*° -e] = MC Aa" 
2Va 


2Ja 


— 13 8 4 
1 a3 = C24 


TEXTUAL EXERCISE-1 (SUBJECTIVE) 


1. (a) Expand and find the number of terms in the 
following binomial expansion: 
G@) (Qx—yyy 
(41) (2x + S5y) 
(iu) (1 +x + x”) 


BinomialTheorem <_ 7.3 


(b) Evaluate the following binomial expansion: 
() (¥3+1) -(3-1) 
Gi) (1+-J2) +(1-v2) 
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(c) Use binomial theorem to evaluate the approximate 
value of the following: 

(i) (1003)° 

(iii) (1.01)!° 
(d) Find the number of terms in the expansion of L.H.S. 
of equation (x+ Vx? +1)P +(x-+Vx? +1)= 0 and 


also find the value of x’. 


(ii) (9999) 


(e) Find the 3rd term from the end in the expansion of 


Ga . ) 


(f) Find the degree of the expression [x + (x? — 1)!7]° 
+ [x— (x3 _ 1)!2]5. 

. If the fourth term in the expansion of (ax + 1/x)” 1s 

(5/2) for any value of x, find the value of n and a. 


. Find the value of x in the expansion of (x + xBo* 5 if 
third term = 1000000. 


. If the 3”, 4%, 5" and 6" term in the expansion of (x + 
—ac _ 5a 
Cc -—bd 3c. 


a)” be a, b, c, d respectively, prove that 


. Find the co-efficient of: 


1 11 
(i) x7 in G +4) 
bx 
(ii) x in (1 +x7)5(1 + x) 
Gi) x!! in (2x ? + x — 3)° 
(iv) xin (+x 2). 242+ hey 
(v) x* in Cl xr rt+ex Ss and (2-—x- 3x?)6 
(vi) x8 in (1-28 (+x 422+ x)! 


(vil) xin (1 + x + x?)" 


» (31) 
(i) (1 +x + 2x) & =] 


. If nm and r are integers, such that r> 1 and n> 2, and 


the co-efficient of (37) and (r + 2)th powers of x in the 
expansion of (1 + x)?” are equal, show that n = 2r + 1. 


. Find the number of terms in the following expansions: 


(a) (1 +x + x’)? 

(b) Cleese 2)” 

(c) ¢ BaP eae ce oa ad 

dee eae A cha)? 


(6), Cs as ail o)"where |x|<l,neN 


. (a) Find the number of real negative, real positive 


and imaginary terms in the binomial expansion of 
(1 +ix)”"*;neN;x>0. 

(b) Find the number of terms in expansion of 
XP+1+12?),n EN. 

(c) Find the number of terms in the expansion of 
(xt+ty+zy,neN 

(d) Find the number of rational, irrational term 
and nature of middle term in the expansion of 


ef 


(e) Show that there will be no term containing x?” in 
the expansion of (x + x’)"°, if n — 2r is positive 
but not a multiple of 3. 


. (a) Find the sum of numerical co-efficients in the 


expansion of (1 + x/3 + 2y/3)”. 
(b) Find the sum of last 10 co-efficients in the expan- 
sion of (1 + x)'%, when expanded in ascending 


(vill) x? in the expansion of (x? + 1/x)?”(when it exists) powers of x. 
6. Find the term neepencen! of x in the expansion of 11. In the expansion of (1 + x)” 
(i) | | cane 3 (i) Sum of I 10 co-efficients 
3 2x (ii) Sum of I‘ 11 co-efficients 


Answer Keys 
15 
1. (a) @) }C D2". °C_.x”. y” ; Number of terms = 16 
r=0 


15 
(i1) ae 57. °C..x'". y” ; Number of terms = 16 
r=0 


(il) x° + 3x° + 6x* + 7x? + 6x? + 3x + 1; Number of terms = 7 


(b) (i) 240 V3 (ii) 82 


Binomial Theorem <_ 7.5 


(c) (1) 1.018 x 10'8 (ii) 0.999 x 10% Gi) 1.1 
Gites — : v5 (e) 20412. x42 (f) 7 
2.a=1/2,n=6 3. 10°7, 10 
ne 6 
5. (i) = Gi) 60 (iii) 192 (iv) *C,, 
(2n)! 
(v) 990, 780 (vi) 4 (viiy R@IDETY ei) (4! =P | 247 7P |, 
6 3 3 
6. (i) 5/4 (i) 17/54 
8. (a) 101 (b) 61 (c) 151 (d) 5n+ 1 (e) n+1 
iG) He one (c) wee 
(d) rational = 2; irrational = 19; middle term is irrational 
10. (a) 2” (b) 2'8 
20 20 20 20 
eqs So eee ae 
2 
TEXTUAL EXERCISE-1 (OBJECTIVE) 
1. r“term in the expansion of (a + 2x)" is 6. If 7,, 7, T,, ..T, represent the terms in the expansion of 


n(n+l)...(n—rt+l]) qr 
r! 
n(n-1)...(n—r+2) qn 
(r-1)! 
(c) n(n+1)....(n—-r) a” 
(r +1)! 
(d) None of these 


21 
b 
2. Ifthe(r+ 1)"terminthe expansion of | 3 ace oa eee 
Jo Va 


has the same power of a and 5, then the value of r is 


(a) 9 (b) 10 
(c) 8 (d) 6 


3. The expression (x +vVx°-1)°+(x-vx'°-1)°is a 
polynomial of degree 
(a) 6 
(c) 8 

4. The total number of terms in the expansion of (x + 
a)'° + (x — a)'™ after simplification will be 


(a) (2x) 


(b) (2x)" 


(x)" 


(b) 7 
(d) 9 


(a) 202 (b) 51 

(c) 50 (d) None of these 
S24 =02 =)" = 

(a) 101 (b) 70V2 

(c) 140V2 (d) 120V2 


ain a+ 


Gray the G10) may ed a ey = 
(a) @ + a’) (b) (+ a’)" 
(c) (x? + 0 (d) (x? + aye 


. If the sum of the co-efficients in the expansion of 


(a’x? — 2ax + 1)°! vanishes, then the value of a 1s 
(a) 2 (b) -1 
(c) | (d) -2 


. In the expansion of (517 + 7'8)'°4" the number of 


integral terms is 
(a) 128 
(c) 130 


(b) 129 
(d) 131 


. If the ratio of the magnitudes of co-efficient of third 


and fourth terms in the expansion of : — x) is 1:2, 
x 


then the value of n will be 
(a) 18 (b) 16 
(c): 12 (d) 14 


a if the ratio of 7th term from the 
3 

beginning to the 7th term from the end is 1/6, then n = 
(a) 7 (b) 8 

(c) 9 (d) None of these 
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11 (a) ab=1 (b) ab=11 
(c) ab=7 (d) ab=6 


11. Ifthe co-efficient of x’ in the expansion of (a af = 
x 


and the co-efficient of x7 in the expansion of | 12. Ifx + y= 1, then value of DG OC, x" y" 1s 
r=0 


1 11 
G 7 are equal, then (a) 1 (b) 0 
Oe (c) nx (d) ny 


Answer Keys 


1. (b) 2. (a) 3. (d) 4. (b) 5. (c) 6. (b) 7. (c) 8. (b) 9. (d) 10. (c) 
(a) 3-12.) 


Middle term Case Il 


The middle term depends upon the value of n. If n is odd: Then total number of terms in the expan- 
sion of (< + y)” is nm + 1 (even). So there are two 


Case l 
middle terms 1.e., (ae) th and (73) th are two 


If n is even: Then total number of terms in the expansion of 
(x + y)"1sn + 1 (odd). So there is only one middle term 1.e., 


+ ; 7 | | ml nol nl ntl 
[(n/2 + 1)]th term is the middle term They are given by "C_,x? y? and "C.,x?y?. 


' —n ni2 , n/2 
Le, Temeg Saye Y 2 2 


middle terms. 


ILLUSTRATION 8: Find the middle term in the expansion of (a/x + bx)'’. 


SOLUTION: The number of terms in the expansion of (a/x + bx)! 1s 13 (odd), its middle term 1s [(12/2) + 1)]" term. 
Required tetm = 75 = 7, = C. (any? (bx = eC fate) a = Cab 


13.5....20 1) a" 
n! 


SOLUTION: Since 27 is even, Therefore [(27/2) + 1)]"1.e., (n + 1)th term will be the middle term. 
Now (n + 1)th term 1.e., middle term in (x + 1/x)*”" is given by 


ae = ss xen (1 ey = aie x” = an 


ILLUSTRATION 9: Prove that middle term in the expansion of (x + 1/x)?” is 


x m 
_ (2n)! _ 2n2n—-I2n—2)(2n—3).....4.3.2.1 _ [1.3.5...(2n-1)].2"[(n—-1)(n— 2)(n- 3)......2.]] 
nin! nin! nin! 
= 135.(2n7-D2 a! 13.5e.(2n-D2 
n'n! a n! 
Term free from radicals in (a? + b"9)" By putting the values of 0 < r < n, when indices of a 
. ‘5 ‘ and 6 are integers 1.e., (7 — r) is a multiple of p and risa 
First find the general term of (a’? + 5'’%)" multiple of g. 


1 = 1/p\n- 1/ _ / / 
i.e., ar nC (a pn r (b 9)? => ie aC aryp ba 


NOTE 


Number of irrational terms = Total terms - number of rational terms. 


Problems regarding consecutive 
terms or co-efficients 


(i) If consecutive co-efficients are given: 


In this case, divide consecutive co-efficients pair wise. 


We get equations and then solve them. 


Binomial Theorem <_ 7.7 


(11) If consecutive terms are given: 
In this case, divide consecutive terms pair wise 1.e., if 


four consecutive terms be 7, 7’ ,,, 7... T.,,. 
/ ree 8 


T 
Then find —-,—" ,—* 
| oie & T 


r+l r+2 r+3 
=> ih,,A,, 4, (say), then divide 2, by A, and A, by 2, and 
solve. 
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Concept of divisibility 
To show that an expression is divisible by an integer 


(1) Ifx, y, n, r are positive integers, then 
OT = MX" = OP) 2X" 

(11) Ifthe given expression is divisible by c, then write as 
x” = {1+ (x -1)}, 1f some power of (x’— 1) has c asa 
factor or x” = {2 + (x” — 2)}, if some power of (x” —2) 
has c as a factor or 


(iii) 


x= {3 + (x — 3)5, 


if some power of (x”— 3) has c as a factor or x” = {k + 
(x” — k)}, 1f some power of (x — k) has c as a factor. 
Q(+xy-1=,x+"C, x’ +... + Cx" 1s divisible 
by x. 

(1 + x)"— nx — 1 1s always divisible by x’ 


Cx) =1 =a = a!) 5 as Oe ciaruas Oe ai caren 
MC = Mx) 


Useful results and remarks 


Pascal's triangle 


Binomial Theorem <_ 7.9 


NOTES 


In Pascal's triangle, successive entries can be obtained by adding the nearest entries in the row above it (as illustrated in 
the shaded region). So from the above property, we can complete the binomial expansion for any natural number n. 


UI Pascal's triangle gives the binomial co-efficients directly. 


LY Binomial co-efficients of (x + y)" is given by (n + 1)" row of pascal. 


How to construct a pascal’s triangle 


Binomial co-efficient in the expansion of (x + y)? are 


1 3 3 1 
(1+3) (3+3) (3+1) 
1 4 6 4 1 


the binomial co-efficients in the expansion of (x + a)‘ 


ILLUSTRATION 14: Expand following using Pascal’s triangle. 
(a) (x + y)" (b) (a + by 
SOLUTION: (a) Since the co-efficient in the 5" row of triangle are 1, 4, 6, 4, 1. 
Therefore, (& f yy Lat +4 xy + 6x? yy? Poy ty 


=x" Pas pt Oxty? + dye ye 
(b) Similarly, (a + b)* =a + Sa*b + 10'a? b? + 10 @ 6? + 3 ab* + b 


TEXTUAL EXERCISE-2 (SUBJECTIVE) 


1. (a) Show that the middle term in the expansion of (1 determine the value of » and also find » if the 
re 1.3.5....2n—-1) an yt above co-efficients are in G.P. | 
n! (b) If a,, a,, a, and a, are any four consecutive co- 
(b) Show that the co-efficient of the middle term se in the eae (1 + x)", then show 
in the expansion of (1 + x)" is the sum of the that pg 
co-efficient of the two middle terms 1n the expan- Aye. “Gye Ga: jor as 
sion of (1 + x)", (c) If the co-efficient of second, third and fourth terms 
. . . a . in the expansion of (1 + x)” are in A.P., show that 
2. Find the middle term in the expansion of | —+)x | - io On PG 
x n> —9n = 
and show that it is of the form 3.7.11.27.(ab)°®. (d) The co-efficient of (r — 1)", r™ and (r + 1)"terms 
in the expansion of (x + 1)” are in the ratio 1:3:5, 
2n 
3. Find the middle term of expansion [+-=] and hen nnd Me va ue Oke ann 
_ (2n)! x (ec) The co-efficients of three consecutive terms in the 
show that it 1s equal to (n'\(n') (—1)". expansion of (1 + a)” are in the ratio 1: 7: 42, find n. 
(f) If the 2”, 3% and 4" terms in the expansion of 
4. (a) If the co-efficients of the Sth, 6th and 7th terms (x + y)" are 240, 720 and 1080 respectively. Find 


in the expansion of (1 + x)” are in A.P. then x, y and n. 
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5. Find the sum of the rational terms in the expansion of 
(3 1/5 + 2 


6. If P be the sum of odd terms and Q that of even terms 
in the expansion of (x + y)”, then prove the following 
results: 


(a) @’—y’y"= P?- 
(ib) Gay Hay) ARO 
(c) (x +yy"+ —yy"=2(P*? + Q’) 
7. Show that (1 + x)”- nx -1 1s always divisible by 
x?(non-zero number) V n € N and hence or otherwise, 


(a) Show that 9"*! — 8n — 9 1s divisible by 64 for all 
positive integers n. 


(b) Show that 6” — 5n always leaves the remainder 1 
when divided by 25. 


Answer Keys 


8. (a) Show that 2’ — 2”(7n + 1) is some multiple of the 
square of 14 where n 1s a positive integer. 


(b) If a and 6 are distinct integers, show that a” — b” is 
divisible by a — b for each positive integer n. 


(c) If m be an odd natural number greater than 1, 
then find the number of zeros at the end of sum 
oe aoa 

9. (a) Find the remainder 
(1) when 2 is divided by 7. 
(11) when 7! is divided by 25. 

(b) Find the last three digits of 177°. 

(c) Prove that 1992!°°8—1955'9°8— 1938 1998 + 1901 198 
is divisible by 1998. 


(d) Show that the number 101! -1 is divisible by 104 
but not by 10°. 


2n! : 
2. 924a°b* 3. Pree 4. (a) n=7 or 14; n =—- 1 which is not possible (d) n= 7, r= 3(e) n=55,r=7 


(f) x=2,y=3,n=5 5. 59 


8. (c) 2 


9. (a) (i) 1 (ii) 18 (6) 681 


TEXTUAL EXERCISE-2 (OBJECTIVE) 


1. The co-efficient of middle term in the expansion of 


(1 + x)'°is 
10! 10! 
(a) 516! (b) (5!) 
10! 
(c) AE (d) None of these 


1 10 
2. The middle term in the expansion of : - +) is 


Xx 
(a) we + (b) 6) 
XxX 
(c) "Cx (@) Cx! 
Answer Keys 
1. (b) 2. (b) 3.(b) 4. () 5. (c) 
PROPERTIES OF BINOMIAL 


CO-EFFICIENT 


The binomial co-efficient for general term of the expansion 
(a + x)" 1s given as "C_ which states the number of ways the 
term a”~" x” occurs in the expansion. 


l n 
3. If the middle term in the expansion of G +4| 1S 
x 
924x°, then n = 


(a) 10 (b) 12 
(c) 14 (d) None of these 
4. The last digit in 7° is 
(a) 7 (b) 9 
(c) | (d) 3 
5. The remainder when 2°” is divided by 17 is 
(a) 1 (b) 2 
(c) 8 (d) None of these 
Properties of "C 
r 


"Cis defined as number of selections of r objects out of 
n!} 


n different objects and is given by, “C, = when 


"  r(n—ry!’ 
n>r (=Oifn<r). "C_ is always an integer. Product of r 
consecutive integers is always divisible by 7'!. 


nC = n(n—-1)(n-—2)(n—-3).....(n—r +1) 


r 


el 
r! 
Clearly, the numerator being the product of r consecu- 


tive integer is completely divisible by r! 


"C_ has following properties 
LC SC 
2. "C= "C, > x =yorx +y=n 


NOTES 


Binomial Theorem <_ 7.11 
3. "C 5 Ce = a Oa 
n n(n-l 
AIC Sal Ce =e cae Ea GL eee 
r a ia) (=) r-2 
r**|- (r+1)\(r+2) m2 
nt+1) (n+1)(n+2) om 


n (nto \ 
6. 7."C, =n" 'C_, and —2 =| —— 
r+l [ n+l 


S.C =" Cs ( 


By virtue of definition of "C_, the following results follow automatically: 


(a) Of= 1. 
(b) ki=-«, whenk < 0. 


ic) *C,=0, whenk <0. (Think why?) 


Properties of co-efficients 


Most of the properties of the binomial co-efficients are de- 
rived from the basic expansion: 


n 
oe n fo - 2 
(l+x)"= 2 CX) IG Sr ee Meese Se ae 
r=0 
Pa ax (1) 
n 


(l—xy?= > (HI) "Cx" = "C,H "Cx + CP eee 
r=0 
on) ane (ii) 
Property 1: Show that sum of binomial co-efficients of 
(1 +x)" will be equal to 2”. 


> "C.x" = "Cy +"C, + °C, +......4" C, = 2” 


r=0 


Proof: Put x = 1 in expansion (1) 
Pits OO Ota Che rrr cs Ome us C2 


Property 2: 


Proof: It is obtained by substituting x = —1 1n expansion (1) 
Property 3: The sum of the binomial co-efficients of the 
odd terms in the expansion of (1 + x)” 1s equal to the sum of 
the binomial co-efficients of the even terms and each is equal 
to 2”7!. 


Proof: Automatically follows from (Property 2). 
Alternatively adding the series (1) and (11), we get 
Ley ae 2G a ee ais), 

putting x = | in it, we get "C+ "C, +"C, +... 

oe cae 


Similarly, the sum of the binomial co-efficients of odd 
terms can be obtained from the expansion of (1 + x)” 

—(1-x)"=2 (°C x + "Cx + .....), now put x = 1, we get 

Pia bi Oras Og wa Oe | ea ictal On was Ora ares 
Property 4: 

Df CHIC 420 830 Penne ano” 

r=0 
Proof: Sincer ["C]=r(nir)"'C_=n"'C_, forr= 1 

Now, "C= nC. n>, C4 = 

r=0 r=l r=] 
mI Crt nag Cale) 


Property 5: 


Yi? "CC, =P C 42°C, 437°C +..40 C, = n(nt 12)? 


r=0 
Proof r."C=(r-n"C +n" =rr-lyrc.tr’c, 
“neal enfe)ne 
rj\r-l r 
=n(n— 1). ia On + n. a Oe 


So y r"C = n(n-) sa Cae > ar Ger 
r=l r=2 r=] 


=n(n— 1). 2"? + 0.2" = n(n + 1). 2” 


7.12 >» Fundamentals of Mathematics—Algebra | 


Property 6: 
ar... Ca Cy a, C, 
> ee ee = 
=r + 2 3 n+l 


Proof: aetarrr Gare = _("!c :) 
r+1 n+l rt+l n+1 ee 


n aC 1 n 
Therefore, -=—) "IC 
2 r+ sep a 
nt n+ n+ n+ 
arr g Gre rae ac aki Oe. rarer + Co] 


7 Banas | 
n+1 


Property7: 5 r.— Say pe 
r=l C. 4 k=0 2 
Proof: or. [a=7*") 
r=l r 


J See _a(ntl)_ att) 
= 2(atl) dr n(n+1) ; ; 


Use of complex numbers 


If certain number (k) of binomial co-efficients are miss- 
ing from the binomial series alternatively, then we substitute 
(k + 1)" root of unity in place of x in the expansion on (1 + x)”. 


Use of differentiation 


This method 1s applied when the power (numeral) of terms 
occurs as the product to the binomial co-efficients. 


(i) If last term of the series leaving the plus or minus 
sign be m, then divide m by n, where g is the quotient 
and r is the remainder. 1.e., m = ng + r then replace x 


by x? in the given series and multiplying both sides of 
the expression by x”. 
(i) After process (1), differentiate both sides with respect 
to x and put x = 1 or — 1 or — etc., according to the 
given series. 
If there be product of two numericals (or square of nu- 
mericals) or three numericals (or cube of numericals), 
then differentiate twice or thrice, as required. 


(iii) 


ILLUSTRATION 16: 


SOLUTION: 


Binomial Theorem <_ 7.13 


6 a ae ices Oa Ong Sit aa ieee + C x", then prove that 
CVs Oita ae) Cae ais | Ores mere + nC = n2"" 
(db) 2.1C. 4 3.20 a BC oP sith (n— 1).nC, = n(n — 1)2”? 


(GC). 1A Cot 2h Cas Cian ar Cain 1) 
(a) Differentiating both sides of given expansion 


n(1 + xj") = y =G. raed -y rC.x 


r-0 r=0 
cle Oren OF 0-9 auc Om (6) ood haere sas Oley (J sia (1) 
(If we apply any mathematical operation to both sides of an identity, the resulting expression 


remains identity). 
pulx = lin ()pn2e" SC P20 3 ie 


ALITER: S= °C, + 1C, + 2C,+3C,+4C,+........ (n-2)C + @1)C_, + nC, 
Reverse: S= nC, +n-1C_,+n-2C_,t........ $20. 1C FOC. 
Adding 28 =(C, + °C, + "C,+....+7C,,+7C_, + ).n 

a Se al OF Ota are +C)=n27>S=n2™ 


(b) (1 +x)"=)°"Cx” 


r=0 
Differentiating both sides with respect to x, 


nl + xjrt= > "C,xrxx™ 


r=0 
Again differentiating with respect to x, 
n(n—1) (1 +x)? = 3"C r(r-1)x"” 
7=0 
Put x = 1 in above identity, n(m — 1) 2”? = rr =1)"C. 
r=0 
(oO ee 9 pales OF cal OP ic Oe ale eee iC x 
Differentiating both sides with respect to x, we get 
0 lacus 9 silted CPen at) Cle “aa are +nC x™ (1) 
Multiplying both sides of (1) by x, we get mx(1 + x)"* =C yx + 2C, x’ + ...... +nC x" 
Again differentiating both sides with respect to x, we get 
mie aA et i ay pe Colt SO aC es Fee 
puting y= len{ h(a) 2772") SC 1a 20 Fs, Feat re.. 


or 17C, + 2°C,+3°C, +... + WC = nfm + 1).2"? 
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Use of integration 


This method is applied only when power (numeral) of term 
occurs in the denominator of the binomial co-efficient. 

CL ae CG er Cok Ce Po en 
integrate both sides between the suitable limits which gives 
the required series. 


Gi) Ifthe sum contains C,, C,, C,, ...... , Care all positive 


signs, then integrate between limits 0 to 1. 


ae & 
ILLUSTRATION 17: Prove that C. ga 


SOLUTION: (1 +x)"=C,+Cx+C x? + 


(ii) If the sum contains alternate signs (1.e., + , — ) then 

integrate between limits — | to 0 

If the sum contains odd co-efficients (1e., Cy, C,, C,, 

....), then integrate between — | to 1 

If the sum contains even co-efficients (1.¢., C,, C,, C,..), 

then subtracting (11) from (1) and then divide by 2. 

(v) If denominator of binomial co-efficient contains 
product of two numericals, then integrate two times, 
first time take limits between 0 to x and second time 
take suitable limits. 


(iii) 
(iv) 


Integrate both sides of (1) within limits —1 to 0 
L (1+ x)"dx = i: (Cy +Cx+C,x7 +...+C,x")dx 


net 7° 2 3 
Cray = ee ee 
n+l] 2 3 


(cyt Se. Hence C, -—++ 
n+ 2 


Binomial series containing multiplication of 
binomial co-efficient 


ee SC AC Cre Ge 


r=0 
n—| 
CC 4 HCC FCC EC tet CC 
r=0 
n—2 
py Gn Orme 1 CF CMa a OF Oren OM ON ime, Om On 
r=0 
ee ee 
De CC +i : CC, - CC. . C, Cas Pai Ci C,, 
r=0 

Case Il: When each term of series 1s positive 
Oe ae OP a Oe cians OMe cree Cae (1) 
aaa 0 eel Or ea as ites cleat at Oe ciaenreterr sa Oa (11) 


Multiplying (1) and (11), we get 


CUE eG Ora. ar aeee ni =) 
sae ialn (OF ms Cn ame Otte Orit ak © 
aoe gen! | OF Oe OF OM Fe Oe, rns 

si cia ( Oe Cea Coe Cire Own OMG arr nay Omer Ol 


C as 0 
i ee 
2) Ue 


oe (- i" et 


n+l 


= Ba ag Se 
3 n+l 


BUC rae) pa Xe Oe ce ghaaiat aa Os 
ON gk oe a 

eG ee eee gig Oras: OM 

© CC eC CCC ot dosage ace Oem Oana Os 

© CCC CC rae gee Oe Cite is Os 


n2-n n-2?? 


© CC, + CCyy tee HOC, = C,, 


Case ll: Ifthe terms of the series are alternatively positive 
and negative. 
(le) =O Ce Cae eel C x (1) 
ce ca Orie cident Oe cia Orr cilia rr acs Om (11) 


Ist Method: Multiply (1) and (1) and get the co-efficient 
for the suitable power of x on both sides. 


lind method: Replacing x by |/x 1n (1) , we get 


C.. € 
the 
X X X 


(1 - 1/xy" =C,- (iii) 


multiply (1) and (111) to equate the co-efficient. 
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TEXTUAL EXERCISE-3 (SUBJECTIVE) 


| Fim 6 ie i a cee Oren as OF eae Os cee + Cx” Then ‘ "Cc "C 
evaluate the sum of following series: (f) >» r(r -1)——* = 2.1—* + 
- r=2 C,_» Cy 
(a) } CG) C,, "C a6 
2 _ 3.23 443—*4..., 
C, C, 
= rn | ; 
(b) Cv C, G 3. Find the co-efficient of x® in (1 + x)? + (1 + x)l® + 
ec | ee ee aL xg) 


(OC). 2G 4 Ce SoC or one leterms 
4. Prove that 


(d) “Cy + “ +4 +1 terms Ci Ores age Oc rence das Oe aa Olean 
(6) "C272 ss Od +3 PAG ok cares +(n—m + 1jy"C, = 
(e) "C, -5 "GC + "C, = "C, +..n+1 terms iia Ore 
5. Prove that" PCC Aas si Ole aaa Oca 
(f) yr) 6. Show that 101°° > 99° + 100°. 
r=l 


7. Find the sum of series: 


r 


eves Se ail ems | 
r=0 


() Sr(r-Dir-DC. 
r=3 Q" on oer 


(hy Dr? "C, 
r=l 8. If C,, C, C,, C;, .....C, denote the co-efficients in the 


$ C expansion of (1 + x)”, prove that 
(1) — 2 3 4 +1 +] 
2 2 2°C. igs © eat 

r=0 r+l eee ge ee +—— 34 ewes - ees . 

i C 2 3 4 n+l n+l 

W) (r+1\(rt2) 9. Find the summation of following series: 
@ 6.40 OC SC teen, 

Be Tt Che pe 3 i eo, ee A ate: + C x” then OC xe a. 


evaluate the sum of following series: 


(a2) SC? =C5+C) +... +C? 0) Sa agg 
=O (ec) C,+C,+C, +... 
n "C 7 1c 1G. oC. AE). Cth Ce tC SCs een 
2 S| "Cs | 7 mete “C coe “Oe (g) C,+C,+C,+C,,+C,, .... (where C_ denotes "C_) 
: "Cl "C nC nC 10. Evaluate the sum of following binomial series: 
(c) Sr; -|=; 142? +... n° — Ao 
a a Co a) St geeagEey 
n ar eC ar n 
d a p= tt 2 an Ce. Ce oe 
( ) 2, (| en oC Cs (b) nia 
ot OC. ‘gous G& G4 G&G G 
e r? roy =f? ae (c) —~-—++—+ —-—+..to (n+1) terms 
© 2G)“ e) [223734 45 
ge ol "Cc \ (d) C,-3C, + 5C, -..... + (CD" Qn + DC, 
ag) ag) (e:) C?-2C2+3C2-...... -2nC,%, C=C, 
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Answer Keys 
ia) ED ED (b) (1/2)" (c) 
Z 
Dy : 
(e) (=| (f) 1.2” (g) 
ne OP ah oD eR=3 
” n+l v (n+1)(n+2) 
BGC. oa ©) 
eee (f) nn’ —1) 3. 
6 k=1 3 
2” +(-1)" [2 cos nr ) 
9. (a) 2” cos (b) 3 


a) : {arya os | (6) 2)" ~2eos(n+D (fH {ay -2" cos} (e) 


3)" 
3” d):: || 2 
@ (3) 


n(n — 1)(n — 2) 2”? (h) n(n + 1)2”° 


2 
n(n+1)(n+2) (d) n(n+l1) (n 4 2) 
6 12 
CC 7. a 
i : 27" (2" -1) 
(c) Ate — 2"! sin a) 
2 4 


(2)" —2cos(n— )- 


3 3 
10. (a) = oO). — (d) 0 (e) C1y*#Qn). IC, 
n+] n+] n+2 
TEXTUAL EXERCISE-3 (OBJECTIVE) 
1. CC. CC a4 ss Cs TT C,, mos 7 4. C. je Oy as 3. C; ai 
(2n)! 6 n! | - 5 , 
a ooo —————_— n+ n+ =, 
@) (n—r)\(n+r)! ©) (-r)\(n+r)! (a) e (b) : 
n+l n+] 
ie d f th (c) a (d) None of these 
(Cc) Gar (d) None of these nol 
a er re 
Dita, BiG DAO, 5 SCA C,, " Wm-1! 3n-3)! 51(n-5)! 
2 3 n+l 5" 
(a) n (b) I/n (a) of : for all even values of n 
l l 7 ae 
(c) —— (d) —— (b) : for all values of 7 1.e., all even, odd values 
n+] n—-l n! 
(c) O 
3. If ¢| + x)" = C. 2 Cx at Cx oF cotat or C x", then (d) None of these 
G20, 303 eds ne, _ 6. The sum to (n + |) terms of the following series: 


Cy C, C, 7 C1 

(a) n(n-1) (b) n(n+2) 
2 2 

(c) n(n+1) (d) (n—-1)(n-2) 
2 2 


OG _ Ga _G, pine is 
2 3 4. 8 
] 
, b) —— 
ar +2 
] 


(d) None of these 


7. If a and d are two complex numbers, then the sum to 
(n + 1) terms of the following series aC, —(a + dC, 
+ (a + 2d)C, —... 18 
@ = (b) na 
(c) O (d) None of these 
8. If 1s an integer greater than 1, then 
a—"C (a— 1) + "Ca-2)+...+Cl"a-n)= 
(a) a (b) 0 
(c) a’ (d) 2” 
9. IfC,, C,, C,, .....C, are the binomial co-efficients, then 
De Cas Pes Oct oa Olle, aan ree equals 
1 3 5 
3” +(-1)" 3" —(-1)”" 
@ Ce Hm OO 
p) 2 
3" +1 3" -1 
(Cc) (d) 
10. The expression C, + 2C, + 3C,+...+(n + 1) C, 1s 
equal to 
(a) 2”" (b) n(2”") 
(c) nQ”™") + 2” (d) (+ 1)2” 
11. If m>1, then value of the expression 
C20 3C oA re (Hl Gre DC is 
eal (b) 0 
(c) | (d) None of these 
12. Value of the expression 
Ce 2s Tease (Es Ly AS 
(a) Qn + 1) CC) 
(b) (-1)”” (F1}.*c )>> if mis even 
2 n 
(c) (-1)"?.(n+2).”'C_,, if nis even 
n+l 
(d) (-1)? .n.”'C,,, if nis even 
ox 
13. If A and B are co-efficients of x” in the expansions of 
(1 + x)” and (1 + x)" respectively, then A/B is equal 
to 
(a) | (b) 2 
(c) 1/2 (d) I/n 
14. The co-efficient of x* in the expansion of (0 < k <n) 
B= de eee ie ed. ee xe)" 18 
(a) C (b) oC 
(c) "CL (d) None of these 
Answer Keys 
1. (a) 2e(C) 3. (Cc) 4. (c) 5. (b) 
11. (b) 12. (b,c,d) 13. (b) 14. (c) 15. (d) 
21. (d) 22. (b) 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22: 


Binomial Theorem <_ 7.17 


Sum of the last 30 co-efficients in the expansion of (1 
+ x)’, when expanded in ascending powers of x, is 


(a) 2” (b) 278 
(c) OC a2) (d) 958 
ae - oi 
The value of 2C, +—C, +—C, +....+ —C,, 1s 
2 3 11 
] ] 
qa) — pias =| b ras. Ce | 
(a) as ) (b) Th ) 
l ] 
(c) —(11-1 (d) —(1l’-1 
an ) as ) 


IfC = "C, then value of 
[G+22u8. ae n Ci 1s 
n—-| 


C, C, C, C 
(a) n(n— 1) (b) n(n + 1) 
(c) n?- 1 (d) n+] 
10 l Q” ; 
Sum of the series SY (-1’ ies ieee is 
r=0 

6° +1 2 
(a) 320 (b) a” 

ae | 
(c) 2 __ (d) None of these 

57° 


If m and n are positive integers, then value of 

ss Oe, Ota a OF. ORNs arr gg Oru OH 

(a) ae On (b) sas CMa 

(Gc) "Gg (d) None of these 

Ifnc, + ric +... + "C= 4095 then value of n is 
(a) 6 (b) 7 

(c) 5/2 (d) 7/2 

Let P, denote the product of all the binomial 


co-efficients of (1 + x)", then a is equal to 


n 


(b) C ry 
n+] 


(d) None of these 


(n+2)! 
(a) (n+ i 


(c) (1+) 
n+2 


Value of C, + 7C, + 13C, +... + (6n + 1) C, 1s equal to 
(a) Qn + 1)2” (b) n+ 1)2” 


(c) n. 2” (d) 3n-1)" 
6. (d) 7. (c) 8. (b) 9. (b) 10. (c) 
16. (b) 17. (b) 18 (a) 19%. (a) 20. (a) 
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‘NUMERICALLY GREATEST TERM OF 
‘THE BINOMIAL EXPANSION 


Let 7, be the numerically greatest term in (a + x)”. 


=> |T | <|T_.|> |Z], where 7, ="C, a?’ x" 


T 
=> lst. pepen 
lid | 
T "Cog Te 
Case !: | mils | => |——____3] 
ye C,_\a 
= n—-rt+ll|lx 
nN rtix)s, ls] 
r a r a 
n+] a n+1_la 
=> | —-1/>-4 a3 — 2-41 
r x r x 
n+l n+l 
> r< as —— > 1 
r 
I+ |— 
x 


(i C0 
Casell: |——|<1 ey Sei 
r+l Ca x 
n—r||x <] n—r+l1-1 a 
r+lla r+l x 
“7 -1</4 ae < [S41 ee ea 
(1) r+ x. r+ XxX jan|@ 
x 
n+] n+l 
= -l1 > a-1<r<a,where @ =—— 
a a 
1+ |— jis ec 
x x 
| Conclusion: 
(11) 


e If ais not an integer. Then r= [a] 
= So there is only one numerically greatest term giv- 

en by Dg Cg 

e In case a is an integer, then r has 2 possible values, 
=> r=[a] andr=[a]-1 

", 2 numerically largest terms. 
doa a x and TO ae 
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m GREATEST CO-EFFICIENT Now the (7 + 1)th binomial co-efficient will be greater 


than the r® binomial co-efficient when, 


To determine the greatest co-efficient in the binomial 5 (1) 


expansion of (1 + x)”, consider the following: But r must be an integer, and therefore when 7 is even, 


the greatest binomial co-efficient is given by the greatest 
1 value of % consistent with (1) 1.e., r = n/2 and hence the 
r r greatest binomial co-efficient is "C_,. 


_n-rtl_ ntl 
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m@ MULTINOMIAL THEOREM 


Multinomial theorem for a positive integral index. 

The idea of binomial theorem carries over from bino- 
mials to sums of more than two elements 

As an example, consider the expression (x + y + z + 
w)'®; this by definition, is a product of sixteen identical fac- 
torsxt+yt+ztw3j1e,a@tytz+w)etytztw)...& 
+ y+z+w) (16 times) 

The expansion of this has a term, for example, of the 
form x*j°z°w” because the sum of the exponents is 3 + 5 + 
6 +2 = 16. This particular term occurs in the expansion as 
often as x can be chosen from three of the sixteen factors, 
y from five of the remaining thirteen factors, z from six of 
the remaining eight factors, and w, then taken automatically 
from the other two factors. Paralleling the argument made 
in the case of the binomial expansion, we see that this 1s 
simply 


wo Be sc y__lé! 13! 8h 
S88 13130 8151 612! 


The expansion of (« + y + z + w)!*has been shown to 


Sr ee 


contain the term yZzw 


16! 
———_-x 
31516!2! 

The co-effcient is equivalent to calculating the number 
of ways of ordering the following sixteen letters. 


XXXVYVVVYZZZZZZWW 


More generally, we can say that the expansion of (x + y 
+ z+ w)'*is the sum of all terms of the form 
16! 
albic!d! 
Where a, b, c, d range over all possible sets of non- 
negative intergers satisfying a +b +c+d=16As a 


a.bic..d 


x“ y’zZow 


EXAMPLES 


(i) The binomial expansion can also be written as (x + y)"= y 


simple case, we note the solution a= 16, b=0,c =0, d=0, 
belonging to term 


16!0!0!0! 


or more simply x’*in the expansion. Other solutions of a + 
5b +c+d=16are for example, a=4,b=5,c=5,d=2 and 
a=3,b=5,c=2,d=6 and belong to the terms 


16! 4 5,5 2 16! 


eee d : BS 256 tivel 
ee ee ee 


Further generalizations apparent. For any positive 
integer, (in place of the special number 16) we see that 
expansion of (x + y + z + w)"1s the sum of all terms of the 
form 


n! 
a'bic!d! 


Where a, b, c, d range over all solutions of a+ b+ ce + 
d =n in non-negative integers 

There is no reason to restrict attention to a sum of four 
elements x, y, Z, w. 

For any positive integer n, the multinomial expansion 
of x«+y+z+wt+....)”1s the sum of all terms of the form 


n!| ( 
albic!d}.... 

Where a, b, c, d...... range over all solutions of a + b + 
c+d+.....t+=nin non-negative integers 

The number of terms in the expansion of (x, + x,+....... 
ae x)” 

= Number of whole number solutions of 

4,1 a, Tu. a Hn 

2 r 


— siete CXS or ie Cee 


n! 
x*y? 


a+ B=n al p! 


Here the summation runs over all those non-negative integers whose sum is n 


eg,@=0,8 =n, a=1..B=n—  landsoon 


ee n! say 3 MG 
n— ————- xX" y"z 
(ii) (xX+y+z 2 aa y 


(iii) In the expansion of (a-— b-c+d)°, the co-efficient of a*b7c is (-1)° 


6! 
3121110! 
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ILLUSTRATION 22: Find the co-efficient of x*in the expansion of (1 + x?- x)? 


SOLUTION: We have 51 
= 9! = . A 2437 
(1 + x?— x3)9= 12 (6 3)"= ———_(-1)’ xx 
Pos al Bly! Ps a pty! 
Now we must have 28 + 3y = 8 also a + B + y= 9. It 1s easy to see that there are only two 
triplets of values of a, B, y which can satisfy both equations, namely, 


(6, 1, 2) and (5, 4, 0). Thus the co-efficient of x*is 9! (- 1)’ 4 I! (-1)° — 378 
611!2! 51410! 
ALTERNATIVE: (1 + x?— x*)?=(1 + x”)? + °C, (1 + x*)¥ Cx’) + °C (1 + x?) CP + OC (1 + x’)? Ce) +... 
Now, there 1s no need to consider fourth term and terms after that, since the smallest power of 
x in these will be 12. There will not be a term containing x*. 
Therefore co-efficient of x* in (1 + x?)?— °C, (Co-efficient of x°1in (1 + x7)®} + °C, 
(coefficient of x? in (1 + x”)’) = °C, — °C,.(0) + °C, .’C, = 378 


ILLUSTRATION 23: Find sum of rational terms in (J2 as 33 4 §f5 y 
10! 
alBty! 


where a, B, y satisfy the following properties: 
aes a+ B+ yv=10 
a =0, 2, 4, 6, 8, 10; B=0, 3, 6; y= 0, 6 
Hence possible pairs of (a, f, y) are (4, 6, 0); (4, 0, 6); (10, 0, 0) 


There exists three rational terms 


SOLUTION: The general term of the given expression = Qai2 ah! 25)" 


So, sum of rational terms = 101 2? 37 2, 10! 5 , 10! 4s — 11792 
Ale! 41.6! 10! 
ILLUSTRATION 24: Find the co-efficient of a7b°c* din the expansion of (a— b—c + d)"”. 
10 
SOLUTION: (a—b—c+d)*= » a pipicinl )" (-b)” (-e)* (d)" 


+r, +7,+7,=10 *] F In, IT, In, 
Since we want to get a’ b’c*d this implies that, r, = 2, 7,=3,r,=4,r,= 1 


10! 
Co-efficient of a* b?c4d= _—10t | 
2'3!411! 


ILLUSTRATION 25: Find the co-efficients of x’1n the expansion of (1 + 3x— 2x3)!° 


SOLUTION: Co-efficient of x’ in the errs of 


OF (3x)” (-2x")” 


1 + 3x — 2x3)'%1s 
( 


n, +n, +n,=10 nin In, 


where n, + n, + n,= 10 and n, + 3n, = 7, the possible values of n,, n, and n, are shown here 


ny nN, a; 


3 7 
5 A 
7 l 


Ne © 


10! 


wo SPT v y (- aye ait) (3 ) (2) 


= 262440 — 204120 + 4320 = 62640 


The co-effcient of x’ = 
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NOTE 


The greatest co-effcient in the expansion of 


(q!)” "((q+1)!) 


Where q is the quotient and ris the remainder when n is divided by m. 


ay 
(a. +4,4+a, + oer +a) is 


ILLUSTRATION 26: Find the greatest co-efficient in the expansion of (a + b + ¢ + d)”. 
SOLUTION: Here n= 15 andm=4 


(." a, b, c, d are four terms) 


15! 
15 =4x*3+3 .. g=3 and r=3. Hence the greatest co-efficient = —_,——.3 


(31) (ayy 


ILLUSTRATION 27: Find the numerically greatest term in the expansion of (4 — 3x)’ when x= Z , also find its 
co-efficient. 3 


simone ae : ) — +} (37) = Tt (r-8—1)!(-32) 
T,| \"c,,(4)°" (-3xy"] |’. (4) ri(7—r)! 7! 4 
- ao = = =e 
r 4 r \4 
Fal 2 IZ) 
=> B27) Bis 
r 4 
when x = 2/3 
Bar Sie =. we get >1=>8-r>2r 
r 
=> 3r<8 > r<8/3 
> r<2for|I,,|>I7] » ITI<ID)<IZ 
and |T.,.| <|T| > 8" <158<3 
2r 
= roe > |T,,|<|T| forr>3 


IZ] > |Z > [sl > Ll > 12] > 17,1 > IZ, 
P| < |Z] < [24] > [2,1 > IZ -----17,] 


The numerically greatest term is 7,, having numerical value ’C, (4)° (3x)’ 
7x6 

x 
2x1 


4 
=7C, (4)° (9x? = x (4) 9x5 = 86016. 


TEXTUAL EXERCISE-4 (SUBJECTIVE) 


1. (a) If 7,,, > T, and T,,,> 7,,,n the expansion of 


(1+-/3)',, then find the value of k. 
(b) Find the greatest term in the expansion of 


a 


2. (a) Find the greatest term in the expansion of (2 + 3x)? 


if x = 3/2. 
(b) Find the greatest term in the expansion of (1 + 4x)® 
if x = 1/3. 


3 (i) Find the co-efficient of following term in the 
expansion of (x + y + z)””. 


(a) xby/2! (b) xiyez" 
(c) xyz° (d) x*y’z° 
(e) x’y’z 


Binomial Theorem <_ 7.23 


(ii) Find the co-efficient of 
(a) a’°b’ c? in the expansion of (bc + ca + ab)'®. 
(b) (a>.b° c®.d’.e*.f) in the expansion of (a + b + 


c—d-—e-fy} 
(c) (a3.b° c®.d’.e.f) in the expansion of (a + b + 
c—d—e-f)” 


4. Find the co-efficient of a*b*c’d in the expansion of 
(a—b+c-—d)’. 

5. (a) Find the greatest co-efficient in (x, + x, +...+ x)” 
(b) Find the greatest co-efficient in the expansion of 

(a+b+e+d). 

6 Find the co-efficient of x°° in the polynomials after 
parenthesis have been removed and like terms have 
been collected in the expansions. 

(a) Cl Shag) sp eLearn de 
(by Cx) 20) $4)? + 301 xP... F TO00G Fx) 
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7. Find the value of 
18° +7° +3.18.7.25 
3° +.6.243.24+15.81.4+20.27.8+ 
15.9.16+6.3.32.+ 64 


Answer Keys 
1. (a) k= 64 (b) 8" term = _& 
a 
3. i) (@) 4 ‘Oe 
31415} 21416! 
(ii) (a) 120 a hae 
3!6!8!19!14! 
n! 15! 
a —— () eee 
(q!)"" ((¢+1)!) (3!) (4!) 
7.1 g, (n+ 3nt2)n+I) 


6 


2. (a) 7 th term = °C, (81/2) 


8. Find the total number of terms in the expansion of 
(x+y+zt+wyneN. 


9. Find the number of terms in the expansion of 
(4/9 +4/8)° which are integers. 


(b) 6th term = °C, (4/3)° 


12! 


(c) —— (d) zero (e) zero 
5!6! 
9! 
0 4. 
- 31312! 
6. (a) _1001! (by (51050) 1001! 
50!951! 521950! 
9, 251 


TEXTUAL EXERCISE-4 (OBJECTIVE) 


Int2 + 


1. The greatest co-efficient in the expansion of (1 + x)*”"? is 


(a) (2n)! (2n+2)! 
(n'y {(n+])!}? 
(2n + 2)! 4) (2n)! 
ni(n + 1)! n\(n + 1)! 


2. If mis even positive integer, then the condition that the 
greatest term in the expansion of (1 + x)” may have the 
greatest co-efficient also 1s 


2 2)e" = Sei 
n n +] 


(d) None of these 


3. The interval in which x must lie so that the greatest 
term in the expansion of (1 + x)” has the greatest co- 


efficient, 1s 
n n+l 
ears 
n+l on 


Answer Keys 


1. (b) 2. (a) 


3. (b) 4. (a) 


3. (a, C) 


(c) s 72) (d) None of these 
n+2 Nn 


2nt+] 


4. The greatest co-efficient in the expansion of (1 + x) 
is 


(a) cl +1)! (b) (2n+2)! 
ni(n+l1)! n\(n+1)! 
(2n+1)! (2n)! 
oe d 


10 
5. Given that the 4th term in the expansion of (2 + =) 


has the maximum numerical value; then x lies in the 


interval 
60 
b) | -—,-2 
(b) ( : 


(a) (2, 
21 

60 

d aay 

(d) (2, | 


(c) (-F.-2] 
21 
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RMi(MPORTANT APPLICATION OF BINOMIAL THEOREM 


To analyse the problems related to integrated fraction, roots of number the application of binomial theorem can be 
understood by the following illustration. 


Algorithm to solve the problems of this kind | Step 4: If G is added to the expression in Step 1, then G 
+ F will always come out to be equal to lie, G=1-F-. If 
G 1s subtracted from the expression in Step 1, then G will 
always come out to be equal to F. 


Step1: Write the given expression equal to J+ F, where J 
is its integral part and F is the fractional part. 


Step2: Define G by replacing ‘+’ sign in the given 
expression by ‘—’ . Note that G always lies between 0 and 1. | Step 5: Obtain the value of the desired expression after 


Step3: Either add G to the expression in Step | or subtract getting Fin terms of G. 


G from the expression in step | so that RHS is an integer. 
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Series involving product of binomial other involving the second factors as co-efficients and 
co-efficients finally equating the co-efficients of a suitable power of x on 


both sides. 
Such series are obtained by multiplying two expansions, | Illustrations related to such type are categorised in following 
one involving the first factors as co-efficients and the | discussed cases. 


Case (i): If difference of the lower suffices of binomial co-efficients in each term is the same 


Binomial Theorem < 7.27 


Multiplying (1) and (2), we get 


(x¢" 4 Lae = ae nm i, == a Sl — + (-1)*" oe ee xn se ua, Se ati + + a 


Now, co-efficient of x7”"in R. H. S. 


= i OO poh AC er a 20 ee (1 ( 


General term in L.HLS., 7, = “C (x’)""(-l1)’ 


Putting 2 (2n—r) = 2n + f= Ce ely 
Hence co-efficient of x°” L.H.S. = (-1)"*"C, But (3) is an identity, therefore co-efficient of xin 
R.H. S. = Cofficient of x”"in L.H.S 


=> Ge 9 8 (as ON as ee — + (—1)” a ON — (—1)". me 


Case Il: If sum of the lower suffices of binomial coefficients in each term is the same 


ILLUSTRATION 34: Evaluate the sum 

OF Oa cs On Ores a Oe Oia rere al OF Oe 
SOLUTION: Here 0 + n=1+(n—1)=2+(n-2)=.... 

Since each term of series 1s positive, consider 
Cl aey =Car Ce i ee rg. IC 
and. (el PS Co PCa ae. 
Multiplying (1) and (2), we get 
Clery (Cpe C er Ce a CX) AC re Cr a a) 
and equating the co-efficients of x”on both sides, we get "C_=C,C,+C,C,+C,C, +...4C.C, 
mC eC Ct CC aaa GC. 


ILLUSTRATION 35: Prove that C,C_—C,C_,+ C,C_,-...+ Cl’C, = 0 or C1)” according as 71s 


aie 


odd or even. 

SOLUTION: Since the terms of the series are alternately positive and negative, we consider one of the 
expansions with alternate signs. 
es 9 een OF ae OF es a Oye oma cermae Ort eee oe OMe camera Oe (1) 
Oa SC -Cyr Cr rast Clyex (2) 
Multiplying (1) and (2), we get, 
Chao (Cor Cx a Ce CC a Ce Ora ele x) (3) 
Now, co-efficient of x"in RH.S =C,C —-C,C_,+C,C_,-... + Clyrcc, 
Now general term in L.H.S. = 7, = "C_(’)'= -1)’."C_ x”; put 2r =n 
=> r=n/12,T IW eels Giles cy 


n+l (- 
n!\ 


The co-ffcient of x"in L.H.S. = (-1y”."C_, = (-1y?2 —————_ 
a ma Cl) (n/2)\(n/2)! 
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0 if n is odd 
= nl2 n} ae 
(-1) (n/2)\(n/2)! if niseven 
But (3) 1s an identity, therefore the co-efficient of x"1n R.H.S = co-efficient of x”1n L.HLS. 
> CC C=C C et CC saucr Ely Cc. 


0 | if n is odd 
ni2 n: . : 
(-1) (n/2)\(n/2)! if niseven 


ILLUSTRATION 36: If (1 + x)"=C,+ Cx + Cx’ + .... + C_x", then show that the sum of the products of the 


2n! 
C, ‘s taken two at a time represented by DS > C Cis equal to 2”1— 7 : 
O<i < j<n Ah! 


SOLUTION: Since (C,+ C,+C,+....+C,,+C,) 
= (Cy +G +G 7 +C. +Cz) o 2 (CC, " CC, %, CLC, Tae T CLC, : CC, Tet Chic, 


="C,+2) > CC, 


O<i <j<n 


2n! 
Hence CC2)"= 
Xd ns 2.nin! 


ILLUSTRATION 37: Prove that »> oF (i +: 1) C,C,=n [ae = 2n c 


O<i <j<n 


SOLUTION: Let P= > > (i+ J)C,C, 


O<i <j<n 


Replacing i by n — i and j by n —/, we get, 


P=) > (2-it+n-J)C_C_, =>) Y {2n-(i+ JCC, 


O<i <j<n O<i <j<n 


2n—1 geo 2n 2n 
=2n| 2 Fe —-P>2P=n2" —-n.°C, 


P = 7 tas = 3 
2 


Hence >» DS (i+ f)CC, = n( 2" 5 7 


O<i <je<n 


Series involving products of binomial co-efficients with variable upper indices 


ILLUSTRATION 38: Show that @).C,C_—C,.#1C_+C,.*°C_—C,.*3C_+...+C1"C,"C = 1 
ie a ee ee 
SOLUTION: (i) Here, all co-efficients have the same lower suffix 


mC, = co-eifcient of x"in(1 + x)” 


“IC = co-efficient of x*in (1 + x)?" 
mC, = conetiieient Of xin Cl x)? 


aC = co-ellicient of xin (1 +x) 
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TEXTUAL EXERCISE-5 (SUBJECTIVE) 


= CC. $C, C.-C, 36. 


n-|l~“n 


1. (a) If (5+ 26)" =J+f, where] € N, n € N and (a) we C 
r-0 


l r+l 


0 < f< 1, then prove that J= Lyf 


r “r+2 n 


n-2 
b C.C.,, =C,C, +C,C, +...4+C€_,C€ 
(b) Show that Q2sI 4G2=1)° — 198. Hence find (b) 2. 02 1&3 ‘oe 


: n-3 
the integral part of (J2 +1)°. (c) 3 C.C,,, =C,C, +C,C, +...+C,_,C, 
(c) Show that [V3 + 1)°" | + 1 is divisible by 2”*! for r=0 
alln e N. (where [ ] denotes the G.I.F) 3. Evaluate the sum of the following binomial series: 


(4) Let R = (V5 +11)" and f= R— [RI then prove (a) (C,+C) (C,+C) €,+C) oC, +C) 


that Rf = 4°77), (where [ ] denotes the G.I.F) (b) » Ce F 


O<i< j<n 
De UE, ae eC oO era Xe a eas + Cx", then 
evaluate the sum of following series: 
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4... Prove that CC 2 ar SC ar °C oor ist. tate OG IE ote AC St 


n n = (t+)! n_ A(n—}) a 
Cachet) Fale ; n ] 


5. If( +xyP=C, + Cx+C,x’ +....C x" then evaluate 


the following binomial series: 


@) > d(C +C,) 


O<i<jsn 


(b) >), d(C, +C,) 


O<i<jscn 


©c) > G+ /CG,+C,) 


O<i<jsn 


Answer Keys 
1. (b) 197 D(a) MC. 
(b) qin _2n Oo 


n 


3. (a) S10 Coe 
n!} 
5. (a) (n— 1).2"C_ + 2 (b) n(2”) 


(d) (n + 1)"C,- 2 


l 
e n aon SFC 
(e) ( : 


7. (n+2)2"? -— 
(n+2) ; 


d@ > dY(C-C,y 


O<i<jcn 
©) D VE+DGC, 
O<i<jcn 
6. If (1 + x)"= SC. & >= a, then evaluate 
r=0 r=0 r 
1 J 
pes —— +—— | in term of a and n. 
O<i< j<n C. C, 


“.P. 
7. Evaluate yo." C, ; where P_ denotes the sum of the 
r=l r 
first r natural numbers. 


(b) as OE (Cc) a OSS 


(c) n°(2”) 


| 


TEXTUAL EXERCISE-5 (OBJECTIVE) 


1. The integer next above (V3 +1)*” contains 
(a) 2”*! as a factor (b) 2”? as a factor 
(c) 2”*? as a factor (d) 2” as a factor 
2. If n is positive integer and (3V3 + 5) 2"! = a + B, 
where a is an integer and 0 < 6B < 1, then 
(a) & 1S an even integer 
(b) (a + B)* is divisible by 27"*? 
(c) The integer just below (3V3 + 5)*! divisible 
by 3 
(d) ais divisible by 10 
3. If (8+3V7y' =P + FE where P is an integer and F 1s a 


proper fraction, then 
(a) P is an odd integer (b) P is an even integer 


(c) K(F + P)=1 dd) I-F)(P+R/=1 


Answer Keys 


1. (a) 2.(a,c,d) 3.(a,d) 4 (@ 5. (b) 


4. Integral part of (6V6 +14)?""! is 
(a) an even integer (b) an odd integer 
(d) None of these 


5. If [x] denotes greatest integer < x, then[(2+ i "7 
—2"*! + 1, where P is prime number greater than 2 1s 
(a) is not divisible by P 
(b) is divisible by P 
(c) cannot say anything 
(d) None of these 


(Cc) a prime integer 


2 
6. Ifx=(2 +13), ne N and f=x-— [x] then J is 
1 


(a) an irrational number 

(b) a non-integer rational number 
(c) an odd number 

(d) an even number 


6. (d) 


Binomial Theorem <_ 7.31 


MULTIPLE-CHOICE QUESTIONS 


SECTION-I 


OBJECTIVE-TYPE SOLVED EXAMPLES 


1. Co-efficient of x° in the expansion of (1 + x’). 


(1+ x)*is 

(a) 30 (b) 40 

(c) 20 (d) 60 

Solution: (d) Co-efficient of x° in (1 + x”). (1 + x)* 
Opes 0 nea aac as Oe is a Oia eee xX Cle 
hes mC) Fox FLO He aks )* (x)? 


= 5.70, + 10'C, = 60 

. Co-efficient of x* in the expansion of 

Chee ae 3)" 1s 

(a) 920 (b) 850 

(c) 890 (d) 990 

Solution: (d) (1 + x + x? + x°)!! 

= (1+x)+x +x)” 

= (1t+x)!(1 +x)! 

eS Cer Coe Cae te Cr) K 
(+°C, x7 + "C, x* + ...)=> Cofficient of x’ 

se OO ag Oi ies Oras Oven om 

= GG Cn = Do S00 O00) = 990 

. Co-efficient of x* in the expansion of (2 — x + 3x’)® is 


(a) 3600 (b) 3660 
(c) 3590 (d) None of these 


Solution: (b) The is term of (2 — x + 3x’)® 


isgiven by (2)" (—x)" Bx)" 
= x 6! 


K+n+n=6 h Ir, 'r,! 


oninin! 


(2)" (-1) By? x?" 


= For terms containing x* 
r,+ 2r,=4—>r,=4-2r, and 
pee mae ae Oh a a a 2 


so the co-efficient of x* is 
6! 
= ea 25 1)°(3) + 
= oye I+ VO! + De 
(2)* (- 1)°BY 
=o ao) 2x2x2x3 al 
= ! SS $$ fe es 
2x4x3x2 3x2x2 4x3x4 


| 
= 6! B+243] = 3660. 
12 


4. Numerically greatest term in the expansion of 


(2 + 3x)’, when x= ~ iS 


eye (b) 7, 
(c) I, (d) None of these 
+] 9+1 
Solution: (c) 7= ERD) Oe Wee 
a 2 
1+ 4 a 
x 3x 
2 lexan -|*|- 
1+ z : 13 
3.3 


Thus there will be a single numerically greatest term 
ANG: 1ST od on 


. Which one is/are numerically greatest term in 


l 
(3 —5x)P, x= 5. 


(a) f, (b) f, 
(c) L, (d) f, 


Solution: (c, d) 


pe: n+l bs a . — = [4] 
es A es ee 1+(3.5) 
x 5x 5 1 


> r=[4]orr=[4]-lie,r=4or3 
Thus there will be two numerically greatest terms 7, 
and 7. 


7.32 >» Fundamentals of Mathematics—Algebra | 


6. The index n of the binomial 242) if the 9* 


term of the expansion has numerically the greatest 
coefficient (n € N) is 


(a) 4 (b) 6 
(c) 8 (d) 12 
n+l n+l 
Solution: (d) 8<— 7 <9| °° r=8=|— YT 
a a 
Eee | ee be 
x x 
> gc <9;x = 1 for greatest coefficient. 
ie 
2 
=> g< tg > ll<n<125=n=12 
1+— 


2 


. For which positive value of x, the fourth term in the 
expansion of (5 + 3x)’° is greatest? 


20 5 20 
(a) 0,20 (b) (2) 


(c) ( 5 20 (d) None of these 
4°21 


10+1 n+l 
Solution: (b) 3<—7 27 <4 == 
1+|— 1+|— 
3x x 
at Se <4 
5 
1+|/— 
3x 
Sea eee 
8 21 
> xe a VU uae > but x € Rt 
21 8 8 21 
5 20 
=> ——— 
8 21 


. The number of positive integer divisors of the 
HUMbDEL IN SC 2 OC ra Pats + 2000. 
20007 


2000 # 
(a) 8016 
(c) 4000 


(b) 8000 
(d) None of these 


Solution: (a) N = ®°C, + 2. 7°C, + 3.°°MC, + ...... 
+ 2000. 29°C 


2000° 


10. 


11. 


- The number of terms 


Let (1 as a _ iis Os sas Ol + + eG take 
Diff. w.r.t. x, we get 2000 (1 + x)??? = MC) + 270C) x 
pie ma OP ee wees 22000 Ga eX 
Putting x = 1, we have 2000.21 = °C) + 2°"C, + 
ee OOO Cty 
=> N=2000. 2° 
= =) 10°. 91999 = — 2000, (2. 5p = 92003 53 
= Number of positive integer divisors = (2003 + 1 ) 
(3 + 1) = 2004 x 4 = 8016 
in the expansion of 
(ax? + bx + ce)? containing x° are 
(a) 3 (b) 4 
(c) 5 (d) 6 


Solution: (b) The general term 


! 
= 9 : q' b” oe ite 
oh !r,!47,! 


y +h +h = 


Fore 2h d= Ort Bg = 9 


There will be 4 terms containing x°. 


The co-efficient of x’y*z* in the expansion of 
(ax — by + cz)’ 1s 
(a) 1220 


(c) 1300 


(b) —1260 
(d) None of these 


Solution: - The oor term of (ax — by + cz)?’ 


= Ca)" (by? (ey? x" y?2" 
of Ir, IY, 


KtHtKR= 


For x47, = 2 r,=3 andr,=4 


eC: Cab) ©): 


= Coefficient of x’y*z* = 
21314! 


= — 1260 a*b’c* Ans 
The co-efficient of a’b’c*d in the expansion of 
(a—b-—c+a4)'*is 
(a) —12600 (b) 12000 
(c) 10000 (d) None of these 
Solution: (a) The — term of (a-—b-—c+d)'® 


* att ite iio ee 


RtH+tBRth= 


12. 


13. 


14. 


Foro 0 Cait = 2.0 = 3,-4.7. 


= Coefficient of a*b*c*d 


10! 2 3 4 l 
= > Perrine (-1)/°-1)*(1)' = 12600 


KthHt+tKRthy 


Let a = (4! — 1) and for each n 2 2, let b, = 
OG Oa. 2 ate + "C. a’~', then the 
value of (b )1s 


(b) A yrrooaoe 
(d) None of these 


2006 b 2005 


(a) (4)2004/401 
(c) 4) 


Solution: (c)b ="C,+"C,at+"C,at+....+ "Ca"! 


l 
Sy Die (OC AC aa aS is + "Ca" 
. 2 


== = Peo a Cia tet a2 4 | 
; 2 2 


> b,=—(+a)"-1 
a 


=> b 2006 © 2005 


bangs = — (CL + a8 1] — = [C1 + a1) 
1 a a 
=— (1+ a) (1+a —1)=(1 + ay 

a 


2005 


1 2005 2005 
= 1.4%" 1] = 4%! = (4) 


5 


The remainder when x= 5° ) (24 times 5) is divided 
by 24 is 

(a) | (b) 3 

(c) 5 (d) 23 


Solution: (c) Note that x= 5 (23 times 5) is an 
odd natural number, Therefore let it be (2m + 1) 

=> x= 5 F1= (25")5 

where m is a natural number. Thus, 

x = (24+ 1)".5=5 + a multiple of 24 

Hence, the desired remainder is 5. 


The co-efficient of f° in (1+)? (1+ f°) (1+) 
(1 +t) (1+ ¢) ...(1) is 


(a) 1+ BC. (b) 1+ C 4 eC 
(c). spec, (d) None of these 


Solution: (a) As we are interested in co-efficient of 
P° , we shall ignore all the terms with exponents more 
than 50. Thus, we can write (1) as (1 + *C PF + ... 
PG 5) x (1 + P53 + + 45 + 47) 

As all the terms in the first expression have even 
exponents, we can ignore ?°, t*, ¢*’ too. Thus, co- 
eflicient OL P= C6 CS 1st aC. 


15. 


16. 


17. 


Binomial Theorem <_ 7.33 


2 k 


2n n 
If > a,(x-100)' = })d,(x-101)' and a, = iz 
r=0 r=0 n 


Vk = n, then b, equals 
(a) 2"2""— 1) 
(c) 22" — 1) 


(b) 2°(2"+ 1) 
(d) 22" 1) 


Solution: (a) Put x — 101 = ¢, so that 


2n 2n 
Yb, = Ya, (t+) (1) 
r=0 r=0 
b = Co-efficient /” on the R.H.S of (1) 
="Cat”™"C aj +..t" Ca, 
2n 2n ak 
=> CG => 2' cE a, = a 
k=n k=n C. 
2n 
= 1 Se i = an (2”"" _ 1) 
k=n 
If xe R and 
1+ 1+2 1+ 
SC i ee a 
l+nx “(1+ nx) (1+ nx) 


(n + 1) terms, then S 
(a) equals x? 
(c) equals 0 


(b) equals 1 
(d) is independent of x 


Solution: (c, d) Putting i 


= y, we can write 
+ NX 


Cy- Cy + Cy? =... +(-1)" Cy" | 


s-| 
=xy| C\- 20,9 30,9 =... (1) nC, 9" | 


Value of » "C,, sin (kx) cos (n-k) x is 
k=0 

(a) 2”! sin(nx) 

(c) 2” cos (nx) 


(b) 2” sin(nx) 
(d) none of these 


n 


Solution: (a) S = > "C, sin (Ax) cos (n-k) x (1) 
k=0 
Writing the terms 1n the reverse order, we have 


S=))"C,, sin (n— 2x cos (ke) 
k=0 


= y "C, sin (n —k) x cos (kx) (11) 
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18. 


19. 


20. 


Adding (1) and (11), we get 


2S = y "C, {sin (kx) cos (n—k)x + sin (n—k) x cos (kx)} 


k=0 


= ("C,) sin(nx) = 2” sin (nx) 


k=0 


=> S = 2"' sin(nx) 
oo k l F 
Value of ep Sp ae C, jis 
k=1 r=0 
(a) 2 (b) 2/3 
(c) 1/3 (d) None of these 
1l< ply 
Solution: (a) > =| nC = >> ‘C= —— 
r= 03 3 r=0 3 
Thus, S = ads = 
1-2/3 
Sum of the series 
a a C, ) 3 a. ar 
S= + is 
ae r+4 C, = n+4 C, 
(a) An (b) weet 5) 
aur ars qenis 
c) —— d) ———— 
( ) nt+4 C ( ) nt+4 G 
‘ Fa 
Solution: (c) moe ean auld 
™C, ri(n-r)t(r+4)! 
= 4! "** ) = a3 a C4 
(n+1)(n+2)(n+3)(n+4) — cas By 
Thus, 
] 
S = maz Seer, nD) ane 3° | 
4 Lr=0 
l nt+4 o Aor 
= n+4 » 7G, 3" — lee 
4 k=0 4 


The number of seven digit positive integers, with sum 

of the digits equal to 10 and formed by using the digits 

1, 2 and 3 only, is 

(a) 55 (b) 66 

(c) 77 (d) 88 

Solution: (c) Number of numbers of required type 

= Co-efficient of x!° in (x + x? + x)’ 

= Co-efficient of x? in (1 + x + x7)’ 

= Co-efficient of x? in (1 — x3)’ (1 — xy’ 

9x8x7 
6 


= poe en 7S 1. Shy 
Alternate: 

The digits are 1, 1, 1, 1, 1, 2,3 
or 1,1,1,1,2,2,2 


= Pa dd. 


21. 


22. 


Hence number of seven digit numbers formed 


51. 413! 


For r € {0, 1, 10}; let A, B. and C, 
denotes, respectively the co-efficient of x’ in the 
expansion of (1 + x), (1 + x) and (1 + x)°. Then 


»y A (B,,B.-C,,4,) 18 equal to 


(a) Be = (b) Aj, (Bio — Cp Ajo) 
(c) O (dd): C= 
Solution: (d) 

10 
Let y= 4 (B,,B, — Ci 4,) 


r=l 


10 
> 4B, =co-efficient of x? in (1 + x) @ + 1))-1 


r=1 


10 
= #C,,-1=%C,,-1=C,,-land })(4,)’ = co- 
efficient of x!° in ((1 + x)!? (@& + 1)!°) a 
se OP al oF 
= By (Cy- 1) et (B,,- 1) = Ci) Bi, 


5) f2) (22) 


n 
is, Where }- i One 
r 


Solution: (a) Let 


(OMe “lh ia 


[a0 


FU as Ok: Ones OF a: Corn as Only Ome tre + 
aps Oe 8 Os 
= co-efficient of x”° in (1 + x)?? (1 — x)? 


= co-efficient of x?° in (1 — x’)? 


30 
= co-efficient of x?° in »y (-1)".°C_.(x° 
r=0 
= (-1) °C, or co-efficient of x*°, put r = 10) 
= 300 
10 
Aliter: The given expression is the co-efficient of x”° 
in the product (1 + x)? (1 — x)? = (1 — x’) 
= the given expression = *°C,, 


23. 


24. 


If the second, third and fourth terms in the expansion 
of (x + y)" are 135, 30 and 10/3 respectively, then 


(a) n=7 (b) n=5 
(c) n=6 (d) None of these 
Solution: (b) 
We have: 
P= 135 => Ae xl y! = 135 
Lou => AC ok Ve 30 
10 | 
Tas > "Oxy => 
10 
135x— 
Nei te 3 
2 ie (30) 
10 
("C.x""y VCC xy >) Rea 
COX yy (30)° 
aos ame! “eee 
(“C,) 2700 


The co-efficient of the term independent of x in the 


9 
expansion of (1 + x + 2x?) 3 -) is 
2 3x 

l 19 
a — ———— 
(a) 3 (b) eT 

17 l 

fate ay: 
(c) 54 (d) A 


Solution: (c) 
-+] 
3 
9 ; 3 i 9-r r 
=(1+x+2x 13 Cc. (S| -. ty 


Sec. 3) = (-H ee] 
4 


feeQh I} 


aexe2e) (324 


= (1+x+2x’) 


y) ° i & (3) (+) 5 aad 
r=0 ’ 2 3 


Clearly, first and third expansions contain terms inde- 
pendent of x and are obtained by equation 18 — 3r = 
O and 21 — 3r = 0 respectively. 


25. 


26. 


21. 


Binomial Theorem <_ 7.35 


So, co-efficient of the term independent of x 


~ 18 27 54 
The number of non-negative integral solutions of the 
equation x + y + 3z = 33 1s 
(a) 120 (b) 135 
(c) 210 (d) 520 


Solution: (c) 
xt+y+t+3z=33>x+y = 33-32 
Let z =k. Then, x + y = 33 — 3k. 
The number of non-negative integral solution of 
x+y = 33-3718 °° *92-1C. SH BMC = G4 3k) 
But 0 < 33 -3k<33 >O0<k<11 
11 
Hence, total number of solution = > (34— 3k) = 210 
k=0 
The co-efficient of x” {0 <r <(n— 1)} in the expan- 
st of ee oY + ee BFPO eS @ ee By eae 2p 
oa #Gee 2) 1s 


(a) "C, G"- 2") 
(c) "C_(3" + 2" 


(b) oa (St = 2) 
(d) None of these 


Solution: (b) 


We have, 
(ESB Rie eS 106 2) tc ae Oca) ite 
= eS) 2) 


“(Gasca 


Co-efficient of x” in the given expression 

= co-efficient of x’ in [(x + 3)”— (x + 2)"] 

-_ “On 377 es mC Qrr = C Cia == Piao P 
If n € N such that (7+4,/3)" =I+F, whereJ EN 
and 0 < F<, then the value of 7 + F) U- F) 1s 
(a) O (b) 1 
(c) 7” (d). 27 
Solution: (b) 
Let G= (7— 4/3)” then 0 <G<las (oe Wey (0,1). 
Now/ + F+G= (74+4V3)" +(7-4y3)" 
= 2("C,7" + "C,7"*(4V3) +...) , which is an integer 
> F+G=lasF+GeE(,2)5>G=1-F 
> ¢+H0-AY=d+AhG 

= (74+4V3)"(7- 43)" =1. 
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28. 


29. 


30. 


31. 


The remainder, when 5” is divided by 13 is 

(a) 6 (b) 8 

(c) 9 (d) 10 

Solution: (b) 

We have, 5” = 5°.5% = (13 x 9+ 8) (1 + 13 x 48) 
= (13 OS) Ll eC SS AS) a nag 
(13 x 48)*4] 

= 8+ 13 (an integer) > remainder = 8. 


2 2n 
Tego =e mc 4 0 a Oe er ae 
81" 81" 81" 81” 
(a) 5 (b) 0 
c) — d) 1 
(Cc) (d) 
Solution: (d) 
We have, 
2 3 2n 
2 mc 4 10 1 oie Tait ee 
on 81” 81” 81” 81” 
= re Pee NOM iC, LOPS MOF tee, + 
_Q\22 n 
a Om 107] == | 107" =4 9) _8l = 
or 81” 81” 81” 


] 
The approximate value of (7.995)? correct to four 
decimal places is 


(a) 1.9995 
(c) 1.9990 


Solution: (b) 
(7.995)3 = (8- 0.005)? = 8° c om) 


4 
- 11, 2005 1 3 


8 ae 


(b) 1.9996 
(d) 1.9991 


= 2[1 — 0.000208] = 1.999584 = 1.9996 


20 
. . ] 
The greatest term in the expansion of V3 i+ | 


B 


18 


33. 


25840 24840 
a) ——— b) —— 
(a) 9 (b) 9 
(c) —— (d) None of these 


Solution: (a) 
Let (r + 1)th term be the greatest term. Then 


r r-l 
Ta a V3 a 6 = and i = V3 eC = 


V3 V3 
T, r \WB V3+1 


T_,2T. > rW3+1) >rs<7.686 >r=7. 
Hence, the greatest term is 


7 
] 2584 
= 3 *C,(+) _ 25840 


a8 9 


. The largest co-efficient in the expansion of (1 + x)’, 


given that the sum of co-efficients of the terms in its 
expansion 1s 4096 is 

(a) Veg (b) uC. 

(c) RC. (d) NE, 

Solution: (c) Largest co-efficient in (1 + x)"=°C_,, 
Cot GC tivaccte = 4096 (given) 

=> 2” = 4096 


=> 2"=2" = Largest co-efficient = "C, = "C, 


2 
In the binomial expansion of (a — 6)", n = 5, the sum 


of the 5" and 6" terms is zero, then ; equals 
n—5 n—4 

6 

5 


(a) (b) 5 
6 
n-5 


(C) (d) 


n—4 
Solution: (b) Given, 7, + 7,=0 
=> "C ab" _ OF ca oe _— @) => ae — "Cab 
a_ “Cs; _n-4 


=> —= 
b "C, 5 


SECTION-II 


SUBJECTIVE-TYPE SOLVED EXAMPLE 


. If the sum of the co-efficient in the expansion of (ax? 


— 2x + 1)* 1s equal to the sum of the co-efficients in 
the expansion of (x — ay)*, then find the value of a. 


Solution: (av? — 2x + 1) =(«- ay)”; x =y = 1 (given) 
=> (a-1)? =(1-a) 

=> (a-1)? =-(a-1)? > 2(a-1)? =O > a=1 

In the expansion of (3*“ + 3°4)" the sum of the 
binomial co-efficients is 64 and the term with the 


greatest binomial co-efficient exceeds the third by (n 
— ]), then find the value of x. 


Solution: (37 + 3°)" = 64 for 34 = 3°*4 = 1(given) 
. U+1"=64 => 2"°=64>n=6 

We know that the middle term has the greatest 

binomial co-efficient, 

Here n = 6 

middle term = [(6/2) + 1]" term = 4th term = 7, 

and given 7,=(n-1) +7, >T7,,,=(-1) + T,,, 
=> °C, (3°74) (35%) = (6 == 1) + "C (Qs (3°"4)2 
6.5.4 3-3x/4 315x/4 = 5 , 65 3x 35x/2 

1.2 


1.2.3 
=> 20.3% =5 + 15.3%” 


Let 33°? = ¢...(1) (t > 0) 

20° -15t-5=0 => 4f-3t-1=0 
> 4¢+1)@¢-lD=0 > t4#-1/4 
=> t=1 from @, 3*?=1>x=0 


. The sum of the co-efficients in the first three terms 


of the expansion of (x? — 2/x)”" is 97. Show that the 
co-efficient of x‘1s 1120. 


Solution: We have (x? —2/x)" = (x°)" + "C\(°)""! 
2 Oey 2k tenn 

Now, sum of the co-efficients in the first three terms: 
=1—"C,.2 + "C,. 4= 97 (given) 

=> m*—2m-—48=0>m=8,-6 

The value —6 is inadmissible since m must be a posi- 
tive integer. Thus the given binomial is 

(x? — 2/x)® in which the general term 


i _ eC. (x2)8" 2 Ix) = 8C (-2y y6-3r 
The value of 7 corresponding to the term containing 
x‘ is given by 16—-3r=4 
= r=A. Thus the co-eff. of x*is °C(-2)' 

=70 x 16= 1120. 


. Show that 2” — 15n — 1 is divisible by 225. 

Solution: 2“ = (2*)" = 16” 
(2*y" = (1 + 15)" 

el aca Or > aaas O.Pr da ONO bo ka eer 
215 = 15? PC. SCC.) cece: ] 
2 —1—15n= 225m (where m = "C+ 15. "C,+ 
... and m 1s also an integer) 
Hence, 2” — 1 — 15” is divisible by 225. 


6. Find out which is larger 99°° + 100°° or 101°°. 


Solution: 101°° — 99°° = (100 + 1)°° — (100 - 1)°° 
=(C, 100°C, 100? °C, 100" te...) 


Binomial Theorem <_ 7.37 


=(C. L00" 2G. 100r S36. 00> a2) = 2 C100 

tC NOOF as] 

= 0s. TOO be OOM sal 100 2 
[C, .100*7+ .....] > 100°° => 101°° > 99° + 100°° 


. Show that the co-efficient of x4 in the expansion of 


CE BO FP 1O0e tain. 00) is 25. 
Solution: Let S= 1 + 3x + 6x? + 100° +......... 00 
and MS SOS Aor Be te Oe ease 00 
Subtracting, we get S(1 — x) = 1 + 2x + 3x? + 4% 
] -3 
sa 00 ae = ox = (1-x) 
(Geers) dies ct o> tr al (0 clk geen wo)? 
=[(-x)°]*= (1-2)? 
i a2 oe aS one: ee GEN or aceeod 00 


Co-efficient of x74 (Taking r = 24) = 24+ 1=25 


a 0 2 a ee Saas Seas eu ere +t, prove that (a* + x’) 


biel eee Mea ae Serer clas (peee Sta cae ere 
Solution: (a + x)" = a" + "Cia lx + "Car xe? + oo, 
Se cael Ses ON te Se 

: = l/; PAY NS 3 
Now, (a + ix)’ = a" + "Ca" "(ix) + "Ca" (ix) + "C,a”™ 

iy \3 n-4 (74-4 5 (75 

(eee a Gixe)Pa"G a (xy + ree 
On collecting the real and imaginary parts, we get 


(GP I) Sb EE tex Neo Fae aaae eer ) 
(1) 

On taking the conjugate of (1), we get, 

AIO Eh ke a a aE seeds ) 
(11) 


Multiplying (1) and (11), we get 
a ap a Pe ae ee ca (Fa ae Piet 


. Find the co-efficient of x°° in the expansion of 


¢ aie 2 ae zie Ix ¢ ali Xe ats 3x2 
(1 + x) +... + 1001x 10%. 


Solution: Let S= (1 + x)! + 2x (1 + x) 9? + 3x? 


(i e368 oP LOO le (1) 
Let r= = and d= 1 
x+1 


—s =x (1 + x) 999 + 2x? (1 + 98+... + 1000x 19% 
Xr 


1001 
a 1001 Gi) 


Subtracting (11) from (1), we get 


(1-—] S = (1 + x) + x1 + 399 +o... + 31000 
l+x 


1001x'°" 
1+x 
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10. 


OF 8 = Cet xed yr eC ey ass 
road a x) —1001x1°°! 


This is G.P. and sum is S = (1 + x)'0? — x10 — 
LOG2 x18" 

So the co-efficient of x°° is °C, 

If K be a quantity, so small that K* may be neglected 


in comparison with m3, show that /[_™ , {_™ 
m—K 


) M+K 
is very nearly equal to 2+ Tee 
m 


Solution: We have 


ee ee EAT 


(8) *-4) 


= |1+¢ U2)—+ COE _ | 
| Dee mM 
sf 12 - aes. “}..] ; 
m 1.2 m 


{Higher terms are neglected} 


K 3K’ K 3K’ 3K? 
La ae a a 
2m 8m 2m 8m 


Show that » "C, (sin kx) cos(n —k)x = 2” sin(nx). 


k=0 


Solution: 3 "C, (sin kx) cos(n — k)x 


k=0 


==> "C,[sin(kx + nx — kx) + sin(ke — nx + kx)] 


20 


1 
sy "G, sinme+—5)"C, sin(2kx — nx) 


2 40 k=0 


1 
=a md” Co at C, sin(—nx) +” C, sin(2 —n)x 
k=0 


+.....4+° C_, sin(n—2)x +" C, sin nx] 


= 2"" sin nx + 0 (Hence it is proved) 


Prove that 13° — 19” is divisible by 162. 


Solution: Hence 13” — 197 = (1 + 3.4)” —- (1 + 9.2)” 
= Oe Cad At oe GA ge CGA} 
ete i Oa rs Oa a es Ol 9) ls er weal OP 2) 
S09 S12 S95 6 18) ae 12 2 
integer 
= 1188 — 1674 + 144 {°C + °C, x 12} + 81 x integer 


11. 


12. 


= —486 + 144 {99 .49 + 99. 98.97 .2} +81 x integer 
= -8$1.64+ 16.81 £11.49 + 11.98.97 . 2} +81 x integer 
= 81 {-6+ 16 (11.49 + 11.98.97.2) + integer} 
= 81 x integer 

13” — 19% is divisible by 81 

But 13%? — 19% 
= odd number — odd number = even number 

13” — 19" is divisible by 2 

But 2 and 81 are co-prime 

13” — 19 is divisible by 81 x 2, 1.e., 162 


If (15+6V6)""' = P then prove that P(1 
(where F is the fractional part of P). 


= F) _ Q2ntl 


Solution: P= (15+6V/6)""! =I+F. 

Let F' = 15-66)" 

Now/+ F= Cs)" + C. (15) 66 a G (15) 
(66)? +... 


F =C,(15)""!—C, (15)*6v6 + C, (15)! 6V6)? +... 


> 1+F + F=2[C,(15)"" + C, (15) 66)? +....] 
=> I[+F+F' =Even integer > F + F' = Integer 


But, 0 < F < 1 and (F 1s fractional part) 
0O<F’<1>50<F+F'<2 
Hence FP + FY = 1 > F'=(1-F) 


Pa — F) = (15+ 6V6)""' (15-66)?! = Q2n+1 


2n 
If n is a positive integer and if (1 + x + x’)" =) 4x, 
r=0 


then prove that 


(a) a =a, forO<r<2n 


2n- 


(b) a, ta, t+... + => (G"-a) 

(c) 7+ la, =™—na_+ 2n-r-+ lya_,O<r<2n) 
2n 

Solution: (a) We have (1 +x +x°)"= > ax" (1) 


2n re id = 
¥a,{=) -(142+5 | = (x? 4x41)" 
=o x x Xx xe 


2n 2n 2n 
=> Vax’ =(' +x+))" =) ax" =) a," 
r=0 r=0 r=0 
(11) 
Equating the co-efficients of x*” on both sides, 
we get,a. =a, forO<r<2 
(b) Putting x = 1 in (i), we get a, ta, +..ta ta, 
+..4a, = (3) 


But a, ey eee 


13. 


= AG Orr GQ) a = 3" 


SS es end TO 1 3-4) 
2 


(c) Differentiating (1) with respect to x, we get 


2n 
nO Day see =! Sra 
r=0 


2n 
Se) SO. ee) rea 
r=0 


2n 2n 
= n+ 2x) ) ax =U tx te) rex 
r-0 r=0 
Equating the co-efficients of x , (0 <r < 2n), we get 


na,+ dna, ,=(r+ l)a,, + ra,+(r- ja 


1 r1 


=> (rt lja,,=@-na_t+ (Qn-r-tlja, 


k 
Prove that SY (-3)" "C,_,=0 when k= = and n is 


r=l 


an even positive integer. 


Solution: Since 7 is even integer, let n = 2m, 


en ole 
Z 


k 3m 
Sy "G2 Gy ew 
r=l r=] 


Now, (1 + x)=" C, + 9C, x + 9C, x2 +... 
6m 6ne-1 6m 6m : 
a Cs x a C on % (1) 
6m — 6 6 6 2 
Che) SG Ge) PG ae). 


a. is, Oe (—x)o ae 6m Sax (—x)o™ 


=3m and 


> (1+ x)= (1 — x) = 2 [Cx + PC, x8 +... + 


om 6m-1 
Cas x ] 


_, +x)" -(-x)" 
aX 
—_— PC a moe x? +...+ i Ore x o2 ] 
6m = 6m 
Leta yo CD =A 
ay 
_ ss Oe + omc" V + a Oe ye 
Put y = —3, R.H.S. becomes S 
Lugs, = G+iv3)" = 0-13)" 
(21/3)i 
Let z= 1+(J3)i = 2e™3 
Z =1-(V3)i = e173 
7 (z)°" —(z)" _ 2isin(6ms) _ 


erica 
2iV3 


2iV3 


Binomial Theorem <_ 7.39 


14. For what value of x, the sixth term in the expansion 


of [preety + {780335 1" 1s equal to 21, if it is 
given that co-efficient of 2nd, 3rd and 4th terms in the 


expansion represent respectively the first, third and 
fifth terms of an A.P.? 


Solution: Co-efficient of 2nd, 3rd and 4th terms will 
be "C,, "C, and "C, . 
Since they are the first, third and fifth terms of an A.P., 


we may write 


"C,—"C,="C,-"C,  >n=T,2 


But n # 2 because then there will be only three terms 
in the expansion. So we take n =7 and in this case 6th 
term will be 21 if 


po pasate Pe [ 7-208 7 - 1 


yy. 770819 (10-3") a(x-2) log 93 — 3] 
1.2 


=> 21 Tee Fy ee 291 
Hence, 7 eset 02, 7 
=> log,[(10 — 3)(3*2)] = 0 = log, 1 
=> (10-393) =1 
=> 377° 10.3*7+1=00r F-10341 =0 
= 3%_ 103° +9 =0or 3* 1I3*—9) =0 
3*— 1 = 0 which gives x = 0 


and 3*— 9 = 0 which gives x = 2. Hence x = 0 or 2. 


« Provedhat C "= 20 7 3C "S02 2n€, = (ly nc 
where C= 7C_ 
Solution: (1 + x)" = %C, + "C\x + %C,x? + ...... cf 
as Oe xn (1) 


Differentiating w.r.t.x, we get 
DORE IE BSC i ne a 


(11) 
a 1 1 | 
Also 1-2 GO NG ee: Pa tC 
x x “x = he 
(111) 


where C= *C. 

Multiplying (11) and (111), we get 2n (1 + x)?" (1-1/x)” 
SAC 2Gaer SOY an Sen) 

J 1 


= 


] 
(Ge ue ee y) n 
Xx Xx Xx 


The co-efficient of 1/x in RHS is — (C,? — 2C,? + 3C/? 
(Vv) 
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16. 


Also the co-efficient of 1/x in 2n (1 + x)" 1 — 1/x)™” 
(1 as 5 iis (x _ 1)" 


x? 


= co-efficient of 1/x in 2n . 


= co-efficient of 1/x in call (1 —x?)""(1 -— x) 
x 


= co-efficient of x77! in 2n(1 — x”)! (1 — x) 


= co-efficient of x7”? in 2n (1 — x’)*""! x co-efficient of 
xin (1 -x) 


=I2n (-1)"7} a OMe (-1) mn (-1)" oe (2n- 1)! 
(n—1)!n! 
a 2) 2) | 
1 gt Cn Son =I ac, 


(v1) 
From (v) and (v1), we get 
Cea lG oh 3O et NC, P= (hy ne C=. 


Show that 
(C, +C,)(C, +C,).......... (Cac. )= 
Lae) een oe 
n!} 
Solution: C,+C, =1+7;C,+C, =n+ — l) 
n (n+l 
= (n=O) ¢ 
C,+C, = n(n—l) | n(n—1)(n-2) 
LZ 12:3 
= eee) se 
1.2 [ 3 2 
Similarly, 
gre -"@4) aor 
: (re Gee OMe | Ga (n+1) 
n 


& (CPOC4OY CHC) CAO) 


(n +1)" 

=i 5 me Oe Corre | Oe 
(n+1)" 

= ; C.. CeCe ae, CoG. 


17. Show that for m <n 


mC nC = a oe 2nC af mC 3nC =n 
m 2 m 3 m 
+ (-1)""". AC is Oe = (-ly" ne 


18. 


19. 


Solution: We have ”C aC. = 
Coes + Gly Oe as On 


Oe aa a 1“ O8 a OF = 


= co-efficient of x” in 


"CL +xy"—"C,(1 +x)" + "C, (1 +x)"-... + CD 
m1 m C.(. + x)" = co-efficient of x” in 


RC == Ke as sO ae x)" zt "CLC ae x)" 
—"C(1 +x)" +... + CD" "C1 +x)"] 
= co-efficient of x” in [1— {1-—(1 +x)" }"] 
= co-efficient of x” in [1- {- nx — "Cx? —"C, x? -.... 
—"C xt] 1e., in (1 + x) 
— —(—n)” — —(-—1)” nn” _— (—1)"1n™ 


If k and n are two positive integers and S, = 1* + 2% 
+... + n*, then show that "CS, + "ICS, +... + 
m+ S = ¢| zt ny"! = ¢| aL n) 


mom 


Solution: We have (1 +p)" =""C) +" C, p+ ™™C, 
Dt gh Ep PUN D2 3 cassdialy, WE 
have 2™*! -] ="1C + mC (1) + IC, (1)?+...... + 
ai, Se ( | yes 
Quer — Dm) — wee. + sal Ce (2) + mG, (2)? + ee 
+ sil Om Qy: 
Amr _ Cian = a On ae ake OF (3) zie sae OF (3)? + ead 
ae is OF) (3)"; 
(1 ale ny") _ net) = as Oe al an oe (n) aie seas Oe (n)? + 
nes + HC (n) 


Adding all these terms, we get 


(1 + nytt — 1 = ae Or (n) + ae X(n) + sae oP X(n)? + 
ins + ™1C Sn)" 


(1+ n)y""'-1 =""1C, (n) + "CS, + IC, St + 
mic S 


mom 


+] +] 
me Me OA ease OF ee 


a5 mrlc’ S — ¢ a5 nye — 


m om 


(1 +n) (Hence proved). 
Show that 
ares eS, 2. =[a-x yas 
1 4 7 10 3nt+1 4 
(b) C?-2C3 +3C? -......-20.C}, =(-1)"" nC, 
(c) Y2AC =n(n+1) 2”” 


i=] 


Solution: (a) Consider (1 — x°)’= C,)— C,x’ + Cx®- 
CP astats zh ae © a On ois 


Integrating between the limits 0 to 1, we get 


rf + (-1)" C,x 
4 7 3n+1 |! 
Cx Ce are a coe! 8 tae 
a ees a 3n+1 
= ye clea’ G +(-1)’ C, 
4 7 10 3n+1 
(b) We know 
ee 2 aki Oa ad Oe casket an Or asa ee a Oe 
(1) 
and Ch) CC eC x SC Fauci, a Oe oo 
(11) 
Differentiating (11), w.r.t .x, we have 
SOL ee rr a 26 es SC Seas i 
2nG 6) OF 
DID LPC 20 Re a BO adie: —2n 
Cx (111) 


Multiplying (1) by (111) and comparing co-efficient of 
x" on both sides, we have 


C?-2C3 +3C} +... —2nC;, 
= The co-efficient of x?” in (« + 1)". [2nx(1 — x)?"""] 
= The co-efficient of x7” in 2nmx(1 + x)(1 — x?) 
= The co-efficient of x7"! in 2n(1 + x)(1 —x’?y"! 
= The co-efficient of x”? in 2n(1 — x”)?! 
=n Cal = 2 ae Bon 1)"" 
2n 4. 2m ee 

= CD = mc = 0 CC 
(c) We know that 
Oa ie Oo Maes On sO cali Os ous renee ore + C x" 
Differentiating w. r. t. x, we have n(1 + x)"* =C, + 
LODO SOX Ti saiecets cae (Or cides (1) 
Multiplying (1) by x, we get nx(1 + x)" = Cx + 


PLO ales | OF a eee ae (Oe ag 

Again differentiating w. r. t. x, we get 

naa Dx rey ee ay | Se eee 

9 Oke age sae / are Oo cage 

Putting, x = 1, we have 

NGM) 2a 2 le Co 2A OO sirnnecls +r, 

OC ah eC cat, +wC =n2"(n—1+ 2) 
V2 =n(n+1) 2”? 


i=l 


20. 


21. 


Binomial Theorem < _ 7.41 
je ate 3 aa Oa ar Oo al OF ox ee +C x" (née N), 


then show that LE Fan = eee +1)?(n+2). 
Cy; 12 


k=1 


Solution: ef C, ee an, forr=>1 
C5 r 
C +]- 
— a ae -(* "P= nr -r 
Cis r 


y= tnd? YP 
e = = 


_(ntin(nt)Qntl) nr’ (ntl) 
7 6 4 


— Oe an? +6n+2—-3n? —3n] 


2 n(n +1)(n? +3n+2) 


12 
_n(nt+In+I(n+2) _ n(ntl)'(n+2) 
12 12 
hey = CC xa Coe oe CX, then Show 
that 
2n! 
1 Cc C,= —_ Ort 1 : 
2 dd 2(n!) 
(1) > (C, +C; )y’ =(n-1) “C, +2” 


O<i<j<Sn 


re . . = an-t_ 1 on 
(111) »y ¥ w+ NCC, =n[2 5 C, 


O<si<jSn 


Solution: (1) We have 
Oe OP al Oa irr ON) ee 
Ce aCe.) y Co 


O<i<j<n 


we get, 2" ="C_ + 2 > > CC, 


O<i< jen 


. 2n! 

therefore CC.) 

£2 Gh Fy 
(ii) 2 DCC). HW Crt CP Cee ant 

<i <j<n 

C2P+2 2, DCe, 

O<i< jn 

: 2n)! 
=n"C +2 geet _ (nyt as using part (i 
. | on (using part (1)) 


=n a ON zt Det = os = (n __ 1) as Os at J2n 
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23. 


(iii) Let Ss > Gt DEC. 
O<i<j<n 


replacing i by (n — i) andj by (n — 7), we have 


P= > Y Qn-i-JC,_C,_, 


= » DS (2n-(i+ /)) C,C, EB aC = : Col 


O<i<j<n 


— 2n Sy >», CCF 


O<si<j<n 


> VMEtNCC, = n( 22 -3%¢, 


O<si<j<n 


Show that x r(n- FIC; — pn? exes C.). 
r=0 

Solution: We have (1 + x)" =C,+Cx+C +... + 

Ce (1) 

(eS ae or er a Cer aa eS ee 
(11) 

Differentiating both sides of (1) with respect to x, 

we get, 

WN xy = CIC FBC ako Me (111) 

Differentiating both sides of (11) with respect to x, 

we get 

ne ey nC Ne nS DO ee n= 2 Ce 

ee OO, (iv) 

Multiplying (1) and (iv), we have 

nO ey Oe Ly Sa? (ax) 

= IC. a2 eC a me x | 

mn oer ANC eo (a 2) er sae, tC | 
(v) 

The co-efficient of x** on the LHS of (v) isn’ "°C, 

=o a On - 

The co-efficient of x”~ of the RHS is 1. — 1)C,? + 

2n=2)CP + a 1) 1C* 


= sre Os =) r(n-1) Ce 
r=0 r=0 


Hence }'r(n-r) C2 =n’°(?"°C,) 


r=0 
Show that 
"n—1)! 
GG yc Ge mlla=! 
n n+l n+2 2n (2n)! 
Solution: We have (1 — x)’ =C,-Cx+C x’ -.... + 
(ly) Cx" 


I n-| n = 
= \, (l—x)' dx = 


24. 


1 
= (Co yp Cites sie 2 
n n+l n+2 
C 
(—1)" —2x"" 
2n i 
2 GG yey 
n n+l n+2 2n 


Let us now evaluate f. x” '(1—x)"dx. Consider the 
integral [. [ix +(l— x)?" “dx 

2n-I ! 2n-I 
We have I, [ix +(1—x)P"'dx = | 1-(-axpP"'de 


] 1(t?"-1 
- +(-DxP" = —|* 


2n(t —-1) 2n\ t-1 
= fpr oS i ee 
2n 
1 
also | [tx+(—x))""dx = 
ont 2n-I-k k 
I, SC, (ey (1 x)" lade 
k=0 
2n-1 1 
= faa oh aa | y2niek al ~ x) ds | 
k=0 : 
2n-1 
n=l da-1=k [321k k 7 
Thus >| Go| ree ds | : 
fpr a i et op 
2n 
Equating the co-efficient of t”’ on both sides, we get, 


n-] I n-l _ n = 
C. [x (-x)'dx = oo 
nl\(n—-1)! — n\(n-I)! 


> fx" UIT On)! ms 


\(n—1)! 
Hence <2 Sig ee ey Se ED 
n n+l nt+2 2n (2n)! 

Show that 


(a) (1 +x)"— nx — 1 1s divisible by x? wheren Ee N 


(b) 2**— 7n — 1 is divisible by 49. Hence show that 
2°*"*3 _ 7n — 8 1s divisible by 49,n e N 


Solution: (a) Since (1 + x)"=1+"C x t+"Cyx? +... + 


n(n-1) 
2 


x=1lt4+nxet+ as ak ON a are 


n(n-1) 
2 


(1 +x)"- (we + 1)=x"[ + °C xt... $277] 


1e.,(1 + x)” — nx — 1 is divisible by x’ as n(n — 1) is even 
(b) Put x = 7 in the above result as we want 2°” = 8” 
(1 + 7)" —n(7) -1 1s divisible by 7? 
8” — 7n — 1 1s divisible by 49 
2°" —7n —1 is divisible by 49 


Binomial Theorem < _ 7.43 


2"=49k + 7n+1,keN Solution: Using C_ = C__ , we get 
233 _ Tn — 8 = 2x 23 Tn— 8 ye ae a ee 
=8 (49k + 7n+ 1)—7n-8 gaye, “eeyiGnas. igsnwics 
=8x49k+ 56n-7n=8x 49k +49n “. 1 “~r |] 
=>2) —=na, => ) — = 7Nna 
= 49(8k + n) Le 2 Le a 
2°"*3_ 7n— 8 1s divisible by 49. a 
Similarly, ¥ —— = Sa 
25. Prove that HCF of *C,, "C,, "Cy .u., *C,,is 2"" | ae ee 
where n = 2”. qg; g being an odd integer. Using rC,= n.""C,, , we get 
Solution: We have “C, + "C, + "Co +... + "Cy = ; ee yee 
an n—-] n—-l 
(2) a hay eg: 
HCF of numbers divides each number and so it divides ww I Nn ] vil. i 
their sum also. So the HCF = 2‘; whereO0 <k< 2n- 1 —~(n—-r)C, 7 —(n-r)C,_, 7 kC, on rh 
Now, every number n can be expressed as 2”.q3 q Assertion dad Reason type 
being an odd integer and m is an integer > 0. ; 
2n = *C, =2.2".q = 2", g, where q is odd 27. Az >o(r4+1)."C, =(n+ 2)"" 


l r=0 
Now 7#C = p/p. "C= —.2n. ™'C n 
i p ‘ irs R: ¥°"C.(r4+l)x" =(14+x)" +nx(1+x)" 


r=0 
ae n = n-1 
1 ae ae <r) Solution: We know that 
m2 GPC IEPA MD) Sex =(L4) 
r=0 

wpm 1" Cpt Multiplying both sides by x, we get 

is . n r+l n 

C =(1+ 
For p = 1, 3,5, .., 2n—1; "C, is an integer. 2, x = (L+x) x 


So q. *'C,_, 1s divisible by the integer p. Differentiating both sides w.r.t x, we get 


Let = Q, integer. > *C = 2™".Q. S"C,(r+1)x" =(1+x)" +nx(1+x)"" 
Pp r=0 
ace =) 2) M;; where QO, = 2M. and M, is an Putting x = 1, we have 
odd integer as well as r= 0. oF ges (r +1) = (2)’ 1 n(2)"" 


required HCF = HCF of £2”"'. g, 2"), 2” M,} 


r=0 
= Qmtl where n= am q = 8 a (2 + n) = (n + 2) Cy 


.. Assertion is incorrect, but the reason is correct. 
Matrix Match Type Question . Ans. ne) 
28. A: If ‘n’ is an odd prime, then the integral part of 
ae + 2)"— 2"1is divisible by 20n 
RG 0) @= by 2 [Cao a Or aks 


26. Forn>2, letC, = (* and p= 
r 


Opa (a) na, + °C, B] 

7 : Solution: Let (V5 + 2)"= [x] +f 
Gi) (b) —a,, where f € (0, 1) 

aC. n and let (V5 — 2)"=f' € (0, 1) 
a on i 2. (NS + 2y'- (NS - 2)"= [x] + F-f) 
(iii) 2 C (Cc) 514, Now f-fe (Cl) 
(iv) ys. C (d) —4,, "CE W/5)"'(2)' +°C,0/5)" 72) + 

n—- nN 


*CA5) Oy tC. W5)O) 
Answer: (i)—>(c), (ii)—(c); (iii) —>(b), (iv)—>(b) = [x] + (f-f) (1) 
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29. 


30. 


Asnisprime,"C,,,"C,,"C,,...... 
Lt. Ooi: 
3, 5, ....,47 — 2) can cancel n. 
L.H.S of (1) — (2)""' 1s divisible by 20 n 
i.e., (V5 + 2)"— (V5 — 2)"— (2)"*! divisible by 20 n 
Sd. Vale 
[x] + f—f -— (2)""'1s divisible by 20 n 
=> [x] -(2)""11s divisible by 20 n[" f—f’= 
= Assertion as well as the reason both are correct 
and reason correctly explain the assertion. 
Ans. (a) 


"Care divisible by nas 


(nm — 2) <n and n being prime, no one of 1, 


A: The co-efficient of x”1n the binomial expansion of 
(1 —x)y* 1s (n + 1) 

R: The co-efficient of x”in (1 — x)”, where n € N is 
mtr lO 

Solution: The co-efficient of x’in the expansion of 

( = x)"j is tla C4 
The co- setnicient of x” in the expansion of (1 — x)? 
is a Om oe RAC = = C= =(n+1) 

Assertion and reason both are true and reason is 
correct explanation of assertion. 
Ans. (a) 

A: The term independent of x in the expansion 
of (x42) is Sud) 

x (2m)! 

R: The co-efficient of x* in the expansion of 

(1 + x)j"1s"C, 


LY" (x? 42x41)" (1+x)” 
Solution: [x+4+2] =| ———__ | = + 
x x x 


Term independent of x will be co-efficient of x” in the 
expansion of (1 + x)” 

am (2m)! 
=> incorrect but reason is correct. 

Ans. (d) 


Comprehension Type 


A: Consider the product I: x+@) = (« + @) 
(6 7h, ) CC OG, Jeanie, (x + a) 
ae cea a (2 ea? i ao are aro a aa 
CHa 0 Pa een BO) ii ees 
(A. a,. A,.....a) (1) 


Let us denote a, + @, + a,+ ....40, = bees by S, 
i=l 


31. 


32. 


33. 


34. 


38. 


+0. = » >> a;Q, by S, 


O<Si<jSn 


SE OL 06: £-OL 


n2 nl on 


and 0,0, + @,0,0,+ ... 


= Dd dL aa,a, by S, 
O<i<j<k<n 


ANd OL, OL,O, eee a bys, 
(i) becomes (x + @)\x + a) + Q,)... 
SRS aS PS 
On the basis of the above information, answer the fol- 
lowing questions: 


(x + @) 


Co-efficient of x*'in the expression 
Cole OF 2 6 cans On) i 6 anak OS eeerere (x + C ) 1s; 
[Here C= "C ] 


(2n)! 


2n)! 
(c) antl + ( a (d) end (2n 
2(n!) 2 


The value of ¥° >) (i+ j) CC, is 


(a) "STCC (b) (nt+1))oS°CC 
(c) ( a n-)EYCC Ce. @ ae ) 
Sic jen Sic jen 
The value of $°))(i+ j)(C,+C, +C,C, )is; 
where k = rycc 
(a) n(2" + a (b) n°.2"+k 


(c) n(n.2” + k) (d) None of these 


If Yaar then the value «Eyes ZL 
i j 


r O<i< j<n 
will be 
(a) 4 (b) WA 
2 
oq copa 
2 


The value of (k, — k,); where k, is coeffcient of x°® 
and k, is co-efficient of x’ in the expansion of (2 + x)? 
(3 +x) (5+ xis 

(a) 339 (b) 312 

(c) 285 (d) None of these 


Solution: 31. (x + C,) («+ C(x +C,)...@+C) 


=e Ge + DECC a +...+(C,C,C,....c)) 


OSi<j<n 


32. 


33. 


34. 


Co-efficient of xis ), OCC, 


O<i<j<n 


=H1C, +C,+C,+..C 2-(C7+ Cl +Ch +..+€,} 


lI 
No] 
| 

— 
ho 
= 
“eee” 
tN 
| 
-— 
tO 
= 
YY 
= 
Ld 


a Suge 
2 


= Deg) CG, 


O<i<j<n 


(nly 


P= Dit AGC, 


O<i<j<n 


Replacing i by (n — 


=> > (n-itn-j)’C,_,"C_, 


O<l<j <i 


= > [2n-(i+ j)]"C,."C, 
O<i<j<n 


Adding (1) and (11), we get 


P= 2) > CAO SPany > CC, 


O<i<j<sn O<i<j<n 
Let P= >) \'(i+/)(C,+C,+CC,) 
O<i<j<n 


Replacing i by (n — i) andj by (n — /), we get 


P= V\Yi(n-i+n-j)(C,,+C,.,+C,4C 


oe Om 
O<i<j<n 

P= YY {2n- (i+ s)} (C.+C,+¢,C,) 
O<i<j<n 


Adding (1) and (11), gives 
2P = S'>)2n(C,+C,+C,C,) 


O<i<j<n 
= YS (C,+C,)+2ny YC, 
O<i<j<n O<i<j<n 


= 2n(n(2)") + 2nk = 2n? (2)" + 2nk 
2P = 2n (n.2" + k) 
=> P=n(n2"+ k) => Ans. (c) 


Let P = ERS Ki 


O<Si <j<n 
Replacing i % (ni) and j c (n —/), we get 


Adding (1) and = we . 


P= ee 


OSi <j<n 


OSi <j<n 


2 
> p=t4 = Ans. (b) 
2 


i) andj by (n—/J), we get, 


) 


(11) 


(11) 


(1) 


(11) 


35. 


36. 


Binomial Theorem < _ 7.45 


(2+xp~p3+xrPSt+xp=Q2t+xn2+x2+xGBr 
YO + MSOF OSE OSHS TA 24243 + 
34+54+54+5)x7+ 
(DDD Da DB Oe A ste 
Rew Of 2,.2,.243, 3.55555) 
taking 2 at a time} 


, = Co-efficient of x7= (2 +2+2+343+5+ 
5 +5)=27 


and k, = co-efficient x°=! [(2+2+2+34+3+5+5 
2 


oS te 2 a a Oo | 


= [27 - 05) =312 
k — k,= 312 — 27 = (285) 
Ans. (c) 


20 
The greatest term of as [ +, is 7,, then A =? 


V3 


Solution: We know that the term with greatest magni- 
tude in (1 + x)" 1s given by 7', ; where 


ry? 


l 
r= (a+ U)}a] ; where [.] stands for gint function 
| +1 


(21). ‘i 

| op Lie Loon 
lslet 

= [(10.5)(0.732)] = [7.6860] = 


r ,,= 1, will be the greatest term 


r+] 


N=8 


20 
37. For what value of (m), the sum oa C.*C__, has 


i=0 
maximum value (m > 20)? 


Solution: The given sum = (°C,.%C, + %C,.°C + 
m 1 m-| 
OC". PC) = co-efficient of x” in the expression 
20 m-20 

Coos a OP if os Oi ox + + Ee ae +. as Oe xe °) 

40 30 40 m 40 m—] 40 m—2 
oe Gas Or ides a erin ais OR, cea ails OOMOP alia cas OPN alia ae ag 
40 syeee + FOC x} + 40C 

m2 1 0 


Co-efficient of x” in the expansion of (1 + x)°(1 + x)* 

=(1 +x) = 600 

which will be maximum and is equal to °C, for m = 30 
Ans. 30 
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38. 


39. 


If > (r? +r+1)r!= (2000)(2000)!, then evaluate the 


r=0 


2000 
co-efficient of x”*' in the expansion of i» + ) 
x 


Solution: >{ r’(r)4+(r4+1) 1 


= D (r? 14) rt Di r+) 
= Ylreylr-lr)+ rte dele) 


= Y (r-+I) (7-1) + Sorte (r+) 
= (r+2)-3)(r-+1)+ rte (r+9) 


7 D(r+2)4 rt 2yi(r-+1) 
= Sllr+2)E(r+)}- Yee ry 
=) (r+1)(r+1)!- r(r}) 


Leo (a 
| aeeae 


(n+1) (n+1)! -n (n! 


=(n+1)(n + 1)! 
=> n= 1999 
Now Get? Lr = x (ae? a ene 
Co-efficient of x”"! is co-efficient of x°°° in the 
expansion of x°°° (1 + x7)?0% 
= Co-efficient of x*°°1n the expansion of (1 + x’)?° 
= 20007 =] 


2000 


Ans. | 


If the co-efficients of the (2r + 4)", (r— 2)" terms in the 
expansion of (1 + x)'® are equal, find r. 


Solution: For (1 + x)!®, 
T = a ree OG eS ae and 


r+ 4 


T = Ome (1)!8-7+3 yr-3 


r- 


40. 


41. 


Given that coefficients are equal, °C, ,,= "°C __ 
=> 2r+3+r-—3=180r2r+3=r—3 
=> r=6orr=-6 > r=6asr>2 andre W. 


3 


If the co-efficients of the r®, (r + 1)", (r — 2)" terms 
in the expansion of (1 + x)" are in A.P., then find 


vS+2 (where s = sum of all possible values of 7). 


Solution: Here 7 = “C_.(xy"y 
oe — oG, : (x) > 
and. TC xy 
MC 4 “C, “C_,, are in A.P. (Given) 
2. nC ~ Ome = Ome 
2.141 14! is 14! 
(4-r)!tr! d4-r4+l)!@7-l)! d4-r-l!(r+D! 


2 
(14-r)(13-r)!r(r-D! 
1 
(15—r)(14-r)(13-r)\r-))! 
1 


* W3-nyl(r+Drer—D! 


ee ee ee 
(l4-r)r (15-r)(14-r) r(rtl) 


a 
(l4-r)yr r(rtl) (15—r) (14-1) 


als. Al 
rir+l) (5-r) 


= F=] D007 so 7 914 


=> Vs+2=J1442 =4 


Find the value of x for which the fourth term in the 


2,0 fa . 
expansion of - seat rad is 336. 
glows 247 


8 
2 
“log, V4* +44 l 
Solution: 5 ——— 


("lel 


Ee gta FO) = f(x)| 


42. 


8 
1 
_ | (4% 4.44)!5 4 ——__ 
( ) Qe | 


Fourth term (7) 


_ ae = aC. (4* a 44)!5)8-3 x (+n 


336 =%c,| 2 74 
2 
2x 
= 336 =8c, | 2 +4 
2°.2°+7 
2 
336="C. yt 
(y/2)+7 
2 
25 Ba Sx ENO 2(y* + 44) 
3x2x1l | y414 
where 2* = y 


> 3y+42=y+ 44 
=> 2*=0or2*=2 
> x=!1 

(. 2° >O0VxeER) 


7 11 
In the expansion of [ +xX+ z) , find the number of 


terms not containing x. 


11 
7 
Solution: The general term of 14 +2) 1s 
x 


(ly (x)' (2 
Xx 


AtnH+nh=11 h It, I, 


11! 


ere ercuee: 


1.€., x23 7% 


RtHt+h 


For terms independent of x, r, —r, = 0 


43. 


44. 


Binomial Theorem < 7.47 


NO; (rer) = {CLI 0,.0)) CO, 11) G.2,2)5 05.9; 3); 
(3, 4, 4); (1, 5, 5)} for terms independent of x. 


Thus there will be total 6 such terms. 


If (7+ 4/3 )" = p+; where n and p are positive 
integers and £ is a proper fraction then evaluate (1 — B) 


(p + B). 


Solution: (p + 8) =(7+4 3)"; G = (7-4v3)" € (0, 
l);p+B+GeEZ 


> B+G=lasB+GE (0,2) 


= (1-B)@ + B)=G @p + B)= (7-4V3)"(7 + 4v3)" 
= (49 — 48)" = ] 

1 
Let a= 3° +1 and for all n 2 3, let f(n) = "C,.a”-1— 
OE 2 aaa OO Adee ae Cees bes OOM eC? rm Fe Ho 
value of {(2007) + f (2008) = (3)*; where k € N, then 
find k. 


Solution: f(m) = "C,a"~'— "C, a"? + "Cia"? +... 
+ ( == Lye mC @ 


1 


= 1 OC, at = "C, at + °C, am B $n. + 
a 
DEG 5) 
| n nn = n/223 n 
= —((a-1)"-(1)""C,) = —((8)"* -Cy")} 
a a 
us en 
3 223 —(-1)" 3 223 +] 
=> f(n)=————; F200) = _ ; 
tad) 41 
2008 
3 223 —| 
f (2008) = —— ; 
373 +] 
2007, 2008 
223 223 
Ff (2007) + f(2008) = eee. 
373 +] 
l 
394323 
3 4] 
l 
1438] 
= 3? 7 —_<=3 =3' >k=9 


1s) 
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SECTION-—III 


OBJECTIVE-TYPE (ONLY ONE CORRECT ANSWER) 


21 
. Ifthe (r + 1)"term in the expansion of} 3 ses aon 
We Va 


has the same power of a and 5b, then the value of r is 


(a) 9 (b) 10 

(c) 8 (d) 6 

. If the sum of the coeffecients in the expansion of 
(a + b)"1is 2048, then the greatest co-efficient in the 
expansion 1s 
(a) "C, 

(c) ne. 


(b) en 
(d) nC 


. If the co-efficient of 2”, 34 and 4 term in the expan- 
sion of (1 +x)", n € N are in A.P. then nis 

(a) 7 (b) 14 

(c) 2 (d) None of these 


. If, in the expansion of (1 + x)” (1 — x)”, the co-efficient 
of x and x’ are respectively 3 and — 6, then value of m 
1S 

(a) 6 
(c) 12 


(b) 9 
(d) 24 


. Ifx” occurs in the expansion of [x + (1/(x)7)]?”, then the 
co-efficient of the x” 1s 
2n)! 

(a) _ ny 

m\(2n-m)! 

(2n)! 3! 3! 

(2n-m)! 

(2n)! 

“ [(2n-m)/3]!|(4n+m)/3|! 


(d) None of these 


(b) 


. The positive value of a so that the co-efficent of x° and 


3 
x 


10 
x’? are equal in the expansion of [x +4 . 
| 

(2) = 

2/3 
(c) | 
. The co-efficient of x in the expansion of 
(1 — 2x? + 3x°)[1 + (1/x)]? is 
(a) 56 (b) 65 
(c) 194 (d) 62 


l 
(b) —= 
V3 
(d) None of these 


8. The co-efficient of x’ in the expansion of 
(1-x*) (1 + x)? 1s 
(a). *C, (b) °C, 
es OF OF (d) None of these 
9. The co-efficient of x’’ in the expansion of [(x - 1) 

(x — 2) (x —3).... «@-— 18)] is 
(a) 342 (b) = 
(c) -171 (d) 684 

10. The co-efficient of x® in 
CT ge)? 4 ae) ce te Ca IS 
(a) 6C, (b) Ln 2 as 
(c) *C,- 1 (d) None of these 

1 8 

11. If 6” term in the expansion of sr x’ log, 7 iS 
5600, then x is equal to 
(a) 5 (b) 4 
(c) 8 (d) 10 

12. If(l +x—-2x’P=a,taxta x’ t+... + a,x", then the 
sum a, + a, + a,t+... + ais 
(a) -2’ (b) 2’ 
(c) 28 (d) None of these 

13. Ifn & N, then C, — 2C, x + 3C, x’ — 4C,x?’ + up to 


14. 


15. 


16. 


n terms 1s equal to 
(a) n(1—- x)" 
(c) (-I)".n(1 + xy" 


(b) nl + xy" 

d) (-ly’.nd +x)" 

The largest term in the expansion of (3 + 2x) where 
x= 1/Sis 
(a) 5h 
(Cc) Th 


(b) 51% 

(d) 61” 

The co-efficient of a* b°c*in the expansion of 
(a+ b+ c)'*is 
(a) ie Len 
(c) con Lee 


(b) iC. ne. 
(d) Om MG: 


The sum of > C=C +2. C= 22. BCL + 


°C) 1s equal to. 
(a) 1/2 
(c) 1/2. 3'° 


(b) 0 
(d) None of these 


17. 


18. 


19. 


20. 


21. 


ze 


23. 


24. 


Z2: 


The remainder when 27° is divided by 17 is 
(a) | (b) 2 
(c) 8 (d) None of these 


20 
: 1 
In the expansion of 4 + = 


6 


(a) the number of rational terms = 4 
(b) the number of irrational terms = 18 
(c) the middle term 1s irrational 

(d) the number of irrational terms = 7 


The number of irrational terms in the expansion of 
eV + Dh is 
(a) 96 
(c) 98 


(b) 97 

(d) 99 

The co-efficient of x’? in the expansion of (1 - x) 
(lx x? + x7)" 1s 
(a) 4 

(c) 0 


(b) -4 

(d) None of these 
Co-efficient of x° in the expansion of 

(1 +x’? (1 + x)*is 
(a) 40 

(c) 30 


(b) 50 
(d) 60 


In the binomial expansion of (a — 6)", n= 5 the sum of 
the Sth and 6th terms is zero. Then a/b equals 


(a) n—5 (b) n-4 
6 
5 


5 

6 
Gy 
() @) —. 


n—4 


2 
Co-efficient of x” in the expansion of (=) 1S 
ari’ 


(a) (-1)"4n (b) 4n 
(c) (-1)"(n + 4) (d) None of these 


TL eG iC eC ae eae ne Ce. Ten 


Cie ey. £ OO, nc, . 
—+ +——=+....+ — 1s equal to 
C, G C. n-l 

_] 2 
(a) n(n ) (b) n(n+ ) 

2 2 

1 —l)\(n-2 

@ wa) @ oo 


Thesexpression: "C.F 2: (eC. ae eC. PIS ee NS 
reduces to 
en n(n+1) (n+2) (b) n(n—1) (n—-2) 
6 3 
(c) n(n+ ao +1) 


2) 


(d) None of these 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


Binomial Theorem < 7.49 


If m and n are any two odd positive integers with 
n < m, then the largest positive integer which divides 
all numbers of the form (m?—n’) is 

(a) 4 (b) 6 

(c) 8 (d) 9 


The co-efficient of x” y” in the expansion of [(1 + x) 
(1 + y) @ + y)|" 1s 


(a) 2n (b) $°C?32" 
r=0 
(c) eC, (d) None of these 
r=0 
n l n 
If a =)" then >. i equals (where n is 
“ r=0 a On r=0 "C, 


even + ve integer) 


(a) (n- 1)a, (b) (n— 2)a, 
(c) (n/2)a, (d) None of these 


If A = (300), B = (600)!, C = (200), then 
(a) A<B<C (b) A>B>C 
(c) A>CandC=B (d) A=BandB>C 


15 
> [E32 | , the 11" term 


(b) positive irrational number 


In the expansion of 
isa 
(a) positive integer 


(c) negative integer 
(d) negative irrational number 


Co-efficient of x° in the expansion of — : 
| (l-x+x’)’ 

|x|< lis 

(a) 9 (b) -3 

(c) 6 (d) None of these 


Let n be an odd integer, If sin n 0 => b, sin’ @ for 
every value of 9, then ie 


(a) b,=1,6,=3 
(¢) b,==1,b,=n 


(Db) b= 0,0.= 01 

(d) 5,=0, b, =n’ -3n + 3 
The co-efficient of x* in the expansion of (1 + x + x? 
fo )is 

(a) "C, (Dye AG, 

(c) iC, oy C. a: One "C,(d) aC, 4 ont 163 4 a6 

Ifn e¢ Nand 0 <x<1, then C,x (1 —x)*"* + 2C, x1 
—xyr* + 3CyP — x) 7? +... + n."C_x" is equal to 

(b) n(n — 1)x? 

(d) n(n + 1)x? 


(a) nx 
(c) nx(1 — x)” 
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35. The positive integer just greater than (1 + 0.0001)! 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


18 


(a) 4 (b) 5 
(c) 2 (d) 3 
The last digit in 7°°° 1s 
(a) 7 (b) 9 
(c) 1 (d) 3 
The sum to (n + 1) terms of the following series 
a ee + Se +...., 18 

2 3 4 #5 

l l 

a) —— b 
2 n+l ” n+2 
(c) ne (d) None of these 


The value of x for which the 6th term in the expansion 


| re 7) ae is 84 1s 
(1/5) log (3 1] 


(b) 3 
(d) 10 


Let f(nm) = 10" + 3.4"? +5, n € N. The greatest value 
of the integer which divides f (n) for all n is 


(a) 4 
(c) 2 


(a) 27 (b) 9 
(c) 3 (d) None of these 
If n > 3 and a, b € R, then the value of ab — n(a — 1) 
(6 - 1) +") g_ a) - 2)... + D(a - 0) 
(b—n) 
(a) a’ +b" ) 2-8 
a—b 
(c) (a b)” (d) None of these 
When 32” is divided by 7, then the remiander is 
(a) 2 (b) 3 
(c) 4 (d) 5 
The last two digits of the number 17’°° are 
(a) 61 (b) 81 
(c) 68 (d) Ol 
a 1+rlog,10 
Cp’ "C, eee equals 
0 (1+ log, 10")’ 
(a) | (by <1 
(c) n (d) None of these 


44. 


45. 


46. 


47. 


48. 


49. 


30. 


S1. 


Integral part of (6V6 +14)?""" is 


(a) an even integer (b) an odd integer 


(c) a prime integer (d) None of these 


If [x] denotes greatest integer < x, then (eze4 y]- 
2**! + 1, where P is prime number greater than 2 is 
(a) is not divisible by P 

(b) is divisible by P 

(c) cannot say anything 

(d) None of these 


Given positive integers r > 1, nm > 2 and that 
the coefficient of Gr)® and (r + 2)" terms in 
the binomial expansion of (1 — x)” are equal. 


Then 
(a) n=2r (b) n=2r+ 1 
(c) n=3r (d) None of these 


1\6 1 6 
The expression ror “0! of (x°- 0*| isa 


polynomial of degeree 


(a) 5 (b) 6 

(c) 9 (d) 8 

The sum >a a | (where ? )- 0 if p <q) 
ixo \ I m—I1 q 

iS maximum when m is 

(a) 5 (b) 10 

(c) 15 (d) 20 


Co-efficient of P*in(1 +P)? 0d +77) 4+ #4) 1s 


(a) °C,+3 (6) Vesti 
©-7c. @: "C2 
If C= =3)"C..,, then ke 

(a) (-, -2] (b) [2, «) 
(c) [-v3,v3] (4) (-V3,2] 


If C, stands for "C,, then the sum of the series 
2F2 
where n is an even positive integer, 1s equal to 


(a) 0 (b) Cl” (+ 1) 
(c) (-1)"?(n + 2) (d) None of these 


[C> —2C, +3C; -.....+(-1)"(n + C7]. 
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SECTION-IV 


OBJECTIVE-TYPE (MORE THAN ONE CORRECT ANSWER) 


. If P, denotes the product of all the co-efficients in the 


(a) ay Oat 
(c) 2 + 1). *-'C. 


(b) (2n +1). °C. 
(d) "IC + (Qn + DC 


1 


7. The number of distinct terms in the expansion of 
expansion of(1 + x)”, then ar (x + 2y — 3z + Sw — Tuy" is 
: (a) n+] 
n+l 
(n+1)” (n+l) * 
a) so a o) Raas © 
(a) * (b) (n+D! (b) 4 
( 1) \ ( +1)" (c) ntac 
n+l)” n n 
CG), Ss d 
(Cc) = (d) (aD! (a) es 
50 
. Th -efficient of x? 1 = 
ee — See eet ADOC 2, C, 8. If n is positive integer and 3V3 + 5) "1 =a + B 
(x — 4)" Is where o is an integer and 0 <f < 1, then 
(a) °C, (Da (a) a 1s an even integer 
(Cc). —"C. td) -"C... (b) (a + B)* 1s divisible by 27"*! 


. The co-efficient of a® b® c* in the expansion of 
(a+b+c)¥is 


(a) oa nc. 
(c) Oe OF 


(b) en DG: 
(d) iC, ue. 


20 
. In the expansion of aa +z | ; 


6 


(a) the number of rational terms = 2 


10. 


(c) The integer just below (3V3 + 5) 2"*! divisible by 3 
(d) ais divisible by 10 


. If (8+3V7y =P + EF where P is an integer and Fis a 


proper fraction, then 
(a) P is an odd integer (b) P is an even integer 
(c) F(F + P)=1 (d) I-P)(P+F)=1 


Leta =(1 + I/n)’, then for eachn € N. 


> < 
(b) the number of irrational terms = 20 : B : = ‘ - ; 
(c) the middle term 1s irrational ae ee 
(d) the number of irrational terms = 17 a = i 5 - tee oo a oy 
. In the expansion of (x + y + z)” (c) 10000 (d) 100000 
(a) every term is of the form *C, ’C,.x?“y “*z! p 
(b) the co-efficient of x* y? 2? is 0 12. The sum of the series > (-1)’."C_, [sinr @—i cos r 0] 1s 


(c) the number of terms is 325 

(d) None of these 

. The value of C,’ + 3C,? + 5C,> +... to(n + 1) terms is 
(given that C,="C’) 


r=0 


(a) Oif0 =2n 

(b) 0if 8=0 

(c) 27? jifn=2m+1and0=n7 
(d) None of these 


SECTION-V 


ASSERTION AND REASON TYPE 


(a) If both assertion and reason are correct and reason 1s 


the correct explanation of the assertion. 


(b) If both assertion and reason are correct but reason is 


The questions given below consist of an assersion (A) 
and the reason (R). Use the following key to choose the 
appropriate answer. 


not correct explanation of the assertion. 
(c) If assertion is correct, but reason is incorrect 
(d) If assertion is incorrect, but reason is correct 
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Now consider the following statements: 6. A: For non-negative integers m, n, r and Kk, 
1. A: The term independent of x in the expansion y iii) (rtm)! (rtk+l)l) nok 
0 m! k! rel! op 2 


' 
of [x+442] is ae) 


x (ml) ” (ae ree 
=. | 


R: The co-efficient of x’ in the expansion of (1 + x)” “o\ mM 
is C.. 
: 7, 7. A: In the expansion of (3 — 5x), for x = 1/5, 4th 
7 A: If § ="C CG, re CI "GC, aad terms is numerically greatest. 
e e n a 1 eevece 
1 4 : \ : R: In the expansion of (a + x)", if r= CD15 | is an 
T =14+—+-—+....+—, then S =T7 for all n . . Ja|+|x| 
" 2 3 n as integer for some given value of x say x,, for x = x, 
RS a= toe then (r + 1)th term is numerically greatest term in 
3. A: If the expansion. 
n ( i * 2 8. A: Co-efficient of a7b°c* in th flat+b+ 
j nA as a’b*c* in the expansion of (a 
A= ») —andS= —+—|then S = 
2, : 2. PAV C) 9 c)® 1s zero. 
1 R: Co-efficient of a%b’c’ where a + B + y = n, in the 
R: If 7= > ~ Car then 7 =n A expansion of (a + B+ y) = nis the expansion of 
O<i <j<n i j 


n! 
(at+b+c)"1s 


_ 1Biyvt 
he Re ee rg OG, Bin ns ith a 


1 2 
m! (m+)! (m+ 2)! 9. A: The greatest value of ®C,.°C, + °C, °C, 
n(n-1)......2.1 2 (m+n+l)\mt+nt2)...(m+2n) | NGG. gals 2 
(m+n)! ‘ (m+n)! R: The greatest value of ”’C_ occurs at r = n. 


(m\ (m \_ (m_ \ 1\" 
R: Forr>0, f ] C, sl ) C, a J Cy teat 10. A: Co-efficient of x* in the expansion of G +4) 
r r-l r- 


X 
a. mn — 


Woe) “ost " 


R: Co-efficient of x’ in the expansion of G +— 


i 2n—| - 
S. A: »(r) C= nf | where p, néN and 2n — pis positive and divisible 
z n—- 
Sag (n)! 
5 (oh Co rae 
R: Ce by 3, 1s eee 
r=0 n 3 3 


SECTION-VI 


LINKED COMPREHENSION TYPE 


—r+l 
Now, 7. ,, >, =,<T7 According as * fi 


—>,=,< 1, 
x 


; n+1 x, 
Passage 1: 1.e., according as —~l>,=,<—,i.e., according as <, 
r a 
Let 7 and 7, be r® and (r + 1)" terms respectively in the n+l n+l 


expansion of binomial (x + a)”. Then =,>—+I So,if —+l1 is an integer, say p, then 7, > Tif 
LO Xe a ond eee i . s 

r é r ? r<p otherwise 7, <T. 
Lj. R=TELO 


asa DO (numerically) and these are greater than 


, Pe any other term in the expansion. 


n+l 


Next, if x 
—+] 
part then (ie Tifr<mand? <7 ifr>m. 
So, 7,, 18 the numerically greatest term among the 
terms of the expansion. 


Again, we can also write that k™ term is numerically 
greatest if 7,>7,,, and 7,>T,.. 


is anon-integer, suppose m be its integral 


1. The numerical value of numerically greatest term in 
the expansion of (1 — 2x)®, when x = 2 is 
(a) °C, 4° (b) °C 4" 
(c) 2!’ (d) None of these 

2. Magnitude wise the greatest term in the expansion of 
(3 — 2x)? when x = 1 is 
(Gyr .3" 2: 
(cy C372" 


(b) °C 3° 2 

(d) both (b) and (c) 

3. Ifx>0 and the 4th term in the expansion of | 2 + - a 
has maximum value, then the posibilities are 
(a) 2<x<3 b) 3<x<— 
(c) 4<x<5 (d) None of these 


4. If nis even positive integer, then the condition that the 
numerically greatest term in the expansion of (1 + x)” 
may have the greatest co-efficient also is 


+2 
2g Oo) = eee 
n+2 n n+\ n+1 
(c) eg a (d) None of these 
n+4 


5. The interval to which x must belong so that the 
numerically greatest term in the expansion of (1 — x)?’ 
has the greatest co-efficient 1s (x > 0). 


5 6 5 6 
a pa See oe. 
@ [25 w (2.8) 
45 45 
c) |-—,— d) |-—,-— 
© (2.3) @ |53| 
Passage 2: 
We know that if "C,, "C,, "Cy, 0... , "Care binomial co- 
efficients, then 
Various relations among binomial  co-efficients 


can be derived by putting x = +1, + i, @, *; where 


j= To = Some other identities can be 


derived by adding and subtracting two such identities. The 
expression (a + ib)” can be evaluated by using Demoivre’s 
theorem by putting a = rcos 0, b =r sin @. Now answer the 
following questions: 
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6. The value of the expression ("C,— "C, + "C,— "C+ 
eae OG aC. eC oe) MUSE De 
(a) 2” (b) 2” 
(c)..2” (d) None of these 

7. The value of "C, + "C, + "C, + .... must be 


(a) 2”? 66s. Gyn sin 


n—-2 
(ey 240" cos (eae cos 


k 
8. The value of Sy (-3)" "C,,_, where, n is an even 


r=l 


oe nae 3n 
positive integer and k = ry must be 


(a) 3” (b). 37" 
(c) 6” (d) 0 
Passage 3: 


For any real x, let us define (x) = x («— 1) (@— 2)...... (x-—r 
+ 1) with (x), = 1. We can observe that, if x is a positive 
integer n, then (x) = "C’. 


Let us also define i a(?) = (2), 
r r r! 


and for every non-negative integer r: 
Now answer the following questions: 


for every real x 


—1 
9. must be equal to 
r 


(a) (-l)’ 
(c) 0 


(b) GD” 
(d) None of these 


—2 
10. must be equal to 
r 


(a) (-l)’r (b) Cl)’ + 1) 
(c) (-l)"' (r + 1) (d) None of these 


11. The number of ways of distributing n identical balls in 
r distinct boxes must be equal to 


—Lr —n 
(a) aul (b) | 
n r 

n r 

© | @) | 


Passage 4: 

Observing (x + y + z)” intuitively we observe that each term 
of expansion must be of the form xz’ where a, £, y are 
non-negative integers satisfying a + #+ vy =n. Again the 


term x%4z’ can be obtained in 


n ee 
multiplication so 
! vy ! 


n! 
1B! xe yh a! 
alp\y! 


that we can write (x+ y+z)" = by 
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The above theorem is called multinomial theorem. 


Now answer the following questions: 


10! 
12. The value of the sum must be equal to 
x+y+z=10 x!ylz! 
(a) 3” (b) 10° 
(c) 45 (d) None of these 
13. The co-efficient of a*b‘c? in expansion of (ab + be + 
ca)’ must be 
12! (b) 60 
31415! 
(c) 18 (d) 120 
14. The number of terms in the expansion of (x + 2y + 
3z)*° must be 
(a) 190 (b) 231 
(c) 200 (d) None of these 
15. The co-efficient of x* in the expansion of (1 + x — 2x’)’ 
must be 
(a) -81 (b) —91 
(c) 81 (d) +91 
5 
16. Theco-efficient ofx* in the expansion of G + aa 4] 
must be ‘ 
(a) 90 (b) 180 
(c) 100 (d) 120. 
Passage 5: 


IfC ="C_, then to evalutate the expression P = > >. CC. 


O< r<s<n 


we make use of C2 + C+ Cf + occas gk Oa alae Or 


1. 


and expansion of (C, + C, + 


hiss Cy’. Now answer the 


following questions: 


17. 


18. 


19. 


20. 


21. 


Value of P = > os CC, is 


O< r<s<n 
(@) 2-2 0"C,) 
(c) Jen _ 2nC 


(b) Ou _ 5 as C,) 
(d) None of these 


n 


Value of O= » > (C,_-C.) is 
O< r<s<n 

(a) (n+ 1)@C,)-2" &) (n+ DEC, - 2” 

(c) (n+ 1)"- 27 (d) None of these 

Value of the expression R = by > (r+s)C_C, 1s 

(a) n(22-1) O< r<s<n 


(b) na). 

(©) m2") °C) 

(d) None of these 

IfS= >) Sy. (r+s\(C,-C,)’, then S equals 


a 
(b) *C_—-(n + 1) 2” 
(c) alfa + ICC) - 2] 


(4) nf(n +12?" -=e CI 


If T=) >) (C,+C,)° then T equals 


O< r<s<n 
(@) (n- CC) +2" (b) *C, + 2” 
(c) *C_—(n + 1)(2) (d) None of these 


SECTION-VII 


MATRIX MATCH TYPE 


If R =(5V5 +11)"*" (n is a positive integer) and if f=R 
— [R] (.e., fractional part of R), then match the following: 
Column-I 


GQ) f 
(1) Rf 
(1) [RK] 
Column - II 
(a) (Sv5-11)""" 


(b) (575 +11)?""! — (54/5 -11)?"' 
(c) 42ntl 


Column-I 
(i) Number of distinct terms in the expansion 
(x + y—z) 
(11) Number of terms in the expansion of 
(GA SIV hea 1 
(iii) The number of irrational terms in (2/5 + 4/2)!” 
(iv) The sum of numerical co-efficients in the expan- 


x 2 12 
sion of (142422) 
3 3 


Column-II 
(a) 2" 
(b) 97 
(c) 4 


(d) 153 
(e) | 
Column-I 
(i) If the co-efficient of x? and x*in (3 + ax)? are 
equal, then value of ais 
(11) If a denotes the co-efficient of x”in (1 + x)?” and b 
denotes the co-efficient of x*! in (1 + x)?"', then 


( } 
equals 
at b 


(iii) If {x} denote the fractional part of x, then 


3 2008 
1S 


(iv) The term independent of x in the expansion of 
2 


wexeae (22) 
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. Match the expressions on the left with their properties 


on the nght. 
Column-I 
i) E ae nc ee C, and S=2°E 
0 1 n—-l 
2 2: Cc 
(11) pace a5 “~andS=(n+1)+E 
Cy C, C1 


Gi).8 SG 3G, Pass + (2n + 1)C, 

(iv) A is a set containing (2m + 1) elements and S = 
the number of subsets of A containing at most n 
elements. 

Column-II 

(a) 27" |S 

(b) 2"|S 

(c) nlS 

(d) (+ 1)|S 


- Column-I 


ai) If (~ + 1)™ term is the first negative term in the 
expansion of (1 + x)’”, then the value of r(where 
Ix] < 1) is 

(ii) The co-effcient of y in the expansion of (y? + 1) is 


n 
(111) If the second term in the expansion Gi + | 
is 14a°”, then the value of 7 is 
(iv) The co-efficient of x* in the expression (1 + 2x + 
3x? + 4x3 + ...up to 0)!” is c, (c € N), thenc + 1 
(where |x| < 1) is 
Column-II 
(a) divisible by 2 
(b) divisible by 5 
(c) divisible by 10 
(d) a prime number 


SECTION-VIII 


3x 
Column-IlI 
(a) 4/7 
(b) 9/7 
(c) 1/27 
(d) 7/36 
n an | 
4. Forn>=2, let C. = and a,= > — 
r r=0 C. 
Column-I Column-Il 
ae ye (a) na, 
XG 
os ,.n-r ] 
1 b) -—a 
(11) 2, 7 (b) 7 ot 
ee as | l 
(iii) (c) —na, 
2 rc. 2 
in ¥_! (4) —a 
—(n-r)C, 2n "" 
INTEGER-TYPE QUESTIONS 


210 — 2 20 
i a ree nc a a) ae Pea Pe ea 2 ei + a,,x°°, then 


evaluate aa? as a, Pea ene? ee 


. If the value of °C, + PC, + PC, + .... + PC, is (m)’, 
then find the value of m. 
11! 12! 13! (2k)! 


3. 10!+—+— +— + upto 12 terms = 
I! 2! 3! K(k!) 


then find k 


. Find the remainder when 2'*°1s divided by 1990. 


. If the co-efficient of x*°in the expression (1 + x)!%° + 


dx (1 + x)? + 3x° (1 + xyre +... + 1001 xi is "C,, 
k € Z* then evaluate (n + k) 


. The sum of the cofefficients of the expression 


(1 + x — 3x’)?! 1s k ; then evaluate |k|. 


ge ak EL ar ey LS BN Se 2A ae aa to: then evaluate 


at n. 
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8. The sum of the rational terms in the expansion of 11. 


ani If the integer just greater than (./3+1)'* contains 
; ae 
(V2 +3") is 2X; then evaluate <——~* 


2”! as a factor, then evaluate m; (where m is the 


maximum possible power). 


R= +11)" Ris 7 , , 
9. Let (SV5 +11) any Soke LT e Whee 12. If the co-efficient of x” in the polynomial 


[ ] dentoes the greatest integer function, then 
C; ps gk, 2 Cs |, 
Rf = (ky"" , then evaluate k. x- Ex Z [4-3 2 ee x90 =} 
10. If the greatest integer less than or equal to (J2 +1)° " : = 
Foo. et etd anie a Pala where C= °C’ is 1, then evaluate V22149+2. 
Answers Keys 
SECTION-II 
1. (a) 2. (b) 3. (a) 4. (c) 5. (Cc) 6. (a) ie) 8. (Cc) 9. (Cc) 10. (a) 
11. (d) 12. (b) 13. (a) 14. (c) 15. (a) 16. (a) 17. (c) 18. (c) 19. (b) 20. (a) 
21. (d) 22. (b) 23. (a) 24. (c) 253: (C) 26. (c) 27. (c) 28. (d) 29. (b) 30. (b) 
31. (d) 32. (b) 33. (d) 34. (a) 35. (d) 36. (c) 37. (d) 38. (c) 39. (b) 40. (d) 
41. (c) 42. (b) 43. (d) 44, (a) 45. (b) 46. (a) 47. (c) 48. (c) 49. (d) 50. (d) 
S1. (c) 
SECTION-III 
1. (a, b) 2. (b, c) 3. (a, b, c, d) 4. (b, c) 5. (a, b) 
6. (c, d) 7. (b, c, d) 8. (a, b, d) 9. (a, d) 10. (a, b, c) 
11. (a, b, c) 12. (a, b, c) 
SECTION-IV 
1. (a) 2. (a) 3. (a) 4. (a) 5. (b) 6. (a) 7. (d) 8. (b) 9. (a) 10. (a) 
SECTION-V 
1. (c) 2. (d) 3. (a) 4. (a) 5S. (a,b) 6. (b) 7. (d) 8. (d) 9. (a) 10. (b) 
11. (a) 12. (a) 13. (b) 14. (b) 15. (b) 16. (b) 17. (b) 18. (b) 19. (d) 20. (c) 
21. (a) 
SECTION-VI 
1. (1) > (a), (11) > (Cc), (111) — (b) 
2. ) > (d), (11) > (C), (a1) — (b), (1v) — (a) 
3. 4) > (b), (11) > (C), (111) — (a), (iv) > Cd) 
4. @) > (c), (11) > (Cc), (11) — (b), (iv) > (b) 
5. (1) > (a, b, c, d), (11) > (a), (111) — (a, b, d), (iv) — (a), (b) 
6. (1) > (b, d), (11) — (a, b, c) (111) —> (a) (iv) — (a, d) 
SECTION-VII 
1. 523776 2.128 3. 11 4. 1682 5. 1012 6. 1 7. 6 8. 3 9. 4 10. 4 


11. 10 | a 
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HINTS AND SOLUTIONS 


TEXTUAL EXERCISE: 1(SUBJECTIVE) 


n 


1. (a) @) s (atb)"= > "C,(a)"" by’ 


((2x — y)5)° = (2x —y)"8 


Se Cy) = CMG 2 Oy 


r=0 
Number of terms = 16 (*" r €{0,1,2,...15}) 


15 


(ii) (2x + 5y)5= YPC (2x) (Syy’ 


r=0 
15 
= > °C (2) .(5)".x'"y” ; Number of terms = 16 
r=0 
(- r €{0, 1, 2,...15}) 


3 3 


(iil) Itx+2~P= SOC (xtx) = Y°C,.x(14+- x) 


r=0 r=0 
= Ge Gx Lax Ge (Ie a re a a) 
= 14+ 3x4 3x? + 3x2 + 3x4 4+ 604+ (1 +2 + 3x + 3x’) 
= ox Ox FI POX ox el 
Number of terms = 7 (By observation) 
(Also, no of terms in (1 + x + x7+....4.)"=nr + 1) 


(6) ) (V3 +1) -(V3-1) 
= oe (+c) +c (5) 
= 2[ 6(9V3) +20(3v/3)+ 63 |= 2403 
(ii) (1+-/2) +(1- V2) 
= 2|*c,+(V2)' +8c,(V2) +8c, (V2) | 
= 2[1 + 20 + 20] = 82 


(c) (i) (1003)° = (1000 + 3)° 
= °C, (10°)? (3)? + °C, (10°)°(3)' + °C, (10°)* BY + °C, 
(10°)°(3)° + §C,(10°)°3)* + $C, (10°)'3)* + C10" (3)° 
= 10'8 + 18(10)'° + 135(10)!? + 54(10)!® + 1215 (10)* + 
1458(10)? + 729 
= Taking first two terms and neglecting the other terms 
for approximation ~ 10"? + 0.18 x10'° = (1.018) x 10!8 

(ii) (9999)'° = (10,000 — 1)!°= C,(10*)' — °C, (10%)? +..... 
~ (10) — 10(10)*% = (10)” — 0.0010 x 10° = 0.999 
x 10” 

(iii) (1.01) = (1 + 0.01) = "C, (1) (0.01)? + YC)? 
(0.01)' +... 
Negatively other terms ~ 1 + 10(0.01) = 1.1 


(d) (x+vx? 41) +(x-Vi?-+1) =0 (i) 


Number of terms in the expansion of L.H.S. of equation 
ae n+1_ 5t+1_, 
2 2 


(.* Numbers of terms in (a + b)" + (a— b)") = “— for 


n = odd positive integer) 


On expanding the expansion, equation (1) becomes 


| °C (x)° (Ji?-+1) +5C, (x) (Vi?) +5C, (x)! (V+) - | 


= xt Oe ee 1) + ox Oe 1H 0 
=> x*+ 10x*+ 10x? + 5x*+5+ 10x? =0 
=> 16x*+20x7+5=0 
» —20+ /400-320 
=> = 
32 
~20+ 
7204405 
32 
—5+5 
=> x’= ENS puts? 20 
2 5-4/5 ~5+/5 
—" XS 3 : 3 


Clearly both values € (—1, 0) 1.e., x will be imaginary. 
Also for the validity of equation (i); x7 + 1 > 0 

x > -] 

x’ € [-1, ©), which holds for the given value of x 


(e) To find 3 term from the end in the expansion of 


8 
3 
=2} 
[2-3 ) 


R™ term from end in the expansion of (a + b)"=(n—r 
+ 2)" term from beginning in (a + 5)" 
3 term from end = (8 — 3 + 2) ie., 7" term of 


8 
[a 3 | 
x? 
2a) i 
— Yo — "Cy (= — 28 (3)° x nae = 9041937 


(f) To find degree expression 
[x + (x3 — 1)!2]5 + Le — G3 1)!?]5 
=2(C 2 = lp Ce Ga 1) +O 26S 1) 
= 2[x° + 10x°— 10x? + 5x(x*° + 1 — 2x°)] 
= 2[5x’ + 10x® + x — 10x* — 10x* + 5x] 
= degree =7 


. T, of (ax + 1/x)n = 5/2 (given) 


3 
l 5 
=. "C (ax) (~) =— 
x Z 


n(n—1)(n— 2) appesd hee 


> = 2 (Constant term) 
6 2 

=> n= 6 (Power of x = 0) 

=>. 20..a"-* = 5/2 => a =1/8 

=> a=1/8 

=> a=1/2 


n=6;a=1/2 
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3. T, = 106 for the expansion of (x + xlog 10x) 
=> °Ch(xy Care = 10° 
=> x. (x) 5)? = 10° 4) 
Let log, x =y 
x= 10y (11) 


7 y 


From (i) and (11), we have, (10y)> [x = 10° 


=> (10). [10P"= 10° = (10) =(10)° 
=> 2y+3y=5 
5 
ae i a ye => x=10°’ orld 
4. ee a ac . 
=> "C, a o =a (1) 
EC. 7s a =b (ii) 
i OR os a =C¢ (11) 
and "C. x"? oP =d (iv) 
Now, 
LHS = =ac CC oe al 9 aie OF ORs eae 
c’ —bd “Ce Scala) ad OR OO aida / fa 
( ‘Gy = forged 
= (v) 
[(rex}’="65.°6 |e? 2"6.°C iW 
UM el OF ie | Aa a Oe 
RH.S, == 2" ae (vi) 
3c 3. 3.6. a” x” Ao ae a 
—"C,."C, 5( "C ss 
-. We require to prove, CGY eG = —| — (vii) 
CCyHC26- 376 


RHS. of 7 22 — x2 20 
3 n(n-1)(n—-2)(n- 3) Em, 
"C )’ "C."C 
And L.HS of 7 = : = Cs) 


“Calman” CE BiG 
bees) Gala) 
Pe unae! Perea 


3 


| ; 
= } on solving, we get 


20 
(n— 2)(n— 3) 


bx 


11 
5. (i) Co-efficient of x’ in G ES x] 


1 r 
General term = 7, = "'C, (ax’)'!~" (=) 


1l-r 


sa or for coefficient of x’; 22 — 3r =7 
=> 3r=15 => r=5 
uo a’ 


Coefficient of x’ = 


(ii) Coefficient of x° in (1 + x”)° (1 + x)4 = Coefficient of x° 
U8 fg Os ca Oo aes Ol Ua el Oc Oe each OR: en Or. rata 
C= °C." C7 °C... 2C. = 20 + 40 = 60 

(iii) Coefficient of x'! in (2x7 + x — 3)° 
= Coefficient of x!’ in (2x + 3)° (x - 1)° 


6 6 
= Coefficient of x! in 9 °C,(2x)°"(3)" » °C, (x) *(- 1 
r=0 k=0 
For coefficient of x!!; 6-r+6-k=11 
=> r+k=1 
. Coefficient of x'! = °C,(2)°(3)° . °C, C1)! + °C,2)°(3)'. 
6C (-1)"= -384 + 576 = 192 


(iv) Coefficient of x”° in (1 + x”). (4? + 2 + I/’y5 
-10 
= Coefficient of x’ in (1 + x’)*®. [x+4) 
x 


= Coefficient of x° in (1 + x”)? .x!°(1 + xy!” 
= Coefficient of x” in x'° (1 + x’)* 
= Coefficient of x'° in (1 + x’) 
= 30 = 30C 
5 25 
(v) Co-efficient of x* in (1 +x + x? + x3)!! and (2 — x —3x’)® 


1- x4 1] 

Here (tt tesya[t 
—x 

=(1 - x4)". (1 -xy" 


11 oo 
- YC 1)’. "Cc Owes ae oe x 
r=0 k=0 


.. For coefficient of x*; 4r + k=4 

=> r=1,k=Oandr=0,k=4 

'. Coefficient of x* = SG. + oF fs OF —11 + 1001 
= 990 


Now, (2 — x — 3x’)®= (3x? + x — 2)®= (3x — 2)° (x + 1)° 
=> CGN" G2), Ca) 


.. For coefficient of x*4;6—r+6-—k=4 
> r+k=8 
Coefficient of x* = °C,(3)°~ 7-2)? °C, + °C, BY 2) 
eC °C 43)" (2) ¢, + °C,(3)! (2)° C, + °C(3) 
(—2)°.°C, 
= (15)(81)(4) — (20)(27) (8)(6) + (135)(16) .(15) + 6(3) 
(-32)(20) + 64 x 15 
= 4860 — 960 x 27 + (135) (240) — 360 (32) + 960 = 780 
(vi) Coefficient of x? in (1 — x) (1 +x 4+ x? + x°)* 


ee 
= Coefficient of x? in (1 — x) E = 


l-x 


= Coefficient of x? in (1 — x)°(1 — x*)* (1 — x)y* 
= Coefficient of x? in (1 — x)(1 — x*)* 


4 
= Coefficient of x3 in (1- x)> (-1)’. “Cx” 
SoC Cea a 


(vii) Coefficient of x* in (1 +x + x)" 


| Le 
= Coefficient of x° in (+ fi 


=X 


= Coefficient of x° in (1 — x*)" (1 — xy" 
= Coefficient of x3 in )(-1)"."C,x°. YC, x*; for 


r=0 k=0 


ei 3rtk=3 


> r=0;k =3;r=1;k=0 
". Coefficient of x* = (-1)°."C)."*7C, + GING." 'C, 
=~ 20 pe (n+2)(n+1)\(n)—6n — n(n—1)(n+4) 
= n=O ee 
6 6 


2n 
, 1 sare ak 
(viii) Coefficient of x” in [2 + *) if exists 


x 
ap 3\2n 
1 1+ 
G + *) = G+)" aa ) 
x x 
(l+x°)”" 
2n 
x 
= Coefficient of x?*™ in (1 + x*)” 


2n 
° . 2 3 
= Coefficient x”*?” in »y Coe 


r=0 
2n+ 
pe n+ p 


3 


Coefficient of x in 


= 3r per 2n 
. 2n)! 
Coefficient of x?*™” = sad GP = nyt 
a (Ae? (Pate | 
a 1 BS 
3 a 10 as r 
x Pea 3 
. di —+—~] = 10 | * fp 
@) RE | aa C, E (>, 
10— 
For term independent of x; = 2r=0.r=2 


1\ (3) 5 
Term independent of x has value GC; =) =) = Fi 


: (32-1) 
(ii) (tx420)(Sx = | 


9-r r 
= (I4xt22°)5 "e,(Sx") [-— | 
r=0 Xx 
= (recta) Sen 1 YS 
0 


For term independent of x, 18 — 3r = 0 


r= 


=> r=6and21-3r=0> r=7 


Term independent of x is 
(3)" 
(2) 
ee ee 


18 27 54 54 


(3)° 


1.(-1)°. °C, 
= QF 


+2.(-1)'.’C, 


. Given r> 1 and n > 2, and Coefficient of 3r = Coefficient 


of xr + 2 in the expansion of (1 + x)” 


=> 
=> Either 3r =r+2or3r+r+2=2n 

Cs 5 Oa Oo => k=pork+ p=n) 
= Eitherr = 1 orn =2r+ 1, butr> 1 (given) 
=> n=2rt 1 


Binomial Theorem < 7.59 


. (a) Number of terms in (1 + x + x”)°® = 2(50) + 1 = 101 


(b) Number of terms in (1 + x + x? + x)? = 3 (20) + 1=61 
c) Number of terms in (1+ x? + x* + x° st: CU) 64453 
(c) 


(d) Number of terms in (1 + x + x7 +x*4+ x°)"=(5n + 1) 
(e) Number of terms in (1 — x + x — x8 + x4 +....00)"5 


Bre 
Ix]<1l;neéeN Le., (—) = (1+ x)’ 
l+x 


= Number of terms = (” + 1) 


. (a) A +a)" 4 neN;x>0 


4n-2 


= y as Se (ix)’ 
r=0 


For real negative terms: r = 4k +2;k ew 

ré€ {2, 6, 10,.....,.4n —2} 

Number of terms (k) given by 2 + (k— 1) (4) =4n-2 

k=n 

For real positive terms: r = 4k; k e W 

re {0, 4, 8,...... 4(n — 1)} 

Number of terms = n 

For imaginary terms: r = 4k + 1 or 4k+3;k e W 

=> re {1,3,5,7,9, 11,...,4n — 3} or directly (Total terms) 
— (Real terms) = (4n — 1) —-(2n) =2n-1 


n 2n 2 2n 
(b) e414] >neN= (x44) ee 


yy 


Y J 


x x 
Number of terms in (x? + 1 + 1/x?)" 


4 
= Number of terms in (1 + x”)?” = ot 1=2n+1 


(c) (xt+ytzy;n EN 
—_— aC (x + y)” A "Cx af y)- lz + "C(x nee) ties Zz +. ..+ 
"C(x + y)?.z 
Number of terms = (n + 1) + (n)+ (m—1)+...+(1) terms 


_ M+ I042) _ nae 


| 
= S760) 
a ) (6)"" 


For rational terms, (20 —r) = 3k andr = 4m; k,m e W 
r=8;k=4 andr =20;k=0 

Terms corresponding to r = 8 andr = 20.e., 9" and 21* 
terms will be rational 

Remaining 21 —2 = 19 terms will be irrational 


Middle term = 7. 


5022 = 1, = urational as T. 5 and 7 >) are 


2 
the only rational terms. 


(e) (x Ae x? a aad y saa OF (xy >" (x? y 


= n-3 C (xy 


=~ 
Ul 
o 


For term containing x”; n — 3 — 3k = 2r 
=> n-2r=3+3k k>0>n-2r>0 
** R.HLS. is a multiple of 3 
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10. 


11. 


= L.H.S. must also be a multiple of 3 
Three will be no terms containing x” if nm — 2r > 0 but 
(n — 2r) not a multiple of 3 


(a) Sum of numerical coefficients can be obtained by sub- 
12 
stituting x =y = lie., ead = (2)" 
3 3 


(b) (1 +x)? = ne + VC x + Oe + ...4+ a Gm x 
Sum of last 10 coefficients = gs OFS + gs Oe = ee + a Oe 


HH[lrcy4%c)o( 4%) 44 "4G 41 "G4" 


= 1 19 — 18 
% (2)" = (2) 


(i) Sum of first 10 coefficient in the expansion of (1 + x)” 
= sO a a OF al se OF +. + a 


l 
= Al Cy +O, $C Hest Cy + C+ Cy tect” Cet” Cig t ott 
1 
— =| (2) — ord 
2 
(ii) Sum of first 11 coefficients °C,+”C,+ °C, +...+7% C,, 


I 
= Al "Ch CECE Cot Cee CC aa Ct gen 


| (2)"° fe Ca 


N |e 


TEXTUAL EXERCISE-1: (OBJECTIVE) 


(b) rth term of (a + 2x)" = "C_— l(a)"—r + 1(2x)r - 1 
— an(n—-l)\(n-2)....n—-(r-2)) e 


—_ aan ax r-l 
(r-1)! (2x) 
73 \2!-r v2 \ 
_ a b 
wo tar"6lie) (ie, 
(2I-r) r r_(2l-r) 


—21¢C (a) 3 © . (b) ? 6 


21- I1- 
According to question; —. ieee ( r) 


6 2 6 
(21-r)_ 2r 
2 3 
(d) (x+-V2°=1] +(x—vx°=1] re DPC (x ye- ars @ Ce: Bee 
(eel) "Cx &e = 1h Cae S17) 


Which is clearly of degree 9. 


(b) (x + a)100 + (x—a)100 has 199, | — 5; terms 
2 


(© 2) *c,(V2) +*c,(V2) +*c,(v2)| 
2 2| 6(4V2)+20(2V2)+6y2 | = 140v2 


(b) (x + ay"=T7,+T,+T7,+T7,+.....+T, 


=> r=9 


= “Cx aC, x" at OR Aa’ + "Cx a Pack Ca 
f. + T, + T, + T 


=> 


7. (c) 
=> 


8. (b) 


=> 


9. (d) 


10. (c) 


11. (a) 


=> 


Replacing a by a,, we get 

(x+ai)" ="C,x"+"C,x"'ai-"C, x"?a’ -i"C, x" a’ +..4" C_(i)"a" 
ed Oat baa See Nie 0 Saw Aiea ieee (1) 
Further (replacing a by —a,) 

easy EI Do Vad oP de gen) (11) 
Equation (1) = (11), gives (x + ai)" .(x— ai)" = (T, —T, + 
De) A ad ot de 

(x? + a’) 


Sum of coefficients in (a? x? — 2ax +1)* 
=ow-2a+1=0 > (a-1=0 


a=l 
1/2 1/8\1024 __ — 1024 — r/8 
Cet) => VC Gye 2) 
r=0 


For integral terms 1024 —r = 2k;k € W andr = 8m; m 
€ W andr must be a multiple of 8. 


1024 
r © {0.8.16 ..4] ; Jxs| ie., € {0, 8, 16....,1024} 


There will 129 


T. iY 
coy (-5] 
2x 


2 Bs id 
(n—3+1) 2 
n—-2=12 => n=14 
T, —1 
(n-7+2) 6 
ee a ee 
c,(4/2] E; Al 
ro (apy( LY °® 
cl) [y) 
3[a\"!2 3 nl2 
(V2) (V3) =< 
(6)? = => n=9 
(a+ 4) =¥ "Clan?" | 


11 


= > a Oe (a)' l-r (b)’ ayer 


r=0 
For term containing x’; r = 5 
Coefficient of x’ = '"'C, (a)°(b)° and 


ax a] = »y "C (ay! (—by" (x) 


For term containing x’; r = 6 

Coefficient of x7 = ''C, (a)° (-by® 

According to question "'C, a° b* = ""'C,a’(-by' 
a=(b)' => ab=1 


12. (d) yoy C, yx" y" = yr aC. x" iy 
r=0 r=l 


= n n- n-roor . n- n-r r- 
i Ga any eRe yy 
r=] r=1 


= myx + yy! = ny(1) (x+y = 1 given) 


=ny 
TEXTUAL EXERCISE: 2(SUBJECTIVE) 


2n+2 


1. (a) (1 + x)*" has Ja term as its middle term 


Din +1) = middle term 
T= a Glee. ue Ken) 
. ‘ n\(n!) 
— 1.2.3.4.5.6.....(2n— 2)(2n—1)(2n) 
7 n!.n! 
_ [1.3.5.7.....(2n — 1)].[2.4.6...(2n — 2)(2n)]. x" 
7 n!.n! 
_fi .3.5.7.....(2n— 1)].(2)"[1.2.3...n—-1)(n)].x" 


n! n! 
(2)" .(x)" 


(b) As in part (a); the coefficient of middle term of (1 + x)” 
= 20 
Further, the sum of coefficients of two middle terms of 
(1 + x)""' = Sum of coefficients of T, and T «1 terms 
= mriC FIC = 4C (By pascal’s rule) 


7 (1.3.5.7....(2n—-1) 
n!} 


12 6 b 6 
2. Middle term of [S+ox) = ia (=) (>) _ 
X Sa x 
CEG Db = 924 a 6 


= 12 x 11 x 7 (ab)® = (2)? x (3)! x (7) x (11) (aby° 


1 2n 1 n 
. Middle term of [x-+) = Tangy = Ty = "C, (2)" (-= | = 


xX 2 xX 


2n!} 
*C,(-1)" ===) 
nin, 


. (a) Coefficient of T,, 7,, T, of (1 + x)” are "C, ,"C, and "C, 
respectively. There are given to be in AP 


it @: "C 
=> 24°C )="C,+"C, => 2=—*4+—2 
Ge a 
5 n—-6+1 
> 2= of 
n—5+1 6 
5 -—5 
= = ee = n=l4orn=7 
n-4 6 


Further if these coefficients are in G.P., then ("C,)? ="C,."C, 
i Cy C, = 1=( 5 }( =) 
uG... "C, n—5+1 6 


p> "@=5) 
6 (n-4) 


=> 


Binomial Theorem <_ 7.61 


=> n=-l;butneN 
.. The three terms can’t be in G.P. 
(b) Let a,, a,, a,, a, be the coefficients of 7,7 , ,, 7, , and 
T ,, thterm; (7 € N ) of (1 + x)” 
=F a, = 5 Ole a, a por a, = Coy 1? a, = "C5 
Now, L.H.S. = —“1-+—3 — 
ata, a;ta, 


(EH) (ee) 


r r+2 
r " r+2 _ 2(r+1) a 
n+l (n+l) (n+l) 


2 2 _ r+) 


i+ “Ze | (es (n+1) 
(r+1) 


L.H.S. = R.H.S. 
(c) Given that coefficient of 24, 34 and 4" terms of (1 + x)" 
are in A.P. 
mC MC; MC, are in A.P. 
7A ais OF ea Ota aes Ox 
ane saat 


1 3 


= = 


( 2 (20-341) 
2 =| ———_ |+ | ———— 
2n-2+1 3 


2 2n—2 
= + 

2n-1 3 
6(2n — 1) =6+ (4n’ — 6n + 2) 
4n*— 18n + 14=0 
2n?-9n+7=0 
(d) (Given)’C. 43"C_ "C= 1:3:5 
= 8G. oC. = 1s sand "Ce oC S35 
Loe 


ee oe 
tC 1 YE 


y 


Yul 


=> 


= —and—*~ =— 
r-l1 


n—rt+1_ 5 


n-(rt+i)+1_, 
(r-1) Oy 3 
=> (n+ 1)=4(7- 1); 3+ 1) = 8r 


=> 3=2/ : Jara3n-7 
r—-1 
(e) Let the consecutive coefficient be’C 3 "C3"C_,, 


According to question; "C__;"C3"C\,, = 1:7: 42 
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i Oo gg Ore 2 
=! =— and =— 
i Ore | TG, 7 
=> ad ae ee n-(r+)t1_ 
r (r+1) 
=> (n+ 1)=8rand(n+ 1)=7(r+ 1) 
— ey die h | => n=55 
(f) 7, = 240; 7, = 720; 7, = 1080 
ee ee 
rae: 
an Ca a Cx. aay _3 
C, x"! y' °C. x"? y 5 
aes n—-2+1 BAe hal y_3 
2 x 3 x 2 
2h ee 3n—3=4n—8 
2(n— 2) 
=> n=5 
y_3 
> -=-— => 2y=3x (1) 
x: 2 
Also T, = 240 => "C, xt ly = 240 
=> °C, x* y= 240 => 5x* (3/2x) = 240 
i SKS x=? 
15 
=> y=3 
15 a ae 2 
. GI/S + 21/315 = } °C,(3) > (2)?. Now for integer 
r=0 


terms, (15 — r) must be a multiple of 5 
=> rmust be a multiple of 5; Also r must be multiple of 3 
> r=15kkew 
=> re {0,15} 
Sum of integer terms = '°C,(3)° (2)? + °C,.(3)? (2) 
= 27+ 32=59 


ay PHC eC aay OO OY tos 
aes OF sala tanks Cree aaa Vales as OO aan caer ee 
(xt+yy=P+Q 
Also (x—y)"=P-—@Q 
=> (xt y"@-yy =P?-O 
=> -yy=P-O 
(b) (e+ yy"—@—y)= [& + y)"P -[@- pT 
=P OHO) 420 
(c) Gt yy" t+ yy" =(P + OY + P— QP = 2P* + Q") 
~ (1 +x)"—- nx -l (1) 
SG Ce Ce tC eg he ne 1) 
SC CX eee CX 
Se COC xntae er) 
Which is divisible by x? V x = 2. Also for n = 1; (1 + x)” 
—nx-1=0 
Which is divisible x? (# 0) 
(a) Now (9)"*!-8n—-9 
=(1 + 8)"*!—-8@m + 1)-1 (11) 
Comparing (11) with (1), we have x = 8 
Given expression is divisible x i.e., 64 


(b) 6"—5n =[(1 + 5)"-5n-1] +1 (111) 
Comparing (3) with (1); [(1 + 5)"— 5n —1] 1s divisible 
by x’ 1.e., 25 
6"—5n=25k+1;k EZ 
1.e., 6” — 5n always leave remainder 1 when divided by 
25; 


8. (a) 2 — 2" (Tn + 1) = 2" .2"— 2" (Tn + 1) = 2" [(8)"— Tn 


—1) =2"[(1 + 7)" — 7n -1] 
We know that (1 + x)”—nx — 1 is divisible by 
xrVneN 
2” (C1 +7)" — 7x - 1] = 27) k= 2"-? (2x 7) k= (14) 
AK forn>=2 
For n = 1; (2)* — 2! (7 + 1) = 0, which 1s also divisible 
by (14)? 

. (2)"—2" (Jn + 1) is divisible by some multiple of (14) 

(b) a,be Zandazb 
Consider a" = (a—b + by" 
=" (a—by + "Ca by bt "Cie@= by? b+ 
"Ca Dy" 3.0? Fon "CHa Py (OP DP 

=> a — b=", (a@— by + ", (a- bY" b +...4 °C, _ 
(a—b) .b""' 

=> a’"—b" is divisible by (a—b) VneN 

(c) Letn=2m+1;meN 

=> n>3andneN 
(99)" + 1=(10?-1)"+ 1 
= PC LOC (10) a CLO ase C(O") 
Crt 
SAC (LOC (10) FC (10) * eiads +7C (10) 
= (LO) [9C 0) = 2C ClO AC (LO Ses 
"C _(10y + 7] 
Since all terms upto second last are even, their sum or 
difference will be even and when it is added to odd (n), 
the sum inside the bracket becomes odd 1.e., ends with 
1, 3, 5, 7 and 9 
When it is multiplied by (10)’, there will be exactly 2 
zeroes at the end. 


1 


- (a) MO)" = 23)" = + 7)" 


= us Ory a Oe (7) + (os (7) + Be Oe (7) +.. oe (7) 
=1+7k;keZ 

= Remainder will be 1 , when divided by 7 

(ii) T=) MI = T1CPY" 
= 7(50 — 1)! =-7 [(1 — 50)*"] 
= -7PIC, — 51C,(50) + 1C,(50)? — C,(50)> +.....4 
CG (o0)" = IC, (50)"] 
=~7 + 25k = 25k + (18 — 25) 
= 25 (k—1) +18 = 25k’ + 18 

= Remainder will be 18, when divided by 25 

(b) If (17) = 10°.g + r; then r will be a remainder of 3 
digits giving last 3 digits of the number (17) 
Now, (17) = (177) 18 
= (289)!78 = (290 — 1)!8 
=(1 —290)!8 
are (290) (290) (290) tae 
as Oo (290)!?’ ai ALOU) 


= 1 — 128(290) + 


ELISE) in eet eee 
2 


r = 1 — (128) (290) + (64) (127) (290) 

r = 1+ 64 x 290 [(127) (290) — 2] 

r= 14128 x 290 [127 x 145-1] 

r = 1+[100 + 28] [200 + 90] [127 x 45-1] 

r=1+ [2x 10*+9 x 10° + 56 x 102 + 252 x 10] [127 
x 45-1] 

r= 1+[56 x 10? + 252 x 10] [127 x 45-1] 

r=14+ [5x 10°+6x 102+ 2 x 10° + 520] x [127 x 
45-1] 

=> y=1+[1120] [127 x 45-1] 

=> r=1+(1120) (4x 103+ 10? +715 — 1) 

=> py =1+(10? + 120) (4x 103 + 10? +714) 
=> 
=> 


YUUUY 


Y y 


r= 1+ (10? + 20) (7 x 10? + 10 + 4) 
r = 1+ (400 + 200 + 80) = 681 
(c) 1992198 — 1955198 — 1938198 + 190119 
= [(1992)'9°8 — (1955)!9°8] _ [(1938)'98 ae (1901)'9°8] 
We know by binomial theorem that a” — b” is divisively 
(a— 5b) 
(1992)!'998 — (1955)!9°8 is divisible by 1992 -1955 = 37 
Similarly (1938)'98 — (1901)'9"8 is divisible by 1938 — 
1901 = 37 
Given expression is divisible by 37 
Also given expression is [(1992)!* —(1938)!9*] 
—[(1955)'°8— (1901)'%*] is divisible by (1992 — 1938) 
= 54 or (1955 — 1901)=54 
Also g.c.d (37, 54) = 1 
.. The given expression is divisible by 37 x 54 = 1998 
(d) (101)'° — 1 =(100 + 1)'°— 1 =(1 + 107)! - 1 
_ oe + °C (107) + C10?) + pes OS (107)? + 4+ 
Ge CLO: Je =| 
= 10C (LO)? + °C) (10)* + 1°C, (10)? +... 10) 
= (10)* + '°C,(10)* + 1°°C,(10)? +...+ (10)? 
= (10)* + (1 + (50 x 99) + °C,(10)’ +.....+ (10)7] 
The sum inside the bracket is an odd number with 1 as 
its unit place. 
Thus the given no is divisible by 104 and not by 10° 


TEXTUAL EXERCISE—2: (OBJECTIVE) 


1. (b) Middle term of (1 + x) Tow =Te=°Cs* having 


10! 
coefficient = °C, = ; 
(5!) 
1 10 
2. (b) Middle term of [+++] => T,,, 1.€., 
x a a 


5 


1 
T, = "CX. = RC 
Xx 


l n 
3. (b) [7 + 4 has only one middle term 
x 


= nmust be even and the middle term = 7.,, =T, 
— —+tl 
2 2 


Binomial Theorem <_ 7.63 


wt n/2 : ee 
="C i (2)n-z)— |] = C2 x” = 924x° (given) 
f 2\x 


=> n=12 


4. (c) (7) = q. (10)? +r; we need to find r. 


Now (72)! = (49)!50 = (50 = 1)'5° = (12 50)!50 
eed = 0C, (G0) PC (50) C0)? ta 


150x149 
2 


= 1 — 7500 + (2500) + 10%q, 


= 1 — 7500 + (70 + 5) x (150 — 1) 2500 + 10°g, 
= 1 — 500 + (5) (2500) + 10°, 
= 1-500 — 12500 + 10°, 
= 1 — 13000 + 10%g, = 1 + 10° (g, -13) 
=1+ 10°q, => last digit = 1, 
(° g,—- 13 > 0 as (7) > 0) 


5. (c) 2203 = 8(24)5 


meets ee ate) (ales Cede OP Wi Aa eke GO OC) aks een aa 
OC Ty) = 8 tlie eS -L 
= On dividing by 17, 8 will be the remainder 


TEXTUAL EXERCISE—3: (SUBJECTIVE) 


.@ Yen’, = ¥C'.G,=C,-C,+C,-C, 
r=0 


r=0 
sree as Co Bi ON 
Sign’s are alternatively +ve and —ve and one terms is 
missing from the three consecutive terms. 
Put x = (—1)'” in the expansion of (1 + x)"=C,)+C,x + 
OF ass OF ee ny 

= (bt HC FC r1r-C.- Civ 7 Ci €, + ...and 
(Peay aC Cree Cir = Cia sen. 
Adding, —_ C=C PCEC Fa 
(1+i)’ +(1-i)" 

2 


moe ae (LV = ()_1Y_(LY 

ae (5) ' 4 e) 

(c) "C,+2"C, + 4.C, + 8.°C, +...+ (1 + 1)terms 
= > "C,(2)" = (1+2)" =)" 


i 
(d) *C,+ = 


Sols -bos)-8) 
1 


1 1 
e) "C,--."C,+—"C, -—."C, +...+(n +1) terms 
(e) a ere ae (n+1) 


eS elaleaieG) 


(f) Linc, = ee es On nd, "C.2=7O) 


eo eo 
ag ag 1) terms 


+ 
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mee) ne? n(n+1)(n+ 2) 


(g) rr Mlr-2)¢, oe 6 


n 1 ae 
= Lrr-IMr-2 2). = 7 = = ae (d) » (< -|- Dr axed) 
= n(n-1\(n- ay, "$C, =n(n— 1) (n—2) (2)"? _ W(nth(2ntl)_ n(n+ 2) Mant 2nt) 
ie 6 2 6 
(h) vr. ‘C= +2 mC _ n(nt | nen +1) n(n+]) n (Qn+ 2 
r=l r=1 r 2 3 Z 3 
= a eae Oe = n> (r-1+1). a Oe _ mec) sts?) £ n(n+1) (n+2) 
r=1 r=1 2 6 12 
=ny(r-1).”"'C_,tn) "'C_, n n — 2 2 on 
» » (e) aoa = yr? *t = 2 Gael: 


n(n-l> "°C, +n(2)"" 
r=2 


= y(n +1)? +r? -2(n+)r} 
=n(n—1)(2)"-? +n(2)""'=n(2)""? [n-1 + 2] =n(n + 1) rel 


¥) n-2 2 
(2) - ninety +e ee 
; 1 r+l),. 
@ y= 3 om Ons 1) 
ra (r +1) “(r+1) (n+1) = n(n+1)| (n+1)4+ —(n+1) 
= x Las cs by n+l C= ey 
(ntNR  nthl Se : ane 
6 al 
= (2)"*" = 1] 
(n+1) [ i ae 
; (f) yr —1).- Ge 1).——+ x — 
(j) > C, Co =2 Ch om 
r=9 (r +1)(r +2) pata earl 
= Yr 1) 
2 1 r+1 ort+2_ ay 
= ) ————_ x x x Cs 
o(r+l\(r+2) (n+l) n+2 
: = Y (n= tl(n-r+2) 
= I »y n+2 C r=2 
(nt+I(nt+2) 
, ne? =12+23+3.4+....4+(n— 1)\(n) 
pa n+2 n+2 nt+2 
7 (n+ "= + 2) f , e “1 ue. a. 
es ; = Yrrt+)= VP +r) 
((2 yr? — = n—- 2) = (2)"" 7A 3 r=! r=1 
Gh + ve + 2) (n+1)(n+ 2) _ (n-1)(n)(2n-1) . (n—1)(n) 
6 2 
2. G) > CS) CCH) "COE _ n(n-1)[ 2n-1 | _ n(n? —1) 
r=0 r=0 r=0 4 3 zy = 3 
= "C, “ (n—-rt+l 
(b) r "C = yr 3.. Coefficient? = PC MC i OC eC Ee Oe, 
r=l r-l r=l r at ee a _ eC) = BC. ao uC; tit i OF = a On 
= wee r+l)=n(n4+1)- n(nt+l) _ nat) _ alGn (Using pascal’s rule repeatedly) 
a 2 2 = V6 + oC aE. = er = aC 
- 2 a oe 2 n—-rt+l 4 (a) nC 4+ n-lC he sa Ore =antle 
(c) yr = yr —_— : m m m+1 
= : C 7 pel r —_m m+ mi +2 n-1 n 
r-l L.H.S. = C+ + iC. skal One ger ama CMa Ole 
Z = — mt m+ mt n- n 
= So eee = Oa = Cat CF eee 'C, 5 C,, 
r=l 2 6 2 =mr7c tm rc t+...+7C) (using pascal’s rule repeat- 
= n(nt+}) n- Qath +] edly) 
2 3 ~ ome 1 pa eee = io +1 = R.HLS. 


(b) OF a 2. ap chge ee AigGett: (n = (m = 1))."C = nt2C0 


m+2 
1s Oo iia is Ole, kaa CORt men Cotes amas OO te (ee Oe 
m m m m m 
as Or are ey OM as at Came OM em cous COO er er ee Galas ORE e 
m m m m m 
mt m 
C,) + CC, 


m 


(using (a)) 
— ml n n-l mt+2 mt+1 
Ct a C4 i Cs ToT Cet 3 Cy 
= atl m+2 mt3 n-1 n 
ome i Cus C4 TW eaec E or 3 Cag or 
n+1 
m+1 
= mt2 m+2 mt3 ntl 
Ces a Ca oF Cs Tee 7 Cs 
_— m+3(C 4 m+ 3C + + nic 
m+2 m+1 °° m+1 


= mic + HC = H2C = R.HS. 


m+2 m+1 m+2 
ly H S = uC 4+ nt IC =e nt2c7 ae a ntkC 
yore Ss n n n ee n 
— atk + aml ae nt2(7 ah + ntkC 
n+l n n eat n 
— n+2 nti nt+k, 
Cat Bs C, Tet C, 
_— ntkC + ntkC = ntk+l(C _— R H S 
n+l n n+l Per pete 


. Consider 101°°— 99°° = (100 + 1)*°— (100 — 1)*°=(1 + 100)°° 
— (1 — 100)°° 
= 25°C, (102) + 8C, (10?) + °C, (107)8 +......+ °C, (102)*] 


50 x 49 x 48 


Each of °C > 50 and*’C, = = 50x 49x 8>51 


(101) — (99) > 2[50(10)? + 51(10% + 50(10%) +...4 
50(10%)] 
= 100[(10)? + (10)* + (10)! +... +(10)*] +2 x 10° 


4\25 _ 
= 100(107) ea +2x10° 
(10*)-1 
10° 50 6 
= ae [ (100) -1]+2x10° > (100) — 1 + 


(2 x 10°) > (100) 
= (101) > (99) + (100)°° 
= (101) > (99)%+ (100) 


n 1’ 3 r 
YCI'.C,| —+5 +—+....+ mterms 
= on > r 2 r 


= Seve (2) + (=) + (2) Ter mms 


n 7 n 
+(1-2] +....upto m terms 


2n 


EAT ssamanien 
J+) 


3n 
1 
er =) +...upton terms 


(3) 7 
= (=) + Ee dey : yo 
1—(2)" 2. Den 1 


_ Q™-) 
20" =1) 


8. LHS. 


Binomial Theorem <_ 7.65 
OC... DC... 2c. Qe 
+} —— + ——+ + ——— + t+ 
3 4 (n+l) 


= y "C,.(2)" ~ ya l CO 


20. 6 «(U(r +1) Ain+1 (r+l) 


2 + 


n n+l 


n+l r+] __ n+l r 
“2a AO “Gaye oO 
1 


= (Si cay -1| 


r=0 


| (1+ 2)" eine R.HS. 


ie) > Geet 


9. (a) (L+x"=C tC xt Cxe+..+Cx 


Put x = (-1)'” =i and 
=> (1+)"=C,+Ci-C,-Cyit+C,+.... and (1-)"= 
OF OF i OM mer Sa Ora ee 
—(t+i"+(1-i)" | 


Adding; = €, - C, + G,... 


Required sum 


wife sese gf o[ 5 (omg 


(b) Cit xy Ct CC Pivests gs OF 

Put x = (1)!" 1.e., 1, @ and w? 

C2 es Rea es Os ok Os OP aa re 2 Oe 

Uo) = CF C0 CO" FCO Pint C.0" 

(1+ @’)"=C)+ Co? + C,o* + Cyo® + ....C,o’n 
(2)"+(1+@)"+(1+ 07)" 

3 


YUY 


Adding 
Ale eters 


=O, + 0, + ¢, 


(2)"+(-@*)" +(-@)’ 


=> Required Sum = ; 


_ 2y+C)"Lo*+o"] 2" +C1"[0"+(@’)"] 
3 3 


arecy l(t] [-5- 2] | 


3 
(2)"+(- 1)" 2e0s{ 227 ) 
—<— 
(Cy Ly Cer BC as et cha ON (1) 


Here 3 terms are missing and all terms are positive. 
We are to substitutes x = 4" roots of unity i.e., 1, -1, i, 4, 
but before that we are to make C, the coefficient of x’ 

(*.. 4rth root) 
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(d) 


(e) 


Multiplying (i) by x both sides, we get (1 + x)". x=Cyx 
fe Cae iC ee ee xe Cx aC Xe aC a Cox” eA) 
Put x = 1, —1, i, +1 in (ii), we get (2)"=C,+C,+C,+C, 
got ORE oh ON Shak Ore araenee | a Os ON CM Or On 
go COs Ore Oates (uk) ki ba ON Fr Ore OF Maan Oras 
Ct=C.3Ca tC Fase (aye) = ae +t Ca 
oe Ot Op a OPa OF aa Oren were 

(2)"+(1+i)"i-(1-i)"a 


Adding above equation, we get ri 


se Ons Oe arene 
(2)’ +i[(1+7)" -(-i)"] 


Required Sum = 


4 
(2)" +) By [cis | ~(/2y" («s-2) 

- —+_________+ 
(2)" +i(2)"” E sin ma 


4 
wk n-l pal? oc NA 
= HQ) (2)""* sin r ! 


Put x = (1)! = 1, -1, 7, -7 in binomial expansion, we get 

(2) Goh C oti eC Ces 

= 6 aC OC SC iC Faw 

Oar) am Oren On a One Oe ek Os 

Ger) es Oe Oe as Oren. On ae Oe ee 

(2)"+(1+1)" +(1-7)" 
4 


(2)" +(v/2)’ 205 | 


4 


Adding, we get =C,+C,+C,+.. 


Required sum = 


_ 1 n-l nl2 AA 
= 1@ +(2)"" cos ; 


Two terms are missing, thus substituting x = 1, o, ’, 
after C ; coefficient of x*°, we have 


Chet = Ce Ce Ge eG i es 


=> 
=> 
=> 


C4 leet Oe ws Ora OR OR Oar 
o7(1 + o)" = C,0* + C,@* + Cio* + Cio? + Co? + ..... 
o* (1 + @*)" = C,@* + C,o° + C,o* + Cro” + Cio” 
Adding above equation, we get 
2)"+@'(1+@)’+0*(1+@7)’ 
erro Ci PG... 
2" +@°(-1)".0" +a(-1)"o" 
3 
= 2" +(-1)"[o7"" +0""] 
3 


Required sum = 


2 2 
2” + (-1)" cis(an + 2) + cis(n+1) = 


3 


(2)" + (-1)".2(-1)""' cos(n + ye 
= ——__._——_3 


(f) 


=> 
=> 
=> 
=> 


(2)" +2(-1)?""' cos(n + > 
7 3 

(2)" —2cos(n+ DS 
- 3 


3 terms are missing between any two consecutive terms. 
Put x = 4" roots of unity in the expansion of (1 + x)" .x? 
SC eC Cx eG eC ee Ca eC Friis 
C5 yan Oe a ORs Cet ON OF Oat Ohare 

OC oC aC a CoC iC aie 

GQ+iy. PHC, - Cit Co +Ci-€C.- Cir, ti 
(-1if. 1 S=C,+ Cit C,—Ci-€, + Ci 6 C, tx 


Adding, above equations we get 


(2)"-(+s)"-(-i)" 


(g) 


; 26 FC +m 
(2)"- (V2) cis + cis [22 | 
sz 4 4 
4 
(2)" — (2)"?.2cos 
Rien ey 


4 
_ 1 n-1 n/2 nn 
S= 1@) (2)"“ cos | 


Ge ae) ee ieee OF te ak Oe can el ©, atin ik Op zie oes Oo ai a Oe 
BAe ra Re reagan 
Put x = 1, 0, 7? 
C2) ag is On a Oa ak Oa oe On OP nar 
POO = O06 Oe on Coon 50 
gat OPN Vater as Oa) ag ere 
Ct.OF 02 C corr C.. OF Coat CO er Co 
04+C @ '2+ 

; ee 


Adding, above equations, we get 


(2)"+(1+@)".0+(1+0’)'.0° 


3 = Os Ori ae 
- 3 
p= tC) fo +07") 
- 3 
: ; | ) ae - 
(2)" +(-1)"| cis(2n +1)— + cis(n+ 2) — 
nes SR ee | 
3 
(2)" + (-1)” 2 1)"*! + cos(n—1) 4 
Se 
3 
(2)" + 2(-1)”""' cos(n— 12 
ug ee 
3 
(2)" — 2cos(n- ij 
ee 


3 


Consider (1 + x)"=C, + Cx+ Cy? + Cyt ...... 
Ce 9 iad OF OF teed OM aa ON ary 
Adding, we get (1 + x)" + (1 —x)"=2[C, + Cy’ + Cpt +...] 


Integrating both sides w.r.t. with in the limits x =0 tox= 1, we get 


tae fo] =2|cosr+ 4 S| 
(n+1) (-1)(n+1) |, 5 


2 1 1 C...i€ 
= o (4-2 + Su. 


n+1 n+1 n+l 

Cy. Ge: Se (2)” 2 
=> —04—7%4—+4+...= 

1 Sr) (n+l) (n+1) 


(b) As in part (a), (1 + x)"— (1 —x)"=2 [Cx + Cyr +....... ] 
Integrating both sides with in the limit x = 0 tox = 1 


(n+1) (n+1) 4 6 


n+l 
= OF -2(—-}- 7 pee ae 
n+l n+l 2 4 
G45, .@ 1 
2 4 (n+1) 
(C) (Lay = © iO aCe SC Pas: 
Integrating w.r.t. x with the limit x =0 tox =x 


—(n+1) |, 2 3 4 
—(1-x)""! l C C C 
=> Ue 2a = C,x-—tx? + x? - x74 
(n+1) n+l 2 3 
Now integrating w.r.t. with in the limit x = 0 tox = 1, 
we get 
n+2 : 2 3 4 5 
| |e or Gr a. 
(nt])(n+2) ntl], [12 23 34 4.5 P 
sy a ee, 
(n+l) (n4+1)(n+2) 12 23 3.4 5 
sg eg Ca : 


+..= 
12 23 3.4 (n+2) 
(d) C,-3C, + 5C,+....+ CI)"Qn + IC, 


= } (1 (2rt)). "C, 
r=0 
= 2) -1).r."C,+ )(CD’."C, 
r=0 r=0 
- n 
= 2V(-l/r.—."'C_,+(0 
2 ) r r-l ( ) 
= 2n) (-1)’."'C,, 
r=1 


= yy. "IC_, =(-2n) (0) =0 


Binomial Theorem < 7.67 
(e) S=C,-2C5 +3C; +.....-2nC;, 
2n 
= DG) 
r=1 
2n 
= VEY" r.P'c,."C,) 
r=1 


= DAMYED MCMC, 
Let 2n = m(even) 
= (-m) YC "'C.."C, (i) 


Now consider, (1 + x)"~' (1 — x)” 
— ees + is OF + a Cx +,..+ si OO aa x ger _ 
"Cx + gO = is Oe +. + (-1)" hs Om a4 
Now coefficient of x”! in R.H.S. 
— (- Leet aC e ha Oe + (-1)"? his CSN 
cs Ole age oe +. wt 1)°. es C0 Pia 1 Oe 
(m= es Cy" = = 1 and mC = ="C) 


mr 


= —"C, ee. + 4s Gee i Cr ig Oe mC +....+ mic mC 
2 m- m 


= Yen e."'c,, (i) 


From (1) and (i1) we note that required sum = (—m) coef- 
ficient of x*" in (1 + x)™" (1 —x)” 

= (-m) coefficient of x"! in (1 —x)[1 —x7]"" 

=(m) coefficient of x”? in (1 — x’)"! 


aes Oo + (-1)"3 


m-1\ 
=(m) coefficient of x”? in yp C. sar 


r=l 


= im] 7 =—m(-7."'C, 


— —(2n)(-1)" cas ONG — (-1)""! (2n). a Oe 


TEXTUAL EXERCISE-3: (OBJECTIVE) 


1. (a) >, Ca Cas -0<rsn= Smee = 20 


(2n)! 
(n+r)!(n—-r)! 


2. © p ee 1)’."C, > (-l)" (*t+)) mio. 


=o Eel 4(r+1) (n+l) 


ye 1)’. no C= ir Sc ager n+ ts | 


(a a: 
= = PXG ee c,-1]= Gr 9° 7 La oer 
ces <— 7 Yow wee 


_ 2n?-n’?+n_ n(n+l) 
2 2 


nif n odd 
(n—l)if n iseven 


(b) D2). "Copa ak+={ - 
= u nm ¢_1\" 
LG" - CN] 
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ee 
— if niseven 


4. (c) aio ;m= 
Gren alee 
2 = sl a+ 2) -0-2)"| 


. 2r+1 n+l 1 l . n+l 
= C.4%— »y Cop 41 z a é . 
ro n+1 (2r+l) (at) io 10. () Y(rt."C, = Yir."C,+ ¥ "C,=n>d "'C,_, +(2) 
= ((2)"")= (2)" r r=1 r=0 r=1 
(n+1) (n+1) = n(2)n—1+ (2)n=(2)n—-1 (n+ 2) 
“ 1 l _ |nifnisodd 11. (b) ZON CEG, 
ee SD) ee ~ |(n-))if niseven p Foes: . 
me: aI : 1 Sac = LCD re. Cat LCD <¢. 
ni=(2r+))![n—-(2rt+))! nto 7 n 
ie = —-n> (-1)"."'C_,+(0) =-n(0) + 0=0 
= =@y")= 2 a, 
12. (b),,@) DOD CYC +) 
(-1)"."C, r+l eae re l red 
6. (d Cg j : 
Se yee (r+2) +26 rs) (ntl) (n+2) "(7 +2) = LY CC."E M+ DED ("C,) 
Sd OF ry 1)’ .n."C, 


= IG y= 
§64 VE M606 (i) 
—xyr=(l-x) (1-2! 


"wae (r+. 
yoy (r+2-1).""C__, = Ser“, 


ore: 
= 1)" (r+2)."?C__, . 1)"."¢C Conmdes (1 7 1 - 
arse hg i ae | 
=> a 'C x Dew "C, x" =(1- DG 1y."'C, x7” 
lly (n+2) 44 ee = 
= wan I (r+2)— (742) (exe ae iy Equating the coefficient of x” on both sides, we get 
r= r=0 
s Ic mp) ie a} (-1)?."'C, if nis even 
en ee ws 1)’. n+ (- | n+ n 6s SF ae 
a7 yak ) Freep | 
: a (-1)?.."'C__, if nisodd 
= ————_| (n+ 2)(0) - 0+ 1] = —————_ . 2 
(n+1)(n+ 2) (n+1)(n+2) Again consider, (1 + x)" (1 — x)" = (1 - x’)" 
=> DS Ge). EC) ex =). Gl ex 
(1 a)"'c.=YCl.a."C.4¥ Cid 2C 7 
7. ©) LCV tra) LC ) ALC pees Equating the coefficient of x’, we get 
n n ue —| a & if 
= acy 'c dyer" Yeyre.re,, =) 7 mee Gi 
= a Oif nisodd 
= (a(0)+d.n} (-1).""C,_, Using (ii) and (iii) in (i), we get 
r=l 
= a(0) — dn(0) = 0 S= iG 12, mG c,+¢ 1)?, "C,, ifn is even 
" n 
n man 
8. (b) > (-D’."C,(a-r) And S= Jd 2 Pt if n is odd 
r=0 ss 
— s=(-13{n¢,+"¢,| 
2 2 


a> (-1)"."C,- Yr)’. 
r=0 r=l r 

ntl 
Ifnis even and S=(-1)? n."'C__, ifnis odd 
Ds 


a(0) + AYCY.C,, = 0 +n(0) = 0 


13. 


14. 


15. 


16. 


17. 


After further solving 
=> S=(-1)?.(n+2)."'C, ;ifnis even 
2 
n+l 
And S=(-1)? .n.""C,_,; ifn is odd 


oo 
= (c) and (d) are correct 


Also for n = even, S = (-1)” (v + 1)"'C_, 
Me nnn 


n n n 
= (-1)"” [-+1} Ca 


bd +y"= > 


r=0 


2 1 
=> Coefficient ofx"=A="C and (1+ x)" = »y wae One od 


(b) is also correct 


2 
sa x" 


=> Coefficient of x’ = B= al Co 
2 
Borel C 


A... “C., % Pe n _ 
Dp. lala 2a-l =2 ~ 
B c C. 2n—\1-n+l1 


ea (lt+x)""-1]_ | d+xy""-1 
(©) (l+x)-1 x 
ntl ntl 
S i Cx" - is Cc x’ n+l 
= r=0 — r=l »y n+l C, (x) 
x r=] 


=> Coefficient of x*="*'C, | 


(d) (+x)? =>) °C, x’ 


r=0 


Sum of last 30 coefficient = Sum of first 30 coefficient 


- ->"c- _ “yc = ,= 5Q)"= 


Per 


(2)°° 


10 QVC: 10 (2)""" (r+1)" i 


0) 2 Th 


0 6«((r +1) rare aa 1) 


Lee 
=—) (2). C,= 
ee) ‘ 


LY r+1 11 
oe a one —((1+2)"=1) 
= 2 11 

—((3)"=1) 


25 et Cos py eee 


(r+1) 


2S n- rj= 25 n- 2F r= 2n? - 2| =D 
720 = = 


2n*—(n?-—n) =n? +n=n(nt1) 


(b) 2 


18. 


19. 


20. 


21. 


22. 


1. 


Binomial Theorem < _ 7.69 


(a) Levee) t+ =| 
r 10 } r 10 8 ’ 
Yew (5) #ECy. (5) 
“Peg grata) ig 
3 9 3 9 
_ (2) | 1 (6) +1 
(3)"° (3)” (3) 


k 
(a) »y C. so = Lon 


r=0 


n | 2n 
(a) YC = 4095 md {Se C. |- 4095 
; 2 


=] r=1 


“ 


=> 1 2n+l = 
; ((2) 2) = 4095 


— (2)*" —]1=4095 — (2) = 4096 = (2) 
n=6 
(PCC CC cen oC. Src. 
a Ps : a oO ae or ie Saas Crees Coss 
i Cu i Ore "Cy Rae Co 
n+2 
(n+ 2) lee saa) Gi ; atl oS | 
7 (n+2)! 0 1 2 n+l 
+1)! 
(n ) ne ; BAG : Ne Pal @ | 
(n+1)" 2 3 4°° n+l 
_ (n+2)" — (n +I)" Cre (n+2)"?(n+1)"" 
(n+2)! (n+l)! (n+2)!(n+1)! 
_ (n+2)"" (n+1)" 7 (n+2)""(n+1)"" 
(n+1)!n! (n!) 


b) LGr+0."C,= 6Y7.'C4+D'C, 
8 r=0 r=0 


n 
n 
= 6) r.— 
r=] r 


n—-1 + (2n = (2)n Bn + 1) 


“1C_,+(2)"= 6nd "'C,_, +(2)" = 6n (2) 
r=1 


TEXTUAL EXERCISE—4: (SUBJECTIVE) 


100 
(a) In the expansion of (1+ V3 ,1,,,>7, and T,,, >T,., 
= i = Lg a Ts 


= T,,, is the greatest term, 
,—| 10041 = (101) V3 
1+ 3 
eee P| 
v3 
101 x 1.732 174.932 
k =| ————_ — ae = 
2132 2132 
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20 
(b) {1+ ; greatest term = V3 


V3 


(greatest term of [i + a2 po | 


V3 


= V3 (T.,.,); where r= 20410 | 


Ee 
3 


+] 


7 35 ]-0-4- i 


20 
l 
Greatest term = V3 c off 1+ | 


J3 
-lre(%) as 


8 term will be the greatest term and = 


20 
7 


oF 
2 (a)? 9+] 10 >) P 
3 a —, _— — SED — —_ | 

rail) er, ee 

3x 9 


7® term will be the greatest term = °C,(2)°(3x)°; x = 3/2 
= °C, (8) (9/2)° = °C, (81/2) 


rs ae — -|**| 
+1] Jo+i} 7 
4 


T, will be greatest term = °C(4x)? = °C, (4/3) = °C, 


(4/3)° 
! 
3. (i) (a) Coefficient of 42° in(@ + y +z)? = sae 
! ia rea 
(b) Coefficient of x42? = 12) 
416!2! 
Coefficient of x> b= 121 
(c) Coefficient of x*y z° = ane 


(d) Coefficient of x*’z° = 0 
(.. Every term must be of degree 12) 
(e) Coefficient of x’y’z=0 (By same reason as for (d) 
(ii) (a) Coefficient of a’® b’ c’ in (be + ca + ab)'® 


Every term of expansion will contain the terms of the form 


10! e m ni 10! mtn pnt+l ntl 
aa (bc) ca)" . (aby" 1.e., Aa Cc 
For coefficient of a’? b’ c?; m+ n=10;n+ =7T;m+ 
£=3 


=> m=3,=0,n=7 


., 10! 10x9x8 
Required coefficient = —— =——_ = 120 


317! 3x2x1 
(b) Coefficient of (a3.b°.c®.d.e*,f) in (a + b+c—d-—e-—f)' 
En *Bp! GBD! 
316181914! 3161giol4! 
(c) Coefficient of (a*. b°. c®. 2. e.ffin(a+b+c—d-—e-— 
Sf)” = 0 as each term must be of degree 20 


. Coefficient of a*b%c?d in the expansion of (a — b + c— dy’ 


 -Yyey_ 9! 
—-313t2! 31312! 


. (a) Greatest coefficient in (x! + x? + x3 +...+ x”)" is given 


n! 
by —\ 7. _ wheren=mq+r 
* ay" (q+)) 4 


(b) Greatest coefficient in the expansion of (a + b+c¢+d)" 
15! 15! 
~ (314° (4° ~ 31(4) 


. (a) S=(4+x)™ (5) -! 


fe 


1001 1+ 1001 
= (1+ x) (x) ( » = (dd + x10! — x100r) 
I+x 1001 
( I+ x 
-. Coefficient of x°° = 'C. 
(b) S=(1+x)+2(1 +x) +31 +x)? +...+ 1000(1 + x)! 
=> (+xS=(1 +x +2 (1 +x t+...4+. 999 (1 + x)!0% + 
1000 (1 + x)’ 
= (l= b= x) = Cl x) + ey ea sky eae 
x)!000 _ 1000(1 + x)!0! 
(1+ x) -1 


=> -xS= (+) (-x)=1 


: 1000 (1+ x)'*"! 


ee L000(+x)"" (1+ x)[+ xr" — 1] 
Xx x 

1000 or «(lit x)'" (+x) 

= —— (1+ x) —- ~——__ + > + 
Xx x Xx 
Coefficient of x°° = (1000)[!"C, J — °C, 
_ (1000)(1001)! (1001)! 
51!950! 52!949! 

_ (1001)! 

52!950! 


=> § 


(51050)(1001)! 
52! 950! 


[ 1000 x 52-950] = 


oe 18°+7° +3.18.7.25 
3° + 6.243.2+15.81.4+ 20.27.84 15.9.16+6.3.32+ 64 
_ (18+7)' | (25) _ 
(3+2)° (59° 
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8. Total number of terms in (x + y+ z + w)”= Number of non- 
negative solutions of equationa+b+ct+d=n 


10+1 11 
=: 35 aR => 3< i <4 
ve. = BC = tet 2+) —|+! 16), 
&., a x 3x 
6 
16 11 16 1 
500 => |—|+1<—and|—|+1>— 
9. (/9+ Ys) 3x 3 x 4 
16 128 16 7 
500 $00-r r 500 500-r > —.—<-and—>— 
= 26,0) * @*= 26,8) @y ie 
a - => |x| >2 and |x| < 64/21 
For integer terms 2/(500 — r) and 2/r > 2<h|< 64/21 
= r must be an even integer oe ( 64 2] c 64 | 
xX aaa, ae Se 
=> Tre 10)2;:4, Ose00 00} 1.e., 251 terms 21 
TEXTUAL EXERCISE—4: (OBJECTIVE) TEXTUAL EXERCISE—5: (SUBJECTIVE) 


1. (b) Greatest coefficient of (1 + x)" + 2=2n + ?C, +1 1. (a) Given (5+2V6} =I+f,I,ne Nand0<f<1. Let 


(2n+ 2)! _ 
Sip NS (5 —2V6) = —— =€ (0,1) 
(n+1)\(n+1)! 5 26 
2. (a) n= even positive integer (given) => (5-2V6)" € (0, 1) 
= Greatest coefficient of (1 + x)"="C_, So let (5 — ae =f © 1) 
Now, (5 + 2V6)" + (5-2V6"=I+ft+f 
Let 7 ._ be the greatest term of (1 + x)"; r = n/2 and 
Paes ce ale > 2["C (5)" + *C,(5)"-2(2V6yY +... =I + f+ 
ca a => 26 "CG Oe alert py 
. +1 pale. Left side is an integer 
> ftfeZl 
msn] flee Buo<fif<2 => ft] 
1+|x| 1+|>| f=l1- 
] 
n|x|+|x|- 1-2] Ix|(n+1) . (5-2v6y""=1-f => ———=I-f 
=> — i er ce n 
1+|x] 1+|x] (5+2V6} 
=> I[+f=1-f 
= mlx|-1 el +0) Pace 1 as 1 
1+ |x] 1+]x] i ae ee Uae 
=> nkx|-l<r (1+ |x) <b] @ + 1) 6 
=> nle| 1 <n/2 (1 + fx) < bel + 1) (b) Let (J2+1) =I+/ (i) 
=> 2n\x|—2<n+n\x| andn + n|x| < 2n|x| + 2\|x| 6 1 1 
=> nikx|<n+ 2 andni|x| + 2\x|>n Now (V2 -1) = 241 6 — map 
n+2 n ( e ) 
=> |x|< and|x| > ‘ 
n+2 Let (V2-1) = f'€(0,1) 
3. (b) From (2.) 6 6 
Now (V¥2+1) +{[V2-1) =/+/4+f' 
The condition must be —<| <a (v2 (v2 [+f 
n+ n 6 4 2 
pease => 2| *c,(v2) + °C,(V2) +°C,(v2} +°C,| =[+f+f 
on => fifeZ Buto<f+f'<2 
ad re(-74t— (| => ftf=l => f=1-f 
non n n 
a | (V2+1) +(V2-1) =1+1=198 
4. (a) The greatest coefficient in the expansion of (1 + x)”"*! 
I = 197 
a BO ccs or ca Garey i.e., sei Oe => zs 3 | 
a a (@c) (V3+1)°=[(W3+0)] =(@)"(2+V3)" (i) 
10 
3 n n 
5. (a), (c) 4th term in the expansion of (2+=) has the Let (2) (2+ V3)" =I+ f30<f<!l 


2n 
maximum numerical value Now (v3 = 1 €(0,1) => (V3 7 1 = f'€ (0,1) 
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f = (2y" (2-3) 


r+ pep = ay 2+ v3) +2-V3)" |= ey.2pcyay 
(V3)? + "C,(2)"? (VBP + ...J = 2)" ke Z 
Now f+ / must be equal to 1 as f+/ € (0, 2) 

=> 1+1=(2)"*'k 

=> [(V3 + 1)"] + 1 divisible by 2"*!' Vn EN 


(d) R=(sV5+11) "5; f=R-[R] 


2nt+l 
=> R=(5V5+11) =[R]+f3f €[0,1) 
I l Gysaiiy" Ff? 
a5 Ve lonaqiat ° - gage. mart '€ (0,1) 
R (5V5+11)?"" (4) (4) 
Now, (sV5+11)” (5/5 12"! = [R) +f—f 
=> le ‘(5v5)" (pa s(sv5)( LD! +o4]= RH f- f 
=> f-feZ,but-1<f-f<1 
oe oc ba Sy Hy 
l t 
a ne ee 
R (4y™ (4)" 
. (a) F604 =26,.046.6,4..46,,€, 
r=0 
n-1 
= pce "Coy Ca 
r=0 
n—-2 n—2 
(b) CC 4= Os a OR sal Oe 
r=0 r=0 
n-3 n-3 
(c) C, C43 = > "Cs Cas = i Re = "C3 
r=0 r=0 
3. (aC. (Ee iC tC (C2 iC.) 
C, C, 
= (C,.C,.C,.C,..C,_,) | 1+— |] 14+ 
C, 1 
ues eet | hee 
C, C,-1 
: C 
SCC, C is cool (14 : 
r=l Ch 
= n—-r+l 
=p On 6s OME c. TT] : | 
r=1 
| n+1 
SCC IC tas, TT] : 
r=1 
SC CCC ati - = 
pC Ce. 
n! 
+1)” 
= oor! a Cnc: GCs) 
nN; 


(b) 


(Cyt C,+C,+...4+C,2- Cf 
k=0 


pW ee ~ 


0 Si<j<n 2 
Oy" _ 2{ 2n C,) 
2 


4. LHS. = (°C,+4C,+ °C,+..4C,)x("C,+"C,+"C,+...+"C,] 


5. (a) 


(b) 


(c) 


(d 


we’ 


(e) 


7 ( *C,+ "C,+°C,+.. *c,)x( cy -(14 0 MD 2)) 


_ [ntl (2) =2=2n=n' =2 
~~ 


7 (cy Pa? 


2 
! 3 
(n+1)! jar 20 Da n=1 
4!\(n—3)! 2 
Yd (G+C¥% = ¥ VC +G7+2CC,) 
OSi <jSn OSi <jSn 


- VyY(CjH+47 +2 Yc, 


O<i <j<n 0 Si<j<Sn 


~ n(Co+C +...4C,7)+ 
[(C,+C, +O, +..4+C,) -(C+C7 +..4C,7)] 
= n| *c, ]+[ 27" = mC. = (n _ Lye. cite (ay 


LX = Ci) ~ n(C, a C, S C, “ AC) = n(2)" 


Ostejen 
p»> (n=itn=7)\(C44C.) 
2dr —(i+ f)\(C,+C,) 

= 2nd dC, + C/)- >) G+ J)x(C,+C,) 
=2n(nQy)-S 
2S = 2n? (2)" => S=n(2y" 
Yyd.C-cyY = MYC} + C7 -2¢,C,) 
OSi<jen Osi< jn 


= (CP +C7 +Cz +...+C)] 
—[(C, +O, +C, +...+€,) (Co 4+ C7 +...4C,7)] 


= n(" C.)- be = "C, | ons (n fi DG. = (2)" 


YC |ICC, = Seay) 


OSi<j<n 

= Y dM (-itn—f{C,_,.C,., 
O<j<i<n 
DY 20 GCG 
O<j<is<n 


= = 2n> DC GC gis —Y VM GFADCG, iC, 


O<j<iSn O<j<iSn 


= 2n> >. CC,- Yi G+ AC, C, 


0 <i<jsn OSi<j<n 


(&<J-Ze} 


=> 28 =n[(2)"-"C] 
=> S=n(2/"'!—n/2?"C,) = nf aye - ~ ae 6 


n 


5-55 [i sh Ey [4] 
0 <i<j<n c OSsi<j<Sn Cis 
tea [ee 
OSi<j<n C, 
“aE feacheg let 
OSi<j<n OSi<j<n C, 
mlyig j 
7 aS 
13 ic Sh 
n-l l n-1 i n J 
7 = a7 ns 
Sct dete 1 
n-1 l n-1 i J 
= - -S 
8 "CG, fa "CG, +2 | 
l “, | J 
= _ -S 
n er re = ne 
addedn subtracted n 
S =n[n(a)] -—S => 2S=n’a 
=> — 
3 hte, = ye ee 
2 rt 
SENS a ag co lS aio +tay- 
= 1s, C. Tae On a C1 +5 (2) 1) 


= a }+[or-1] 


l 


= n(2)"? +(2)"!— ; = (n+2)'2-> 


TEXTUAL EXERCISE—5: (OBJECTIVE) 


. (a) (V3 +1) "=(4+2y3)" = (2)"(2+V/m)" (i) 
Let (2+ V3)" =p+f...... Girl FeO 1yand 
(2- V3)" = f'€(0,1) 

Next, (2+V3)" +(2-3)" Lpapee 
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= Pf ty 

.. L.H.S. is an even integer and f+ / €(0, 2) 

=> ft+f=l 

=> p+1=2 Ee (2)" +" C,(2)"7(v3) +" C,(2)""4(3) +... | 
= k (say) 
(V3 +1) "=(2)"[p+ f]=(2)"[pt1-F'] 


=(2)" (p+ 1)-(2- 3)" | (2)"(p+1)- (2)" (2- v3) 


=> al +1=2", k=2"! 
(3+) 


= divisible by (2)"*! 


- (a), ©), dn Ee N, 


(3V3 +5)" =a+ B;a eZ; 8 € (0, 1) 
Let (33 - 3)" = B' €(0, 1) 
Now (3v3+5)" -(3V3-5) = a + B-f' 


an oc, (243)"(6 5)! 42m c,(3V3) "(5 3 Int C,(3¥3)" (5)'4 + 
=a. + (B-B!) 
L.H.S. is an even integer and B — B' € (1, 1) 
=> B=6 
= (2 21. C (5)(3)>" + 2"1C, 3") (5) + 
2nt+l C, (3)3"-).(5) roe aa One (3)° (5)""! 


=> «ais aneven integer => option (a) is correct 


Here B = B' = (3V3 - ie and (a + By’ 
2 (3v3 + sy] 


= [274+.25+30V3] "= 


= 2)" [26+15v3] 


Which is not divisible by (2)?"*” as the other factor is 
not an integer => option (b) is incorrect 


a —1=2 [3k +(5)""]-Lk, € Z 


=60h 12.0)8" S17 kh e.Z 

=6k, +2[(5)"*!+1]-3 

=6k,+2(5+)k,-3;k,€ Z 

= 6k, + 12 k, — 3, which is divisible by 3 
=> option (c) is correct 


[524 30V3 |" 


. (a 
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Clearly, a = 2 | "**C,(5)(3)" sa ae OP) aaa 
which is divisible by 10 


= option (d) is correct 
. (a), () (8+3V7) - P+F (i) 
Let (-3V7) =F (ii) 


(8+3V7)(8-3V7) _ \ 
(8 +37] -843V7 


Now 8-3V7= e (0, 1) 


= (8-3V7) =F’ (0,1). 
Now, (8+3V7) +(8-3V7) =P +(F +F) 
=> ale (8)" +" C, (8)"? (3V7 ) 7 C(8y* (3/7 i ¢ =| 


=P+(F+ F’ 
Clearly L.H.S. is an even integer, 

=> P+(F+ F’) must be an even integer, but F' + F’ € (0, 2) 
and hence F + F'= 1 

= P must be aninteger = Option (a) is correct 
Further F’= (1 — F) 

=> oe 
—_ =(1 n= 

=> Option ae is correct 
If (c) holds, then F = 1—F 

l 


=> FH so F'=> andf’'+ P=2 


(8+3V7) (8-3V7) 


=> (8+ 3/7 ) = 2; which is an absurd, thus Option (c) is 


incorrect 


(V6 +14) "= yr'l3fo+7] 
Let — +f ‘ 
And | 3V6 - 7)" =f € (0, 1) 
And [3V6+7]"""'-(3V6-7)""=p +/- 
2ntl C,(3 Je)" (7)' eel C,(3 ve)" (7) oe 


Pere C,,.,(3V6). a eG a 
=pryay.) 
L.H.S is an even integer, and f—/ € (— 1, 1) 
ia? is 


p is an even integer, but p has two prime factors 2 and 


ww’ 


=> 

=> 
7, hence P is not a prime integer. 

5. (b) Let (2+V/3)" =n+fine zandfe (0, 1) (i) 


And (2- V3)" =f e (0,1) (ii) 


Now, (2+V3)° +(2- v3)" =n+frtf 
4] Cay’ (V3) + 7c, 2)" (V3) + 
cay) 4G) (5)" 


Now L.H.S. is an even integer as P is an odd prime and 
f+f (0,2), hence (f+ f')=1 


= nis an odd integer given by 
(2 +3 )"| = 
?C,(2)? +°C, (2)? (V3 ) +°C,(2)?*(/3 ) on 
+°C,.,(2)(v3)" 
=> (2+3)"] 2+ 4] 
=°C, (2~?(V3) +?C,(2?*(V3) +...-4? C,.(2)(V3)" 


p(p- 1) (p- 2)...Qp— r+) 
1.2.3...4r 


=ntftf 


—1 


= p. k where k € Z, as, ?C, = 
and r < (p— 1) 
= Each of 1, 2, 3,..... <p and p is prime 


=> None of 1, 2, 3,....,7 can divide p 
= ?’C_ is divisible by p for eachr 


6. (d) x= (2+ V3); ne N 


Let (2+3) =p ae (i) 
And (2-3) =f" € (0, 1) 


As solved in above question, f+ f' = 1 

if ay (il) 
Next, (2+V3) (2- V3) =@+)( 

= 1=@th)hQd-S/ 

= Pap tia) 

=f P= Pt pel 

a Ga 


=> =p-—1=[x]-1 


lay 


f 
l-f 


SECTION-III: (SINGLE CORRECT) 


is (p — 1) an even integer. 


? a ee iid bh r/2 
- (a) 7.,,= c/ (4) | lea | 


ae weet 42-3r | 4r=21 
=, (a)"¥6.(b)2 = *C (a) & (d) ¢ 
=> 42-3r=4r—-21 
=> Tr=63 
=> r=9 
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2. (b) Sum of coefficient of (a + b)" = 2048 


9 


9 
=> (2)"=20488 => n=ll 8. (©) (x) tx) = D)°C,.x" — DPC, xh 
r=0 k=0 
Greatest coefficient = "Cit 0 r'C,, Le Ley ect -. Coefficient of x’ = °C, —°C, 
18)(19 
ca oe 9. (c) Coefficient ofx'’=—1—2-—3-.....-18=- Cow) . ye: -171 
3. (a) "C,,"C, and "C, are in A.P. 
(a) = 20) ="C “"C 10. (a) The coefficient of x* in (1 + x)®+ (1 +x)’ + adi + x) 
ot Se CEC PC ake ee 
1, AC 2 n-3+1 ~r ai 4a Bo 
=. = es eee => 9 em + p Oe rie Oey Garr ic Seceres 2 C. 
"G,  *C, n—2+1 3 =8C)+9C +... + 8C, 
— 2-| |+{ 3] 5 — Ot (n— 2n-)) SG ere ne =. Gs 
n—1| 3 3(n-1) oA 1 : 
= 8 2 
=> 6n—-6=n-3n+8 > n’-9n+ 14=0 Pe) ate og. | = 2 {ss | {x log,, *) 
=> n=7orn=2, but for n= 2, fourth terms are impossible : 
=> n=7 
M a : = T, ='c,/ =) (x’ log,, x)’ = 5600 (given) 
4. (c) (1 t+xy(l-xy'= ¥ "Cx YC, CD txt . 
r=0 k=0 56 x 6 
= (log, x)°.x” = 5600 


Now, for coefficient of x;7 + k= 1 


=> r=0,k=landr=1,k=0 > coy? 10 
. Sum of coefficient xt ="C, ."C,(-1)' +"C, (-1)°"C, Put log, ,x = => x= 10 
eee eee ee (i) => eae => f= 10-7 
And for coefficient x?;7 + k= 2 => (log,,x)’ = 10°-* => Slog,,(log,,*) = 2-2 
=> r=0,k=2;r=1,k=1,r=2,k=0 => t=1 => log,x+=1 
. Sum of coefficient of x? ="C,."C,(-1)? + ™C,."C, (-1)' => x=10 
+m in __1)0 : 
CC ( ect 12. (b) (1+ x-2x*)=a,t+taxtaxt....tax',a,t+a,t+a, 
=> "C,-mn+—=-6 Fi ba=? 
Put n = 1 
=> n(n —1)—2mn + m(m = 1) =~ 12 rer eee () 
=> n’?+m>—m—n—-2mn=-— 12 Putse==i 
=> (m—-ny—(m+n)=—12 7 = (2) S424 a Pa ae, (i1) 
=> (m+nj=9+F 12=21 (11) Adding, we Bet (2) = 2a, ares). 
‘. From (1) and (11), we get m = 12;n =9 ee eee =(2)' 
Gir ea 
5 _ < oe 2n-r .-2r . 7 . Z aa | yal 
» (c) ee a > pes ae 13. (a) Given series is ex (—1) 
r=0 r=] 
n= 
Coefficient of x” = ms Oo where m = 2n — 3r 1.€e.,r= as Dee aes os 
= yr — (1) 
oy 2n! 
i Pas Oy Pees 5 r 
Zs). | ef n—- =) | andl = n> C a1 = n(l- 2)" 
r=1 
< a 
6. (a) G oF =)'"c ae: 3 ©) 14. (c) Let 7, , be the largest term of (3 + 2x)°”. 
r=0 
10 
10 r xo" 2r-3r a’ x2" Sr 
= Ca x _| G0+1){_ 51 
-> gp eS: =>  — = 3°]. 
=> Coefficient of x° = '°C,a’ and Coefficient of x? = °C, a! ae +1 Pie 
A.T.Q.; = °C, = Ca 
10x9x8 Ps aoe 
10x6 2/3 = r=l5 = -|2]=6 
=(sy+1| bl 
7. (c) (1 — 2x? + 3x5) (1 + I/x)® = (1-2? +325) °C = 2 
= ae 4 .. T, is the largest terms 
(1- 2x? +325) 5C ead ; : 18! 
fot 15. (a) Coefficient of a*b°c* in (a + b+c)= sia ais Oo Or 


Coefficient of x =-2(*C,)+3(*C,)=— 16 + 210= 194. = CC, 
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16. 


17. 


18. 


19. 


20. 


21. 


22. 


(a) Given sum = Xe 1)".(2)-. a Gi -32¢ 1.2)’. 100 
I 10 1 _1)10 a 
— =>) mc 1) ; 
(c) (2)? = 8[24] = sf - 17) 
a 8[™C,, _ mC CIT) ae Os (17P - i G9 cot 


(-1). sa Oe (17)"] 
= 8[1 + 17k] = 14k, + 8, which leave remainder 8 when 
divided by 8 


(c) az] = 


Te > 20 C, [(2)”” | ed (2 x 3)" 


r=0 
40- Moore feed cr 
_ - 6, (2) 3 43)" = = 7c, (2) 12 (3) 4 
12 4 
For rational terms, —————— and — 
160-11r r 
> r=4kkew 
12 3 
160— 44k 40-11k 
=> k=2 => £8 


There is only one rational term and 20 irrational terms, 


n+2 


middle term is 5 =T. which will be irrational. 


11 


(b) Ge +200)" = s (Sey (ay 


r=0 
100-r r 
= Sc as) © (28 


r=0 

.. For rational terms, 6/(100 —r) and 8/r 
> r=8kkew 

pe 2 

100 — 8k (50- 4k) 
=> ke {2,5,8, 11} => re {16, 40, 64, 88} 
= There will be 97 irrational terms. 
(a) I-28 (+x + 2+x)'= (1-9 (+9 (+2) 

=(1-x) (1 -x*)=(1 -x*)* - x(1 —- x*)* 


= y 4 Cc (-x* y’ 
r=0 


Coefficient of x =— 


4 


= »y 4 C. (-1)’ gare! 


r=0 
Gl) C.=4 
(d) Coefficient of x5 in (1 + x’)? (1 + x)*1.e., coefficient of 
5 4 
x in SoC ey Cx 
r=0 k=0 
For coefficient x»; r= 1,k=3;r=2,k=1 
Coefficient of x = °C,.°C, + °C,.4C, = 20 + 40 = 60 
(b) (a—b)"=))"C,(a)""(-bY 


r=0 
* T. + se = aC, (a)"~* (—b)* + OF (a)"~°(-by 
=> aC q'—*h* —_ aC. q'-> b> =0 


23. 


24. 


25. 


26. 


27. 


=> ("C,a—"C.b)=0 
n—-5+1 _ n—-4 


a 
4 Os 
5 PC 5 5 


(a) = = = (1- x)*(1+- x)" 
Fie 

= (l+x’- 20>, IC x" (-1) 

= (1+ x°- ay Cx" (-1) 


= (1+x’?- 2x)¥ (r +1).x’ (-1)’ 


Coefficient of x" = (-1)" (n + 1) + (n—- 1) C1"? - 
(-1)"! 


2(n) 


=(-1)"[n + 1+n—1+2n] =(-1)" (An) 
(c) ye. Fp [ett) = Yir(n —rt+l) 
r=1 ©&,_) r=l r r=l 
3 deez n(n+1) Z n(n+1) 
2 2 


(c) ""C,+2(7C, +°C, $...4"C)] 


pti, Paco” lt Oe ces Orr, he Oe corre aes Or 

=™IC) + 2["C, + "C,] (using pascla’s rule repeated) 

= ane oO + 20C, )= — ge OM + ies OM + ee Oo a sae OF + sans Os 
_ {a ms 2)(n+1)(n)+(n + 1(n\(n- 1) 


6 
zi at2tn-1)_ natQnt)) 
(n+ - | . 


(c) m’—n’*; Letm=2k, + 1;n=2k,+1;k,,k, e Wik, >k, 
C.m>n) 
Now, m? — n* = (2k, + 1) — (2k, + 1)? = (4k,? 
(4k, — 4k) = 4k, —k,) [k, +k, + 1] 
k, —k, and k, + k, have same parity i.e., either both odd 
or both even 
If k, _ k, = even, then k, + k, = even. 

=> (k,—k,) =even,k, +k, + 1 = odd 

'. (m? — n’) = 8k, for somek Ee N 

Similarly if k, — k, = odd 

k, + k, = odd => k,+k,+1=even 

(m? — n’) = 8k', for some k' e N 

8 is the largest positive integer of the form m? — n’; 

where m and n are any two positive odd integer. 


(c) (A t+xy(lt+y@t+yy'= 


> OR Da oe Me 
= 


k=0 


WN WN 


— 4k,2) + 


For coefficient of x.y; r+n—-p=n;k+p=n 
=> r—-p=0;k+p=n 
=> p=r;k=n-r 
. r=0,1,2,....,7 
=> k=n,n—1,n—-2,...,10 


28. (d) 


, ; Es 
=e. Be = Ce) 
r=0 r=0 


a Oe: 


1 


Coefficient of x*y7="C, ."C, ."C, $C, "CC, 
Fs Oey cen OF has, Orns Om 


r=0 r r r=0 r 
ay — y= 
ao (Mt) a Hy "C, 
(r+1) 
. l 
= (n+l) > —— mC =O. 2= = (nt+)Jla,,,- \|-a, 
r=0 r+l 


29. (b) A = (300); B = (600)!; C = (200) 


n\ n\ 
By inequality | — | >n!>|— 
oan aC ) 


600 \” 600 \’ 
——| >600!> 
2 “Be 


=> (300) > 600! > (200)™ 
=> APB oC 
10 
30. (b) [> last Ni) 37 T= °C 3)" *|- | +32 | 
i 17 a ae eee 
SS = CB) (2 +32 2) ; which is irrational but 
positive. 
l 2\\-3 — 3+r-1 2\r 
31. (d) — —— = (-(«-x = CX 
Ci eerie 2 Cae) 
=) °"C,x"(l-x) = Manor > C,(-1)'.x J 
r=0 r=0 
Coefficient of x"; k =n —r, for each r. 
Coefficient of "= }?"'C.C,_,(-1)"" 
r=0 
Coefficient of x° = °C,°C, (-1) + °C,. 4*C, -1)®-4 + 7C, 
PC Gly eC 1) 
=-10+ 15 x 6 —(21) (5) + 28 =3 
32. (b) (cos?+isin@)” = > "C_(cos@)"" (isin 8)" 


r=0 

k 
= isinnO= >" C,,,,(cos0)” °"" (isin 8)” ; where n 
r=0 
k 

2k+1 2(k-r) fs 3 2rt+l 

p23 C,,,,(cos@)" “(isin A) 
r=0 


k 
=) *"'C,,,,(1- cos’ @)*" (isin a)?" 
=0 


I 
2 
=) 
> 
Se) 

II 


k k-r 
=>) *"'C,,,,@sinoy"". > “°C, (1) sin# t 
r=0 t=0 
k k-r 
= »y 2k+1 C,,,, "(sin Oye. k-r C (- 1): sin Ot 


r=0 t=0 


=> 


=> 


Binomial Theorem <_ 7.77 


For b,(sinO)°; 2r + 1 + 2¢= 0; which is impossible as r, 
t>=0 
For 5,(sinO)'; 2r + 1 + 2¢= 1 


r=t=0 
b, i sin8 = **'C (a)! sinO . 'C, (-1)° (sin®)° 
fe =(2k+1)=n 


33. (d) Coefficient of x* in (1 +x + x’ + x*)” 


=> 
=> 


=> 


a 4 Ks 
= Coefficient of x* in = | 
l-x 
Bi (1 
= Coefficient of x“ in > "C_(-1)'(x*") x > dua Of a 


r=0 k=0 


= Coefficient of x* in (1 — — x)” 


For coefficient x*; 4r + k =4 

r=0,k=4;r=1,k=0 

Coefficient of x4 = "C, (-1)? "PC, + °C,C1)."'C, = 
eC Ce Se.) 
mC. + mC = _ PEG. 

mac. + mac = — mac. 

mac = = aC a ge i as On +n ee 

a Or IC = —_— 1G is sie a sas OF 


34. (a) xe N; 0<-x< 1; we have yr Cx" (l-x)"" 


r=] 


Nn 
ee Cx (lax) 
r=l 


n 
n-1 r-l [(x-1)-(r-1)] 
n>, C4 xx (=x) 


n-l 
nx) a Cx (d- 4 waa = nx[x + (1 —x)]"'! =nx 


k=0 


35. (d) (1 + Lo= yer" =|+ one (10)! +- peas Cl (10%) +... 


36. (c) (7) = (77) = (1 


=> 


(10000)(9999)(10*) 
2 


=1+1+ 0.4999 = 2.5999 


1 + (10*) (10~) + 


sy 1ef(00999) 
10 


The positive integer just greater is 3. 


= 50)!5° 
sag Sires (0) Ras Ore 00 1) gees Goee (o) !) ioadne 


~~ mC. = : 
(150)(149)(50)? 
2 


= 1 — (150) (50) + +10°k, 


= 1— 7500 + 75 x 149 x 2500 + 10°, 

= 1 — 7000 — 500 + (70 + 5)(150 — 1) x 2500 + 10%, 
= 1 — 500 — 5(2500) + 10%, 

1+ 10°k, => last digit = 1 


37. (d) Given sum is em 5 (-1)’ 
rt 


r=0 7 

= Say =O, SCX Car ORE oe 
=x) R= CRO Oe SON as 
Integrating both sides with respect to x and with in the 
limits from x = 0 to x = 1 

1 

Ca iC x 

fa-x" in=| eS Ca 


0 


ae ties. 


7.78 >» Fundamentals of Mathematics—Algebra | 


38. 


39. 


In L.H.S.; put (1 —x) =¢t 


=> -dx=dt 
0 
C C C 
CO = hdl) a6 Si: 
Jer Wea Gas 


0 
Cie 
= es si dt=C ao Se SOR 
Jc ) Bae i. = 


Given sum 


-\=--) _ 1 _ 1 _ 1 
n+l n+2]|, (ntl) (n+2) (nt+)(n+2) 


2 a 
(e) T.="C,(Yor'+7) (3 +1) 
= 'C,(9'+7)C"'+1)' = 84 
oes 2 
sh ag _ H47=4[2+1}y=3 
a 41 9 3 


> (9° +6)=129+3) > y—-12y+27=0 
=> (y-9Q0-3)=0 > x=l1or2 

(b) fix) = 10" + 3.4"°+5;neEN 

=> fix) = 10" + 48(4)"+ 5;neN 


=> 10°=(1+ 9" =14°"C,(9) + °C (OY +... $C, OY". 


Which is 1 + 9k, (say) 
Again 48 (4)" = 48[1 + 3]” 
=48(1 +"C Gy +"C.G6) $7C,Cy axe *C, BY] 
48 + 144k, 
sf) = 149k, +48 + 144k, +5 
= 9k, + 144k, + 54 = 9(k, + 16k, + 6) 
= 9is the greatest integer which divides fx) Vn e N 


n 


40. (d) Given sum= ))"C,(a-r)(b-r)(-1)" 


r=0 


=))"Cab(-1) + YY C,(a+byrt YC?) 
r=0 r=0 r=0 


= aby (-1)'! C.-(a +b)V- 1)’ .r."C, + y "C.(r’°\(-1)’ 


= ab(0)—(at bY CY nC, + Yar...) 


n(at+b)> (“11 'C,_, +n> (r-14 "CCD 
r=l r=l 


. =I 2 r-2 2 n-1 r-1 
=nY ey" CacDPCY +e CVIED 


= n(n-1).¥)"PC,_, (I? - 2S (HCD) 
r=2 r=1 
=0-0=0 


41. (c) °. 32? = (33 — 1)? = 33m + 1 whereme Z 


Now 32 =327"*! = 32(2°)" = 32(23)™ = 32(1 + 7)™ 


= 32(7k + 1) wherek € Z 


= 7q + 4=clearly remainder is 4. 


n(at+b)(0)+n y (r—1).""'C_,(-1)’ + ny, "IC (-ly’ 


43. (d) 


44, (a) 


=> 


—e 


42. (b) (17)? = (17)%!8 = (289)8 = (1 — 290)'8 


= AE (290) 6 IS, (290) acs 
= 1 — (128)(290) + 100K, 

= 1 — (100 + 28) (200 + 90) + 100k, 
= 1 — 28(90) + 100k, 

= 1— (20 + 8) (90) + 100k, 

= 1 — 8(90) + 100k, 

= 1-720 + 100k, 

= 1-20+ 100k, 

=— 19+ 100k, 

= 81 — 100+ 100k, 

= 81 + 100k, 

The last two digits will be 81 


SC. 1+rlog,10 
= (1+ log, 10")’ 


= ¥ C1) '¢ = —* Fig 0 
0 (1+ log, 10”")" 


xe Ly c. Pe 
al (1+ log, 10")’ 


1 n 
= | | — —————_—___|_ + 
an 


z | 
log, 10S (-1)'.n."'C_,——__— 
cs 2 ) (1+ log, 10") 
_ | log, 10" if log, 10n < me (yy l 
I+log 10"} (l+log,10")4) (1+ log, 10") 


_|_log,10" | __nlog,10 _ 1 
1+ log, 10” (1+ log, 10”) 1+ log, 10” 


2 log, 10" : log, 10" i 
1+ log, 10" 1+ log, 10" 


(6V6 + 14)"*!=] + fwhere 0<f<1 (i) 
(6v6y-(14) _ 20 
(6Jo+14)  6V6+14 


(6V6 — 14)"*! € (0, 1) 

Let it be f => fe(0,1) 

Now (6V6 + 14)"*! — (6V6 — 14)"*! = 2P?""'C, (6V6)" 
(14)' + IC, (6V6)*"? (14)} + ....] e Z (set of integer) 
I+f-f €Zbut-1<f<f<1 

20" *1C, (6V6)" (14) + "*1C, (6V6)"7.(14)) +... =I 
Integer part is an even integration 


(6V6 — 14) = € (0,1) 


45. (b) (2+ V3)? =1+ fi0<f<1 


(2-3) =f € (0, 1) 

I+ ftf=(2+v3p+(2-3P 

= 2PPC, (2 (V3)? +?C, (2? (V3)? + 2C, (2¥4 (V3) + 
=~ +°C,_, (2) (394 

Se aPC yrs) eC 2 rr Bet ease (2) 
(V3)P"] 


I+ft+tfpeZ => ftf=l 


46. 


47. 


48. 


49. 


50. 


(a) 


VUUUNY 


(c) &+@ 


(c) 


- 5 ee. OF C4 ek 2 ee Oe 02 ae GC) aie ene es 
(2) (V3) 

saa ..) Pp — 1 < p and p is a prime and no 

natural saraber less than prime p can divide p 

as Od Orr eee will contain the factor p and each is an 

integer 

I+ 1 — 2?*! is divisible by p. 


2n 
(i= x)" = y 2n C (-1)'x" 

r=0 
Coefficient of (3r)" term = 7"C, 
of (r + 2)" term = "C Cay 
A.T. Q.; . a on ee 171 = _ a Cee (-1)*! 
anc LE 1yr2'= _ ag oe 
ee 7 Sy 
3°'=r+1lor3r—1+r+1=2n 
2r = 2 or 4r = 2n 
r= 1 orn=2r, butr > 1 (given) 
n=2r 


_, C1)" and coefficient 


_ 1)")¢ 4 (x = (x3 
= 2[°C x (x? — 1)? +° 
x° (x? — 1)"] 

Which is a polynomial of degrees 9. 


(10 \/ 20 _N10 20 _ 30 
S("\2 prorat 


i=0 L i=0 


1D ae 
Me — 1) + °C? - 17 +° 


Which is maximum for EM 1.e., 15 


@) +Ayr +e ate 


12 
= Coefficient of in PCr" (142? +14 + fe) 
r=0 


12 
= Coefficient of #4 in (1 SN cage com e), 
r=0 


12 Cr 


12 
= Coefficient of # in })°C,t” + Coefficient of ¢? in 
r=0 
12 


12 
> °C,t7" + Coefficient of ? in Y?C.1” 
r=0 r=0 


= One Ae BC. it cc = Re. 16) 


d) "C,=(-3)°C,,  “'C=(P-3.—~.""C 
(d) r ( ) r+l r ( GaD r 
+1 
=> (k-3)=— 
n 
‘ r+l : 
=> fk? =3+ (1) 
n 
=> 0<r<n-l => Il<rt+l<n 
pee Si i fyb eye 24 
n r n n 
1 
=> 34+-<k’<4asn50;3+1n>3 
n 
2 € (3, 4] => ke [-2,-V3)U (3, 2] 
k € (-N3, 2] (. IfxeAcB>xeB) 


Binomial Theorem <_ 7.79 


[C2 -2C2 + 3C2-...+ CI" m+) 


C 7]; n is an even positive integer. 
; 2\< 
Given expression = — bs (-1).r +1)(C. | 
n/2 Lr=0 


sary pe lr C,. aco oG wee) 


n/2 Lr=0 


$e) n n 
- Sevan C,_,."C, + } (-1)"."C,.. A 
Chie r=l r-0 


g) n n 
= - SCY," +S ENAC,"C,,. 
Cz r=1 r=0 
(1) 
n-l 


Now (1+x)"'(—x)"= )"'C,.x SY (D"C,.x" 


k=0 r=0 


Coefficient of x" from R.H.S.= })"'C,_,(-D"."C,.x" 


r=l 


and coefficient of x” from L.H.S. i.e., (1 —x)(1 -—x 


a 


n—l| 
i.e., coefficient of x"in $)"'C,.(-1)’.x” — Coefficient 


r=0 
of x"! in a 'C(-1)" x?” 
r=0 
n= even; n— 1 = odd 
Coefficient of x” from L.H.S. 


=yoCrres 
r=l 


_ as Ore (-1)”” 


CSAC. (ii) 


Also > Se 1)’ . C, : Cy 
r=0 


(1 + x)” 


is the coefficient of x” in (1 —x)". 


YC "C,."C,, = coefficient of x" in (1 — x)" 


=(-1y”.’C_,, (ili) 
Using (11) and (iii) in (1), we get 
= | n.(- ea Cy 4 (- ie ‘ord 


ni2 


~ "C (-1)"?| n. = Cha SA 


n/2 
= 2-17] MS 'C nia) a 
Can 
a 
= 2(-1)"” x22 44 


= 2(-1)"” E + 1 = (-1)"?(n+2) 
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SECTION-IV (MORE THAN ONE CORRECT) 


+1 +1 +1 +1 +1 
iii Grrg Soh das Gomer vai Origa 5) 


P 
1. (a), (b) ae bl n P i n n 
P Cio ee Oe 


n 


| 1 1 1 1 
ie Oa OR al emia OR OOF 


L233 AT n+l n+l n+l n+l n+l 
[Saat | CMG Cie Ce Ca) 
1 
ni |. tly" (n4)™ 
(n+1)” n} (n+1)! 


2. (b), (c) y 9C (x—4)".3" =(x—4 + 3) = (x 1) 


r=0 


50 
= (l-x)" =) PC Cl x’ 
r=0 


Coefficient of x** = (-1)??.°C,, =— °C,, =- °C 
= (b) and (c) are correct option. 


3. (a), (b), (©), () 


17 


agi 
C= 2a ae sc yr earey 
Coefficient of a*bSc' -— = CMC = BC MC, 
= "CMC, 
Also Sa "CC, and a= "CC, 


4. (b), (c) [xa +Ze | — Bac eary[ | 


r=0 
20 40-2r 
= YC.) 2N".07" 
r=0 
20 Ms 160-1 Ir rd 
Pao OEE) 
r=0 


.. For rational terms, 4/r 
=> r= 4k;k € W (say) 
Now, — ,k 
160— 44k 
=> ke {2} => r=8 
9" terms is the only rational term 


Ee W. 


Soe mee de 
= 20 terms are irrational; middle term is a = T,, which 


will be irrational 


a .b _¢ 
X.Y .Z 


5. (a), (b) (xt ytz)°= > = 


atbrera2s A! c! 
Letc=k => at+b+k=25 
=> at+b=25-k=(25-r)+(r—f#) say 
Leta =25-r,b=r—k 
25 Z 25! =4C C, 
a'bic! (25-r)'(r—k)!k! 


It contains terms of the form *°C_. "C,. x*>* y™. zt 
Coefficient of x%°z° 1s 0 
degree of terms is 26 > 25 


. (c), (d) Given sum is Yard n("c,) 


r=0 


= Y2r'c"C4¥ 00) = 25, BNC CoC.) 
r=0 r=0 r=1 


ie a Os 


r 


= 2n> C26. 4"C, = 2nd 'C_ 
r=1 r=l 
= 2n (Coefficient of x” in (1 + x)! . (1 + x)") + "C= 2n 
Pc] + as Coe 
—1)! —1)! 
2n! +"C _ (2n)2n It 2n(2n 1)! 
n\(n-1)! n\(n-1)! nin! 


2n-1 ; 
= 2n(?"! C,) +2 eaiaecse => (c) 1s correct option. 
n\(n-1)! 


Also —_— ane G ) ot tl of 2elC —_ (2n) C=C ) sit 2n-1C 
2n-1C —_— 2 +] 2n-1C e = m1 a a 
T nn ( n ). nl n 


. (b), (©), (d) 


Number of terms in (x + 2y — 3z + 5w — 7u)" 
= Number of ways of distribution of n identical things to 
5 people 


= nrac’ = mac’ = 
4 nt 


(n+ 4)(n+ 36)(n+2)(n+1) 
24 


. (a), (b), (@) (V3 + 5)! = a + B; where o = integral part 


and f = fractional part 

Now (3V3 — 5)**! € (0, 1); = B’(say) 

a + B B’ — (33 + Sy 1 (33 = 2) ual 

—_ 7 Kaige (3V¥3)" (5) + ra Ot (3V3)"? (5)? + oo + 
cies (3V3) (5)?""] E ZL 

Now-1<B-f'<1 > B-f'=0 

a=2k;ke Z => ois an even integer 


Y J 


(a) is correct option 

Now a = 2[?"!C, (3V3)" (5)] + "1C, (3V3)"? (5) +... 

+ eas Oar (5y"""] 

=> o = 2(5) PC, (3V3)" + IC, (3V3)"? (5)? +... + 
mai Oe (5)*"] 

=> ais divisible by 10 = (d) is correct option. 
Further (a + B)’ = [(3V3 + 5)°P*"! = [52 + 30V3P". 
= (2)"*!, [26 + 153]! which is divisible by (2)?""! 

= (b) is correct. 


Clearly last term of « does not contain 3 1.e., o is not 
divisible by 3. 


. (a), (d) (8 + 3V7)"=P + F; F € (0, 1) and (8 — 3V7y' =F’; 


F’ eé (0, 1) 
Now P + F + F’ = 2[°C, (8)? (3V7)° + *C,(8)"°(3V7) + 
"C3V7)'+ ...J eZ 
=> F+F"=1as0<F<F'<2 
P+1=2kkeZ 
= P isan odd integer 


=> 


Now F". (P + F) = (8 — 3V7)" (8 + 3V7)" = (64 — 63)" = 
F.(P+F)=1 
(1-F).(P+PF)=1 (/ F’=1-F) 


=> 


10. (a), (b), (©) a, = [i++] 
n 


=> 
=> 


=> 


=> 


11. (a), (b), (©) (101) — 


a, = 2, as the function a, is increasing function 
a,>a,=2VneN 


, 1) 
lima, = im{ 1+) =e<3 
X— 00 X— 00 n 


De ae 
Clearly (a), (b), (c) option are correct 
L= Che 102)? =] 
= Ges + as (107) aE 19°C’ (107)? ats 
a Sere (107)!°°) _ 1 
= [10's “ 


0c. (10°)? +... + 


(10°)+'°C,10° +....+(10)"” 


= 10* (1 + 50 x 99 + °C, 107 + .... + 10°) 
Which is divisible by 10* and hence by 100, 1000, but 
not by 10°. 


12. (a), (b), (c) yey C[sinr0@ —icosr@] 


r=0 
= YC 1)’."C,(-i)| cosr6 + isin] 
r=0 
= yv(- 1." C (-i)e”’ = -i>, n C, (-e”)’ = -i[( = e')"] 
r=0 r=0 
Sum = 0, if 0 = 27,8 =0 


= -i[1 — (C1)pP"! = 2)", ifn = 2m + 1 and 0 =n. 


SECTION—V: (ASSERTION—REASON TYPE) 


m 2 ‘ 2m 2m 
(s+442) |e Sir) bale UE a 
x x 


The term independent of x 


= Coefficient of x” in (1 + x)?" = a 
~ (m 1)” 

Both assertion and reason are correct and reason is cor- 

rect explanation of assertion. 


as © OE & -1)"'"C 
"C,-—+—+ de nfs a ) " 
3 n 
n OC =I r-l n+l Lae =| r-l 
S, = rh => Sat => rh 
r= r r=l r 
aly Gi r-l 
| 1 
ae se = ) ,L) 7 
“a 1) 
7 ‘ n Cx. (- 1)" us (- 1)” 
r=l r (n+1) 
Sees ra, I)" 
= ae, Cey 
a nt+l r ae +1) 


. (a) 


. (a) 


Binomial Theorem <_ 7.81 


= y 1 UC (-1)l | + (-1)” 


am (n +1) (n+1) 
n+l _1\" 
— ra 1)’ pC t= (- Ly wey ( 1) 
n+l 
(n+1) ntl 
_yyrtl 
Sg A od i Naira 
n+1 ntl era el e . 
aa a= a T,, V ne N (i) 
Also T= S,=1 


Let 7, = T, for some positive integer k. 

Set =D Dis —T, 

Set - Ld 

By PM.L;7 =S VneN 

Assertion on well as reason both are correct and reason 
is the correct explanation of assertion. 


= 3 x(e+d]- BBE] 
EP Eded)- 3 aleed] 


2S= a Edd) (i) 


j=l j i=0 i j=0 ™“j 

=“. I “ 7 J 

—= = —-+ — 
i=0 C; 2 C, 2 oF 
a cee ei 
i=0 C, , r=0 Cc. 
From (1) and (11), we get 2S =n.(nA) 
S= nA 


2 


Assertion as well as reason both are true and reason, 
correctly explanation the assertion 


Clearly mc : Ot -+- mc ; uC + a 
r 0 r-1 1 r—2 
n — min 
CSC), 
Reason 1s correct. 


Cyt cee tC, 


n} 
a(n—-r)\m+r)! ° 
nig en 
(m+n)! (n—r)\(m+r)! 


n! . m+n n 
= > Ce C, 


Now given series 1S 3 


r 


(m+n)! 72 
_ n! : m+n n = n} mt2n 
= eer Cor Caer = eer ) (By 


reason) 
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5. (b) 


6. (a) 


(m+2n)! 
(m+n)'\(m+n)! 


_ art (m+2n)! | _ 
(m+n)! woe 7 

— (m+n)\(m+n+1)\(m+nt 2)...(m+ 2n) 

7 (m+n)\(m+ n)! 

— (mtntl)\(m+n+t 2)...(m+ 2n) 

7 (m+n)! 

Assertion is also true and reason correctly explains the 

assertion. 


n 
2 
Se 
r=0 
n n n n 
2 -l 
Now }ir.Ch=Yr"C,"C,= Yr=l'C,_,"C, 
r=1 r=l r=! r 


n n 
= n-l n n-| n 
=n C4 C.. NC ACs 
r=1 r=l 


Assertion is also correct but reason does not explain the 
assertion 


2 ° . ° ° 
= “"C’, 1s standard result, implies reason is correct 


= n?P"'C |) 


m, n, ¥, k are non-negative integers. 
k 
r+m 
Ch 


m=0 


= OFAC 4°7C, +t 
ee“ —“—’ 


— C. ze me ate a oF +. + al Sie 


aby OF = ma + i OF +... 


i nic. (Applying Pascal’s rule repeatedly) 


— rth, r+k — rt+k+l 
Ci a Cy Cy 


Reason is correct. 

k ! 
Now (n—m —. =ny eer pacers 
_ ee  (r+m)! 
= (ray C= 2am! 
= r+k+l (r+m)! 
= rln| “Cc, |- reny er 


= rome J-o+ny 3 k on 


= ri(ny""'C,)- (r+ nS (r+1)+m— lc a 


-l 


a rin C,) - (r as yy r+l+t C. 
t=0 
=p Wn)" C,) _ (r ae 1 Pca Ci. 


= rin( CED , (r+k+))! 
k\(r +1)! (k—1)\(r+2)! 


nrt+k+)!  kr+k+I)! 
k\r+l)! k(k-1)(r+2)! 


2 a nk | 
k! r+1 r+2 


Assertion is correct and reason correctly explain the 


assertion. 


10. 


(d) Clearly, the reason is correct 


15+1 16 16 
Now r= 31 = BT = a =4 

—— —x5/+1 

—Sx x=1/5 


= T, is the numerically greatest term. 
= Assertion is incorrect 


(b) Clearly coefficient of a”b*c* in the explanation of (a + b 
+ c)* is zero as a’b3c* is of 9" degree. 

= Assertion is correct. 
Clearly reason being standard result is also true. If 
would explain the assertion if along with the given 
information, it is also given that coefficient is zero for 
terms of degree not equal to n. 


Eo) Bis © res Otis gs Ores Ora mie ora aac Ome 
Its greatest value = °C, 
= Assertion is correct and correctly explained by reason. 


60 — 100 
° oer C, 


| uae! (+) 1 
2 11 2\11-r 11 22-3r 
(a) ( ~ | 2 Reo al be > (x) 
For coefficient of x*; 22 - 3r = 4 
=> x=6 
; rT 11! 
Coefficient of x* = “C, = —— 
6!.5! 


= Assertion is correct 
oe a 
Also coefficient of x? in} x° +— | ="C_; where p = 2n — 3r 
x 


idl ewes, 


positive and divisible by 3 


; when (2n — p) 1s 


= Reasonis also correct and correctly explain the assertion 


SECTION-IV: (COMPREHENSION TYPE) 


8+1 9x4 
1. (c) r= = =|) =7 
1 5 
—/|+1 
—2x as 
Numerical value of numerically greatest term = |7,| = 
RC, C2 x 2))= HC, 4)" 2" = 2" 
10 
2. (d) r= = [4] =4 
3 
—/|+1 
=2% aly 


Magnitude of greatest magnitude term = [’C, (3) (— 
2(1))"] = °C, BY 2)" 
= (c) 1s correct option 


Y Uy 


=> 


=> 


9x8x7x6 
= 2 =e (39° (2) 
4x3x2x1l Org) 
6 
= °c (Jor =°C,(3)°(2) ie., T, = T, = greatest 
numerical value term. 


(b) is correct option 


10+1 11 
5 s— i: ae => 3= el: 
— x 8/+1 —|+1 
3x OX 
ae a “y < 1x31 
16+3|x| 
3|x| 


48 + 9|x| < 33|x| < 64 + 12|x| 
24 |x| > 48; 21 |x| < 64 


1 
225 pl < 64/21 > 2Sx<3- 


Let 7, be the term with greatest numerical value of 
coefficients 


en D( x) 
1 1+|x| 


<(r+1) 


rt rlx| <nix| + [x]<@ +1) (1 + Ix) 
But for greatest coefficient r = n/2 (‘.. n = even) 


42x] saxlxl+|xic( 241 Joel) 
2 2 2 


5 Ulta) S(n4))| xs (=? Jarl ep 


n + nx| < 2x\|x| + 2|x| and 2x|x| + 2|x]|<@+2)+ (n+ 
2)|x| 
n<(n + 2) |x| and n|x| < (+ 2) 
n <|x|k HZ 
n+2 n 


- (a), (b) (I= x)" = D(H C2" 


Numerical value of coefficients = *'C_ greatest of numerical 
values of coefficients = *'C,, or 7C,, 


r=10 => 10= cal 
—|+1 
—X 
22 
10= 
—|+] 
| =| 
22 10 11 
10< <1l => —+10<522<—+411 
14, x | | x 
|x| 
10 


11 
— <12 and — > 11 
| x | | x | 


=> 


Binomial Theorem <_ 7.83 


5 
Pere ane lel 


x>0O => 


Passage: 2 


6. (b) (C.-C, + C,- Ct P+ (C,H Cyt Cy cece YY 


= A’ + B? (say) 

Now Ay Ce GC 6 or cheerees 

Oe a 3 ieee Orne Ore ene Om aaa Or taal Oe errr 
Put x = (-1)!7 =i, A 

Oe a es Or On Ons Oras Ore arene eee 


3 4 
(heayraC ACI iC EC Hacer 
(+a + 1-0" =2[C,- C+ C, tee 
ato" +0-i" 

2 


(/2)" 
2 


(2) (==) 


a 3) cos] =(2)"" cos 


nT 


Again, (1 + x)".x = Cx + Cx + Cx + Cx’ + Cx + 
Put x = (-1)'” =1, 5 

Gray t= Cree ely eC) 6 ee Pr italia 
And (1 — 1)" (4) C4) + C{F1) + C6) + Ci, - Cy + 


(1 + i)" — (1 -)") =-2[C, -—C, t+ oe ] 


| 02 (ci cis (-2# )] 


=2 


i n/2 _. AN nl2 AM 
B=—| (2 2isin— |}=(2 sin — 
5 ( 4 } ie 


=B 


ni 


A’ + B? =(2)’” cos nf + sin? 
4 4 


Jay 


7. (d) "C,+C, + °C, + eee 


8. (d) 


Putz (1)? = 1,=1,-1in(d tay C.hC x Cx 
ge Ore aaa Oe ai ware 

C2) ie ORs Ota Orta Creare Se reer 

OSG aC CG AO aca 

(bie CC SC S16 6 oP wise 

Oe) le Ora Op a Otte: a (Ong Ore eer 
(2)"+(1+7)" + (1-2) 


Adding, ; =[C,+C, +.....] 
(2)" +2)" 2 cos oa r 
Sum = ——_—* = (2)"* +(2) 2 cos 


k 
r-1 3n a 3 13 23 
Dea Cg OC aC ae 
r=l 
In the expression (1 + x)" .x = "Cox + "Cx? + MCP + 
3uC x" + 3uc x + 
Z P betes 
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Put x = (-3)'? = V3i, —V3i 
Vil (1 V3i)" (1+ V3)" 


3 


Gives a ss = ca Oe + 


32 su + 
‘ 5 ae 


i.e., yea Cai k= | 
= S[a+v3"-a- V3i)""| 


go" GF) GF] 


_ot Hel ca a_i. a _ot 3n 
mR) aoe cis{ an } ag [2isinnz]=0 


Passage: 3 


si 


—] s ee ee fogs eee 
9. (2) ( |= = MACY-COED - Ey 
r r} r! 
"ri/r! =(-ly 
10. (b) (|= 2)3)(-4)....[-2- G- DI 
r r} r! 
=D CAD) CU eG 
r} r! 


11. (a) Number of ways of distributing n identical balls in r — 


distinct boxes = "*"'C_, = eer) 
(r—-1)!.n! 

— (natr—-l(nt+r-—2)....(n4+ (a!) 

7 (r—1)!n! 

— (n+ (nt 2)(nt 3)....ntr—-V 

7 (r—1)! 

— (nt+)(nt 2)(n+3).....n4+7r—1).n! 

7 ni(r—1)! 

— 1.2.3.....a(nt+ (nt 2)....(n+r—-1) 

7 ni(r—1)! 

a M2 Bitsevic (r—-1).r.(r+1)....r +n—-1) 

7 n\(r-1)! 


n! 


n! 


= (-1) 


a 
orl 
n 


Passage: 4 


10! : 
12. (a) — = Sum of coefficients of (x + y +z)" = 


x+y+z=10 x!ylz! 


(1+1+1)%=3" 


6! 
13. (b) The coefficient of a*b*c° in (ab + be + ca)’ = aipiy! 
Where (ab)* (bc)? (ca)' = a*b*c? i.e., a%*? . bP. cP = 


a’bic? 
> aty=3;a+P=4 8+ y=S>0=1;8P=3;y=2 
6! 
Required coefficient = ——— = 60 
1!3!2! 
14. (b) Number of terms in (x + 2y + 3z)”° 
Number of ways of distributing 20 identical balls to 3 


persons 


22x21 


a pial OF — ag OF — 23] 


15. (b) (1 +x — 2x)’ = [(1 — x) (1 + 2x)]’ = 


7 7 
= V'C,-1).x’. 


7 
C2 x 
r=0 p=0 


(1 — x)’ (1 + 2x)’ 


For coefficient of x*;r + p=4 

=> r=0;p= i= pes r=2,p=2;r=3,p=1; 
r=4;p=0 
=C eC y= 
zee Ore Oe 2 
= 560 — 1960 + 1764 — 490 + 35 =-91 


5 4 2 5 2 eve 2 10 
4 x +4x°+4 (x° + 2) (x° + 2) 
16. (b) [+4 ja }-([— — 


x x x 


CC, (2)° + 7C, .7C, (2 -7C, .7C, (2)! 


(x? +2)"° 


10 
Xx 


= Coefficient of x!* in (x* + 2)!° 


Coefficient of x® in 


10 
= Coefficient of x'* in >» ais OR (0) toa 6 oan 

r=0 
= Coefficient of x'® = '°C_ (2)!°7; where 2r = 16 
= "C2 = "C, (4) = 180 


Passage: 5 


17. (b) P= > DCC, 


O<r<s<n 
_ (tC 4+C,+..4C, -(h+C t+ Cl +...+G) 
2 


= SE yt 2 "G,) 


18. (b) O= ) DVIC,-C, = } D(C +C2-2€,.C,) 


OSr< sSn OSr< sSn 
=) (C+ )-2> cc. 
O<r<s<Sn O<r<sSn 
= Yin-nci+ disc! —[(C,+C,+C,+...+C)7- 
(Cy te; test CO.) 


= Ler rC Yee —[27"="C, ] 
= nSe-[2"-"C] 


= = nC. )- Qu + ot Or = (n a 1) COC. )- Jen 


19. (d) R= ¥ Vert s)c,.c, = VY @-rtn-s)c,,C,., 


20. (c) 


21. (a) 


OSr< sSn OSr< sSn 
= Y Yn-(r+s)C,C, 
O<r<sSn 
n 2 n 
= 2n> > C.C,-R al C, -( c:) 
Osr< sn r=0 k=0 
— pH pr2n _ 20 = 2n-1 Ni 2n 
R=>[2"—"C,] = n(2)""-2("C,] 


s=)> > (r+sy(c,-c,y 


Osr<sSn 


= Dy > (n—r+n-s)[C,_,-C,,] 


Osr<sSn 


=¥ Y (2n-(r+s)\(C,-C,) 


Osr<sSn 


=2ny Y (C,-C,)'-S=28=2n7¥ ¥ (C.-C) 


Osr<sSn Osr<sSn 


2S = 2nQ (From Q. no. 18) 
S =nQ =n{(n + 1) CP'C,)- 27) 


T=) YO (C+C Y= YY (C407 4+2C,C,) 


OSr<sSn OSr<s Sn 
= VYC*+C'H2> Vcc, 
0 Sr<sSn OSr<sSn 


n-l n 

= yicr(n- r)+ yis.c; +(27"-*"C_) 
r=0 s=l 

= YC? (n- r)+ >) s.Cs? +(2°"-7"C.) 
r=0 s=0 


= n> Cr? +(2"—""C,)=(n-1) "C, +2” 


r=0 


SECTION-VII: (COLUMN MATCHING) 


1. G)—- (a); GD > (©); Gi) > (b) 


R= 


(sV5+11) =[R]+ f30<f<1 


Now (5V5-1 1)" =f € (0, 1) 


Now, (5V5+1 1)" -(5V5-1 1)" 


=> 


5 21 (5./5)"" (11) + 210 54/5)" (11) +... = 


ne cic Ore, (1 1 aa 
[R] +f-f=2k;k € Z 


=> f-feZ;but-1<f-f<1 


=> f-f=0 


=> f=f=(5V5—11)""! 
(i) > (a) 


Now RF =(5V5+1 i)" (5V5-1 1)" 


= (125-121) =(4)""" «. 


(ii) > (©) 


Further [R] = (5V5 +1 1)" -(5V5-1 1)" 


(iii) > (b) 


Binomial Theorem <_ 7.85 


2. @) > @); Gi) > ©; Gil) > (b) ; Civ) > (a) 


(i) Number of distinct term in the expansion of (x + y—z)'® 


18x1 
= ide 8 = =G, = F 7 = 153 


(i) > @) 
(ii) (x+Vx?=1) +(e-x?-D)* has terms = S+1=4 
[“1itniseven| 
2 


(ii) > (©) 


(iii) (¥5+42) = y 100 Ce (5)! 


For rational terms, 6/r and 8/(100 — r) 
Letr = 6k;k © W 

8/(100 — 6k) 

4/(50 — 3k) 

k € {2, 6, 10, 14} 

r € {12, 36, 60, 84} 

These are 4 rational terms 

= No of irrational terms = 101 — 4 = 97 
. (iil) > (b) 


“YU: 


12 
2 
(iv) Sum of numerical coefficients in [145422 = 


Ey eu a 2 
[1+i+2) = (2) oe (iv) > (b) 


. &- (db), Gd > (©), Gil) >a; (iv) > (d) 


9 
() @G+tax) =) °C, (3) (ax) 
r=0 
Coefficient of x* = °C, (3)’a? and coefficient of x*= °C, 
(3)° a? 
A.T.Q,°C , (3)).0" = °C (3)? a 


9 
C 9-—3+1 
=> 3=——-.a => = (Pte 
C, 3 
=> a=9/7 => (i> (0b) 


(ii) a = coefficient of x” in (1 + x)” and b = coefficient of 
x inl +x)" 
“> a= cs Ge b — 2n- | Oa 


(2-4) - iC = aa Oe : 
a+b EC eC 
3 


2n-1 2n-1 
ee eee 
an sa ee oa 2+1 at 
n 


2n 


n-1 


(iii) If {x} = fractional part of x 
32008 — 3 32007 — 3 (33) 
= 3(27]°° = 3[28 - 1] 
= — 3(1 —- 28) 
==3C. =" C.(28) eC 28) as] 
=-3 + 28k 
= 25 + (28k—28)=25+25h;h EZ 
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{ee {25} 4} 4 
Now, = se a — a . fo 
7 7 7 7°97 


(iii) > (a) 


(iv) aers2x)(2E4 +4} 


= dasa] Se GV -) 


(4x42n) 7c SE ~ 4)" . 


0 


4 
Term independent of x= 'C, @) eC. 
(2) (27)(4) 
27x4 36 


(iv) > (d) 
4. (i) > ¢; (ii) > (©) iii) > (b); (iv) > b 


(i) y= >> r=" r = 2 Pande 


r=0 r r=0 Co. 

“rr Nn 

=) ~ OC 
es (i) — (c) 


a n-r 1 “r n n 
ll =n —- FS N.S ee ES ee 
(ii) be C is ae Ot 2 ee 


r=0 r r=0 “yr r=0 “ry 
(ii) > (c) 
“, | ~ l ly l l 
lil —_—= — pee -—q 
( 2 iC. 2, Nn nic et Cn a 


(iii) > (b) 


n-l 1 n-l l 7 n l _l 
™ dong Beane, Ang 


(iv) > (b) 


5S. (i) > (a), (b), ©), @); GD > (a); Gill) > (a), (b), (d); (iv) 


— (a), (b) 


“rc _ n—-rt+l 
Sol. (i) L= “= ¥ r.|) ————_ 
” rays 2 ( r 


r-l 


“vs n(n+1) 


5 = ee. 


= = Lor r+l=n(n+1)- 
S = 2"E =(2)"' n(n + 1) 

= 2s 
option (a) 

Also n(n + 1) beingeven > S=2" kK; k € Z 


= 2s option (b) 
Also S = (2)""! .n(n + 1) ; => nls 
option (c) 


AndS=(Q2y'.n(nt+1)> (n+ 1S 


. option (d) 


(i) — (a), sa = (d) 
_ n—-rt+l 
(ii) E= Ye} = 2 eee 
= = Lor r+I)C, =(n4D¥C,- rc, 


= Nn _ : n n-| = n_ ft 
=(n + 1)(2"— 1) re C_j=(n+ 12"-1)-n 


a One i (n ae 1)(2”— 1) —n Oy 


Now S=(n+1)+E 

=> S=(n+1)+(+ IQ" 1)-nQ)""! 

=> S=(n+ 1)2"-nQ)""!=(2)""! Qn + 2-n)=(n + 2) 
(2)"7! 

= 268 “ (i) > (a) 


(iii) S= Yer+ye¢, = = 2dr, ye, 


= = 2p ne "Cc ,+(2)" 
=2n ay"! + (2)"= n(2)" + 2)"= (a + YZ)" 
—— a Heal .. (ii) > (a), (b), (d) 


(iv) n(A) = (2n + 1) 
S = Number of subsets of A containing at most n-elements 
— antl + antl’ + antic’ + + atic’ 

0 1 2 n 


l 
= —[(""C a iy es cay i es ke sala ] 
2 0 1 2 n 


eee oe 


1 


==) => (2)"|85@2)""|s 


(iv) > (a), (b) 


- @)— (b),(d); GD — (a), (b), (©); Gil) > (a); Civ) > (a), (d) 


() 7.>0 Se re 
(7) 2-1}...{7--n-1] 
a 2 | 
> oO ,,_ —* > 0 
(r-1)! 
kaa) 
PD La Oe ee a 
(r-1)! an 
=> a es => Fd 
2 2 


Which is divisible by 5 and is a prime number 
(i) — (b), (d) 
) 5 
G@) O° +I =d4+yrY =D 7° C077 = DPC y” 
r=0 r=0 


=> Coefficient of y = 0; which is divisile by 2, 5 and 10 
(ii) — (a), (b), (e) 


(iii) py “C. (ey (aa y 
r=0 


nek 


3 
+— 
=> na)? ? 


=14(a)”” 
2n-24+39 
=> n(a) % =14(a)*” 


2n4+37 
=> n(a) * =14(a)”” 
n= 14 which 1s divisible by 2 


mal 


.. (iii) > (a) 
(iv) (1 + 2x + 3x? + 4x3 +... co)!” 
= [d= x)°}? = =x) Cl x|<1) 
Pe ee Ee Ee 
Coefficient x* = 1 =C; 
=> Cr1=2 
which is divisible by 2 as well as a prime numbers. 


(iv) > (a), (@d) 
SECTION-VIII: INTEGER-TYPE QUESTIONS 


2 = 2 20 
A txt 2e)l0 =a taxt ax’ t+... ax 
Put x = 1;-1 


=> (4)"=a,t+a,t+a,t+...a, and(2)"=a,—a,t+a,t....a,, 
=> (4)+(2)"=2[a, +a, +... 4, 

Clearly (2x’)'° would give a,, x*° 
=> a,,=(2)" 

4 10 2 10 
ae a, +a,+....+a),+(2)" 
4 10 + 2 10 _ 4 10 os p 10 

—> nea a _Qye = S 


= ar @)- (2°)(1023) = (512) (1023) = 523776 


£ C+ BC, + BC) +... + BC, =m? 


l 
=> SL Cot SC HC, Ht PCH EC + SC, +4 Cs] m 


=> =((2)") =m => (2)"=m 


=> (2’P =m => m=(2)'=128 


10! 11! 12! 13! 
— +—+—+—+...upto 12 terms 


Ol °° Fh OF 31 
( 10! 11! 12! 13! ad 


O10! 10!! 10!2! 10!3! 10!11! 


= 101°C, + °C, +" C,4+...47C,,) 


10'("C, + UC, +.°C, +...47C,,) 


10!] °C, + ?C, +..47C, | 


Binomial Theorem < _ 7.87 


= 10! Cat a oe (By using pascal’s rule repeatedly) 


= 101°C] 

— of 221 |__22!_ _ 2)! 
(111i!) 1101)! kk)! 

=> k=11 


‘ 2.1990 — 210 2.1980 — 210 25 = (2)!° [2048]!*° = (2)'758 


+ 1990]! =(2)!° [#8°C (58) + 1990K] = (2)!9(58) + 1990 k, 
= (1024) (58) + 1990k, = (995 + 29) (50 + 8) + 1990k, = (199 
x 5 + 29) (50 +8) + 1990 k. 

= 199 x 5x 8+ 29 x 50+ 29 x 8 +1990 .k, + 29 x 58+ 
1990k, = 1682 


» S= (1 +x)! + 2x (1 + x) + 3x2 (1 + x)9% +... + 1001 x10 


x 999 2 998 1000 , LOO Lx ee 
——S=x(1+x)™ +2x°(1+x)™ +...1000x 7 +———_ 
(1+ x) (1+ x) 


999 


x 
Subtract, we get [1 = _}s = (14+ x) + x(1+ x)? + 


998 1000 1001 ig OOt 


x’ (1+ x) cas 


Fier x 


1001 
—] 
l =| 1001 
1+x = 100! 


=> —S=(1+x)| 
l+x f x ja l+x 
[+2 
5 1001 _ (74. x)! ] 190] 
=a = (1+ x) x ts x) = _ 00! 
l+x (+x) (-1) l+x 
is Ss =[(1+ x00! = Oly L001 100 
l+x l+x 


S = (1+ x)! = x!'(14 x)— 1001. x! 
Coefficient of x = VC, = "C 

n= 1002;k = 10 

n+k=1012 


“YY Y 


6. Sum of coefficient in (1 + x — 3x’)?! 


= (1 + 1 = oy ase _— (-1)'* _— =| _— k 
=> |kK=1 


« Cl axyt= 1 Se + 246 + ane 


n(n—1)a’x? 


=> I1+nax+ i +... =1 + 8x 4+ 24x* + .... 
2 
=> na=8; me =24 
=> na*=64;n(n—- 1) a@ 
4 
=> ie => n=4;a=2 
(n-1) 3 


=> at+n=6 


10 og 10 10-r 
(/2+3"5)" y mC (v2)° (35) 2 »y ere) 2 3)" 
r=0 r=0 
For rational terms, 2/10 —r and 5/r 
2/10 — 5k 
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9. 


10. 


11. 


=> ke {0,2} 
-s is a. rational terms = "°C, (2)? + °C, (3)? = 32 +9 = 


(At) Ses 
4 ) 14. 


R= (sv5+11) =[R]+ f;0<f<1 and 


[sV5-11)?"*' = f'e (0,1) 
Now [R] +f—f'= (5V5+11)" -(5V5-11)" 


= 2| >m+1C 54/5)?" (1 1) + 21 (54/5 )"7(] 1) +....| 
=2k: ke Z 
But-1<f—f'<1 

= ff 

.. [R] =2k 

. f= (SVS -11)"*! 

- Rf = (55 411" (5V5 -11)"" = (125 — 1217"! = 
(4)2"+ he (ky * 1 

> k=4 


=> f-f'=0 


Let (V2+1) =R+ f> where R = [V2 +1]° and 


ree 


fe (0, 1) 

Now let f (V2 -1)* € (0, 1) 

 R+ftfp= (V2 +1) + (V2 -1)%=2[°C, (V2)° + °C, (v2)* 
+ 6C (V2)?) ss 02) = 2k (say); k € Z 

=> ft+feZbutft+f e (0, 2) 

=> ftf=l 

. Rt+1=2[8 + 60+ 30+ 1] 

=> R= 197=)d (given) 


~ VVA-142=V196+2=4 
(5 +1)" =|(V5+1) ] 
Let (V3+1) =R+ fi0<f<1 and let 


(V3-1) = fo<f'<1 


12. 


NowR+ f—-f = (V3 +1) -(/3-1), 
= 2] *c(W3)' + 3° +°C,3) +°C, [v3)'+°c, | 
= 2[9(3)* + 84(27) + 126(9) + 36(3) + 1] 
= 2[729 + 2268 + 1134 + 109] = 8480, but f— f = 0 
as—1<f—-f/<1 
- R= 8480 
Now (V3 + 1)8§(R+ fP=R?+ 2Rf +f (i) 
Now, (V3 + 1P=R+/ 
(V3 +1) f=Rft+f 
(V3+1) f= Rf +f? 
(V3+1) (V3-1) =Rf+f/? 
(3-1P=Rf+f 


2) =Rf+f 
(2)! = 2Rf + 2f° 


2Rf + f= (2)"—f 

(V3+1). = R?+2Rf + f? = (8480 + (2) - f= 
(8480)? + (2)! — (Pf)? = (8480) + (2)! — (V3 - 1) 
(v3 + 1)" = (8480)? + (2)! =1 


YUU vd 


[(v3+ 1)" +l= (8480)? + (2)'° = (2° x 265), ft (2)"° = 


(2)"° [(265)° + 1] 
=> m= (2)'°(70226) =(2)'(35113) = (2)"*! (35113) 
=> m=10 


—C C C C 
_ US a ee 50 
Coefficient x* C C C 


0 1 2 49 


50 


—werc, 62 (50-rtl 
- aan Yel | r 


r=1 
50 50 50 
=-) r(5l-r)=-51¥ r+) 7’ 
Lrl-r)=-S1y r+), 
r=l r=l r=l 


= -si( 51}, (50)(51)(101) 
2 6 
= ~(51)? x 25 + (25)(17)(101) = -22100 = A (given) 


V22149+ A = ¥22149- 22100 = V49 =7 


Infinite Series 


[= INTRODUCTION 


In this chapter, we study the expansions which have infinite 
number of terms particularly binomial theorem for any in- 
dex, exponential and logarithmic series. 

These expansions have great use in different branches 
of Mathematics and Engineering Calculus. In algebra, the 
understanding of multinomial theorem too depends much 
over these concepts and expansions. 

Using any of these expansions as identity and applying dif- 
ferent mathematical operations over them to create new identities 
and subsequently deriving different useful and interesting results 
which will be always of a great fun to science loving students. 


‘BINOMIAL THEOREM FOR ANY INDEX 


It is more general form of binomial theorem in which the index 
(exponent) need not be always a natural number. The statement 
of theorem is given below: For any rational value of n, 


a ) x? 2 ROE) pou) a 


a ee 
(1+x) ea ¥ 


4 n(n—-1)\(n—-2)...(n—r +l) 


r! 
where |x| <1l1ie.,—l<x< 1. 


x’ +...t0.0 > 


CHAPTER 


Expansion of (x + a)" for any rational index 

Casel: When |x| > |a] 1.€., |a/x| < 1 

In this case, (x + a)"= {x (1 + a/x)}" =x" (1 + a/x)” 

a i n(n-1) 

x 2! 

n(n—1)(n—- 2) 
3! 


l+n (alx) + 


(alxy +..... 


Case Il: 
In this case, (x + a)” = {a(1 + x/a)}"=a"(1 + x/a)" 


ee) 4 


a 2! a 


When |x| < |a] 1.e., |x/a| < 1 


nn=Wn-2)/ 2) 


3! a 


General term of (1+x)" 


The (r + 1)" term is called the general term and is denoted 
by T_,, and (7 + 1) term in the expansion of (1 + x)” is given 
_ n(n-l)(n-2)..(n-r +1) 
r! 


> al 
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‘. 8th term is first negative term 
= 9th term will be + ve 
= 10th term will be — ve 
10th term will be second — ve term 


ILLUSTRATION 2: If x is so small that its square and higher power may be neglected, find the value of 
(1 — 7x)!* (1 -— 2x) 3”. 


Ben pai etal aa 
SOLUTION: (1 — 7x)"3(1 — 2x) : s(7)+(5)(5 i | + 


(2 )eay(ZGa\-2) 


3 7 a : 
= 1+ a 3 x (neglecting terms containing x” and higher powers of x) = 1 -= 


ILLUSTRATION 3: Find the 8th term of oe 
— IX 


SOLUTION: 7,= (1 — 3x)? 


4 
SHE 


(2) r! (2)’ 7! 


ILLUSTRATION 4: Find the coefficient of x°in the expansion of (1 — 2x) *” 


r! 
for coefficient of x°; r = 5 


5! 5x4x3x2x]l 
Coefficient of x° = 12012 


= 12012x° 


REMARKS 


LY In the expansion of (1+ x)nforn€ Q 

I "C can't be used because it is defined only for natural number. 

LI The expansion contains an infinite number of terms. 

U /fnis not a positive integer, we should write (x + a)" as [x" [1 + a/x]"], if |x| > |a| and (a+x)" as. a"[ +x/a]", if |x| < |al. 


LI Ifx be so small that its square and higher powers may be neglected, then approximate value of (1 + x)"=1 + nx. 


|GREATEST TERM 


To find the numerically greatest term in the expansion of 
(1 + x)". If 7’, is the greatest term, then |7’,,|2=| 7° | 


n-r+l ae 
“tH! >] or x| 21. After simplification, 
x\(n+1 
r <my; where r= | : x 
X| + 


Procedure: To find the greatest term in the expansion of 
(l+x)5kkl<l,n€Q 


ane) 
|x| +1 
(b) If m is integer, then 7 and 7’ ,, are equal and both are 
greatest terms. 
(c) If mis not integer, then 7 aia is the greatest term where 


[.] denotes the greatest integer function. 


(a) Calculate m = 


Some important deductions 


1. Replacing n by — n in the expansion for (1 + x)", we get 
" n(n +1) Oe: n(n+1)(n+2) ou 
2! 3! 
-n(nt+ly(nt+ SM +r-1l) ite. 
r! 


(1 +x)"= l-nx 


(-)) 
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The general term in this expansion is 7',, = (-1)’ 
n(n+1)(n+ 2)..(n+r—-l) xv 
r! 


. Replacing x by — x and n by -» in the expansion 


of (1 + x)", we get (1 — x)” = 1 + ne + 
+1 +1)(n+2 
nth) 2 mnt Wnt 2) a 


2! 3! 
+(-1) n(n+1)(n Fete +r-—-1l) it chs 
r! 


The general term in this expansion is 


_ n(nt+l(n+2)..n+r—]) xv 


fr r! 
Putting m = 1, 2, 3 in the expansion of (1 + x)”, we get 
Chey a Se Se et eR LY as 


(1 +x)? =1-2x + 3x? -— 4x3 + Sxt +... +(C-1)(r + 1) 
Se eee 


(1 +x)3=1-3x + 6x?— 10x3 +. +(-1) 


> ile aeneee 


(r+1)\(r+2) 
2 


Replacing x by —x in the above expansions, we get 
Cie rr eae ae Pie Ee roe: 
Cl 0)? = Oe oe a Pe and 


(e214 oe eGe s.. Coy +. 
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TEXTUAL EXERCISE-1 (SUBJECTIVE) 


1. Write down the first five terms in the expansion of 4. Prove that the coefficient of x” in the expansion of 
1 + x)°, wh <1. 
( x) » when |x| (i=4x) is ay 
. Find the coefficient of x” in the expansion of (1 — 2x (r!) 
2 Ay3 3 
ae ie 5. Prove that the coefficient of x” in the expansion of 


. Write first four terms in the expansion of 1+x 


(4 5 ee ° ( 

] 
For what value of x is this expansion valid? Also find 
the general term. 


2 
is 4n when |x| < 1. is it true, when n = 0? 


ae 


Find the coefficient when n = 0. 


6. Find the coefficient of x? in the expansion of = 


assuming that the expansion is possible. 


2x 
14+3x° 


7. Ifx be so small that its squares and higher powers are 


neglected, prove that 


os (is 3x)? i (= x) 
(4-x) 


vlax eC ae 
1-x+Jd—x? 
(c) [i ey (4-3x)'? =2 


8. If x 1s nearly equal to 1, prove 
(a) mx” — nx" 


= 


(b) 


m-n 
9. Compute 


35 
it 


24 


that 


(a) 30 to 4 places of decimal 
(b) Evaluate ¥126 correct to 5 decimal places. 


Answer Keys 


1. (1 —2x + 3x? — 4x? + 5x‘) 


3. condition: 


higher powers neglected. 
5. | 


11. (a) 3V2.(b) 2V2 


oh cae ae 


Se gp Boe 
V5 /5° 16 


2. ™C (-1)" 


256 


6. —9 
12;..25 


10. 


11. 


12. 


13. 


Infinite Series < 8.5 


If |x| < 1, show that 
(a) (1 +x)? =1—-2x + 3x?— 4x3 + ....00 
(b) (1 —xy? = 14+ 3x + 6x? + 10x? + ....00 


Verify each of the following series as an expansion of 
a powers of a binomial and find its sum. 


1 1.4 1.4.7 

(a) 1+—+—— +———_ 4 .......... 0 00 
6 6.12 6.12.18 

(b) ea plage ae slouslen! 0 0 
4 48 4.8.12 


Find the coefficient of x4 in the multinomial expansion 
Of C438 6 F108 F ents to 0)? 


If c be a quantity so small that c? may be neglected in 


l l 
comparison with 7, show that (—) a (—) iS 
I+c l-c 
30° 
very nearly equal to 2 + oe 


, coefficient of x?": 7” C. & X’" first three terms values of x? and 


9. (a) 5.4775 (b)5.01329 


TEXTUAL EXERCISE-1 (OBJECTIVE) 


1. The fourth term in the expansion of (1 — 2x)” 


will be 
3 
(a) -24' b) 2% 
as 2 
c) -— d) —x" 
(Cc) (d) 5 
l 
2. The expansion of (4_3x)2 binomial theorem will 
be valid, if ae) 
(a) x< 1 (b) |x| <1 
(c) ee <x< ee (d) None of these 
V3 V3 
3. If (a+ bxy =2 — 3x + 0... then (a, b) = 
(a) 2, 12) (b) (-2, 12) 


(c) (2, — 12) 


(d) None of these 


(c) 613 h- 


(d) 6 1/3 1. 
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lee) aa 
a+x a-xXx 
2 2 
Oo s., 6) t= e,.., 
4a 8a 
a s... @ pes oe 
4a 4a 


6. (r + 1)" term in the expansion of (1 — x)‘ will be 


(b) (r+1\(r - 2)(r +3) x" 


(c) (r+2yr+3) x”  (d) None of these 
2 


2 
7. In the expansion of (==) , the coefficient of x” 
—x 
will be 
(a) 4n (b) 4n— 3 
(c) 4n + ] (d) None of these 
1 


1 \3 
8. [7 + ~) can be expanded by binomial theorem, if 


(a) x< 1] 
(c) x> 1] 


(b) |x| <1 
(d) |x| > 1 


9. If |x| < 1 then the coefficient of x” in the expansion of 
(l+x+x?+...) will be 


Answer Keys 
1. (b) 2. (d) 3. (a) 4. (b) 5. (a) 
11. (a) 12. (a) 13. (a) 


‘MACLAURIN’S EXPANSION 


Any function f(x) can be written as a polynomial with infi- 
nite degree in variable x as: 


S(x)=fO)+F (= ue, Orr +f "Ox 
provided f(0), f(0), bs (0), Sf -_ ae 


exist es 


Proof: Let fx) =a, + ax tax’? +a,xt+.... 0 (1) 

=> fO)=a, (11) 
f(x) =a, + 2a,x + 3a,x° + 

= JOR (111) 


=> f(x) =2a,+3.2 a,x + 4.3a,x° + 


(a) | 


(c) n+] 


(b) n 
(d) None of these 


10. If |x| < 1, then in the expansion of (1 + 2x + 3x? 


+ 4x3 + ....)!7, the coefficient of x” is 
(a) n (b) n+ 1 
(c) | (d) -1 
2 
11. The sum of 1 + n(1- ) mee 2) AP eiseek ; 
x 2! x 
will be 
(a) x” (b) x” 


(d) None of these 


(c) (1 — +) 
x 


12. If (~ + 1)" term is the first negative term in the 
expansion of (1 + x)’”, then the value of r is 
(a) 5 (b) 6 
(c) 4 (d) 7 


13. Ifx1is so small that x? and higher powers of x may be 
3 iy 

(1+ x)2- (14 3 | 

ee eee 


may be approxi- 


neglected, then 


(1— x)? 
mated as 
(a) -2x b) +3 ¥ 
(c) fy? (d) 3x +=x° 
8 8 
6. (b) 7. (a) 8. (d) 9, (c) 10. (c) 
= I 2g. (iv) 
2! 


Proceeding similarly and substituting in (1), we get the 


resultie, f= (+ POA+ [0+ 


“TAYLOR'S EXPANSION 


Any function f(x) can be written as a polynomial with infi- 
nite degree in variable (x — a) as: 


= » (x— ay 


f(x) = f(@)+—— f (a+ fa) +... 


Proof: Let f(x) = 
AIR G)) Peis 00 


Infinite Series 


a, + a(x — a) + ax — ay f(a) = 2a, = 2! (a,) and so on. 


(1) 


Substituting all these values in (1), we get 


=> f(x) =a,+2a,(x-—a)+3a,(x-ayt..0 (1) 


=> f"(x) : 2a, + 3.2a,(x—a)+..... © (111) O27 G4 f LO ae f a TON = as 
Substituting x = a, we get 
JANA, = 8, f AO a (x ay +.....00 
f(a) = a, = 1"a,) 
ILLUSTRATION 9: Using Mac Lauren’s series, find the expansion of following functions. 
(a) e* (b) sin x 
SOLUTION: (a) Let f(x)=e>/(%) =e => f'(®*) =e’... 
x? 
—=>f(0) = 1 and /(0) = 1 and f'(0)=1> & =1t Tt ton 
(b) Let f(x) = sin x > f(x) = cos x > f'(x) =-sinx > f'"(x) =-cos x.... 
=> f(0) =0 and /(0) = 1 and f" = (0) and /" (0) = —-1 and so on 
3 x° x! 
=> sinx=x-—+—-— 
3! S! 7! 
ILLUSTRATION 10: By expanding using Mac Lauren’s theorem, prove the following: 
| oe x 
In(l+ x)= x- —+—-——+....[ -1<x¥l 
Ae ag age gee 
4 6 
(11) cosx= li Sle 
2! 4! 6! 
i 28) ., 17s 
Teds 
3 15 315° 
3 5 7 
(iv) tan” x Ee ee 
3 5 7 
SOLUTION: (i) f(x) = In(1 + x)....,;-l<x<]1 
1 —1 
=> “x — " gee => iL — 
I) l+x ae (1+ x)’ PMa)= ee 
—6 
=> f™(x)=——~ and so on 
fm") (1+ x)* 
=> f(0)=Inl =0 => f(0)=1 
>= f'M=-l1 > f"0)=2 
=> f'"(0)=-6 (... By Mac Lauren’s theorem) 
—])x? fi" 2 3 4 
=> f(x)=04+x+ a: + (2)x + Sa tu. OF Nnx=x-~ 4+ ~-~ + 
2! 3! 4! 2 3 4 


(11) f(x) = cos x 
=> f(x) =-sinx 
=> f'(x) =-—cosx 
=> f"(«)=sinx 


< 8.7 
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Proof: Let n be a natural number greater than 1, then 
l/n < 1. Using binomial theorem, we have (1 + 1/n)” 


m EXPONENTIAL SERIES 


The concept of ‘e’ was introduced by a great Swiss = ie na 1) mA din) + n(n—\)(n— 2) (1/n)3 + 
Mathematician Leonhard Euler, in his text of calculus in 3! 
1748. That 1s why, e is known as Euler Number. 


— l 
Definition: (The number e) => (+ 1/n) ae er ae 


ee ; | hare Gree cere | 
The summation of the infinite series 1+ —+—+—+— +... a — 
I! 2! 3! 4! This 1s an identity and it is true for all values of n, how- 
co 1s denoted by e which is equal to the limiting value of | ever large. If mis indefinitely large 1.e., 7 — 0, then 1/n, 2/n, 


(1 + 1/n)” as n tends to infinity. 3/n etc. will approach to zero. 


lim(1+ I/n)" =1+14+— +— iia 
2) 3) Al 
1 1 1 
=> lim(1 + I/n)" =1+1+—+—+—4+...=e 
2! 3! 4! 
h (i+ 1) sistetite = 
ay niece Ln =e ah a 


Properties of e 


(a) e lies between 2 and 31.e.,2 <e <3 


(since ea < wl 6 n= 2| 
ni. <Q" 


(b) The value of e, correct to 10 places of decimals, is 
2.7182818284. 


(c) e 1s an irrational (incommensurable) number. 


(d) e 1s the base of natural logarithm (Napier logarithm). 
1.e., nx = log, x 


1 
The value of factorial of zero and ———— 
(n-—m)! 
when n < , i.e., (n - m) is negative 
G@) O11 
4 l 
(n—m)! ed 


m EXPANSION OF e*IN TERMS OF X 


. x x’ x? r 
Forx € R, e& =14+—+—+—4...4+— +...0 
I! 2! 3! r! 
x = x" 
or e= 
Dx 


The above series 1s known as exponential series and e* is 
called exponential function. Exponential function is also 
denoted by exp. x 1.e., exp A = e* .. exp x = e* 

Some standard results 


1. e lies between 2 and 3. 


Proof: We have, Oe ala a anes 
I! 2! 3! 4! 
l 
=> e=2+—+—+— 
2! 3! 4! 
ee, ee 
2! 3! 4! 


=> e—2 =a positive number > e > 2 (1) 


Infinite Series < 8.9 


We know that n! > 2”"' for alln > 2 


I 1 12.1 7121 


— 31 22? al est Oe 
1 1 1 1 1 1 
= 4+ — FH hes <a te 
31 4! 5! of Oe 


1 1 1 £1 ~=21 
4 pas pena Gps 
1! 2! 3! 4! 5! 
] re oe ee 
[es i Oe De ot 
1 1 1 41 
+—+—+—+ 
I! 2! 3! 4! 
1 1 #1 41 


<l+1l4+—+—+—++ 
2 eo 


ee aieea a8 a) 
12) | "2 (1-1/2) 


=> e<14+2=3 (11) 


From (1) and (11), we get 2 < e < 3. 


. e 18 an irrational number: 


Proof: In fact, e is an irrational number and its val- 
ue, to 10 places of decimal is 2.7182818284. Let us 
now prove that e is an irrational number. 

If possible, let e = p/g, where p and g are positive 
integers. Then 


fe a ee eae + 
q I! 2! q! 


tr + ...00 
Per (q+2)! 
Multiplying both sides of (11) by q!, we get, 


| ae 


pa-D'=[14+ta te = “lay (iii) 


+t + 
@+I) (q+hGg+2) 


Note that p(g — 1)! and 144, a + \anar 


positive integer, therefore, from (111), we get 

l 
+ + —________ 
gt+l (¢+l\(¢+2) (¢+1)(¢+2)(q+3)+... 
must be a positive integer. 


ee a 
q+1 (q+INq+2) (g+IN(q+2)(q+3) 


m= 


But 
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ae a ae ee eee 
g+1 (g+tl) (q+1) gqt+r qtl 
J 
7 q+l l qtl_ 1 
Pes qt+l qq 
gt+l 


Thus m < 1/q. But g is a positive integer. Therefore, 
l/q <1 or m < 1. But this is not possible, as m is a 
positive integer. 


Therefore, e cannot be a rational number. 


3. If a> 0, then a* is 


real values of x. 
ae ot 
Proof: Wehave, e*=1+x + one oe + 


Replacing x by cx in this series, we get 


2 3 
CX CX 
er = rar cae eres 22 
2! 3! 
2 3 
Cc Cc 
=> e*= l4+ex+—x’? 4+— 7 4... 
2! 3! 


Let e° = a. Then c = Ina and e“ = (e* = a@ 


Putting these values in (1), we get 


x x 
at = 1+x(Ina) +> (inay’ +7 (may + .4..,00 


Important deductions from 
exponential series 


: x x x’ a a 
e = 1+—+— +...4+— +...0= 
I! 2! r} Bre al 
e- eS ees pO, te ape cs xCly 
I! 2! r! mar a 
e* +e x x? x? x° x?" 
=> St te 
2 2! 4! 6! 2r! 
_ ete" _s i 
2 0 (2r)! 
see SO eas " grt? ie 
saccade | 
it o x2rt! 
a 2 9 (2r+))! 
Putting x = 1 in (1), (2), (3) and (4), we obtain 
e= ene ae ae ae T-e= ) — 
I! 2! 3! aor 
“1 _,;_1 es © ore! = ste 
1! 2! 3! r=0 r! 
e+e! 1 1.1 ete Sl 
=1+—+—+—+...0 OF a Somer 
I) 2! 4! 6! pass 
| 
atid. 2 © apt ype og or 
2 I! 3! 5! 
e-e! 


4 
2 p> Crea 


(1) 


(2) 


(3) 


(4) 


(5) 


(6) 


(7) 


(8) 
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TEXTUAL EXERCISE-2 (SUBJECTIVE) 


1. Prove that 


(1) Ee ameaare aie sian o=5e-1 
I! 2! 3! 4! 
(11) ree Lae pee 
3! 4! 5! 2 
ip ee a as 
2 2e 3! 5S! 7! 
2 
2. Find the sum of the series jt tee’ 
e242? 42° pa 
——— Se 


4! 


2 3 4 
3. Ify= ye 4-24... show that 
2, 3 4 


2 3 
ee ae ae See. 
x Vig aa ee (e’ —1) 
4. Ify=x-x?+x?—x*+....0 then show thatx=y+y 
Sa ae eer? or 


5. Prove that the coefficient of x” in the expansion of 
x. Lok’ 


6. Find the coefficient of x’° in the expansion of e?***. 
Also find the coefficient of x”. 


Sx x 


Te 


3x 


7. Find the coefficient of x” in the expansion of 


eooeecece 


| 
®) Gn+3)! ©) GD! 


10. Ifa= 2, ( — DP b= then find the quadratic 


equation whose roots are a and b. 


2 36 jel 


11. Prove that Laan —— +— + — +... =lle 
Oo! 2 re Br 
12. Prove that 
2 2 
Cari (rte tree...| =] 
2! 4! 6! 3! 5! 7! 
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13. Prove that 


e—] ( 1 1 11 1 
—_- —+—+—+4.... |+ = i. 
e+] \2! 4! 6! 1! 3! 5! 


14. Prove that 


e-1 (1 1 1 a ee 
Sepa] eee aa | coerce cena 
e'+1 (i! 3! 5! 2! 4! 6! 


Answer Keys 
0 if n is odd 
2 4n 24510 
2. e7—e si aie 7. 4 ntl 
! [10 if n is odd 
3n! 
_ ol _ ol 1 
9. (a) © “ “4 bye 16. aS = b = x —ex+7(e?—e7)=0 
TEXTUAL EXERCISE-2 (OBJECTIVE) 
1. The coefficient of x!’in the series of e’x is x" 
(a) @) ) 4 6. Sum of the series as Z n—2)! is 
14175 14175 
1 (a) xe* (b) x%e* 
(c) ia (d) None of these (c) xe> (d) x2e* 
2. The coefficient of x”in the expansion of e*** in powers a ‘ 1 " al. - 
of x is 2! 4! 6! 
ob on py 7. The value of a a ae | is 
(a) (b) Dt oh 
n! 3! 5! 7! 
m 2 
(c) e (! ; (d) None of these (a) . +1 (b) a =1 
nN. e —] e+] 
2 int 3 
3. The coefficient of x”in the expansion of at bxtcx’ ig (c) a (d) = 
e* e+] e +] 
(a) Cy fa-bn+en(n—1)]x" ae Pei aes 
n! 8. The sum of infinite series x + a er + .....+00 
1 : 7 
©) —|4 ~ bn+(n(n— 1) (a) x°e* (b) (x + x*)e* 
—])" (c) (1 + x)e* (d) None of these 
(c) ( | a+bn+(n(n—1) | ; a 
n! , 
(ay Nore OF these 9. The sum of infinite series a ay a aa Beil oo 1S 
Si y) 
4. Sum of the series iS Ore ee 
a aa (c) e (d) e 
(a) et i (b) e—] l l l 
(c) C= . None of these 10. The value of 31 51 71 -- 1S 
Bei f th oo age 
um of the series 2 ( (2n =i (a) e : 9) 0b) e : 
e+e! e-e! 
(a) (b) —] —] 
(c) ete (d) e+e -2 
(c) e—e! (d) None of these 2 y) 


Answer Keys 


1. (b) 2. (c) 3. (a) 4. (c) 5. (d) 


m@ LOGARITHMIC SERIES 


We know that logarithm of any number WN to the given base 
a is the exponent or index of the power to which the base 
must be raised to obtain the number N. Thus if a* = N, x 
is called the Logarithm of N to the base a. It 1s also called 
designated as log N. 


log N=x,a*=N,a>0,a#1andN> 0 

In Logarithmic series, we are taking number e as the 
base of the logarithm. Logarithms of numbers calculated 
to the base e are called Naperian Logarithms or Natural 
logarithms and the logarithms to the base 10 are known as 
Common Logarithms. Now, we will obtain an expansion for 
log,(1 + x) as a series in powers of x which is valid only 
when |x| < 1. 


lf -1<x<1, then 


2 3 4 


x 
] 1+x)= x-—+—-— +..,00 
og, (1 + x) Lo a A or 


fone) 7 x” 
le > DCU 
r=] 


Infinite Series < 8.13 


6. (d) 7. (a) 8. (b) 9. (d) 10. (a) 
Proofs — =1-x+xX-x + xt—-x'+..... 
+X 
3 
x Loe eS 
— dx = x -—+—- —+—..... 1+x)'} usin 
o1+x a ae pe tasione 
Z 3 4 5 
= Galle eee 
2 3 4 5 
Important deductions from 
logarithmic series 
ae aa 3 
Since, log, (1 i ee ae ge ee (-l<x<l) (Q) 
Replacing x by —x 1n (1), we get 
Zz 3 4 
eae 
log (1 —x) =-x-—- —-— —..,(-l<x<]l Wi 
g, (1 —x) a ( ) @) 
Adding (1) and (2), we get 
a ee 
lo 1 + 1—x)] =-2] —+—+— +... ], 
gl +x) d—x)] (2 Re 
(-l<x< 1) (3) 


Subtracting (2) from (1), then 


lt+x)\_, re a 
log, <= = APY eee “Cl<=x< 1) (4) 
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TEXTUAL EXERCISE-3 (SUBJECTIVE) 


1. If a, B be the roots of the equation ax? + bx + ¢ = 


O, show that log(a — bx + cx”) = loga+ (a+ B)x—- 


. Prove that log, (x + a) — log (x — a) = 


3 5 
5 ? a a a 
(a L ) is 00. a(S +S pate - 
. Prove that 2 log x — log(x + 1) — log(x — 1) = . Prove that 
eee l 2x41 30x41" 
x 2x* 3x5 (a) log. 27! N= 
x 
.. Dreeeiiat 5Qx4)5 ee 00 
log [1 + x)!* (1 —x)!*] = 2) vara esas -| (b) log, (x + 2h) = 2 log (x + h)— log, x — 
a a hy if a) .ifl a) 
4. Evaluate the sum of the series 5G oa ae ara uae Te ag eh, Tiseeeeeeees ye 
ae Si 10. Prove that ............. 
5. Evaluate the sum of the series 1 1 1 
] l l l l l l l l (a) a 7? 598 796 err er ers 0 = log, 3 
an eeu ieaaic larcnae=dllocace ees eco me a 4 
7 3 4 4 5 4 6 7 ; (b) eee Sesuauaeas o=2-log,2 
6. Show that a rue we aah = = : 4 4 1 
13 29 327 481 2 11. Prove that —-+——+—-+...~=1-log, 2 
log 3—/og 2 Dd ed. Oe] 
: : 12. Prove that 
(log, 2)’ (log, 2)’ ] bet. ey ae. Ne a 
: et es ee ae a a ee a a i I 2 
7. Prove that 7 + 7 + 00 , ya Be gee Palla nJ/2 
Answer Keys 
4. log (4/e) 5. = log 12 
TEXTUAL EXERCISE-3 (OBJECTIVE) 
a ee KY 9 27 64 
1. The value of a-6 fe a-6 ,i a-b (Cc) 3x-—x* +— x? —-— x" 4+... 
a ZN. 2 3\ a 2 8 16 
Ph escuesne eee (d) None of these 
x+a 
2 3. The val f 
(a) in{ 2 (b) -tn( 2 =) e value o in =*2)is 
a ane 
(c) €n(a + b) (d) €n(a—b) CVE excarer cue 00 
x 3x 5x 
1+3 a a 
2. The value of tn a is (b) 1+ er «| 
1-2x 2x” 4x 
3 5 
x? x x" 2 A ca ee 
(a) eR ea ge aes (c) ¥ 3¢ 5 


2 4 
342,35 - 65 4 d) 2 (a ea 
(b) 5x 5% + ; ae eee 00 (d) a ae 


5. The sum of infinite series 


4. The coefficient x” in the expansion of /m (1 + 3x + 


2x’) 1s 


(b) ca (1+2") 


l ; 
(a) —(1+3 ) : 


(c) eG + a") (d) None of these 
n 


7 


1.2.3 3.4.5 
(b) 3€n2-1 


9 
+— +... is 
5.6.7 


(a) €n2-1 


(c) én (5) 
e 


(d) None of these 


] ] 
6. Thesum of infinite series [ —— sate] 
12.3 3.4.5 5.67 
(a) €n2-1 (b) in2-— 
(c) £n3 (d) None of these 
ln2 
Answer Keys 


1. (a) 2. (b) 3. (c) 4. (b) 5. (b) 


7. The sum of a 


8. The sum of + 


I | 


2 


ln 
(Cc) 7 


| 


25 
(a) €n(4/5) 
én5 
(c) nd 
1 1 
9, The sum of ]4+—.—+4+ 
3 2? 
(a) In3 
(c) In4 
6. (b) 7. (b) 


22° 


Infinite Series 


ee ee? 
a2 aye? 


3 


(d) None of these 


is 


+ + 
3.5° 4.5% 
(b) €n(5/4) 


(d) None of these 


eres 
Soe Ge 
(b) In2 
(d) 7n 


is 


8. (b) 9, (a) 


< 8.15 
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MULTIPLE-CHOICE QUESTIONS 


SECTION-I 


OBJECTIVE-TYPE SOLVED EXAMPLES 


2 
I+x 
1. The coefficient of x”in the expansion of [) 1S 


(a) 2n (b) 3n 
(c) 4n (d) —3n 
, lex \_ , 
Solution: (c) ra =) ey =x) 
-Xx 
= (1+ 2x+x°)[14+2x+3x°+4x°4...4 
(n—1)x"*+nx"!4+(n4+))x" +...] 


 (1+x : 
Coefficient of x” in ie lx(m+1)+2 


x(n)t+1xm—-lh=n+1+2n+n-1=4n 

. The coefficient of x*in the expansion of (1 + 2x + 3x? 
+ 4x3 + ...)!? is 

(a) 2 (b) 1 

(c) 4 (d) 3 


Solution: (b) We have, (1 + 2x + 3x? + 4x3 +.....)!? 
=(( -—xy7J@=d—-xytH=ltxtxet txt. 
Hence, coefficient of x*= 1. 


b a 
. If x is nearly equal to 1, a = a is nearly equal to 
a b a 
OI ) Oe 
a eh 
(c) l+x ) l-x 


Solution: (d) Let x = 1+ h, where h is so small that its 
square and higher powers can be neglected. 


ax’ —bx* — a(l+h)’ -b(1 +h)" 
oy (l+h)?-(1+h)* 
_ a(l+bh)- b+ ah) 


(1+ bh)-(+ah) 


[Neglecting h* and higher powers of h] 


a—b l 1 case 
(b-ah h 1-x 


4. The value of (0.98)? upto 2 decimal places is 
(a) 1 (b) 1.06 
(c) 1.24 (d) 1.08 


Solution: (b) (0.98)? = (1 -0.02) 3 
1+(—3)(—0.02) + i (-0.02y + 


Nite) 


Ss 3 
zr x (-0.02)° +... 


= 1 + 0.0600 + 0.0024 


[Neglecting other terms as they contain 3 or more 
zeros just after decimal] 


= 1.0624 = 1.06 upto two places of decimal 


. The coefficient of x” in the expansion of e@ * ™ in 


powers of x 1s 


_(b" (8 
(a) -e =) (b) e cy 

a{ DO" 
©) e|— 


co b n 
Solution: (c) We have e“.e™ = e* b» me 


(d) None of these 


2 3 n 
or e" =e" 1+, ae (Os. +. 
|! 2, 3! n! 


Ps ee (eo 
Coefficient of x” in e**” =e | 
n!} 


. The coefficient of x? in the expansion of e**? as a 


series 1n powers of x is 
(a) —2 e* (b) 2 e° 
(c) 2e (d) —2 e® 


[oe] 2 
Solution: (b) We have e?"*3 =e. e@ =e $23) 
io (CN! 


2 n 
= ee =e [1.224 (2x) a oe... 
1! 21 n! 


& tbe De 
=> Coefficient of x’ ine”? =e =) =2e°. 


oo , 3 
7. If S=) C, : , then 2S is 
(a) e (b) 
(c) -2e (d) e° 
2 ae 
Solution: (d) T = "C, { |; n € {2,3,...c0} 
n!} 
Then, 
n! | 


= Qt2 1 Qs 

— 2'(n—2)! 2\(n—-2)! 
oo 00 ae 

S= DT, =? 4 (n—2)! 


ollie eer 
2 


eens 
(n—2)!2! n! 


== |= —+4—+.,, 
Or” Tr 2! 3! 
=> 2S=e?. 
e 
. if 1_ = B,+Bx+B,x’ +...4+B,x", then the value 
of (BB) is 
| 
(a) 1 (b) — 
n!} 
] 
(Cc) — (d) None of these 
2n! 


Solution: (b) We have, 
e 
l-x 


=> e(l-x)' 


x x? 5 ae x" 
= | le—+—+ + ee as 
1! 2! (n-1)! n! 
(lt xtx7 4x? 4...42x"7' +x" +...00) 
= Be Bee Det te Be a a3 00 


On equating the coefficients of x” and x”! on both 
sides, we get 


= By, + Bx+Bx°+..+ Bx" +...0 


= B+ B,x+B,x’ +... 


] ] 1 1] 
=> —-+ +...+—+—+1=B, 
n! (n-1)! 2! I! 
oer Sete area eae = 
(n—-l)! (n-2)! ZN ol 
B,-8,..=— 
n! 


: The results of 


(anh), 1fa-b) ,1/an8), pe eee 
F 7 F 3 Fe wee 1S equal to 


(a) 2 log.b + 2log, (b) log.a + log.b 


(c) log.b — log.a (d) None of these 


10. 


11. 


12. 
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a 
Solution: (c) Let *= oa. 
2 3 
eee a 
Then the given series 1s a pas ge =] 
ps 3 
= -(-x- Lae =| =—log,(/- x) 


=-—log, 1 - <2) =—log, = = log, a—log,b 
a a 


log(] + 3x + 2x?) =.... 


l 
(a) 3x- 2x? oe Bas, 
2 3 4 
3. 43 2-4. 105 
Db) 2X Pa ee 
(9) 4 3 2 
(c) ee eee me. 
3 2 4 


(d) None of these 


Solution: (a) log (1 + 3x + 2x’) = log {(1 + x) 


(1 + 2x)} = log (1 + x) + log (1 + 2x) 
ie, oe 
= | x-—+—-—+#..,.00 |+ 
: 2; 2s. @ ye 
yy 28)", 2x" _ 2x)" 
2 3 4 
2 3 4 
ee areca (reer eras ee (eres 
2 a 33 4 4 
= 3x- rea al, 
2 3 4 
| ae | 4 
aa) o) +—(a-l) -.....00 
1 3 is equal to 
b-1)—-—(b-1) +=(b- 1) -.... 
(6-1) 5 ) 3 | ) 
(a) log,a (b) log a 
(c) —log b (d) log b 
Solution: (a) Let x = a— 1 and y= b— 1. Then, 
l 1 re 
—1)-=(a-1)? +=(a-1)’ -..... ——4—- 
psi adil nul ime DE 
l 1 2 3 
b-1)-—(b-1)° +=(b-1)° - ae aie ale 
(6-1) 5s ) 3 | ) ee 
: log. (1+ x) - log. (i+a—l) _ log. a _ P 
log, (I+ y) log,(l+b-1)  log,b oo 


The coefficient of x”1n the expansion of 
log, (1 + 3x + 2x’) 1s 
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Oo 1 


= hg 
a) O 4-2.) ) 1-2" 


(- ye 


(c) ——(1+2") (d) None of these 


dition: (c) We have, 
log, (1 + 3x + 2x*) = log, {C1 + x) (1 + 2x)} 
= log (1+ x)+log,(1+ 2x) 


fy Fe gyn OO" 
-[3 Ts + (1) - +. 


(21-20 Ga 
2 3 


en" oe. +. 


- (= eee: Oe 
es ees em ae 
(a) 1/2 log3 
(c) log 3 


+ is equal to 


(b) log,2 
(d) (1/2) log 2 


Solution: (d) We have: 


c | | | 
ee ae |= 
3 33° 5.3 7.3 


xr x x’ 
De aren Spiele ES OI 
3 5 7 


l 
} where x = — 
3 


| 
. Coefficient of x” in log, eieon in = | Le hia : 
n-1 n n-1 = a ee — | ee Pe ees y 
n 3 
SECTION-II 
SUBJECTIVE-TYPE SOLVED EXAMPLES Solution: 
- kx? kx" 
‘ : bg ew =l+ket+ 7 +...4+ rr sg 
1: If the © series Pet a eee a ay i" 
x x ann 3! 6! at -. Coefficient of x” in e* = 
oe Tear a . be denoted by S,, S, and S,, then n! 
° : x\3 
show that S?+52+S3-3S,S,S, =1 Nowe Sie +O, rn 
Solution: If @ 1s an imaginary cube root of unity seis eo : oe . . a 
Si +S83+S;-3S, S, 8, = = e rT pccnets are 
(S, + S,+58,)(S, + S,@+ S,0)(S, +S, a’ + S,@) Coefficient of x” in the expansion of oF 
2 3 4 5 1” on ar n | n i” 
Now §,+5,+5; ee eee ae eee eT = ee ee on 
2! 3! 4! «5! n! 2!n! 3!n! nin! mig i 
3 x° 
and S,+S,0 + S,@ f ae aa oe |: 3. Show that the coefficient of x’* in the expansion of 
(1+3x+6x? +10x* +.......t0 0)” is 25. 
My ae +o ree 
* Aen 1 51 Qt Solution: Let § = 14+3x+ 6x? +10x° +....00.... to © 
jee. Pe a. ey . and xS§ = O+X4+3x7 6X? Hocccccces. to 0 
= 1+@x+ + + = Subtracting, we get 
3! 4! 5! 1 
= 2 3 = 
Similarly, $,+@S,+@S, = ow ene AK ieee to eae 
3 3 3 or S =——; =(l-x)> 
S; +S; +58; —38, S, 8S, =e" e™ eo” (1— x) 
eX = 2° = 1 ['. (1+ + @”) = 0] (1+ 3x+ 6x? +10x° 4........to0 00)?” 


2. Prove that the coefficient of x” in the expansion of e* 
. l n 1" 
is} 
alg \ 


= [d-x°P" =d-x)” 
= 142x43x7 +.....r7 +) x" +.......t0 0 
Coefficient of x74 (Taking r = 24) = 24+ 1 = 25 


Solution: L. H. 


7 c | (. -| 
SAS ae ae ee 
2 3/4 \4 5 


|— w 
elise 
| 


one 
5 


NO 
bho 
+ 
| 
We) 
ay 


lI 
Be ere = en NO, he a ee 
+ 
|— wo] aN 


x+—+—+—+ 


~ xr x 
3 5 7 


NO 
'S 
| — wn | 
NO 
aes 


S. 


where . >| 
2 


1+1/2 1 
1-1/2 2 
3 


=> (In3+in4) 


y 
. Prove that los[14+  ———— 
y 


Solution: Put —_ = 
y 


in( 14 


= ee ee eee = In 3-——In3+—1n4 
2 4 2 2 


= ee = s Inl2=R.HLS. 
2 2 


X 


7 


| 


Hef 


] 


3.4(y+1) 


] 2 |i 
—+|—+—|—+ 
Vv \6 7/4 
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] 
= |= i x- ee — isi No cicwtiaiesees 
2 2 3 3 4 


= ina inde) = 1+ Jina 39 
x x 


roam Mal’ = 5) 


y 
= -yin| y J=m[ 2) = L.HLS. 
ed y 


. If m is nearly equal to n, then the value of the 


(n+2m) 


expression ~~ 
P (m+ 2n) 


is nearly equal to (m/n)!. 


Solution: Since m is nearly equal to n 
m=(1+A)n > ormn=1+A (1) 
Where A is so small that A? and higher powers of 
dX may be neglected 
(n+2m) _1+2(m/n) 
(m+2n)  (m/n)+2 
—14204+A) _3+2A4 — 1424/3 
 14A42 344 1442 


dey cela aed oe? 


= (1 + A)!8 = (m/n)!’ (from (1)) 


. Find the sum of first n terms of the harmonic series 


a re 
(a+b) (a+2b) (a+3b) 


in comparison with a, such that 5,, b,, ...etc., can be 
neglected. 


+....; where 51s so small 


Solution: Let, 
l l 
S= + + 
(a+b) (a+2b) (a+3b) 


+....upto m terms 


ee ee ee ee ee ee 
a(lt+b/a) a(i+2b/a) a(1+3b/a) : 
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-4 es | 
a|(1+b/a) (1+2b/a) (1+30/a) . 
(2 (1427) (142) root 
a a a 
= (1-2) (1-2) (1-22) | 
a a a a 


[".. 51s so small , .. (b6/a) is very small, 
.. (blay’, (b/a)’, ...can be neglected] 


— 1 et+l an etsy = ah terms) 
a a 


_ fy 2 med _ 1-2) 


a a 2 a 2a 


. Show that the coefficient of x” in the expansion 


x ° ° . 
of Cane in ascending powers of x 1s 
a"—b" | sed 
.—— and that coefficient of x” in the expan- 
a-b a’b 
: (rae ’ n-l7,,2 
sion of (lx) is 2" (n° +4n+2). 
x _ A 4 B 
Solution: Since GHnGlD) AGED) ca an 
A=—— and B=- : 
a—b a—b 
x _ a 1 2D | 
(x-a)(x-b) a-bx-a a-bx-b 
a b 


~ (a—b)(-a)l-x/a)  (a-—b)(—b)(1-x/b) 


(2) vata) 
a-—b a (a—b) b 


2 =I x x : | 
= ep au a oe 
a-—b a 
l x Xx : 
5 ra Re — + 
(a—b) b b b 
Hence coefficient of x” in ee 1S 
(x-a)(x-5) 
se Ol 
(a—b)a" (a—b)b’ a—b a’b’ 
(1+x*)" 2\n = 
——— = (1+x‘)"(l-x 
Now (l—x)° ( y"( ) 


ge cca Orta cia a, Oi aaee nee eas ONO Seka ak OME nae 
OC er eG er Cag gag Oe ee a) 


| +x") 
coefficient of x*” in a —xy 
a POC SPC or oC. at (rl) Cn 1) C. 
= Vert YQr+y"C, 
r=0 
=2) Pr "C433 r’C+> °C, (i) 
r=0 r-0 r-0 


Now (ir ayP "C6" 08", Pie pues Oo ol 
Differentiating both sides w.r.to x, we get 

1 a aaah Ora gos Oe he Bs Os aka ree +n"C x! 
Multiplying both sides by x 

Nx hey SC ea ee oC es FHC 
again differentiating both sides w.r.to x we get 

11 Bes Cte 8 ee 9 iki © beams 9) er Ol cass, Oren ce Oot as 
OO cae ere ce (es Oe hae 

Putting x = 1 in (11), (411) and (av), we get 


Qn = y “Cy. nS C_,n(n+1)2”* = ¥r2"C, 
eine these saiies ‘A (i), then speticient of x?" in 
(1+ x7)" 

(l— x)’ 
= 2n(n+1) 2”? + 3n 2”! + 2"= n(n+1)2”! + 3n2™! + 2” 
= 2"! [n+ n+ 3n +2] =2"' + 4n + 2) 


. If s, denotes the sum of the first n natural numbers, 


prove that 
' 3 2 -] 
(1) Xe Br Ber anus See Saas 


xs 2n+4)! 
(1) 2(s5,,+5,5,., +5 5 = a 
=. se ue 5'(2n—I)! 


Solution: Given . == n(n+I) +1) 


Coefficient of x” in (1-x)? 
= (—3)(—4)(-S5)...(-3 -—n +1) 
n} 
Bao nt 2)] (-1)" 
n!| 
>, [1.2.3.4.5...n(n+1)(n+ 2)] 
1.2.n! 


(-1)" 
= (-1) 


= (CD) 


_ 4D (M+2) mage 
2 
(i) =x) = 143% 6x + 10K +... 
nla Oi eas ORs a a OF oa a a aia! OOM coaaea gree 
a Es Oe ls i ae wad Oe a is OY lea ar 


= OC deme Ai Cd ag, a ae ted, 
Sy Se OL ke ks ee oe ah 
(11) Since. BO esr a PO a ee, ea A alli 


+s, alt = ae 
squaring both sides, we get 

Ce ecg A, ae ee ee aM saa ea Ree cane 
Sn eS ey) 

Now coefficient of x" in L.H.S 

= 28, Soq F Sy Soy y Ft S$, Snir) 


and coefficient of x7”! in R.H.S 
a (—6)(—7)(—8)....[-6 — (2n—-1) +1] 
(2n-1)! 

on) 9.7.8... ras 1)" 1 
(2n-1)! 

5! 6.7.8....(2n+ 4) 
5!(2n-1)! 

ar (2n+4)! — (2n+4)! 
“51(2n-1)!  5!(2n—-1)! 


@ baa 


=eat) 


= Ey a ae 


10. If p is nearly equal to g and n > 1, show that 


I/n 

+1)p+(n-1 
es dae EE = (2 . Hence, find the approxi- 
(n—l)pt+(nt+)q \q 


99 1/6 
mate value of (>| 


Solution: Let p = q + h (say), where / is so small that 
its square and higher powers may be neglected. Then 
(n+) p+(—)Dg — (n+l)(qt+h)+(n—-lNq 
(n-l)p+(tlq — (n-1q+h)t(n+q 

C. p=qth) 


| (z+ | 
1+ | —— |h 
2ngt+(n+])h | dng 


a | ea 
1+ | —— |h 
2nq 
-1 
ie pagal oli 
2nq 2nq 
are pause) (fre pea 
2nq 2nq 
nh h nh h 2h 
= |-—+—+— + — = 1+— 
2nqg nq nq 2nqg 2nq 


ji rs l/n py in I/n 
nq q q q 


C.qt+h=p) 


11. 


12. 


13. 


Infinite Series < 8.21 


Deduction: Since 


l/n 
(n+) p+(n-Nq | 2] 
(n—l)pt(nt)q \¢q 
Putting p = 99, g= 101 andn=6 


(6+1)x99+(6-1)x101 -(2 ) 
° (6-1)x99+(6+1)x101 (101 


1198 _ eal 599 _ el 
1202 101 601 101 


99 1/6 
Hence approximate value of ( 10 = 1 


then, 


Find the first negative term in the expansion of 
(1 + x)" and 0 <x <1. 


P(Z-1)(3-2}.fZ-ra1 
Solution: T.,, ee 
r} 


This will be the first negative term when 5 r+l1 is 


negative. 


That is when =-r<0 or ros 1.e, what ro 4a 


Hence when r = 5, we get the first negative term and 


this is 
ies eae 
2X 2 2 2 5 ‘ie 
——_— fF X = ——— XX 
>! 256 
Find the coefficient of x’ in the expansion of 


(x — 2x7); |x| < 1/2. 


Solution: Let x’ occurs in T ,, 


~3)(-3-1)...(-3-r+1) (2x? Y 
Now, 7 2a CCS Ma3er (22) 
r! x 
Be. yeanaes r+2 
= ( ee 
r! 
Hence r— 3 =7 => r=10 
Coefficient of x’ 
3.4.5...(10+2 
= 3.4.5...(10 + 2) ) at = 66 x 2"° = 67584 
10! 
If y = 3x + 6x?+ 10x? +...., 
te AS STALL ow 
“+ as eer ORC eee 
3 P21” | 331 


Solution: y = 3x + 6x7+ 10x? 4+..00.00000. 
=> 1lt+y=1+4+3x + 6x7+ 10x? +..... = —xy?; 
(l-x)=(1 + yy 
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14. Find the numericaly greatest term in (1 + x)!*”; where 
x = 2/3. 


Solution: Here 


otto 17-2 
T r r 3 3r 


T, 22, according as 17 — 2r > 3r 


15 
n—-rt+l 


2 
1.e., according asr < ae >rs<3 


Hence 4th term is the greatest term. 


15. Find the coefficient of x”1n the expansion 


write down the coefficient of x° and x’. 


(1+x) 
l-x) 
= (1 + 2x + x’) 


| 
Al 3% 644 a (n+1) (n+2) x" +...] 


Solution: = (1+ 2x + x*) d-x)? 


Coefficient of 


v= S(n+1)(n-+2)+2.—n(n+l) +(n=1)n 


] 
5 (n+ 3042420? + 2n+n? 1) 


= (4n?-+4n+2)=2n? +24 


Coefficient of x= 2.5°+2.5+1=61 
and coefficient of x’= 2.77+2.7+1= 113 


Remember 
(1) If |x|<1, andne N 
Chess ea al, Se BCs ae a MG Jers NEC Ae ad 
alae) Ole oa ae 
(i) Genel erm ig = ENC 
(ii) Coeff. of x’= coeff of T= PC, 
(2) If |x}<1,andneN 
CP eS eC. ea Me aS 
(ly "DC xt +. 


DE xt 


(i) General term 7, = (-1 "PC x" 
(ii) Coeff. of x’= coeff. of T= (1? C, 


16. If ln ———————- be expanded in ascending power 
[exe ae P 5 P 


of x, show that the coefficients of x” is — 1/nif nis odd 
or of the form 4m + 2 and 3/n if nis of the form 4m. 


Solution: In ee ee In | 


exer 4x (1+ x)(1+7) 


= In| (1+x)(1+ xy] 


—In(1+x)-In(1+ x’) 


] ] 
=-fr-de ade ee \feadatecat—of 
2 3 2 3 


Let n be odd. Then there is no term containing 


x” in the second series. 


Coefficient of x” = a 


n 

Letn=4m +2 
Then coeffcient of x”= coefficient of x*”""? 
ee ee ere ee 

4m+2 2m+1 4m+2 nN 
Let, n=4m 
Then coefficient of x” = coefficient of 
xm = J gk 31 = 3 

4m 2m 4m n 


] 
————— + —“- 
(I-x)  (a+bx)’ 
is equal to 2 + 3x +... 00, then find (a, 5) and also the 


coefficient of x”. 


17. Ifx 1s small and if the expansion of 


~2 
Solution: Given expression = (1 —x)? + aa 1 + =| 
= {1+ eee Cy ee Cx a + 
2 
ral -*C, (=), =C; (2 - / 
a a a 
Equating constant terms 


l 
= l+—=2>a=%H1 


a 
Equating coefficient of x 


= 2-4 (2 |-340-Fe 
a\a 2 


—] l 
Thus, (a,b) = oe ; rat 
—] 


Van 
=(n+1) (1+ | 


=> Coefficient of x”= (n +1) + 


Infinite Series < 8.23 


18. Find the coefficient of x?in (1 + x + x)!® 5 5\(3 ; 
pen) 
(1- x°] ‘ i | 
Solution: (1 + x + x*)!©= | ——— i ——————— 7 
I~ x (1+ 3x) 


— (1 —_ x) C1 _ x) 10 
Coefficient of x? in (1 + x +x?)!° 


= Coefficient of x?in (1—x?)!® (1-xy!® 


1/2 
: | (1+ 3x) 
= Coefficient of x? in (l-xy'® = "'C,= 55 
: 2 IS 1), 12 
= ae B Aa a > 9 Xx (1+ 3x) 
19. If x is so small that x’ and higher powers can be 
; 17 135-2 \ , 2479 
5/2 1 =|—%X%+ x (1+ 3x) 
(1+ 2x)" - l- 3% 3 18 
neglected, then ————_—_~~—~_= a + bx + 17 is 133 , | 3 
—| —x+—x ——x 
(1+ 3x) 3 18 5 
cx’, then evaluate a, b and c. [neglecting terms giving x’ and higher powers of x] 
D7... ASS Te DY. 20) 17... 10-5 
1 2 = ae age rN ~ 37 79% a ne a 
(1+ 2x)” -(1- +x] 
Solution: ——————__,.——_ = Pe ee eae 
(1+ 3x) 3° 9 
SECTION-III 
OBJECTIVE-TYPE (ONLY ONE CORRECT ANSWER) 4. If | x | < 1, the coefficient of x’ in the expansion of 
| 
ae eee 
1. If | x | < 1, then the coefficient of x”in the expansion e". (1+ x) 
OF Clix xe exes) 18 17 17 
Core (oes 
(a) n (b) n—-1 6 6 
(c)n+2 (d) n+] 1] 
(c) a7 (d) None of these 
2. The coefficient of x* in the expansion of 
(+x+x°+x°)l is 5. The constant term in the expansion of ea eA 2) ; 
(a) 900 (b) 909 1/3 5) 0 x 
(c) 990 (d) 999 oe (6) 
(c) -1/2 (d) 1/3 
3. The sum of the series pe ee iS 6. Bigeye to co is equal to 
I-20. ot O! 1! 2! 3! 
(a) 2e (b) e-1 (a) 4e (b) 3e 


(c) 3e (d) 5e-7 (c) 2e (d) None of these 
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7. 


10. 


11. 


12. 


13. 


14. 


The general term in the expansion of (1 — 2x)*”“ 1s 


ae ee 
a) — x — x 
(a) aT ©) 2 Fi 
(c) oe a (d) N f th 
Cc (ar)! one of these 


n(n+l) 
2! 


If | x | < 1, then the value of 1 + af x). 


2 l+x 
(2 ) + ...t0 
l+x 

l-x) aa 
(a (=) 0) (7) 

Lx 1+x 

n-1 

d) ( 2x 

1+x 
If x be very small compared with unity such that 


Ja+x) +3/d +x) _ 
Jd+x)+(1+x) 


a + bx, then the value of a and 


b are 
a)a=1,b=— b) a=1,b=-— 
(a) : (b) - 

l l 
Oa saa (d) a=1,b=-— 


The coefficient of x” in the expansion of 
(1 — 9x + 20 x’)1 is 


(a) Anti _ Zntl (b) 5m __ Anti 
(c) 4"+ 3” (d) 5” + 4” 
If (2 + 3x)° expanded in ascending powers of x, 
then x € 
| 


The sum of the series at eae el is equal to 
ai ST! 


(a) 2e? (b) e? 
(c) e! (d) 2e" 


m—n (22) (22) 
2 | ——+— +— +... | 18 equal to 
m+n 3\m+n S\ m+n 


(a) log, (| (b) log, (=| 
(c) log, mn (d) 2 log, mn 


3 i) 


3 5 
If ytr42 4+..0=2 xt 4 4...0] then 
3 5 3 5 


relation between x and y 1s 


15. 


17. 


18. 


19. 


20. 


Zi. 


22. 


(a) xy? = 2x—y (b) xy’ =x—-2y 

(c) xy = 2x—y (d) xy? = x—2y 
a) n 

a 

(a) e/2 (b) e 

(c) 2e (d) 4e 


. The coefficient of x‘ in the expansion of 


Ci 2+ 3+ .)7 15 


(a) 0 (b) 1 
(c) 2 (d) 3 
The coefficient of x” in the expansion of — 
, (1—x)(3—x) 
1S 
are | antl =, | 
a b 
( ) Qn ( ) aut 
ani | 
(c)-2 a (d) None of these 
2 3 4 
(ft ge = y then 
2 3 4 
2 3 
yyy 7 
yr 5 + 7 +....t0 0 1s equal to 
(a) —¥ (b) x 
(c) x +1 (d) None of these 
— By, + B,x+B,x° +....+B,x" +....., then 
=X 
B -—B_, equals 
= b 
Cr ) Gop! 
] ] 
c) —- d) 1 
©) n! (n-l)! ©) 
The coefficient of x” in the expansion of log (1 + x) 1s 
(-1)"" (-1)"' 
(a) ~—— (b) log, e 
n n 
= n-1 —] n 
(c) ©) log.a (d) en e 
n n 
The coefficient of x* in the expansion of — 
| (1—x)(3—x) 
iS 
121 242 
a) —— b) — 
@) 243 ©) 243 
484 
c) —— d) None of these 
(c) 743 (d) 
2 
The coefficient of x* in the expansion of ; z iS 
=> 


(a) n?+2n+ 1 
(c) 277 + 2n +1 


(b) 277 +n+ 1 
(d) n?+2n+ 1 


23. 


24. 


20% 


26. 


vate 


28. 


29. 


30. 


31. 


Ify=x—-x? +x? —x* +... to oo, then the value of x 1s 
(a) WM —y) (b) yA + y) 


(c) y-(14) (d) y+ (4) 


The approximate value of (7.995)? correct to four 
decimal places is 
(a) 1.9995 
(c) 1.9990 


(b) 1.9996 
(d) 1.9991 


The sum of the series 1-35) + 


DD 

ey 223227) 
2 2.4.6\2 2.4.6.8 

3 

os: b 
(a) ie (b) 2 
() it (4) - ) 

3 


If x is so small that its two and higher powers can be 


1.3 


2; 


neglected and if (1 — 2x)!” (1 — 4x)°? = 1 + kx, then 
kis equal to 

(a) | (b) 2 

(c) 10 (d) 11 


6 9 


x 
y= -x° sr amr Wa oo then the value of x? is 


(a) 1 + e (b) 1 -e’ 

(c) e” (d) ev- 1 

If e* + (1+ y’), then the value of y is 

(a) e*—e* (b) 1/2 (e*—e*) 

(C)-e"se= (b) 1/2(e* + e*) 

If S= Se .+ 00, then e* equals 
Pd 2ede ek. AS 

(a) log, (4/3) (b) 4/e 

(c) log, (e/4) (d) e/4 


then ab equals 


n=] 


-, 2n _ 
ee “LGa-pi br da er 


(a) | (b) e° 
(c) e-l (d) 
e+] 
l 14 , 14.7 , 
l+—x + —x* +——n +... 18 
3 3.6 3.6.9 
(a) x (by ¢Lse x)? 
(c) (I —x)'” (d) (-xy” 


Infinite Series < 8.25 
32. The sum of the series 
lt+a lt+ata lt+atat+a 
]+—— +——___ + _——_ } ..... is 
2! 3! 4! 
e“—e 
a 
va a-| 
(c) e"—a (d) e+e" 
a-—| a-l 
33. The sum of the ei eee LS eats ic 
O! i! 2! 3! 4! 
is 
(a) lle (b) 10e 
(c) 9e (d) 8e 
] ] ] . 
34. The:sum ol the-series. --— + 7 ee is 
2 22” 32° 42 
(a) log 2 (b) log (1/2) 
(c) log (3/2) (d) None of these 
| ,. 1 3 
a ray) a2) 
35. If S= ] , then S is 
—~1-=(a-1) +=(a-l) -.... 
ae ar ca 3 a ) 
equal to 
(a) logy (b) log y 
(c) log.a (d) log,a 
36. Ifxis very large, the value of \/(x* +16) —/(x* +9) is 
(a) 25/(2x) (b) 7/(2x) 
(c) 5/(2x) (d) 3/(2x) 
37. If y = pec ae +,...0, then the value of 
6 6.12 6.12.18 
(vy + 1)1s 
(a) 13 (b) 314 
(c) Als (d) 513 
38. The value of - + b) (a— b) + — , (a + b) (a — b) 


39. 


@ + B+ = — AG + b) (a—b) enn b*) +... 


(b) or ae” 
(d) None of these 


(a) ew a 


(c) ot = b? 


pa is equal to 
n!} 


(a) Inx 
(c) l/nx 


(b) x 
(d) 1k 
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; (c) the value of the third term 1s — 3/2, when x = 1/2 
40. The coefficient of n™ in the expansion of log,, (—) (d) the value of the third term is — 2/81, when x = —3 
l 1 l ] l 
(a) ee (b) Ser 43. 2 eaamey am ae Mes Cee ee 
nlog, 10 nlog, 10 2nt+1 3(2n+1y 5(Q2n+1) 
(c) eS (d) ae =log (a=) is valid for 
n! log, 10 n! log, 10 n 
-4 (a) alln#0,-1 (b) -l<n<0O 
3 
(1+ 3 | (16—3x) (c) n<—lorn>O  (d) no value of n 
41. Ifxis small and ~___~________ = P + Ox, then 
(P.O) is (8+ x) 44. The sum of the series log, 2 — log, 2 + log,, 2 —.. is 
(a) (2 =) (b) [ 5) c. ei 
106 96 (c) log, 3-2 (d) 1—/og, 2 
—305 307 ] ] ] 
(Cc) (2,305 (d) (2 45. Let S=——-+———. + +... and 
196 96 al One SGrale 
42. In the expansion of (1 + x)? 1] 1 
| ee P= = 4 =, then 
(a) the third term is *C, x’, if |x| <1 n mn 3n 
2 
(b) the third term is ‘C, =| ifx> 1 (a) S= 27 (b) 2= 7 
ee (c) S=T (d) S=37 
SECTION-IV 
OBJECTIVE-TYPE (MORE THEN ONE CORRECT ANSWER) eee . 4 6 12 = «214 : 
3. The sum of infinite series ——- ——- +—— —-—— +... 18 
2 age 13 24 5.7 68 
ye — ‘ ie of ech geuualt (c) In(log,9) (d) None of these 
(a) —x (b) x ee 
4. The value of —*C_ 1s 
(c)x +] (d) ev—1 i. , 
1 1 1 | r 
2. The value of —-—+—-——+...° 1s 2. = ( 2 
8 24 64 (a) = oy lic 
3 2 3 r=l es) 
(a) ne (b) Ls ; 
(c) In(log, D3 (d) None of these tc) = eae 
SECTION-V 
ASSERTION AND REASON TYPE (a) If both assertion and reason are correct and reason 1s 
ee the correct explanation of the assertion. 
The questions given below consist of an assertion (A) (b) If both assertion and reason are correct but reason is 
and the reason (R). Use the following key to choose the not correct explanation of the assertion. 
appropriate answer. (c) If assertion 1s correct, but reason is incorrect 


(d) If assertion is incorrect, but reason is correct 


Now consider the following statements: 


i ke See oe segitesuae +°C ; 

n=l ve 
x x 

prea 

r=0 r! 

: Co-efficient of x° in (1 —xy* is PC, 

: Co-efficient of x”in (1 —x)"is"'C),. 


tan? @ ‘i tan’ @ 


> Wp x 


: ‘nd 


|tan8| < 1 equals In tan = a) 


+ | where 


Infinite Series < 8.27 


2 3 4 
R: in(l¢+-x)=x-——+—-— 4..and 
2 3 4 
2 3 4 
cc Oe 
Ing —- x) = -—x -—- — - — -.... for |x| <1. 
(l- x) - a for |x| 


—7/3 
. A: Binomial expansion for ( aes sin | is valid 


B 


for OE (wo, Ju Foo) 
3 3 


R: Binomial expansion for (1 + x)" ; where n 1s -ve 
or fractional index is valid for |x| < 1. 


SECTION-VI 


LINKED COMPREHENSION TYPE 


: When ‘n’ is a negative integer or negative or positive 
fraction and |x| < 1 then 

n(n-l1) n(n-l)\(n-2 
seat, 
In this case, we cannot expand (1 + x)"asC, + C,x + 
Cae suse 


.” C., C\C, are not defined then. Using above theo- 
rem, we have the following useful expansion. 
n(n+1) oe n(n+1)(n+2) Sick 


(l+x)" =l+nx+ 


(+x) " =l-nx+ 


3! 
aes oo and 
+] 
(= =tens  e 
2! 
wees deeaiouatts 20 
Where | x| < 1. | 
If n € N then above two expansions can be written as 
Oe aa a Oe cs Ole Oo er 00 


= > au, 2 (-1)’ x" and (1 =)" =] Gk 4 mC 3? 
r=0 


+ bale OP) + CO 


oO 
= n+r-1l r 
= y Cx 
r=0 


Using the above results, we can find co-efficients 
of various powers of x in the expansion of (1 + x)” 
or (1 — x)”. 


. Co-efficient of x” in the expansion of [1 + 3x + 6x? + 
ING) ae eee ;“is,n EN. 


(a) "C, 2) sO Cea 
(c) "CC, (d) None of these 
C Fx? =x" ~ 
. Co-efficient of x” in the expansion of io 1S 
ey 
2 
@) SSE) CIyernc,-"C,) 


(c) cof 274) (d) None of these 


. Co-efficient of x° in the expansion of (1 — x)? is 


(a) 'C, (b) 'C, 
(c) 'C, (d) 'C, 
: Consider the following types of infinite series: 
2 3 
(i) ef =1+x+—+—+4..00;xER 
2! 3! 
2 3 4 
(ii) In(l+x)= ii ee 00; |x| <1 
3 5 
(iii) in xe SS to 00; |x| <1 
—Xx 


(iv) (l+ x)" =1+nx+ 
n(n—1)x* — n(n—1)(n—-2)x° 
2! * 3! 
n(n—1)(n—- 2)...n—r+ 1x’ i 
————— 


Ss 


for |x| <1 
n any —ve or fractional index. 
a 
(v) atart+ar’ +ar $= Ir|<1;7r #0 
r 


On the basis of above expansions and their cor- 
responding domains, answer the following ques- 
tions. 
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ae ee . Ber a . 
4. The value of 1—-—-—-——-- —-..... is = > (-) —,expansion is valid for |x| < 1 
1 2 2.3 3 4 n=0 nN 
(5) (=) and x = 1 
(a) In(1— x) (b) In(l— x) _ are 4 
(=) In (l—-x)= anes vistas ee eat date 00 
x-l <a) n 
oe) ey OREN ENE = -)- ee using above facts, answer the 
5. The value of : =n 
l+n (1 - +), n eat - ) +.....t0.00 will be following questions: 
‘. ‘i 7. Co-efficient of x” in the expansion of 1 a) + 
(a) x” (b) x” I! 
icy (xt+])? (x41) 
(c) f1-= (d) None of these Try TV sseeeereeees = 
6. The sum of the series ] ] 
cos@ cos@  cos@ (a) a (b) re 
cos 0+ —, — ——~ +.. exist when 
sin’'@ sin'@ sin’ @ (-1)" 
7 rr (GC), (d) None of these 
(a) 0<0<— (b) eae nie 
Xt 8. Co-efficient of x* in the expansion of Sey, 1S 
(c) Si <O<2 (d) None of these 5 4 er 
(a) — (OD) 
C: A function which exists at x = 0 and whose first 24 2 
derivative { f'(x)}, second derivative {f"(x)} and so (c) 25 (d) 24 
on exist at x = 0, can be expanded using f(x) = (0) + 24 25 
2 3 
POx+POF+ FO + eae CO, and is called 9 oe ] ip l + beste 
Mclaurin’s expansion. Using this, we can expand ney: ISAS OO! 
functions like e*, Jn(1 + x) sin x, tan x, cos x etc. (a) etl (b) e-l 
x 0, 0 0 x 0 a Je Je 
Forexample: e* =e +e .x+e ae lagi eee: 00 oat o-] 
x | ee = x" 2Je 2Ve 
ee! ee era, ca 0 =) 7 
. 2! 3 neo 10. Co-efficient of x° in the expansion of 
Replacing x by — x; 
23 . : log [1 + x)'*™. (1 —x)'*] is 
: x Me 
e* =1-x4+—-—......... o => (-1) 1 , 
2! 3! =O n!} (a) — (b) — 
Also we can expand /n (1 + x) 45 30 
2 3 l l 
ep c) — d) — 
In(1 + x) = Xt serene 00 Or Oy as 
SECTION-VII 
MATRIX MATCH TYPE cries 34244 35 i 4.6 
~ 12 1.2.3 1.2.3.4 
1. Column-1 12 28 50 78 
2 22 3? (iv) —+—+—+—4....0 
(1) Tae sae 00 2h 3k Al 
ow ' Column-2 
2 n° —n+ 
Gi) > ——— (a) de 


n=0 n! (b) Se 


evaluate |k|. 
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(c) 2e 3. Column-1 
i ae 1 1 4] 
d) 1+—+—+—4+....0 —— 
(d) a ar a (i) I+ toa t age te 00 
. Column-1 | , , 1 
(i) If (r + 1)th term is the first negative term in the (11) 12 23°34 45 ee 00 
expansion of (1 + x)’? then value of r (where | x 
|< 1) 1s (iii) 1+(s+a|o+{S+2]} a4 eee a0 
(ii) Co-efficient of x‘ in the expansion of (1 + 2x + 3x? 2 BIA RAY D4 
+ 4x3 +.......00)'" is ec, c € N then c + 1 where |x| < 1 Way 201 31 
(111) Co-efficient of x*°! in the expansion of (1 + x + (iv) (3) +3{2) +3{2) PRiiaioae: 00 
, 3 2\5 Ree) 4\ 5 
Dea eee x’)! where | x | < 1 1s 
(iv) Number of values of r satisfying Column-2 
69 69 _ 69 69 
Cara Ga FC Car (@) {tle 
Column-2 
(a) Divisible by 5 (b) log, 3 
(b) A prime Number (c) ioe 
(c) Divisible by 2 € 
(d) <0 (d) log, 12 
SECTION-VIII 
INTEGER-TYPE QUESTIONS a 
2 3 4 
6. Li ag ae ok = Ae then evaluate i. 
. If |x| < 1, then the co-efficient of x* in the expansion 21 31 4 
fC eee aes "is A, th luat . 
OF Clee ee x ) is A, then evaluate (7 7 If ee ct +00 og, A, fee 
. If x is so small such that its square and higher sk u 
evaluate i. 
powers many be neglected, then the value of 
—3x)"? +(1- x)” 1 1 1 1 1 l 1 
CS Mi Ce 2 ae pee where a is in lowest $8. SS =e SS SS 
(4— x) 12 34 5.6 2. 2.3 345- 567 
fraction, then evaluate (2u — 2). .... In Vk, then find k. 
| | ] | m 
. The co-efficient of x! in = is k, then evaluate 9. > 272 v 32 474 +.....= log (= where ged 
(l- xy ° . 7 n 
(m, n) = 1 then evaluate (m? — n’) 
bare: 10. If the sum of the series 
3 OG NS 28 
. If the value of i a ae a = (ke-1); then evaluate 
I4+2 142+3 142+3+4 k 
14+—+ +—————-+....00 | is | — |e; Vke+07. 
( Z| 3! 4! 4 
' —2. . th : 
where gcd(k,l) = 1 then evaluate (k + J). = heh as ae oA Me aeaeey ere 
l ] | 
Bi 5 . eee }- e then 12. If the value of ee ae ca ave = Ink, then 
13° 1.2.3.5 1.2.3.4.5.7 RA Be ae 


evaluate k. 
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Answers Keys 


SECTION-III 


1. (d) 2. (c) 
.(d) 12.) 
21. (a) —- 22. (c) 
31. (d) 32. (a) 
41. (b) — 42 (a) 

SECTION-IV 

1. (bd) 2. (ac) 
SECTION-V 

1. (d) 2. (d) 
SECTION-VI 

1. (b) 2. (c) 


SECTION-VII 


1. (i) > (@) 
2. (i) > (a, b) 
3. (i) > (b) 


SECTION-VIII 


1. 6 
11. 5 


Ze AB 
12. 3 


(c) 4 
(a) 14 
(a) 24 
(a) 34 
(c) 44 
(b,c) 4 
(d) 4 
(a) 4 
(11) > (c) 
(11) > (b, c) 
(11) > (C) 
4 4 


- (b) 
- () 
- (b) 
- () 
- (d) 


» (a,b) 


- (d) 


. (C) 


. (a) 6. (Cc) 
«-(C) 16. (b) 
. (b) 26. (d) 
. (b) 36. (b) 
. (b) 6. (d) 

(111) — (a) 

(111) —> (d) 

(111) —> (d) 

] 6. 5 


. (d) 
17. 
27, 


~ (Cc) 


(a) 
(d) 


- (C) 


8. (c) 
18. (b) 
28. (b) 
38. (a) 


8. (c) 


(iv) — (b, d) 
(iv) — (b, c) 
(iv) > (a) 


9. (b) 
19. (a) 
29. (a) 
39. (b) 


9, (d) 


10. (b) 
20. (b) 
30. (a) 
40. (a) 


10. (d) 


10. 5 


Infinite Series < 8.31 


HINTS AND SOLUTIONS 


TEXTUAL EXERCISE—1: (SUBJECTIVE) 


1 (+xy 


(1+ xy" =1-nx+ 
n(n+1)\(n+2)(n+3) x! 
4! 

So, putting n = 2 
=> (1 +x)? =1-2x+ 


3! 
..... [upto 5 terms] 


23)» 20)64) 5, 2014)(5) 6 
3! 4! 

= ] —2x+ 3x? — 4x? + 5x4 +..... 

e Ch H 2k 3x = 48 En 0)? 


=> (+x) =1-2x4+3x?—4x° +...c¢ (as shown in previ- 
ous examples) 
=> (Ch tay => (C1, 4x)? 


6(6+1)x° _ (6)(7)(8) 
! 


=> l1-6x+ x +...+ 


r! 


The general term T., = (-1)" x (6)(6+ 1) = 2)...(67 + x 
n!} 
(—1)"(6)(7)(8)...(5+ 7) 
n! 
(-1)" (x2x3x4x5)(6)(7)(8)....(5 + 7) a. i) (5+n)! 2 
nix(5x4x3x2x1) ni\(5!) 
(-1)" hae, Oo 


So, the coefficient of x” is 


1 : 
Go5e)? ; taking 4 common out of the denominator 
—5x 


2 1/2 
1 l 5x 
=> rr «a Sale => 7 ae 
Oe eel 


Now for the expansion of (1 — x)” to be valid on this 
2 


3x 
expression —1< ae <1 


=> -4<5x? <4 => 4<57<4 


—4 2 4 
> TSX <T 
5 5 


2 2 it. Sey" 
=> oe SX => —-|l-— 
V5 V5 2 4 


tesco ie anal 


=> 0<7<4/5 


a ae + xXx 
r! 

L575 

2 16 256 °° © 


n(n+1) ee n(n+1)(n+2) oe 


The general term is 


yatta er) ay 
4 


1(1+2)(1+4)  (1+.2r-2) 
ig ' o. 8 --G sae 
=> (—1) +( =| 
r! 2 
, 1.3.5.7...(2r—-1 4 
as (a eT. S| x 2 
2’ xr! 


=> (-1) 


sy 1.3.5.7...(27- 1) x 2.4.6.8...2r ’ ( 
2’ xr!k2x4x6™x....X2r 


Re 
4 
x 
ae 


(2r)! «(2 
2° xrlx27(Lx2x3xu.xry (2? 
2r)! 5. 
( r) «(5 x x?" 


27" xrixr! 


= (=1) x ary x (=) x x?" 
(r!) 2 


=> (-1)' x 


= (-1)'x 


. (1 -4xy!? 


The general terms in the expression is (1 — x) 
=> T=(-1)"x (n)\(n+1)\(n+ Syn r—-1) GN te the 
r} 


above term, we have to replace n = 1/2, x = 4x 


ett pt? feet Gert xan 
ey ee 


r! 


Gd can acd ied anaeed acc 
=> (-l! x ——~wJsdROoO YX~-JYN 
r} 

LIX3%9 xX 7.242). -» 
——_—____—_—_—_———x x 

2’ xr} 
(2°), 1x2x3x4....2r 
27. 2°x2~x3...r)xr! 
2°)’ 2r! 
(Yar 


(2°) (rl) 
(2r)! 


2 


=> (4)x 


r 


) is the coefficient of x” 
r! 


2 
(=*) (1+ x) (1-3) 

l-x 

=> (hea + 2x) Pa 2 ox ea a 

= The coefficient of x* are (1)(v + 1)+(n-1) (1) +nx 
2=n+1+n-1+2n=A4n 

If n = 0 (it is not true for n = 0) 

(1 + x) [1 —x°] => [axe ae 2x] xy? 
1.x° => The coefficient of x° is 1. 


yy 
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6. 


3-2 
1+3x° 
=> (3-2x) [1-G3x)+...] 
The coefficient of x° is —9 


=> (3—2x)(1+3x)' 


(1-3x)"?+(l-xy" 35 


(a) =l-—x 
(4- x)" 24 
l 5 
[ (3x) <4] +{1-(2) 5 
2 
=> — [Square and above room 
b 
iu 
4 
neglected] 
(oe Ree 
> 2 3 6 
x 
2) 1-—x]— Pama 
| 2 al - 
2 19x 4 24—- 38x 
3 8-x 24—-3x 
35x 35x ( a 
=> ie 
(24 - 3x) 24 8 
35 35 
= 1-25 142] 1-2 square and above terms 
24 8 24 
neglected 
l-x+(1+x)” — (=x)? + (4x) 


5/6 


1h) ee 
v7 l-x+(l- x)” 


] 2 
[=X 


1—x+(1- x) 


[square of higher terms neglected] 


l=s-1-oy 
2 
_ Lar _ (2+x _ a} te) 
yl, 12—11x 12 12 
6 
_ Cy 1z)- (12+x) | (12+11x) 
12 12 12 12 
144412x+132x+11x* 
= ——________ [x’ again neglected] 
144 
1444+144x 
= ——=lt+-x 


144 
fe) teal (4-39 = 2-27, 
4 4 


3 3x 1 
= 21- x2 p22 | [square and above term 


neglected] 


See pees ee pee 
= 2[1 - 3x] [ =| gl 3x][8- 3x] 


= 1/4[8 — 24x — 3x + 9x’] [square term neglected] 


= +ig-27x] = yes 
4 4 


10. (a) (1+ x)?= 


n n 
MX —-NX 


8. (a) ————=x""" 


m—n 
Let x = 1 + h where fh: is small that square and above 
terms are neglected 


_ mi+h)"-ndt+hy _ m|1+mh|—n|1+nh] 


m-n m-n 
2 2 
m-n 
= (1 + h)"*” (approximately) = x" *” 
mx” — nx” 1 
(b) ~ tie fs en 
x'-x l-x 


Let x = 1 + h, where h is every small, and square and 
higher terms can neglected 


_ m(1+h)" —n(1+h)" _ m(1+nh)—-n(1+ mh) 


(1+h)° -—(1+h)" 1+nh-1-mh 
_ mt+mhh-n-mnh _ — 
(n—m)h h l-x 


| 
GN 
(s= -_- 3. _ 
— 
ae 
|— 
+ 
|— 
+ 
os 
N | 
——. 
| 
= 
ee” 
x 
|- 
fn 
N | 
Nes 
LN 
N|— 
| 
=" 
Weer” 
y i 
N|— 
| 
— 
——— 
x 
|- 


1 1 
ieee Sees 
10 8 25 16 125 


or 
{det 


200° 16125 
[1 + 0.1 — 0.005 + 0.0005] = 5.4775 


1/3 
I 
b) (125 + 1)'!= 5) 1+— 
(b) ( ) ( =| 


2 GG") Gata) 


= 5) 1+—x— + 4 x —_,, + x 
3° 125 2! (125) 3! 
Biewese 
1 \3K3 K3 ! 
—, + ; 
(125) 4! (125) 


= 5 x [1 + 0.00266 + 0.000014] 
= 5 x 1.00267 = 5.01335 
1 —2x + 3x°-4x°+......0 
Since |x| < 1 
—] 
=> (bray ils ne + DOWD 2 
sion] 2 


+... [general expan- 


Replacing n with —n 
—n\(—n—-] 2 
=> (4 xy" = 1am SU 


n(nt+l), 


= pt es 


NC) 


r! 


=> (1+x)*=1-2x+ Xx? +... + 


2(2+1) 
| 


(“22 +)C+2)..2tr-) ) : 
r! . 
=1-2x+3x?4x+....Cl1) (rt 1)’ +... 
(b) (1 —x)P= 14+ 3x4 6x2 + 102 4+..... 0 
Since |x| < 1 
n(n-l) og n(nti(nt2) 
2! 3! 
,n(n—1)(n—2)..(n+r—1)x" 


r! 


=> (1 + x)" = 1l-nxt+ 


+......+(-1) 
Replacing x with —x 
=> (1—x)"= 1-n(-x)+ I 
¥ (-1)' n(n+1)(n+2)...(nt+r—-1)x(-xy 
r} 


iM n(ntl) 2 . 


=> (1-x)"=1+tnx - +...4+ 


n(n+1)...n+r-—1) " 


r!| 


Putting n = 3 13. 


Multiplying and dividing every term by 2 
2x3x 2x3x4xx? 2x(3)(4)....(r+2) 
$$. a x vt 


=> I+ + es 
2 Ze? r!x2 
=> 14+3x+ 6x7 + 10° 4+...+ wea 
1 1.4 1.4. 
11. (a) 1+-—+ + u +...to 


6 6.12 6.12.18 
Comparing it with the expansion of (1 + x)” 


=a —l)\(n-r+l 

— ieee Da. ere) 
2! r} 

Sagi NOUN) eh a 

6’ 2 6 12 

=(n x x) x aged 

2 6 12 
—1 1 
= COE = os (1 1)e = 2/3 = mx = 23 


l 1. 


= 1/6-x=2/3= ee =-1/2=x 
6 3 


=> nx= 1/6 => ett ea ee 
2 6 3 


-1/3 1 -1/3 
The expression is equivalent to = [1- 5] = 5) 
= (2)'8= 3/2 2 
37, 8. Og oeed 


(b) 1+—+—.—+———H.....toce Z. 


4 48 4.8.12 
Comparing it with the expansion of (1 + x)” 
nx= 3/4 (1) 


MOT Bae 2 (ii) 
2! 4°8 


n(n+1)(—x’) Z 12. 
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Re ese 
D 4 


Colm 
y 


=> nx—x=5/4 > 


—3/2 1 —3/2 
The series is equivalent to 1 - 5] = = 


= 2yp7= (8)!2 -_ 22 
(1 + 3x + 6x2 + 10x? + .... to 0)? (i) 
=> 1+3x+ 6x? + 10x .... to 


The above expression is the expansion for (1 — x)? 
The equation (i) reduced to ((1 — ky)” 


253 


=> (l-x) 3 (1 —xy? 
=: Lele oe rar taste De 
=> Coefficient of x74 is = 24+ 1=25 


fee => Vel (ete)? +(4-0) "| 
=> (sy (8) | 


Expending the expression 


2 2 e 
1 1 
oa hem —+] 2 
le 3c Ge Ke) 
l+—.—+ =. - 
ZL 8 2 £ 
2 2 
3c 3(c 
242-|— yee 
= ae “(¢| 


TEXTUAL EXERCISE—1: (OBJECTIVE) 


(b) (1 — 2x) 
On expanding the above term the fourth terms, 


GG) 


. 3! 
3x1x-1 : 
eke) x (-1P xx° = = 
DRE LK OL 2 
1 
(d) ——az 
(4—3x)"” 
Taking 4 common out of (4 — 3x)!” term gives us 
1 


Sh. tee, SLID 
2(1-= | 
4 
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Now, for expansion to be valid —] < oe <1 
4 


=> 
4 4 
=> -4<3 <4 Sak — 
3 3 3 x? 
; => ae 
3. (a) (atbx) =—-3xt.. ’ 
4 i eee 6. (b) (1 — x)" 
L.H.S. > a =| - (n)(n+1)(n+2)...(ntr-1) , 
Ee 
4 2bx 1 2bx | ‘i 
a“|1— F See oar er we 
a a a 


(r+3).x" 


Putting n = 4, we get oe 
r! 


ES S 1 (i) Multiplying and dividing by 3! 
eS 1x2x3x4x5x....(r+3)  , 
eae (ii) “a 3Ixr! awn 
=== Ixr! 
a 
Equation (i) gives us a* = 2 (r+3)! | 
=> ¢22 => aie xx 
Solving equation (11) os =-3 
a (r+1)(r+2)(r+3) 
SO XX 
2b 2b_ 
; = 
: : (l+x)" 
2b 7. (a) — a =(1 + x} [1 -—x)P = (1 Ft x? + 2x) [1 + 2x + 3x 
b=-12 eaites| 
If a@=2 2s 2b = Term of x” in the above expansion = (n + 1)x" + (n—- 1) 
— 3 x" + 2nx'=4n x" 
so (a, b) = (—2, —12) or (2, 12) 1 1 
8. (d) we - 1a 
4. (b) I ty Y = 173 es) ) Ged 
5X 6—3x 1/3 x 
(6)"(1- | 
2 Seer x <-—land1 <x’ 
bl ss 
as —+] a5 
4 z eS , ss Be xy => xe (-o,-1)U(1, a) 
= (6) ny = Gu ores >I > T.. =x el 
9: (ey) C4 8a as 
i ae tx 4+...) =U -2)' 
- 173 fiszs 7+ (1 —xy'y 
(6) 6 P o => (1-x) => 1t+2x+3x24.0.n + 1x’ 
a. a 1 1 10: (() Cl 2a ox ay Ss)” 
a) Nrereps Mic rere Miaoe Vera Ws Lae (1 + 2x + 3x2... =(1—x)?) 
1+ ee (a — x)?]!2 
_ at - -1/2 54 
a a l+xtxe tx. 
= Coefficient of x* = 1 
Ga) 
Lee D2 x) 
( + 35 11. (a) L+n{1-+ AOE O (1-2) Hess 
x 2! x 


12. (a) (1 + x)” 


ys 0 
r! 
For me first negative term n —r+1<0 
9 
L<iG => 7 <0 
2 2 
9 
—<r 
2 
For r = 5, the first negative term 
1 3 
aay [14 5) 
13. (a) ————| 
(a) (l1—x)'” 
3 3 
fia 3x4 3?|-lieSe oat (l- x)” 
8 2 
3 
=> [2 )efiede...| ce ee 
8 2 8 
—3 ; 
=> ra (x* and higher terms neglected) 
TEXTUAL EXERCISE-2: (SUBJECTIVE) 
= ee ee 
1. (i) gee ee os =5e5] 
I! 2! 3! 4! 
4x1l4+1 4x2+1 2x4xl 
+ ——__ + + 
I! 2! 3! 
= {iste tet ae 
I! 2! 3! I! 2! 
1 1 
=> deel tot l 
=> 4de+e-l => 5e-l 
| peo ea 5 1 1 
(ii) —+—+—+..=e-= —4+—+— 
3! 4! 5! 2 3! 4! 5! 
1 1 1 1 1 
=> 1+—+—+—+..-l1-—-— 
ly 2) 3 I! 2! 
=> e-1-1-1/2 => e-2-— 
F ne | 
iii) —-—-3=—+—+— 
— 2 3! St 7! 
1» 9 SH 2 S42. PAZ 
—+—+—+4+..00 = ——+4+——4+——+ 
3! 5! 7! 3! 5! 7! 
DP ees Ae! ode el x 
=> —+—4+—4+—4+—4+— +... 
2! 3! 4! S! 6! 7! 
E 1 1 | E 1 1 | 
—+—+—4.../+2)/ —+—4+—+.. 
2! 4! 6! 3! St 7! 
=> (tate = }-i}ea|(i+tads ~)-1] 
1 -1 -1 
=n ea ey (re, aac a ae 
2 2 


_ (ay(n-1(n- 2)....n- rt) ae 


Ze 


Infinite Series < 8.35 


Lo. T2497 
ara aie 


aoe a ae 
| iia eae aa aan 


1 


NO 
s 


r! r! r! 
9? pie 
= 2 Z 2) = e? —e 
if 2t 3! 
2 3 4 
ee ticle 
‘s 2 3 4 
=> y=n(1+x) => e=1+x 
=> e-l=x 
yyy 
— i+tat ats... pina 
I! 2! 3)! 
y y 3 y 3 
cia Are eran => x=yt+24.. 
pis 20 3) 2... 3! 


4. y=x-V + xH-x+.40 


(+xy'=1-x4t+x-x#¥+.. 

(xy 1 Hk oe Pe ee, 

IH(+xy'=x-xr +x-x'+... 

y=1-Q xy! => (l+xy'=1-y 
] l 

——=l+x => —-l=x 

Ly I-y 


y 


y 


a => x=y(1-yy' 


=> 
=> x=ypltytytyr..] 
So MS rr EY eaten oo 


7 ot a ; Each of the term in the above expres- 


sion contains x” and sum of term will give us the coefficient 
of x’ in e 


Term Coefficient 
e i 

|! n! 

e 1 2 

2! 2! nl 

nx 1 n" 

— x 
n!} nin! 
: 1 1 l 

Sum of coefficient = — x + 


265) (5) 
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1 i... 3 1 2 
= — +—x + oe — 


r 


n 


General term = 


nixr! 
oe) n eS n 
r 1 r 
Sum = or eo 
nir! ni r! 
6 e2 +3 
Tee. 
10 

3x eo 3° 
=e ( ) - x x! 

10! 10! 


2 n 
Coefficient of x" = e & | 


n! 
ae i 
=> xx 
n!} 
Ts ina (e+e ewe y “3r) = et +e 
3e* 3 2 
2 4 
2 2 2 
oe peed nc! ee 
3 2! 4! | 
The coefficient of x’ is 0 if n is odd and a 
n} 
e’-1 1 1 1 1 
8. ——=—+-—4+—+..40 > 
2e il! 3! 535! %e 
(e?-1)e"' 
=> 
2 
1 1 1 1 1 
1+—+—4...-| l-—+—+— 
I! 2! I! 2! 3! 
2 
1 1 1 
—+—+—+ 
I! 3! 5! 1 1 1 1 
Z 1! 3! 5! 7! 
1 
9, (a) _—_— [= ——_ 
(2n+3)! (2n+3)! 
] 1] ] 
eri Bye at 
, 1 l 
Adding then > S=—+—+—+ 
3! 5! 7! 
1 1 1 
=> S§=1-1+—+—+—+ 
3! S! 7! 
_ ol 
eh, EE es 
2 
] 
b 
te (n—2)! 
1 
"— (n-2)! 
1 1 
s=)> S=1+—+—+.. 
(n— 2)! 1! 2! 


: + 
(= } Iln!t 2! nl 3tn! n! n! 
rj — |! 


if n is even 


10. 


11. 


n=1 n=0 
33 , ' aj 
a=) aha old eRe 
i(2n—l1)! I! 3! 5! 9) 
1 L | eee | + 
b= Y= ltt +..= 
“9 (2n)! 2! 4! 2 
The quadratic equation having a and b as roots is x* — (a + 
b)x+ab=0 
» (ete e-e' et+e' \/e-e" 
SF ae a x+ =i) 
2 
=> x -ex+< =0 
14 2.5 3.6 4.7 
ar ae rn ices ane 
O! i! 2! 3! 
T _(nt+i(nt+4)_ n°? +5nt+4 — n(n-1)+6n+4 
n+l n! i 7 
. 4 n(n—1)+6n+4 
Sum= YT. = ee 
0 0 n! 


os Fe 1 1 
[t4 +—+—+ 
O! i! 2! 


= 0e + 6e+4e=1le 


( 1 1 1 
1+—+—+—+ 
21 - 6! 


= ete! —e! - Preter (e-et-2 
2 4 4 
> 
4 
(<= )-(3 ee | aear 1 
=| —+—+—4.... J+ | —+—+—4.... 
e+] 2! 4! 6! 1! 3! 5! 
] 1 | ete! 
=a Pia il 
_\2! 4! 6! _ 2 ete'-2 
Cif. ££. \ Veco “poet 
taran ) e—-e e—-e 
I! 3! 5! > 
- @S2en! - (e-1) 
e* —] (e+1) 


1 1 1 e-e! 
—+—+—+ 
aol 3t SI _ 2 _ ene a1 
rare ) ete. ete! - 
2! 4! 2 


l 10 
b 2x => eee, 9) 
oe (10)! ae 
1024, ip og Oe di 
(10)! 14175 


- (d) 


bx (bx) 
2. (ec) e@** = e% e* = ef 
1! 2! 
b és b" n 
Term with x"= gig ex 
n! n! 
+ bx + cx’? 
. (a) an cn = (a+ bx + cx’) (e*) 
e 
0 ee Oe 
=(a+ bx + cx’) [1-245 -2+.. roms with x!° 
1! 2! 3! 
n b sae | n-l on 1 n—2 
2 je OE eee 
n} (n-1)! (n— 2)! 


— CV fa—bn+en(n- 1)| x" 
n! 


= 1 | ree! 1 1 1 
-@ > = —4+—4—4.. = -24+14+—+—+—+ 
“i(n+1)! 2! 3! 4! I! 2! 3! 
=—2+e 
= l Ls: id l 
= —$—4—4...= -l¢—t+—4—4..... 
© Linen! 3! 5h 71 I! 3! 5S! 
ee 


i tidy a e+e” 
(a) 2 at 6! ee’: ete! etl 
: eatatae ~} e-e' e-e' e-l 
Bh Sh Ga. 2 
2 3? 
~ (b) xt+—x*?+—x? +...00 
2! 3! 
T= : n_ Mn—-l)tn , 


n! n! 


nn-+n_, ; , 
= n! =x" ye ea 


=x +e +xe=(x' + x)e* 


2 4 6 8 
= 44+ — 4+ — 4... co 
1! 3! 5S! 7! 
- 2n 
" (2n-1)! 
2n-1 1 1 1 
(2n=1) | : 


““(2n—-D! (Qn-1)! (2n—2)! (2n—D)! 


=e 
2 2 
1 1 1 1 1 1 
10. (a) —+—4+—4... =-14+14+—+—4+—+4+ 
3! 5! 7! 3) Sh 7} 
=e e-e'-2 
2 2 


Infinite Series 


TEXTUAL EXERCISE—3: (SUBJECTIVE) 


1. ax’? + bx +c=0 
Since o and f are the roots 
b 
at+BP=-— ; ap= i 
a a 
Now, log (a — bx + cx’) 


=> loga(1- 2 14-£x* | 
a a 


a 
log a + log(aBx? + (a + B) x + 1) 

= log a+ log (aBx? + ax + Bx + 1) 
log a + log (ax + 1) (Bx + 1) 

log a + log (1 + ax) (1 + Bx) 


=> loga+ log £3? - 2x1 | 
a 


y 


Y ¥ 


=> loga+t log(1+ ax) + log (1 + Bx) 


(atx)" (ax) 
=> logat+tax————++—}.....+ Bx-+—— + +... 
2 2 3 
a+ 2 a+ 3 
=> logat+(a+ B)x EHF) 2 HF) ate 


2. 2log x — log (x + 1) — log(x — 1) 


=> —2logx — log(x’ - 1) 
=> 2logr’ —log(x? - 1) 


sz 
=> -log ; 
x 


+—+ 
x’ 2x* 3x° 


3. log[(1 + x)'** (1 —x)'-*] 


=> log(1 + x)'** + log (1 — x)!" 
=> (1+ x) log + x)+ (1 —x) log (1 — x) 
2 3 


3 


=> (1+x) ea ae +(1- x) ey 
2. 3 2 3 


< 8.37 


(Bx), (Bx) 
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l l l l 


ee eee oe re 


12 2.3 3.9 4.5 


> [ae 


2log(1 + 1)-1 
log 4— loge 


c a; = ar (2 ar 
1+] —+— |-+|—+= | +}/-+- [5+ 
2 3/4 \4 5/4 6 7/4 


=> 2log2-1 
=> log(4/e) 


| ee Loe Rae es Ce | l 
+2} —+-— hee an at 
2. 33. 2 oe oe - v2 


besos 


-1 Cea 3 
= fe) {5 \($}r18.3x2 
2 2/2 p) 


II 
| 
= 
—" 
\o) 
tie} 


| 
| 
raed 
ga 


I 
| 
— 
© 
ga 
sas) 
— 
NO 


= —-+— +— +... t-4+ 54+ 
a. 23 3S 30°37 


- lg, (1-5 rieiese.| 
3 3 3 3 
—log, 2/3 + 3X 


| 
— 
Oo 
ge 
| 
+ 
| 
x 
| 
ay 
tie) 
\o) 
| 
So: 
ge 
NO 
+ 
| 


Simply let log, 2 =x 
2 4 6 
5 aan 


We can write the entire series as era a —+..,0° 


4! 6! 


1 3 2 
—log —+log 3 = log —+log 3= log 2V3 
log. 5 + log, 8.75 t log, g, 23 


Which can be written as © 


(log.2)"  (log.2)" 
2! 4! 


Ale 


. log, (x + a) — log, (x — a) 


. (a) op, | war 


x 2x+1 3(2x+1) 
— 
=> 
2x+1-1 
og (2+) (2x +1) 1+( 
=> => log 
Pee (erie) -1) 


l 
2x+1 
l 


=> 2 fe ee 
2x+1 3(2x+1) 5(2x+1) 


(b) R.H.S. = 2log, (x + h) — log, x — 


+h 


= 2log (x + h)— log x + log [14 a J u 
‘ ' : xt+h 


= log, (x + h) — log, x + log, C 


ars 92 
= we, (4 +tog [2 x 


= log,| (x+h) x 


= log,[x° + 2xh]- log, x —log x 


Sais Es + 2xh | 


(x+ h)’ 


2x+1 


= log, (x + 2h) = L.HLS. 


| 


IE 


Grigria ed 
+= += +..,.00 
xth 2\xt+h 3\ xth 

h 


2 
=2log («+ h)—log,x— ae t )+4{ 


10. (a) 1+ 


1 1 1 ‘ 
2. 39>" 55° 


l 


| 
b 
ap) 13 2.5 3.7 
| 1 
General term = ————-- = — - 
n(2n+1) n 


+——+——~+..,00=2 log, 2 


te 
SS ees 
5 


1 1 1 
= i-[i-ded-te|e=2 —log 2 
23 4 : 


11. 


Lick al lf 1 1 1/ 1 
12, —|—+= |--|>+> }+-| += 
Dr2. 3 AZ. 3 6\.2°°. 3 


ik hey ae 
Alga elo ar ale © 
22-3. QD y 23" 32 


1 


Jr 


Infinite Series 


TEXTUAL EXERCISE—3: (OBJECTIVE) 


noo (2S aesEf ae] 
; a 2 a akg fo 


2. (b) 


4. (b) 


5. (b) 


In (1 + 3x + 2x’) 
én(2x + 1) (x + 1) 


Ea} G) +] 


as Ce 
a 3 


Coefficient of x” 


CO" poet] 


n 


n 
5 7 9 
——— + ——_+ ——-} 0 
1.2.3 3.4.5 5.6.7 
General Term = — 
(2n-1)(2n)(2n+1) 
Sie ers 
2n-1 2n 2n+1 
$24 4a4.]-3fsetsze le. fe] 
aD 24 6 8 
1 1 1 1 1 1 
= 3) 1+—+—+—+...] -3) —t—+—+t.... 
3 5 7 2 4 6 
1 1 1 
= s]1-F+2-Z+..]-1~ slog 2-1 
2 3 5 « 


< 8.39 


erie es co 


=> én(1+3x)- n(1- 2x) 


2 3 2 
3 3 2 2 
ee a ee 2... 
3 3 
2 — 4x’ = + 8x° | 
§x — | ——_ |} +]. —__|+ 
2 3 
5x’ 35x° 
5Sx-—+ 
5 3 
1+— 
+ 
Ln ad a) => én , 
x—a) pen 
x 


=> én(2x? +2x+x+1) 
=> (n(2Qx+1)+ ln (xt+ 1) 


x” x 
oo |+] x-—+—...,00 


ae (-1)"" 24 (-1)"" I 


n 


6. (b) 
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l l 


1.2.3 


3.4.5 


5.6.7 
ee ee 
(2n-1)(2n)(2n+1) 

1 1 1 
=S 
2(2n-1) 2n 2(2n+1) 
1 1 1 
— + ——_ 
2n 2(2n+1) 


General term = 


| 
| — 
ary 
+ 
2 | — 
+ 
| — 
+ 
| re | 


| 
-——1 
Nl 
ag 
Ww | 
os 
CO | — 
i 
a 
| 
——i 
N | 
ae 
+ | 
ae 
D | 
+ 
—— 
| 
No |e 


] 1 l 1 
3.2 
1 1 ] 
—+—~+—++ 
Dr 2.00 Bo 
l 


= -|-i- at 
5 Ds 35) Ast 


=> -| (1-2) => n(4/5) 
=> 'n 5/4 \ 3 
11 1 1 > > 
e (a) aera fn = én—— = ln 3 


5 a 
12: p-2] 
2 


SECTION-III: (SINGLE CORRECT) 
~ (da) ltxtxrtrt...rpHa(i-x'Y=dl 
=(1+2x+34+ 4+... =(2 + 1) 


 (C) SO tae te SHU ae oe (ee) 
=((1 +x) (1+ ¥))"=(1 +3)" (1 +2)! 


om xy? 


BORDON co MO) 2 SMUD 
2! 3! AI 
11)(10 
snes! I ladies 
7 
, 11x10 11°x10 11x10x9x8 
Coefficient of x*= + $$ = 55 4+ 
605 + 330 = 990 2 4x3x2 
1 5 
. (ce) 14+—4+— dee 
3! 2! 3! 


2n-1  2(n-1)+1 


(n-1)! (n-1)! 


SIGN GL. ie. 2 1 
Sum = SS + 
2 (n-1)! 2 


General term = 


= govt tete[Hieces.| 
I! 2! ! 


=2e+e=3e 


5. (a) 


6. (c) 


7. (d) 


8. (c) 


9. (b) 


Pisa 


a 1+ —1 
e*.(1+ x) erlb te) 
x x? 3 
-|1-4 5-2 4..|eflnrta-2 +] 
1! 2! 3! 
1 1 1 
Coefficient of x° = ee eee 
2 6 6 
xt+log (l-x 1 l x x x! 
B. ie — ts cS arr nea ee 
x x x 2 3 4 
a | x 1 
Constant term 1s ——X-—==— 
x 3 3 
[2 3.24 
—4+—4+—+— 
Oo! 1! 2! 3! 
—1)+1 
General term = fi _ (n-l)tl 
aa (n—-1)! 
Sum = 
ae aI —1)! 
1 
rai oe aanene — wt.faete 
I! Te rn 
=2e 
3 
Ba B 
=x (2x )+ 4S" x (22)? 


(1 — 2x)"*= 1- 


The general eo is 
hea HG 
= (-1)""'x 4 4 4 4 


_ cay! 


: Ge ae <i Ai 
4’ xr! 


= 1 2x r. a ee ) - (==) - (==) 
Il+x l+x l+x l-x 


Vi4+x43{(1+x)’ (1+ x)" + 


=atb = —,,—= 


I 
NO 
ee 

WI | 
wr 
| 
— 
+ 

win | 
wr 
| 

a 
— 
+ 

se 

WS 
& 

a 
— 
ae 
| 
be 

"| 


- aed Cored ee eee, [x* again 
12 4 4 
rejected] 


oy ee ee eee 
12 6 


10. (b) (1 — 9x + 20x’)! = (20x? — 5x — 4x + 1)! = (Sx x - 1) 
—-1(4x-1))'= (Oe, 1) ae 1)p'=[a - o*) (1 —4x)]"' 
=(1-Sx) \(1-axy'= (Sx) Lex’ = “> Yoy (4). 


Coefficient of x"= [4" + 5.4" 1 + 57, 4" 2 +,,.45"'.44 5"] 


_ aay" -6)"4 


4 n+l 
("ED os 


= (5)""! = 


—5 
1 3 3 
11. (d) @+3qys= t] 1435] = |< <]=-2<3x<2= 
32 2 2 


—2/3 <x < 2/3 
=> xe (2/3, 2/3) 
24 4 
12. (ec) —+—+— 
3! 5! 7! 
2n+1)-1 
~ (2n+))! (2n+1)! 2n! (2n+1)! 


aN ts l 
sa yer Linen 


+ 
2! 3! 4! 5! 
m-n l(m-n : l{m-n : 
13. (a) 2 +—}| —— | +— +... 
m+n 3\m+n S\ m+n 


[meni ) (= 
= log] ——————__ ]= log] —— 
m+n—-mt+n 2n 


3 5 3 > 

y y xX xX 
14. (c Pr a ee = Sie aera mms OT a: 
OP EA 3 5 


l+y (=*) l+y (#2) 
=> Slog = log] —— | > — =| — 

l= l-x l-y \l-x 
=> (lt+y)(+x*-2x)=(1-y) (1 + x’+ 2x) 
=> 2Zyt+2xy=4x 
=> 


xy=2x-y 
©0 n oo n 
15. (c) 2 2a 
_w¥ (n-1) 1 Hy 1 l 
TCT TCT 


16. (b) (1 fe ax i 3x2 gay _ (1 - ee (1 —xy! 
Sa ea ee tee OO 
Coefficient of x* = 1 


Infinite Series < 8.41 


17. (a) a (1 —x)' G—xy! 


(x+1)(3- 


= -(I- x) (1-x/3)" 


2 
l 
= —[ltxtxta°+.] 1+24(2] ee 
3 3 3 


Coefficient of x*= 


(2) v4(2) a+(2] eee (Z) | 


S = Sum of GP 
A = initial term of GP 


1 n+l 1 1 
common product | 1—| — = 
3 3 1 
3" -1) 3 1) 3"'-1 
n+l al oe n+l 
3 2 \. 3 


18. (b) x-—+2-2+..0=y 


R 


| 
3 


| 
| 
rs | 


=> log(l+x)=y 
=> l+x=e 


2 3 
=> yt oe 
2! 3! 


=> e-l=x 


x 


a B, +Bx+B,x’ neaseacl: Bx" = (e*) I - x)" 


19. (a) ; 


2 3 
= tere S | [ill eee age Ac ha 0] 


1 1 1 
Coefficient of x4= | 1+ ay ad 


, 1 1 1 1 
Coefficient of x"! “liste debts | ee 


20. (b) log (1 + x)= [ log, (1+ x) | 
1 ae ae 2 
= ——+—-—H.,,,00 
log.a 2 3. A 
_ =| n-1 
Coefficient of x*= (= '4)- fall log e 
og, a n n 
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] l -1 x = 
a Gayaay 73-4 (1-5) 


 iccnteeece 
i+4(2) -(2}+(2) i 
(Onemokea 


= —| ————= |= —x——x= 
3 2 3 243 2 243 
3 
2 
1+ 
22. (c) ( Dae eeiews 
(1— x) 
=(1 + x* + 2x) 
2 
WEPPEL CO RELICS MO MELLEL. 
2 3x2 4x3x2 


Coefficient of x’= 
3xX4x5x..(n+2) i: 


xx 4 | 


3x4x5x...(n) 3x4x5....x(n+1) 
eee | 


n! (n—2)! (n 
(n+1)(n+2) (n)(n-1) 
——— (n—-1)(n) 
2 2 
2 n+nt+2n+2+n°—nt2n°+2n _ 4n?>+4n+2 
2 2 
=2n*+2n+ 1 
23. (a) VHEx-—X +H -—x4+....0 
=> ypH=FEl +x-XP +x -x4tt+....+ a] +1 
=> y=-lfl-xtxr-xv t+ x7+... 0] +1 
=> y=-(1+x)'+1 => y-1l=(1+x)' 
1 1 
=> —=l14+x => —tl=x 
y-l vos 
1+ 
> un ae a > =a 
y-l yo! 


24. (b) (7.995)'3 = (8 — 0.005)'7= 


1/3 


= 2[1- 0.000625] 


l 
2 2 x 0.000625 + ———_—_ x (0.00625) " am 


25. 


26. 


27. 


28. 


29. 


30. 


= 2[1 — 0.0002083] [square & above terms neglected] 
= 2[0.99979] = 1.99958 = 1.9996 


op EEF BEL. 
2) Da 2.4.6 \2 
fh, BE “Yy lees) oy... 
(it). 3)". a _ 2 
2 2 2 3 
(d) (1 —2x)y'” (1 —4x)°? = 1+ kx 
= 12st axx-3|- [1 + x] [1 + 10x] 


=1+x+ 10x + 10x? (x neglected) = 1+ 11k 


6 9 
a) pee =e 
(d) y=-x oe 
3\2 3\3 
fa EL &) 
y=-|x + He.00 
2 3 
=> y=-flog (1 + x) => log(1 + x°) 
> eF*=1+x => ev-1=x 
(b) e=ytJl+y’ — e“=y+(Ity’) 
=> e-y(1+y)!? => e*+y-2e y=1t+y¥ 
2x 
=> —1=2e y => == 
x -x 2e* 
(e"-e*} 
> y= —— 
- 2 
(ieee ee ee 
12 2.33 3.4 4.5 
n- ] n-1 1 
General term = (-1)"" =(-1) 
(n)(n+1) (n)(n-1) 
ae l 
Sum= Y(-1)"" 
(n)(n-1) 
n-l 1 n-1 1 
= —-]) —- —1) x 
( n ( n+l 
1 11 |-|3 1 1 | 
= |1-=+—--—+ —|=-=+—-....00 
2 3 4 2° 3: 4 
= log 2 + areca 
2 3 4 


= log2 + log2 -1 
= log4 — loge = log(4/e) 


le sieet Sas 
3 


31. 


l+a 


32. (a) 1+ 


General 


33. (a) 


34. (c) 


~ (SHE (=) +3) a) 


Ang. V4.9 2 
—.— xX +-K—X— XX +...00 
36 3 69 


ox(5+1) (5+ \5+2 
3. \3 ue 3\3 3 


+ 
3! 


ltata ltata+a 
ep 
3! 4! 


term = 


(n)! 


2! 3! 


Mi. 
3°. AD 


n-] 


4-040 +0 4.44 


| 


2  @ l 
a+—+—+4...c— 1] 1+ —+— +...00 
! DY 3! 


+s 


Xx? +..,,00 


(n? -2n+1+5n-5+4) 
(n-1)! 


1 1 1 
... [+6] 0+—+—+—+..00 
I! 2! 3! 


| =e+6e+4e= lle 


| 


Infinite Series < 8.43 


ee log(1+ y—1) 
~ log(1+a—1) 


| 16 | 9 
36. (b) Vx" +16-Vx°+9=x,/l+>-x, I+ G 
x xX 
1/2 1/2 
1 16 9 
08) ea) bese 
x x 2 “XxX 2x 


| 2x7 +9] 


2 2 
x Pisa 


= 28% = tog y 


[Neglected x” & higher terms] 


2 2.5.8 


. (ec) y= —+— + ——_ 
() y 6.12 6.12.18 


n/N 


= (1 + x)" (say) 
2 n(n—l)x" _2 5 nn-In-2)x* _ 2. 5 8 
6 2! 6 12’ 3! 6 aa 


—1 5 1 > | ees: 
(n—1) 


nx = 


2 i: 3 6 


=. 1\3 in 
are a+y=c+ay= (1-3 ] =(2"') ?=(4)3 


38. (a) (a+ b)(a—b)+1/2! (a+ b)(a—b) (a — b*) + 1/3! (a + b) 
(a—b) (a* + a’*b* + b*) +... 
(a? — b*) + 1/2! (a? — b’) (a? + b*) + 1/3! (a? — B’) (a* + 


tall aaa?) ee © 


| 
o) 2 4 4 6 f,6 
Cea eles (a eae D)) ads 


4 6 

2 2 

= Ge es |b a | Se ee 
3! 2! 3 


39. (b) 


lo ("= "x10 (==) 
Oe log, 10 st 


a ( a -1/ 11 (+) 
=— x log,| 1-— |= ——-—X|— |] —....00 
log 10 n} log,10| n 2 \n 


Coefficient of n7! is 


nlog, 10 


8.44 >» Fundamentals of Mathematics—Algebra | 


as I-55) 3x 9x7 |f xT" 
eae | 
a 32 =| =| 
24 
ae Pee ape 
32 12 32 33x12 
(8x+ 297x) a 305x 
7 ny ee 7 96 
305 
=> (P,Q)= (1-2 


42. (a) (1 +x)? ;3 If |x| <1 


3x4 


= 1-3x+——- xx 
2) 


, 3x4x5_, 
aa oe +.,.,00 


3x4x7 2x3x«K4x* 4 , 
= ="C.X 


Third term = ———— ‘ 
2! 2X2 


43. (c) 2 


1 1 1 
+——_—_ + a t ss |= 
(2n+1) 3(2n+1) 5(2n+1) 
1st Be cone 
inf > |= 2 ie a eee eT 
1-x 3 5 


] 


1+ n+l 
=> tn anit =tn| Jswhict is valid 
\- n 
2n+1 
For —1 < <1 
2n+1 
=> +1>0and —1<0 
2nt+1 2nt+1 
2n+2 


and <0 


=> 
2n+l1 2n+1 

=> (n+ 1) (n+ 1)>0 and (2n) (2n + 1)>0 

=> 


—] —| 
n<—lorn> = and n < 5 orn >0O 
=> n<-—-lorn>dO 
44. (d) log,2 —log,2 + log 2 +....... 


log2 __ log2 if log2 1 
2log2 3log2 4log2 2 


=: 
I 


Ee 6S = ee ee ms co 
n+l 2(n+1) 3(n+1) 


ae ye (eee 


ate Ore ae OF as OA a can Gi 
‘ (d) > 0 1 vs n 2 


SECTION-IV (MORE THAN ONE CORRECT) 


3 4 


2 
. (b), @) x- 2 + -2 4+ er toc =4 
ee A 


=> log(l+x)=y > 1lt+x=e’ 
2 3 
=> Hes tyeee} esol to co 
2! 3! 
yy 
=> yrt—t+—t..c ey —] 
2! 3! 
=> x 
1 1 l 
a), (¢c) —-—+—-—+ 
NDS oa. GA 


i. 1 Fe 1 
oF 29° 329° Ao 

= log 3/2 log,2 
=> fn (log, 2V2) 
6 12 14 


—— — —_ +, 00 


13 2.4 5.7 6.8 
_ 143 (2+4) 


= log log, (2)*” 


5+7 6+8 
—— +—_ ———} 00 
1.3 2.4 5.7 6.8 


Sub tala sh les] 
—+1]/-| —+—]4+]—+=]-|—+—]+4...00 
3 4 2 a 8 6 
1 1 1 1 1 1 «1 
= 1]-=+ —-=+—-—-+.,,,00 
23 45 67 8 
= log(1 + 1) = log 2 = log 2log,3 = log log,9 


. @(b) > Vari, 


= y= OC, iG NC aac) 


k 
k=l > 


\| 
Mm: 
Elie 
——s~ 
—~ 
S) 
wee” 
a 
“eee” 
II 
M: 
On 
= 


SECTION-V: (ASSERTION—REASON TYPE) 


=e 
a 


n=l n 


General term = 


i Oe cae OF ak Oke ir shes On 


+...cc = log [1+7)= log(3/2) 


2 207-, OF 
= 2+—+—4+—+ 
2! 3! 4! 
2 3 oe 
1+2+—+—+—+..0 
2! 3! «4! 


Assertion is wrong, reason is correct 


2. . aa Me OF ee ical OF a ak dee tee 
The coefficient of x” will be i Cine 
In (1 — xy)* coefficient of x° = °C 
Assertion is wrong 
Reason is correct 


—l=e-1 


5 


tan°@ tan°@ 
+ 


3. (d) tno 


yy Prune = aay tan( 240 
2 1—tan@ 2 4 


intan( = +0 | 
4 


~| where | tan 9 | < 1 


= Assertion is incorrect, but obviously reason is correct. 


4. (d) Clearly, reason is correct, 


For the validity of assertion, sysin 0 <1 
3 4/3". os 3 
=—s sinB jc => “SB sino <3 


> @ e( 20-2 .0n+nr+ |xez 


= Assertion is in correct 


SECTION-IV: (COMPREHENSION TYPE) 


1. (b) [1 + 3x + 6x? + 102° +....J"= [1 


z (3n—1)(3n) a 
2! 


(n ae 1)” term = a Om (-1)" 


_ xpyr= (1 _ x)" 
= b=3 


2. (c) ss ~_=(1 + x?— x4) (1+ xy 
(1+.x)° 
=(1+ 2-3) [i esc 3 ROS +) 
Zh 3! 
Coefficient of 
” er (nt eae 


(n)!(2)! piss (n—4)!2! 
wear) fant) (n- aod 


2 2 


2 


_— +3n+2+n? —n—-n’+5n- masa bean tans 


n’+7n—- ad 


3. (a) 


4. (b) 


5. (b) 


6. (d) 


Infinite Series < 98.45 


(1 -xp 
3x4 3x4x5 
a 3! 
3x4x5x6~x fi! 
Coefficient of x° = dae = = 1c 
5! 512! 
2 3 
pce te 
12 2.3 3.4 
al l l 
General term = n -| -2| n-l 
(n)(n+1) n—-l on 


log (1 — x) — 1/x log (1 — x) 
= log(1 — x) —log (1 — x)'*= log(1.x)*"" 
1 ‘ 
i+n(1-+ en -= | Hog fi-(1-2) 
x 2! x x 
(=) 
=| — = x" 
x 
cos@ cos@  cos@ 
cos@ + a =e a 
sin’@ sin’@ sin’@ 


l 1 1 
= cos@| 1+—.—+—_,- + +... 
sin’?@ sin*@ sin°@ 


1 -1 
= cos6| 1 : | 
sin @ 


The above expansion holds true only and only if 


| 

=l<—; 
sin 

So the sum of series does not exit. 


<1, but this is never possible since sin’*0 > 1 


2 3 
+1 +1 +1 1 
ie gece acne ee Coe eee en 
1! 2! 2! 3 
x? 3 
= —|1l-x+—+—tH..,.00 
e 2! 3 
. (-1)" 
Coefficient of x” 
e (n)! 
8. (c) (1 +3x + x’) (e*) 
2 3 
=(1-3x + x’) tare] 
2 Bh 
1 1 1 1 1 1 
Coefficient of x* = Sita —= —4+—+— 
4! 3! 2! 24 62 2 
_, Ppl2F12 25 
24 «24 
9. (d) 1+—+—+— 
4.2! 16.4! 64.6! 
= LSE + : + I + 
2°2! 2°41 2°%6! 
(e-e? —e-1 


2 2(e) 
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I+x I-x 12 28 50 78 
10. (d) log| (1+) (1- x) | (iv) 1228 350, 
2! 3! 4! 5! 
= (1+ x)log|1+x]+(1- x) log|1— x] ee ee 
fey agh~ ae qo. 38 a n! 
n(i4)f- S42 el fina] ea S| S=124+28+50+...+7,,+7,=12+28+....+T, 
=> 0512416422 284.7, 
= Coefficient of x* = t-t|-i+t] => Tf =127 16 +2228 eee 
5 6 | 5 6 _ 12+(n=1)(16+(n=2)3) _ 3n?+7n-2 
SS => 2.2 n! n!} 
5 6 5 6 5 6 Putting n = 2, 3, 4.... 
1 1 =e+3e+e=Se 
=> fz |=4 2 2 
30 15 The series 1+—+—+—+ 
2) 3! = 
n 
SECTION-VII: (COLUMN MATCHING) Which summation of py Ps =I 
n= 1 n! ry 
e ee eco e 2 2 2 
1. ()>(0); (i); (iii) >(a); (iv) >, 4) Ne ee a. 
2 22 3? Oo! i 2! 3! 
(i) Toe at - “n(n-l)+n  < = 
! = n n 
= + 
2 (n-1)! LG) ary 
Which is equivalent to yn 
mi 7} ~n-2+2 Gn 
23 4 Sag ne 
Which can be written as +e = 14+—+—+— n=l _ n=l -_ 
(n-1)! I! 2! 3! 
Which can be _— further’ simplified as = Po er (n—3)! 
I+1 2+1 341 hs es ee te a ra ( 1 rat 
)+ —+— + — + .... = 1+ —4+-4+ 4-4 -4+ +t... ee 
I! 2! 3! [ht QE Dt Bl 3!  (iv)>(b), (d) 
. vn ee 
Pee oy ar ar to 2. (Aa, b); (i), ©); (iii) >@); (iv), ©) 
The above expression can be_ reduced as (i) Expansion of (1 + x)” for the first negative term 
1 1 1 7 
afte te roe... |= 26 [Z-r+1}<o 
I! 2! 3! 5 
12 
(1)>(C) oe lee => r>12/5 
=n’ —n+l 
(ii) = => r>24 
me Boge et = First negative term = 5" 
Which is equivalent to writing >2- iar = “. (i) (a, b) 
n= 0 2 n= -9 Ml. n=0 Ml. 
it 3 1/2 
Using the result from previous question = 2e —-e + e= COS ate cee deme o) 
de (i) = (ese 
’ 1 
(11) >(C) a =ltxt+x+.... 
2.4 3.5 4.6 — 
(iii) 1.342724 Ea ra Coefficient of x* = 1 
12 1.2.3 1.2.3.4 c+1=2 
This infinite expansion can be _ reduced as MeO) 
13+—+ 2 + 2 + on (lee: 10)-1 10)-1 
ea eo Gag (iii) = =(1-x"y'd-x=(1-+x) (1 - x") 
4 5 6 mnt . 10\r 
ES rere are which is equivalent to }) ——— = oe (-)(-2)(-3)..(1-r+ DEX) 
1 2! 3! i 2s ! A ps a 
n- 
y= +2 — =2e +2e =4e (—1)(-2)(-3)...(r)(ex" 
nl ni > a 


r! 
(111)—>(a) a Geeficient of x*', 10r = 400 


=> 


(iv) 69 Cay _ "Cs = st Gy 


“UUUYUUEUYY 


(i) 


(ii) 


r= 40 

Coefficient of x*°! =—-1 <0 
(111)—>(d) 

_ IC . 


r?-] 
Which can be written as “C,,+°C,,_,=°C,+°C,_, 
= % _% 

3r r2 
3r =r’ orr’? + 3r = 70 
r?—3r=O0orr + 3r—70=0 
rr —3)=Oorr’?+ 10r—7r—70=0 
r=0orr=3orr(r+10)—7 (r+ 10)=0 
r=0,r=3 or (r+ 10) (r- 7) =0 


r=0, 3, —10, 7 = r isnot clearly —10, 0 
r=3,7 

2 numbers, which is a prime number 

(iv)—>(b, c) 


- )>(b); GD>(©); Gii)>(d); (iv) > (a) 


1+ 


1 1 1 
Facer — 2+ 2 +. | 


+ 
72 2° 3D" 5D 


3 5 
Which can be compared with 2 [rsa 7 


x=1/2 


I+x 1+1/2 
= log | — |-1 = log, 3 
o8.(~*] og nee 
(i)>(b) 
1 1 1 1 


fon ced 


—-—+— 
12 23 3.4 4.5 


1 1 1 1 
Adding, we get 1+ 2] -—+—-—+-—-... |=1+2log(2 
g,weg -5 are g(2) 
—2 = log 4/e 
(1i)>(c) 


1 1) 1f1 1)1 
(iii) ($43 ea] sea] ee — 
2 3) 414 5]4 


1 4 1 21 ~=1~=1 1 1 1 
Lh Xe ee Oe || Le 
A Se A DD 2 2 Zz 


| Ere (ees ree! ee | 1 1 l 
= ea det pxget [toe (145 1-5) 
2 3° :2 Ss. 2 2 2 Z 
1 3 \f 1 
——log |— || — |+log 3 
slog, (> 5 }+ 108, 
eee ee => log V12 
nets Og. Og. \ 
(i11)—>(d) 


Infinite Series < 8.47 


ehhh VBE. BEL \ 
(iv) “(=| +3() +3(2) 4, 
2\5) 315) 4s 


= (1-3 41-2] (1-2 |e niet 
2 3 4 5 


1 1 1 
= (x? +x tx44.)- a 1 +7 +. 


2 3 
Xx 
webster tate )e [ee ae bes 


1 1 
sp SO iene Oe ota a 
— In(1— x) 1 in | 4 in( = 
5 
1 4 
= t+in() 
4 5 
(iv)—>(a) 


SECTION-VIII: (INTEGER-TYPE QUESTIONS) 


. ConsiderS=1lt+x4+x7%°+ 2x2 +.....0 


This is the infinite G.P. with common ratio = r = x 


=> 


=> 
=> 
=> 
=> 


(1-3x)?+(l-x)? _ 


SS es —xy! 

l-x 
(52 =(1—x)?=14+2x4+3x'?4+...... PE) as 
Coefficient of x’ isr +1 


Coefficient of x*> = 36 
VA =6 
[ + (-33)| + [ + x) 


1 5 
1 


a) 


T (sin ax’ 
(4— x)? 


and higher power can be neglected ) 


- Le 


tr 


(2x )i-2)"=(1-2xfr-4(2] 


In simplest form A = 35; p = 24 
2u—-A=48 — 35 = 13 


us consider the expression (3 — 5x) (1 — x)* =—- 5 


303 


Coefficient of x'® =-— 5 100- =) =— 197 


=, V197-1 +2 = V14+2 =vVi6=4 


. Wecan write 7 = 


1+2+3+...¢n _ n(ntl) ninth) 
n! 2 2(n!) 
n! 
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n—-\ l 
— + — 
2(n-1)! (n-1)! 
l 1 
— —————t+ —— 
2(n—2)! (n-1)! 


n—| 1 
—_______+ 
2(n—1)(n—-2)! (n-1)! 


+ -+—___—_+ 
123:5° L23457 
2 4 6 
= ——_ + —____ + —______+ 
1.2.3 1.2.3.4.5  1.2.3.4.5.6.7 
3-1 5-1 7-1 
= 4 — +} —___—__ + 
12.3 1.2.3.4.5 1.2.3.4.5.6.7. 
—1 7 l 


123 123 12345 12345 123.7 
1, Pe 


a Dn a, Bae Os — 2-! 
1! 2! 3! 4! 5! 
By the question e' = 


A= 1 


_n 7-141 _@-)@t)+1 
(n—-1)! (n—1)! 


(n—2)+3 1 1 3 1 
= ——__ + = + + 
(n—2)! (n-1)! (n-3)! (n-2)! (1)! 
1 3 1 
= + + 
(n—-1)! (n-2)! (n-3)! 
The sum of the given series 


— | —, ae 
Samer Tee dquo 


n-l n=2 n=3 


a. (n-1)! 


= [iene te ce... jra{teten.Je(iete cate] 
2! 3! 1! I! 2! 3! 


=e+3Be+e=S5e >ak=5 


Dh spo dl rt 
a0?" 5.0? 


| 
No 


l 1 1 1 
—+—+—~+—— +...00 
2°32 32 Jal 


I 
NO 


1.2.3.4.5.6.7 


10. 


11. 


12. 


1 l l 
S,,=—+—+— +... 
12 34 5.6 
2-1 4-3 6-5 
We can written the same as —— + —— + ——+ 
a a a 12 34 5.6 
= 1-—+—-—+-4.... =log (1+ 1) =1n2 
2°34 °5 ea) 
=> k=2 
Goat eae ese 
2 22° Be. AQ 
x? x? x* 
=x — —+—-—H..... where x = 1/2 
2 3 
3 
= log (1+ x)= log(144 J+ loe( >] =RHS 
m=3;n=2 
=> m—n’=9-4=5 
Sf? , Ot 23 
So = —+—4+—+—+— 
e df! 2! 3! 4! 5! 
ps Me Des_ 8 
: n! (n—2)! n! 
l 
— =e 4 
n} 


2 6 1 1 
Si Sea Siem Se +3) 1+—+—4+.... 
2! 3! 4! a3} 


Required number = Vk? + @? =5 


Consider the expansion of (1 + x) ~ 
a Ee) 


si 


We are interested in To=T 


T 


r+] 
4+] 


Which is given by 7, 


+1 


4! 
n =— 2 (exponent of the binomial term) 
5.4!.x" 
= l= 7: = 5x4 
=> k=5 
1 1 1 
S.> Le +S ae tone = énk. 
- 3.4 54° 7.4 
We can replace 4 = 2? 
1 1 l 
= So S156 + 
527 52 72 
care = : + } lo 
232 (as F 
= log, 3 
=> k=3 


r 


. n(n—1)(n—- 2)(n- 3) e 


